
Midterm 2 Solutions
② KatyCraig, CS117, S25
Q
② By the main subsequences theorem , it
suffices to show that , VEO,In : /Sn-s123) = + 8.

Assume , for the sake of contradiction
that I 250s

.

t
·
1 : /Sn-sk231 +a.

Then Ne :=maxin : Isn-sk23 exists.

Since ISn-sKEE) S-e<SuS + E
and we have sustE VneIN,
for nNE ,

SuES-E.
m

M1

On the other hand
, for nENE,

Su- max ES : k = Ne3 < S.
-

Mz

Thus, M : =maxEMz
,
mes is an upper

bound for ESuine/N3 that is strict ly
less than 5. This is a contradiction,
since s is the least upper bound.



③ Consider Sn = tr
.

Then s = 1 =St,
but sincelim Sn = 0

,
all subsequences

n +2

ofIn converge to gero

②Q
First

,
note that

,
for any

n>N,
Sn +tu EsupEsu : n>3 + supEtn : n >N3 .

Hence
,
the RHS is an upper bound

for Esuttn : >N3
,
so

AN

Esta: >N3
Sm: 2>N3+tinbir

Since bi andIn are convergent,
the limit of the RHS is

limbot lime = limsupso + limsupty.
Since as is convergent , the limitof the
LAS is limsupsuttr . This gives the result.



③ Sa = (112
,
to = (1)

limsup Sutta = 0 < 2 = limsup su + himsupth

③
⑨ Since Suz0 EneIN

,
S =0.

First
, suppose 330 .

Then there exists
No s .
t . n >No ensures Sn>>Sn>5

Fix E30. Note that ,for >No,

155n-55KEELIn+5
#) /sn-sk(55n +55)E
= (sn -s) < (d + 55)E

Since Suts
,
7 Nist. >N, ensures

Isn-s1 < (d + ds)E
.
Thus >maxENo

,Nis
ensures 155n-5sKE .



ext
, suppose 5

=0 . Fix E30.

epote that 15n/ <EE) Suce?

EJIsn-ske ? Since snts
,
7 Nst.

Nensures Isrske => In-5sks.

This shows Jan -55.

③ Fix Xot(o ,
+a)

.
Consider a sequenceative numbers XnS

.

t.xnog nonneg@
,
faxu-f(x).Xn- Xo

.

B

Thus f isI continuous ato
Since xoECata was f
is continuous on contliting,

② Define 9(x)=
X.

Note that
9(x) = 9/f(h(x)) .

Since hists
on [0

, 17 and fis cts on h(0 , 1]) =[P,
for iscts on Co . 1]. Furthermore,
since for is nonzero on [0 , 1) ,
and
Its ongists

on Cal, is



Note that 00 = 0. Since gla)
is continuous and g(1) = 1, (x)

.

5 8.30s .
t

. xt(1-8
,
1) ensures

&0Since flh() is continuous
on [0 , i) and fCh() = 0

S
7830 sit

. X + (l-S
,
1) ensure

fIh()) - # Ta S = min (So
,
S
.
),

x(1-8 ,
1) ensures = 2.

C

Thus
, by the intermediate value

theorem, for all ce20 ,2)
- [0,] S .

t
. 9ly) = c .

Inythe case C=2
,
we see Y

=>

is impossible (9(0) = 0)
, so

y
+ 10

,
x0][/0 , 1).



④First
,
notethat , VneIN .

-lant-anlalaz-ail

Thus
, by the triangle inequality ,V m =n,

lam-anl = lam-am-1 + am-1...Antian

laktali

ali
Since &[0 , 1), the series
is convergent . Thus,
the criterion

,
VES,by Cauchy=> Ms .

t
. m = n

= Mensures

m- 1

ElazaE
This gives the result



③ Since an is

tosome atilauchyitconveyare
anx converges

to a.

Since +is cts
,
anti=flan)

ensures

a = Limant , Koflan) = f(a).

Suppose there exists b Fa
so that f(bl= b. .

Then
If(a) - f(b)) = x(a- b) < (a - b)

1)

| a - b |

This is a contradiction
.
Thus

the fixed point is unique
.


