
Lecture 17

CS 117, S25

① KatyGraiy,2015Annou
· HW7 due Friday
· Final Exam Monday 12-3pm

Recall-



Def: Given a function &,
at RUEto3UE-83 we say

that
(

Case 1 : aEIR Case 1 : a E R

lim f(x) = L lim f(x) = L
x-at x--
Case2 : a= - * Case 2 : a=+X

lim f(x)=Llim f(x)= L Xt +x
x>
-x

A
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"Xapproaches "Xapproaches
a from above
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a from below

"

ifthere existsa honempty) interval
I= (a

,al ,a ,eR
=Cao

,
al
,
Go R

sit . If dom(f) and fur every
sequenceXne I s .t .

hXn=a,
we have lim f(xn) = 2.

n ->



-

Iheoremi Given a function f-
-

andGER,
limf(x) exists#) both one sided
X -a limits exist

and

limf(x)= limef(x).
x =at X7

If es -ther equivalentcondition is true , then

limf(x) = limf(x)= limf
X -a X7

Last topic of course
:

sequences and series agtionsfunc



Motivation : In 118
, you

will prove the Stone

Wierstrasshorem, which
continuous everyintervalfronan e

[a
,
b]
may approximated

as closely as possible bya polynomial .

This result is important in...

·applications
&computational lengineeringtheoretical (physics)

⑧

theoryhow can We define functionssuch as sin() , cos(x) , ex...?



mental image
n
=1

f(x)=sin(x)

n
=3



What do we mean by"approximated as closelyas possible" ?

BefGenSee aof ontwise to aerges-pefunction fiS-IR if

Lofn(x) = f(x)) VxS

We will often write fn-> f
pointwise Ion S) .

Ex : Consider S = [0 , 1 and
fulx) = X& What is the

pointwise limit ?



f(x) = 30z if x
= (0

, 1)
if x=

By HW3 , Q5 , futf pointwise

Wait - weren't we tryintoproximale CTSapl
-

- bypolynomials ?

It turns out that pointwise
convergence ofcts fas le .g.polynomials) is not strongn to ensure the limitenoug
is atS .



How to strengthen it ?
Observe that
fu-f pointwise onS

#
XxeS,90 ,

7 Nst .N
ensures Ifn(x) - f(x)kE .

#
-90

,
Axes J Nst .N

ensures (fn(x) - f(x))E .

DefGNenSESee a
converges

to a
- niformlyif

,
tes,function

JN S .t
. u
> N ensures

Ifu(x) - +(x)kE , VxES.

f(x) - *+u(x) < f(x) + E



·
of the fact that, to be
uniformly continuous on S,- -

I
FE8

I 780 S .t
. x , yes ,

|x-y15 ensures If/-fly)k9 .



The same I must workfor
all x

,yeS .)

Thm · luniform limit-

is cts) Given Sepfetus
fr , f :StR st.

futfunitomoasuppose

Then Exots
,
if fo is its

at XoVneN
,
fists at

Xo .

R*K : It follows that
,
under

the potheses the theorem,my ofif In is its on Si then
its uniform limitf iscts

on S.



Ex : Why must we assumedam(fl= S ?

Consider S = 20 , 13 fu(x) = En,S
f(x)= 0. Then futf on S

and fi
,
funitoyacts.

However , we could also
have f(x) = 0 if x 60 , 1)E 1 if xe , 1.

Then fuzf uniformly onS,
butF is not continuous
at 1ES.



Ef
: Fix xotS arbitraryand assume fu is ctsat
XoF NEI . We will show
f is its at Xo

,
via E-S

definition.
Fix E>0 ach Sincetrayost . >N.futf unif, 7
ensures
( (fn(x) -f(x)) < =, ExeS .

Choose NitIN s
.t . NiNo.

Since fo ,
is its at Xo,

780 S .

t.
#

xes
,
1x-xoSensures In-f



Thus
, XeS , IX-X. KSensures

If(x) -f(x)
= (f(x) - fN

,
(x)+(N

,

(x)-(x
+fN

,
(xo)- f(xb)

= (f(x) - fN
,
(x)|++

,

(x)-G(x)

↓ (*) (() +N ,
(x0)- f(xb)

(()
< 3 + 5 + 3
= E

.
*

END OF MATERIAL
FOR FINAL EXAM



Reall : Series (HW6) akER , FKEIN
-I

Def: Given a series Eak,k= 1

define thepartialsum segue
by Su

: = EGK .

k= /
N

Then EakConvergeLeR ifk= 1

if LimaSn= L
.

Likewise,
The series di to IsVergesif Su diverges to = X .

Lar : Ifsak converges,

then limak = 0.
k+ a



Lem : Consider York for reR
If Irk], rk = Fr

k= 0 *
thank you , Chenxi !

If Irl1
,
the series does

not converge
.

⑳p(comparison test) :
If Ib lak XkE/ and EakK in
conver yes , then
b converges.

Defi convergesabsolutelaElakl converges

Co
:

absoluteconvergenceconversearet
--

to prove a familiar fac



-
Inm (Rootstest) : Given a
-

series, ak , define
2 := limsuplakl"* YK

k+x

im1143
Then, K
· if <1

,
the series converges

absolutely· ifI
,
the series diverges

&k: If < = 1
,
either convergence

ar divergence is possible

If
: First

, suppose < 1.
Fix 270 s .t . <+ E <1 .

B

definition 7 Ko sit.
> Koenstur

y



c -

<y
+ E .

In particular ,
KEI , Ki Kahoosinghave
supElaia :1

,3=Yk1
+ E

Thus
,
YKKE
, lak/+ E.

H
lakk(x+ 2)k
un
r

Since is a geometric
series with r = c+EE(0

,
1)
,

it converges & Thus lak

converges , by
k= /

the comparison test . Hence
&

E ap converges absolutely .

k=



Now
, suppose <31. Sincethe

limsup is the largest
subsequential limit,
there exists a subsequence
of lakl with limit 231.Thus lakl* > 1 for

infinitely kt /N,
Su laklyfor
infinitely many

KEIN .

I limhus -x ak + 0, So
the series diver *

ges .


