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Recall :

D 9thownside : ingeneral ,
an
= supESn : n > N3

DN = infEsmin)N3 are not-
subsequences.
Upside :

Thm : For any Sequence su
,

limsupsn and limingSu
are the largest andsmallest subsequentiallimits.



 dow , apply the theoryof
sequencesafrealnumberationsto Stuly
Intuitively, a function iscontinuous if it is an
"unbroken curve" with "no holes"

range of f(x) isthe setto

(
which f() belongsfix CONTINUOUS f(x) DISCONTINUOUS
N

-↳ %
↑ X X

domain of f(x) is the set of
X for which fix) is ined

&

abbreviated dom(t) def



 We will Study real valuedfunctions (range (f)
= IR)

defined onR (dom(f)EIR).

Ex : f(x) =E
,
dom(f)= R1503

We can make our intuitive
notion ofcontinuity precise
using sequences

:

Sef(continuity)
:

·A function f is continuous
-

at-pootdomit) if
for
every Sequence Xn

in
limdom(f) satisLying n->xXn

=Xo
,

we have lim f(xn) =f(x)
.n->x



 CONTINUOUS ATX DISCTS AT Xo

f(x) f(x)

E It-*
X DD11I(/ X

XuXo Xo Xz

We expect fists at Xo

For a function to be

discontinuousatya
Sit

. Yoxn = Xo and
Imaf(xn)+ f(d) .



 Continue continued) :Def tyof is continuouson a set
-

&dom (f) if it is continuous
at
every point in S.of is continuous if it is

continuous onall ofdom(f) .
Question : Is f(x)=* continuous?

t
E

Answer : Yes !

To show this , we must
show that f is Its at all



 xotdom(f) = R1503 .

Fix xotRIE03cabitrary-
Suppose Xn is a sequencelim
in R1503 satisfyingneaxn

=Xo
.

We must showaan = To
.

This follows from the
result that the limitofthe quotient is the
quotient of the limits (as
longas the denominator is
nonzero.

This is slightly counterintuitive
:

the break in dom(f) at x=0

allows a "jump" at thaa



 Remark : A function f(x) is
continuous exacthy when you
can "pass the limit inside
the function,

Il that is
S
if

Xn andNo are in dom(f)
and lim Xn = Xo, then

n->a

lim f(xn) =f((max)= f(x) .n ->

The most common definitionof
cty is the E-S definition ,which is equivalent to our
defn .



 Thm : Given f and Xotdomf)
-

If is continuous atxo iff
for all Exo

,
there exists 870

such that xedom(f) and
Ix-Xok8 imply/f(x)

- f(x)kE.
⑪
mental image
f(x)

4
f(xd)+E

xdom()(x-x02]
Xo

Ef(x) : x = dom(f) and IX-X . 1 <83



 No matter how small

f(x) 30 is
,
7 xtdom(f)

,

↓ Ix-xrKS but

fat-ff(x)-

f(x) - E

X

Xo

To show f is discontinuous at
Xo
,
it suffice to find some

Eso so that 53 0 Jxdomf)
S .
t

.

(x-xol < 5 and Hf(x) - f(xE3.

Of of Ihm
: Fix + and Xutdomft).

First
,
assume⑪ . WTS .



 Fix Xu in dom(f) st .
LEXn=Xo.

We mustshow of(xn) =f(x) .

Fix>
· We mustarbitrary

show 7 N St . U> N

ensuresIf(xn)- f(x) KE.

By# , 7530 st .

Xedamf)
andx-xokS implyIf(x) - f(xdkE

.

Since Xn convenges
to Xo 7

N Sit. > Nensures
(xn-xol < 5 => (f(xn) - f(x)kE .

This shows⑪ holds.



 It remains to show that

⑦E
.

We will show

-= .

AssumeL
,
that is , assume

5230 s
.
t

.
-530

, there

3exists XEdom(f) S
.t

.
(x-Xok8

and If(x) -f(x. 17E . ()

We must find some sequence-

Xn in domf) s i

t. Laxn=X
S .
t

.
lim f(xn) + f(x).
-x

By (A) with 5=n ,
forall nEIN,

There exists Xnedom(f)
Sit . KiXol<n and If(xn) -f(x)E.

#
Xo <Xnxoth



 By Squeeze Lemma, xn =X

Since (f(xn)-f(x) E X nEN,
fixn) does not converge to
f(xo) .

ThusQ holds. #

Ex : Consider f(x) = 3x2-2
.

dom(f) = R

WTS f is continuous.
Show via sequenas def...
Fix XotR arbitrary and
In converging

to Xo .

limit theorems

hof(xn)= 3xn -23x-2= f(x))



 etext time
, we will contrast

this with E-5 chefn of cty


