
 Lecture I'

CS 117, S25

2025KatyGranent Midterm 2 is one
weekfromThurs

, no HW
: practice

Recall midterm
- thisweek

↑: If f and are

continuous at Sodom Indomy,
then

(a)f + y is
continuous at Xo

(b) +
g
is continuous at Xo

(c) is continuous at No,gas longas glad #O
.

Ihm: Suppose continuous
at X and g- iscontinuous
at G(xd · Then fog iscontinuous at Xo.



 Disboundedonna
If(X)1 = M for all xeS .

is bounded ifwe sarounded on dom (f).

Im: A continuous function
-> on a closed interval
[a

,b] [dom(f) attains its
maximum and minimums .

"themaximumThat is to say...
↓ of for [ab]

II

· max[f(x) : xe [a ,b]3 and "theminimum
min[f(x) :x[a , b33 exist"--

-
"



 
"a maximize of or [a ,b]

"

↓ "aminimizer of for
·7 Xmax , Xmine[a ,b] so

Ga,b]"

that

f(xmax) =max(f(x) : x = [a ,b]}

f(xmin) =min[f(x) :x [a b33

Ef Last time , we show fisbounded on [a ,b].

cow
,
we show that f attains

its maximum
,
via cansideringa maximizingsequence.

Since Ef(x) : xe[a
, b33 is a

bounded subset of real numbers,
its supremum exists.



 Let misupixe(a , b]3.
S Sequence

Therexifor points
ins

# f(xn) =Me that
6

convergetosup(S)
Since Xn is abounded

sequence , by Bolzano-Weierstrass,it has a convergent
subsequence Xnk >

with

lim
ktdXnk

= No
,

for xot [a ,
b]

.

Since fists,
Kef(nk) = f(x) .

Also, by#) we have Kaf(xnil =M.&



 Therefore,
f(xo)=m = sup(2f(x) :x = (a ,bj3)

Thus f(xd) =max&f(x) :x [a , b]3.

It remains to show that
f attains it minimumon [a ,b].

Since f is its so is-f . and
& &

dam(f) =dam(f)2[a , b) .

We have just shown that

anyits In
attains its max

on a closed interval in its
domain

,
so 7 x , [ ,b] Sit.

- f(x ,
) = max3 - f(x) : x = (a ,b)
-min[f(x) : x e [a ,b]]



 Thus , f attains its minimum
at X1
.

E

An immediate consequence
of this is a familiarresult...

↓ MAJORTHM S

Thi (Intermediate ValueThm)
-

If f is continuous on an
interval Ifdom(f)

,
then

for all a ,be Ij if y
lies

between flal and flatthen
there exists X between a

andG b S .
t . f(x) =

y. ↓
either either
fal = y

= f(b) a
= x = b

or f(b) = y
=f(a) or b =x= a



 Mental image
:

f(x)

to f.
flat
Ab

Y

iye
-

flai W

In
no x between do and bo

S .t . f(x)= yo
"continuous fri can't have jumps"



 Ef
: Fix a

,
be If dam(f)

,
where f is continuous onI.

Assume WLOG a =b.

lies betweenSupposeand Yf(b) . WTS

Jx(a
,
b]s .
t

.
f(x)=
y

Case +: f(a) = y
= +(b)

f

~Y--- - -fla)--

n ima b X
Xo sublevel

↓ set

Define S=Ext (a ,b) : f(x) = y3Since Sisbounded, its supremum
exists .

Let xo : = sup(s).
Note that Xot [a

, b].



 Choose Xu S .t . XntS OneN
and lim Xn = Xo.

n->2

Since fiscts
,
Laf(xn)=f(x)

WTS f(xoFy .

Since XntS FmeN , f(xnEyVne/ . Thus flxdEy
.

It remains to show floo
If Xo= b

=

y
, byourhypothesisin Case 1

, y
and we are done

. thus
,

we
may

assume Xo b.

Define tr
= minExot , b3.

By dyn , Linath = Xo .



 Since tn> Xo =sup(s) , theS,
and tea

,b] , so fltn)n

for all neN. y
Since fiscts

,
Limofltu) =f(x))

,
so f(xd-y . This completes
the proof of Case I

Lase2 : f(b) = y
=f(a)

Then-f(a) =-y
= - f(b).

B Case 1 applied to the3Its fn-f
,
7 xot [a

, b]
S
.t . -f(xo) =

-y,
so

f(x) =
y

*



 + - =

fla)-o
I I

a b

Uniform continuity
Recall :

Thm/E-S characterizationofstyl
:

-

Given fand Xotdum(f)
If iscts at Xol if and only iffor all ETO , there exists 530 St.

xedum(f) and Ix-xrk]

imply If(x)
- f(xdkE.



 In general , the choice ofI depends on both Eand Xu.

Ex : f(x)=t
--

f(x)-
32--
-↳--------

f(x) E
~ I in int X

Xo-S

Functions are uniformlyctswhen
you can find a 530

that works for all Xo.



 &ef : A function f is uniformly-continuous on Sedom) if
-

VEso
,
7 530 s .

t.

Ix k8x,yes and -Y
imply If(x)

- fly)1 <E
Rmk : if f is uniformlycontinuous on SEdom (f),
then fis ctsat all xotS .

We have proved that f(x)=*
iscontinuous on dam(f)=Ro3

We will now prove it is not-
uniformly continuous andom(f) = R1503 .



 Assume , for the sake ofcontradiction
,
thatf is

uniformly continuous andom/fl= IRI503
.

Let E =
1
. B

Sit . XyeR5g

imply
H(x)yf(y)() .

| k - 1,(4
SupposeXtThen -

Y|k- tyl = In - En+ 11 = 1
. Thus

,

choos ingu sufficiently largesonS gives C contradiction .


