
Math 117: Homework 5 Solutions

Question 1*

(a) For an, 1 and →1 are clearly subsequential limits, since the constant sequences (1, 1, 1, . . . ) and
(→1,→1,→1, . . . ) are subsequences. Fix t ↑ R \ {→1, 1}. Let ω = min{|t→ 1|, |t→ (→1)|}. Then
ω > 0 and {n : |(→1)n → t| < ω} = ↓. By the main subsequences theorem, this implies that t is
not a subsequential limit. Thus {→1, 1} is the set of subsequential limits.

For bn = →1/n, we have limn→↑ bn = 0. Since every subsequence of a convergent sequence
converges to the same limit, the set of subsequential limits is {0}.
For cn = 2n, we have limn→↑ cn = +↔, so as in the previous part, the limit of every every
subsequence is also +↔ .

(b) The lim inf and lim sup are the largest and smallest subsequential limits. Thus, lim infn→↑ an =
→1 and lim supn→↑ an = 1. Likewise, lim infn→↑ bn = lim supn→↑ bn = 0 and lim infn→↑ cn =
lim supn→↑ cn = +↔.
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We must show that for all e o

and a EIR S re Q a e create is

infinite We proceed by induction
By denseness of

Q in IR there exists

ra E Q so that a Ehr late so r es

By denseness of Qin IR there exists
rz E Q so that a E ere c ra late so rats

Assume we have picked k distinct
elements ri ra re es satisfying
RKC RK L L rz C R1

By denseness of Q in IR there exists

roti E Q so that a EL retired Er Late
so reties This S has

infinitely
many

elements

Since re Q tr ake contains

infinitelymany
elements and rn

is the sequence of rationalnumbers NEIN Irn ake
is infinite for all e 0

By the main subsequences theorem
this ensures that there is

a subsequence ink that converges
to a











































































Since rn is unbounded above
the main subsequences theorem
ensures that there is a

subsequence that diverges to to

Suppose Sn is a Cauchysequence according to
our definition from class Fix E 0 Then
there exists NS.t Nim N ensures Isn smk E
In particular if mom N we have Isn sake

Now suppose Sn is a Cauchy sequence according
to the new definition Fixe 0 Then F NS.t
K e N ensures Isk Sek E Suppose him N
If am then Isn sm l O E If man
take Ken em to see Isn Smk E

Lastly it n'm take km en to see
Isn Smk E
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EE ax is convergent
I

Sn ETax
convergesI

Sn is Cauchy
V E O F NEIR so that mom N

ensures I ee

n l

FE ak 7 are FFmtiak
HE O F NER so that n MSN
ensures IIEm.at KE

Suppose fear is convergent WTS

limak 0 Fix ESO
By partF NS.t n m N implies

IImink l E In particular F Ns't
m N and n Mtl implies tank E
so Ian OKE Thus limak 0

Define Sn IE ak tn IE bk
limit um is sum of limit

EIaktbkl hi.TN snttn fiIosntLiFotn
AtB

7 can _tiffs Csn cliffs sn cA
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Bydefinition sat isnt Totti Since
Ant 20 S nt I S n

Taking a to in 65 a gives
It to toe t t ton tight
9 I Eat In 10 Hot

Yo t g t In 1 fol

Since su Kt fat In and dig
for all

III II fore ka In E Kt lS ne k to
Therefore Sn is bounded above Since
Sn O it is also bounded below
hence bounded











































































Let sn 997tt Thensn l font
Since hinson o Isn Inti Is.tn o

hence life l Int O Thus
F those 1
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Claim S 030 lein

Since Snk is a subsequence
OES Since sniet is a

subsequence for all LEIN tes

It remains to show no other real
number or belongs to S

Neither to nor o

belong to 5 since

the sequence is bounded

Suppose atS for some AER By themain subsequences theorem it suffices to
show Eo 70 so that la snls.co for
all n

LIfa 1 then la snl a 1 Eo n

Ifac then la snl lat c n

I t as for some LEINI then
la snl min la tel a tetil Eo n

This completes the proof




