


































































































Lectures
CS 17 525

KatyCraig 2025

Announcements
No office hours on Fri May 2

Recall

The Given a
sequenceSn

MHFE.mnSm exists timingsn hits sn
4

Furthermore if either of theseequivalent conditions holds
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another important type
ofsequence
Def A sequence sin is a

Cauchy
sequence if

SO NER
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A Cauchy sequence bunchesup
or gets close andstays close to
itself
How do Cauchysequences fit inwith sequences we alreadyknow



Lemma Convergent sequences are
Cauchysequence

Pf Suppose Sn is a convergent
sequence with limit SER
Fix 470 arbitrary
Since Sn converges to s N
st n N ensures Isn skE
Then for min N
Isn sm sn sts sml

Isn s 1s Sml
Sn CE
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Lemma Cauchy sequences
are bounded

Very similar proof to fat that
convergent sequences are bold

Recall
Sn is bounded if MSO s.t.VN

NIsnkmesmesnem

Reversetriangle iney
lal lb a b

Pf Suppose Sn is a Cauchy
sequence Fix E 55 Then IN
s.t.n.ms N ensures
Isn Sm 45 By the reverse

triangle inequality this implies
Isnl 15mi Isn Sml 55



Thus n MSN ensures
Isn Ism 15

In particular taking m TV I IN
Isn spa l

t 55 n N

T.me

Define M max Is 1,1524 snivel Mo

Then Isn EM ne N
don't need a guess for limit justneedto show it bunches up around itself
Tmt Asequence is Cauchy if and
only if it is cyngent
here you must have
a guessof the limitand show the

sequence gets closeto the limit



Recall
If sneth for all
but finitely many n and
limits exist then lingsnelisth

FffadimitsexistHarm Elata
iIfaEbtE for SO then afb

Claim
Ital 1611 la bl a beR

lal bl Ela bl a ber

PfofClaim Assume top is true
Since x Xl xeR

lfblekyblela.br



Assume bottom is true
Fix ye R WTS 11 1 lyl x ylFirst taking a x b y

we have
1 1 lyk x ylNextftakingey b x we have

Ext ly xt leg
Finally if AEBand AEB
we must have 1A EB

Therefore 11 1 lyll x

y
Pf We have already shownthat convergent sequences are

Cauchy Pow suppose Sn is

Cauchy and we will show it is

convergent
To show Sn converges it suffices



to show that

limifsn limsr.sn
lim inf Sn non im sup sn.mn
Nsa if

no

This ensures limon exists

Since all Cauchy sequences are
bounded Sn can't divergeto In so we would have
hosn ER so sn converges

Fix EO Since Sn is CauchyNS.tn m N ensures Isn smke
Sm E Sn Sinte

Thus for m N we have
an sup Sn n N Smt E

an E Sm



Likewise we have

an e
ing Sm m N by

Since an is a decreasing
sequence

and bn is an
increasing

sequence K N

ar e an Ebn Pffexistslimitehxists
b c decreasing

b c
increasing

sequence

thus by
imspsn E liaak.eeiabk limingsn

Since this holds for ESO arbitrary byQi time sn limits sn
Since we always have linedsnalimif.sn
equality must hold


