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Announcements:
· HW7 due Friday
· Final Exam Monday 12-3pm
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R*K : It follows that
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under
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FOR FINAL EXAM
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Inm (Root test) : Given a
- -

Series ak , define
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k+x in(14)Then, Ka
· if <1
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absolutely· if I
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Series of functions
Important example : Powel series

&

Zanxh
n= 0

"infinitely long" polynomial
When does a power series

-

a continuousapproximale&
function .

When does it approximate
a real valued function,
i . e
.,
when does the series

converge
?



Im : Given a power seriesD + X

if B= 0 , 0 .anxi, R=
+2 I

↓

define B := limsuplanin , R := .
then
· the series converges for |R· theseries diverges for KIR.

Rmk : R is called the radius
-

of convergence ofthe powerscries.

Rank : -Pote that all power-

series converge at X
=0.



Ef
:

Applyingthe root test
a := limsup lanxi/m

n =>x

= limsup lam/"(x)
n->x

= Nin Supai
= (imsuplan:
= I lesup lan"

a

= (x/B

Thus (xk < R => x1 => convergence
(x|R=>) = divergene



Ex : Consider
Then B = limsu1
The previous theorem ensures
the series converges for (11and diverges for | (> )

.

pointwise
~

In fact
,
for KK1

,
it convergesto f(x) = -1 -X

Given that we want to approximate
cts fas by power series,-

We are interested when they
converge uniformly , that iswhen the partial sumsequence



ful:an
converges uniform ly

InFor
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Sn Convergente) Su Cauchy.
Infact

,
the same is true for

sequences of fre curt
uniform convergence .
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If First ,
we must "guess" the

limit f.

Since fo is
for funiformly Cau,is

S
is afuiy CauchysegueareIf real numbers, it

converges . Denote the limit



by f(x).
We will now show futf

uniferily an S.
Fix E30

.

Since fo is
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,
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I
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Sending med , for n> N,

f(x) - z[fn(x) = f(x) +E , XXeS.#
Ifn(x)f(x))=



Thus
,
for n>N

I

Ifn(x) -f(x)(E
,
Exe
j

When is a power series converging
uniformly , so we know its limit isis3
Thm : Given a power series

anzu
with radius convergence R3O,VR , ECO , RI the power
series converges uni formlyto a continuous function
on ER
,Ri .



Ef : By the previous theorem,it suffices to show
N

fil := anx

is uniformly Cauchy on ER,Ri J.
G

Fix >o
.
Since Zanth

n= 0

converges absolutelyon FR ,
R),

the series ofreal numbers

R
converges .

Thus
,
the

correspondingpartial sum



sequence

Sp
:= Elan(Rin-

is Cauchy .

Thus , FEXO , 7 No sit.
N , M > No ensures
N N x

WLOGNIM

ElanlixM= [lanIR-ISN-SmkE
n=M+ 1

+
n= M+

Il for all xEE-Ri
,Ri]

IfN(x-fm(x)).

This showsEoisuniformaCarchy



It result that is believable,
but we will not prove...

Thm : Given f(x):= Sanxi
with radius of convergence
R> O
, then f is differentiable

on GR
,
R) and

f(x)= nanzh !
n= 1

Important example ofI
a power series that

converges uniformlyon [-RyRi] for all R ,30 ,
but we don't have nice formula



for limitt ..

Ex: = ex

Radius of convergence depends
On ...

B : = Limsup I: I'm
n ->x

We will show B = 0 , SoR=+*.
It suffices to show

(n !)m = + x

Observation :

(n !)[ -n][2(n- 1)] .... [In-D[n· 1]
Each of the a products
is of the form



(k+ 1)(n-k) for Ok En

Eachaf these is In .
Thus

(n ! )= 2n
T

In !)In

We can obtain familia
properties of exponential
directly from series s ..

d N
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=


