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Defcontinuity, continuous
9th

-

a pointxot domits ifat
-

for Sequence Xn
in

limdamPrysatisfying n->xXn
=Xo
,

lim
we have ntf(xn) =f(x) .

· f is continuouson a set

oneif it is continuous
at
every point in S.of is continuous if it is

continuous onall ofdom(f) .



 
MAJOR THM#6( ? )

↓

Thm : Given f and Xotdomf)
-

If is continuous atxo iff
for all Exo

,
there exists 870

such that xedom(f) and
Ix-Xok8 imply/f(x)

- f(x)kE.
⑪

Warmup example :
Show f(x)= 3x is its
dom(f) = IR ·

Fix Xoe /R .
Fix 30 arbitraryLet 5 : %3

.
Then

(x-xol < GE> (x- Xo) <*
E) 13x -3xokE
E) (f(x)-f(x)) E



 Ex: f(x)= 3x2- 2
,
dom(f) = IR

Last time
,
we proved thatf is

its via sequences definity.
ePow

, prove the same thingvia E-S characterization.

Fix XoEIR and30 arbitrary
Note that
If(x) - f(xd)) < E

EX1(3x2- 2) -Bx3-2)kE
E) 3(x2 - x= /E Triangleineg :

E) 3(x - xo((x +xd(x+ 1 + (xo
E-3(x- xo(((x) + (x0)) > E
E 3(x - xol(2(xol + 1)<g(By(x)



 

Mental image
: it's ok

ayif choice dependsSofon No

f(x)= M

Ef(xd+
f(xd)-1.f(xd- Ef(xd+ E
-------

f(x) & G

I
-- --f(xd - E ↳ un

Xo 8 Xo

which will be true if the S30
↓we choose is less than 1

If Ix-xol1 the reverse
&

triangle ensuresinequality11x1-kl = 1 f
Eb - 1 = (x) - (x) - ]E>(xu) - 1[(x(-(x+)



 Thus,
( f(x) -f(x) < E

# (x-xokxol+ 1)
wewant to be1-

E
-and 13(2(xul+ 1)

Thus
, forSiminEtis ,

Then Ex-xolS implies
If()-f(xdkE . This shows
f is Its at Xo. Since Xo
was arbitrary, this showsf is continuous.



 
=

In and logy with limittheorems for Sequences ,
we want to show functions
are CtS &by decom , osingthem into simple Parts
that are "Obvious "CtS

.Y
But first... com bining simplefas into more complicated
fns

.

(f+y(x)
=f(x) +g(x),dom(f+g)=dom()ndomly

(fg((x) = f(x)g(x)
dam(fg)=dom(f)ndomly



 (f(g)(x)= ,
(f)Mdom(g)nExig(x) =0]domt/g)=dom(fog)(x) = f(y(x)

dom(fog)=dom(y)1Ex:g(x)tdom(
Ihm : If f and

continuous at Garedomfelndomly,
then

(a)f + y is
continuous at Xo

(b) fg is continuous at Xo
(c) is continuous at Xo
as (d)+ 0 .

g
longas g

Of hz =- Leth fghy =/ Xo asy
in theorem

,
that is

Xotdamf)ndomly) for i = 1
,
2,



 and g(xd+ 0 for i
=3.

Let un be a sequence
in dom (hi) that convergesto Xo

.

We must show
hin) converges to hiko.

Since fand
(

Loftn) =f =g(x)
For i = 1 , Kishi(n) = Leaf(xn)+g(x)

= f(x) +g(xx) = h , (xd) ,
since the limit ofsum is sum
of limits.
For i =2

, same argument,since limit of product isproduct of limits.



 For i = 3 , Lats(n)
= lim f(xn)/g(xn)
n+a

= line f(xn)

g(xn)
= f(x)/y(xd
= hz(x) ,

since the limit of the quotientis the quotient of the limits.
Ihm: Suppose continuous
at X and g- iscontinuous
at g(xd . Then fog iscontinuous at Xo.



 Of Suppose untdomCfog)
converges to Xo. Since giscts at Xuy

lim An (b)
.nag 1 =ySince f is continuous at

g(x) , himf(y(xn))=f(g(xd) . 0

Next keypropertyoffunctions: boundedness.

Disboundedonna
If(X)1 = M for all xeS .

wesayis boundedisa



 Remark :

·is a boundedsequence#
Esn : neN3 is a boundedset

of is a bounded function fr
#
[f(x) : x dom(f13 is a bounded

Il Set

imagelf)
Im: A continuous function
-> on a closed interval
[a

,b] =dom(f) attains its
maximum and minimums .

"themaximumThat is to say..
↓ of on [a ,b]

II

· max[f(x) : xe [a ,b]3 and "theminimum
min[f(x) :x[a , b33 exist"--

-
"



 
"a maximize of or [a ,b]

"

↓ "aminimizer of for
·7 Xmax , Xmine[a ,b] so

Ga,b]"

that

f(xmax) =max(f(x) : x = [a ,b]}

f(xmin) =min[f(x) :x [a b33
T

Mental image
:

-

f(x)
&

-flemin ① ·

[1 I I S X

a Xmin Xmax Xmin



 Rmk : An immediate consequence-

ofthis theorem is that
any
Its frf is bounded

an closed interval
Cabom(f)

,
since

f(xmin) 1 f(x) [f(xmax)

Vxt(a ,b] .

What goes wrong if theinterval is not closed?
f(x)=X2

[a ,+ Sa >X
---


