
 Lecture 15

CS 117, S25

2025KatyGranent
·Midterm 2 one week from today
· No HW this week- practice midterm2
Recall-

↓ MAJORTHM S

Thi (Intermediate ValueThm)
#f is continuous on an
interval Ifdom(f)

,
then

for all a ,
bel

,
i-y liesbetween flal and f(b)

,
then

there existsX between a

and b S .
t . f(x) =

y.
END OF MATERIAL

FOR MIDTERM 2



 &ef : A function f is uniformly-continuous on Sedom) if
-

VEso
,
7 530 s .

t.

x,yes and Ix k8

imply If(x)
- FBy)1<

Last time
,
we proved that

uniformlyis tom(f) =M503

Onthe other hand , f is -

uniformly continuous on [a ,b3,
for
any

[a ,b][dam(f).



 To see this , fix 0 arbitrary
For
any ,ZabElal , IbB.

Let 8 := E (min Slal
,
(bB)? Then...

Read from bottomto top M

Y|f(x) - f(y)) < E ↳T

E E 10)

# ↳
T
~

lyx k ElxIly-
Il

lyjx) < E(minElal , 1b13)



 Therefore, f is unit continuous
on [a ,

b].

In fact
,
the analogueff.this holdsMajor fmany

Thm : If fists on a
-

closed interval [a ,b]domH,
then f is unif cts on Ga

,
b].

It quick review afearliermaterial---
· If Snt[a ,

b] neIN
and hosn=s

,
then se[a

,
b].

rn = In VueI=limrnlimte
limits exist



 If Sn + (a ,b) VneI
and lim

nzoSn = s , then St(a ,
b).

False ! (0 , 2) , but Kane 10 ,2).

PfafThm :

Suppose f iscts on a closed
interval [a ,b] =dom(f) .

Assume, for the sakeafcontradiction
,
that fis not

that is,uniftsonb 7

-

j

S
E

YYb]Sx-y
s

-



 Inp nEN
(

articular
, for

J e(a ,b] S .
t .
anynkKnign Knigand If(xn) -f(yn) 1 = E.

Since
any

bounded sequencehas a convergen
+ subsequence,

there exist subsequences
Xnk and Ynk

that

converge to limitsxo + yo .

Sidenote : Suppose In andIn
are dounded sequences .

By B .

W. 7 subsequence
tak that to to

.
NoteThatconverges

ru, is
still a bod sequence ,

So I further subseg . Take
that coveryes to To.

Finally , trie converges to to



 By Squeeze Lemmayu-[XnEyntt
ensures yo[Xo[yo=o -Yo.

Furthermore
, Xn +Ca ,b] An implies

xot (a ,b] .

Since f is cts on [a ,b],
lim
k f(xnk) = f(x)
lim
k+ flyn)

=f(x)

Thus, f(xnk) - flyn) = 0,
so lim If(xna) -flyn 1 =0.
-x

This contradicts that
|f(xn

,
) - flynk)/ = ETXKEIN.

#



 Q : If f iscts on (a,b) -domf),
is f unitcts on (b) ?
A : No

,
consider f(x)=*

(a
,b)
= Co

,
1)

.

Whyareuniftso

Think back tocts frs ...

"Continuous functions send
t

convergen sequenceswith limits
in dam(f)
to convergent sequences"

limeThat is , if n> Xn= Xr ,
then lim f(xn) = f(xd.

n ->x



 Wait... X nice convergent
fix=*, Xn =En Sequence

f(xn) = n+does not converge

we don'tInterestinglyfication (*) forneed qualiunif cts frs.

Im :If f is a uniformlyIts fr on Sedam(f) and
Sn is a convergentsequenasatisfying &

then f(sn) is convergent.



 Ex : A unifcts fuf,
a chugt sequence Snlim Sndom(f) .

n=>x

+( = 2) if X = 0undefined if X =0
Sn = En, Odom(f) .

PfagThm
: It sufficesto prove that flsu) isa

Cauchy sequence , that is ,
-20

,
7 N S .t

.

n
,
m >N

ensures If(sn)-f(sm) / <E.

SinceFixarbitraryis 7830
,

S .

t. E S
&
1x4

,y If(x)-Yensures



 Since Su is convergent , hence
Cauchy, 7 N S . t . n

,
m>N

ensures Isn-sm/S
,
so

If(sn)-f(sm) < E. #

What follows chy? Differtiability!
In Calculus

,

f(x) = lim
y-X

To make sense of this, we
must define what it meansto take the litafa
function.



 Defltwo-sided limitoff ata")Given a function fand
aER , wehim fL

X-a

if
(i)there exists an interval
(ao
,
G

,) S .
t . at lar

, Gi),
lar

,
a) \Ea3 [dom(f)

(ii) for Sequencenea))ab satisfyinglim
n= Xn

=a
,
we have

limf(xn)= L .

n =>x

Rmk : We don't require at dam(f) .-

LEIRUE+azU3- 83
.



 Mental image
:

f(x)

-O

G
O

Xn Xn

1111111 X

lim f(x)=+
X- 0

f(x)n (ii)
itemsincewafails(xn)
i

limdifferent
as a Dependingor
↳ I
C

& Kof() D . N
.Ein



 
f(x)

to-

⑧
X

f(x) =2) if x = 0if x = 0

lim f(x) = 1 + f(0)
X->0

Emk :If at (ao
,
a ,) Edom (f)

and f iscts on Caga,) ,then
lim f(x) =f(a).
x-> a



 Ex: f is continuous on dom(f)S
a+dom(f)

,
but limf(x) = f(c).

X->

f(x) = (1x+E03u(l , +a)

undefined otherwise
lim f(x) D.

N . E
., since (i) fails.

x- 0

Idea : no to approach
a =0 wayvia a sequence indam(f)

.


