





















Announcements:

• Office hours: 

	 - Mondays 2:30-3:30pm

	 - Fridays 1-2pm



• Makeup lectures: 

	 - Friday, April 25, 11am-12:15pm

	 - Friday, May 9, 11am-12:15pm



• Exams

	 - Tuesday, April 29th: Midterm 1

	 - Thursday, May 29th: Midterm 2

	 - Monday, June 9th: Final Exam (12-3pm)



• HW1, Q10 now unstarred












Lecture 2
CS 17 525

KatyCraig 2025
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Recall

Numbers

Natural numbers IN 1,213,4

Integers 2 3 2 1 0,1 2,3 3
Rational numbers ʰn m ne2 n 0

Realnumbers IR

Def A binaryoperation on a set is
a functionfrom xt̅o X

Defilfield A set F is a field if it has
two binaryoperations addition
and multiplication that satisfythe followingproperties a b CEF












































































































A1 at btc fat b c associativity
A2 at b bta commutativity
3 an element OEFs.tn identityaeF ato a

A4 for each aEF beF inverse
5 t atb O denote a b

M1 alba fable associativity
ma ab ba commutativity
m3 an element 1EFl ofidentitySit VaeF a 1 9

m4 for each aEF 0 inverse
befs.t ab 1

denote a D

DL albtc abtac distributive law

The O is a field












































































































Using the definition of a field you can

rigorously prove familiar algebraicproperties

The If F is a field then a bet
lil if at c btc then a b
ii a 0 0

Def ordered field A field F is an ordered
field if it has an

ordering
relation

so that for all a b CEF
101 either a sb or be a totality02 if a Eb and bea then a bantisymmetry
03 if a band bec then a Ec transitivity
104 if aeb then at Ebtc addition
05 if a b and c 20 thenacebamultiplication

Def Given an ordered field and a bEF
fasb and a b then write acb












































































































Thm Suppose F is an ordered fieldThen a b CEF
i a b be a

ii as b and CEO act be
iii Osa and O b O ab
iv O a where a a a

Iv Oca Octa

Thm Q is an ordered field

Prop Suppose Fisan ordered field
Then p.ge F with p q Fre F
st percq
Def For any

aeF lat a if azo
a if a co












































































































Thm basic propertiesof1.11 For all a b E Fil la 20
ii lab at by

distributes over multiplication

in latz a and latz a

it lat b talt b triangle inequality

Def Forany
a be F

dist a b la bl

On an ordered field we can define
the notion of maximum or minimum

of a set

Def maximum minimum Suppose SEF
where F is an ordered fieldIf there exists so E S satisfyingso S SES then so is the
maximumofS and write so maxestso is the largestelement in the set












































































































If there exists so E S satisfyingso's seS then so is the
minimum of S and write so min Cst
so is the smallestelement in the set

Ex Let F be an ordered field Then

any
finite set S 52 Sn E F

has a maximum and minimum

Ex Let F Q Then S IN G and
min s 1 and max s D N E

Fix a be A a b Let S qEQ a q b
min s a

Clam max s D N E

Pf Assume for the sake ofcontradictionthat sot k satisfies so max s












































































































Since Soes as so lb

By our prop rek sit so crab
Thus res and this contradicts
that so was the maximum

Likewise on an ordered field we can

define what it means for a set to be
bounded above or below

Def boundedabove below Suppose SEF
for an ordered field F
If there exists MEFs.t.seM se S then Sis

psEsf sand
m is an

If there exists mEFs.t.comse S then Sis
below and m is anwf fs












































































































If S is bounded above and below
then S is banned
I am an m I
m

S M

Ex F Q a beQ acb
s qt Q as q b is bounded
IN is not bounded

S qe Q 09 5 homomme

What about when a set almost has
a maximum

Defsupremum infinum Consider
an ordered field FIf S F is bounded above and
there exists Moe F satisfying












































































































a Mo is an upper bound ofSb if M is an upper bound

of S then M.cm

we
say

Mo is the supremum ofsand write Mc sup s
Mo is the least upper boundof 5

If S F is bounded below and
there exists moe F satisfyinga mo is a lower bound ofSb if m is a lower bound

of S then mom

we
say mo is the infinum ofsand write m ing s
Mo is the greatest lowerboundof 5












































































































The Given SEF Fan orderedfield
if max s exists sup s max s
if min S exists infs min s

Pf HW
Rmk The supremum generalizesthe idea of maximum

Ex F Q a be Q acb
s qt Q a q b

Claims sup s b

Pf Bydefn b is an upper bound
of S Assume for the sake ofcontradiction that Mst
Misan upper bound of SandMab By Prop re Q sit












































































































marab
Since M is an upper bound of SMa Thus bytransitivityaer b sores This contradicts
that m is an upper bound of

S

Def
real numbers The real

numbers is the ordered field
containing

Q with the

property that
everynonempty subset SE IR

that is bounded above has
a supremum

The least upper bound
propertyof IR

Ex qEQ 0 q 2 F Q
We will show that IQ does not
have this property












































































































Them the real numbers exist
and are unique

Pf Spivak Calculus last chapter

How does IR relate to other
numbers

By def IN 2 Q1

In fact Q E IR

Homework FLER

Prop 12 Q
that is atQs t aa 2

Pf Previous course












































































































The The natural
numbers IN is the smallest
subset of IR havingthemnproperties that

i 1 FIN
Ii ne IN Nt EIN

smallest in the sense ofset inclusion
Note IX to then 12 1 21

1

Rm

Pf
24 all subsets of X

Let et
2PM

be
et AER IEA and NEA NEA

Define
net XER XEA AECA












































































































Bydefn It net Suppose
ne net Then ntle net

Therefore not Ect IN Enct

For
any

subset of IR satisfyingthe conditions of the theorem
we see that it contains net

It remains to show net IN
Since Neet we must have net

Rmk This propertyof IN formsthe basis for proof byinduction

Suppose you have
a list ofstatements

P1 Pz PK KEIN












































































































Suppose that you showPt is true
n IN Pnis true Pntl istrue

Consider S K Pk is true IN
Then we have shown S satistier
i and ii of previous thmso INES IN S

aorist

We'll study two majortheorems for R
Archimedean PropertyEisenstein TR

The Archimedean PropertyIf a b E R satisfy
as 0 boo then

ne NS.t.na btspootnb



even with a very small spoon
you can fill a large bathtub


