








































































Homework 3 Solutions
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Fix E O
arbitrary Bydefinition

of convergence NS.t.MN
ensures Isn ske and NS.t

n Ñ ensures Isn 5 4 Then
n max N Ñ ensures

eq

Is 5 1s sn sm 5 Els salt sist
ZE

Since ESO was
arbitrary this

shows 5 5

0
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We estimate as follows
E EZE

HER X 2Ex E É 24e EEx25e
220

ly e y Zey
2 52 4ete y 49

Since 22 2 5 2 270 Let e

Then x 59 x2 E x2 E 2

Since
y

2 52 42 270 Let 2

Then y 492 y y
E 2

We estimate as follows
1 6 2252 22

ly ezl y2 422 2











































































As shown in class 02 0 Thus OES

so 5 0

Define M max a 1 Suppose CES
If c l then c 1 m If 21
then by 1057 c c so c c aEM
This shows S is bounded above by M
By definition S is bounded below by

0

By definition of R for any nonemptysubset of IR that is bounded above
the supremum exists











































































In we showed m max 2,13 2
is an upper bound for S Thus b 2
Since 120 and 1212 IES so

b 1

If b 2 by E f o 1 sit
bte

2 2 Thus bte FS This contradicts
the fact that b is an upper bound of s

If b 2 by Ezf 0 1 sit
b 212 2 Thus if c b Ez

3 22

c c b Ez b ez 2

so c S By Q1 this contradicts
that b is the supremum











































































We first show liman Oif lal l

Note that if a 0 then for all
ETO and

any
NER n N ensures

Ian 01 OCE Thus liman 0

Now suppose that ato
Fix E O Note that lan oke

lanke lath nloglial log
ince lak ensures loggayEfince lant lain

n Egan Let N Egas
Then n N ensures an OKE so

lim an 0
r

We now show him an if a 1
Note that if a 1 then an for all n
Fix O and choose N 1 Then n N

ensures lan 11 0 2

We conclude by showing
an

does not converge if a 1






























Suppose forthe sake of contradictionthat an
converges

to some a EIR
Let 1 Then there exists NS.t
NN ensures latak a cancati
For neven am 1am 1 so Katl Oca

For n odd an 1am c 1 so a k 1 aco

This is a contradiction since no aer
can satisfy both

aso and aso

someone
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Suppose Sn is a bounded sequence
Then MSO sit Isn EM ne IN

MENEM KNEIN
Thus M is a lower bound

for S and M is an upperbound for S so S is bounded











































































Now suppose S is bounded
so that it has lower and upperbounds Mo and Mi DefineM Max Mol Mil Then neIN

ME 1M Mossn E M IM E M

so Isn EM me N and Sn is a

bounded sequence

A
sequence sn converges to a limit
SEIR it so

NERS.t.MNensures Isn skE

A sequence Sn does not convergeto a limit serif 9 0 sit
for all NER n NS.t
Isn Sl E

OF Hel N The DV











































































Fix Eso Let N E Then now ensures

e c EE ELE

Eke Eika Intake Eta oke

Since Eso was
arbitrary

this
gives

the
result

Assume for the sake of contradictionthat sin
converges

to some SER
Then for 2 1 there exists NEIR
so that NN ensures

Isn skl s 1 55 1

s 14 Int 12 225 1
St int 12 5 3

By the lemma following the Archimedean
Property MEIN so that most

Let k max m Ntl Then k mB

and K N The latter ensures

K 12 2 3 1 4k 21 11 4 13






























K 12 5 3 K K 2K 14513

This contradicts thus Sn
must not

converge
to
any

SER





















































































































































By the inequality
Itn tPl p max Ital ftp.BItn tl
Since tn is a convergent sequenceit is bounded and MO sit
Itn am for all n By Question 5
Isotta It Let Ñ max M 1

Then the above inequality ensures

I tnP tPl p MP Itn t

Fix 2 0 Since tn
converges

to t
NS.t now ensures Itn tkpm

Then by G n N ensures
IMP Pl E Since 70 was

arbitrary this shows limtnP.to

The correct definition is

Consider Sn 1 1,1 1 5 0

Then for E 2 and all NER MN
ensures Isn ske

Katy Craig











































































ensues

Consider sn 5 0 For 8 0 there
is no NER so that n N ensures
Isn Ol E

Consider sn 5 0 For
Isn SKE is not true for all NEIN
If Lisa rn o the result is immediate

Thus it remains to consider the remaining cases

Case 1 Suppose her rn rER
Case 1a If 12th to we are done
Case Ib Suppose 12th FEB Assume for

the sakeof contradiction that tar Let e Eᵗo
Then Nr Nt sit n Nr ensures

Irn rke and no Nt ensures Itn tke
Let N max Nr Nt Then n N ensures

the tie r Ez r Earn
This contradicts that rn th Une N
Thus kinth tar inform

Case Ic Suppose otn o Then Nest
no N ther 1 There also exists
Nest En Nt r 1 Crm Thus for
Nimax Nt Nr n N ensures
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