


































































































Lecture 7
CS 17 525

KatyCraig 2025

Announcements
Midterm 1 on Tues
No office hours on Mon Apr 28

Recall
MAJOR THM 3

Tmt All bounded monotone

sequence converge
Thalf sn is an unbounded

increasing sequence
hosn to

If Sn is an unbounded decreasing
sequence Limon d












































































































In summary if Sn is monotone
to if Sn unboldabove

Losnfs for stR if Sn is bold
if Sn unddbelow

Thus the limit ofanymonotonesequence always exists

Def limsup liming For anysequences

limspsn kgsupeh.mn
linmingsn tia ig N_



Remark
an is

decreasingeither an to N or

an is real valued
bn is

increasingeither bn N N or

bn is real valued

Examples

nmsdl im kasupe.int j91
timing c in line t

lings suÉninsnT 0
timing to Is infeffela



The Given a
sequenceSn

THEREa Sm exists timing sn hasps
4

Furthermore if either of theseequivalent conditions holds

1mar sm liaifsn h.esSn
Remarks that we will use in proof
If sam sES then sup 5 m
bn inf sn n N sn sup Sn no N an

for
any n NFact If rn and tn are

sequences whose limits exist
and that satisfy rn tn new
then horn limoth
PE HW4



Immediate consequence
limffsm lsobnehsaan limse.sn

Fact If either limit exists then
limo tn Lstm
Pf HW4

Consequence
limEB sn limo sup snings

man inf sninn
Fact

15oinfesn.mn

infts timing sn

s

sup s

Mm mmmm mm
O S



Pf
Suppose Losn exists WTS
limning Sn limner Sn hosn

Case 1 kosn 0 WTS an and
bn diverge to

0 Fix MLO

arbitrary Since Issn
No

s.t.sn M I n No
Thus by an FM 1 Since
an is decreasing andbusanem KM N No
This shows
limitfsn hadby they sn limo an a

cash time sn to Then Ho sn o

ByCase 1 ask sn limping sn d

11

timing sn hsesn



Therefore misfasm times sn to

Case l5osn s for SER WTS
an and bn converge to s Fix ESOThen No sit no No ensures
Isn skE or egeralentlybound for

s eisalowefffes.tn
ninsng

defeatist
for Sn n No Ewing for any N NoEngineer
Therefore N No

S ECS E DN AN s ELS E

Hence Ibn sk E Ian ske
Therefore
timefsn hadby they sn Is an s



Wow suppose
being on lines sn
WTS ha Sm timing on

limsssn.case1hmffsn linmgssmd.WTS Sn diverges to
o Fix MCO

Then No sit N No ensures

sup Sn n N AN M

Thus sn M for m N and N No
Hence Sn CM for m Not 1
Therefore linson d

Cam timing on lines sn to

Then Iff sn lines sn o

So by Case 1 ha sn d

Hence ensure hosn to



Cast mifsn lines sn s forser
WTS Sn converges to s Fix EO
Then Nb Na sit

ing sninn

NSN S ECDNC STE
NSNa s e caneste

sup snin N

Thus for n N and N max NaN
s EC bn Sn an St E

Hence for no max Na Nb 1
S E SnestE

Thus Hosnes


