
Homework 5 due Thursday, April 30th at 11:59pm

Lecture /O
CS 117

,
S26 O Katy Craig, 2026

Thm :

Every sequence has-

a monotone subsequence.
Thm (Bolzano-Weienstrass) :-

Every bounded sequencehas aconvergent
subsequence .

Thm : For
any Sequence

su ,
-

limsup So and limingSu
are the + and
smallest larges Tal
limits. subsequent



Now, apply
theoryf

sequences real numbers
to the S continuoustudy afAns land generalizations...
-

Intuitively a continuous fr&

is a fu that "unbroken" on
" has no holes

.

"
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CONTINUOUS
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DISCONTINUOUS

f(x)
The domain of a function is-

the values x at which it is defined



Abbreviate thedomain dow (f)
.

In this class : dom(f) =R

range(f)ERUE
Ex : f(x) =*, dom(f)= RISc]

f(x)= + if x= 0 ,
domifE= IRE

+X if X = 0

Bef
: A function fidom(f) + RR

is continuousata point
*dom(f) if , for everysegrance Xn

in damfl
satis Xn- Xowehf(xn)-f(x)

.



Furthermore
,
f is continuous
-

on a set SEdomit) if it
-

iscontinuous
at
easier

T f is continuous ifFinally-it is continuous on dom(f).
Ex : f(x) =+

,
dom(f)=Ra]

~
is continuous

7
& &

I



Aside...
Wewill also consider extended
real valued frs ...

There is a nice topologyonawhich you canlike this.

1 erf(x)

-
7

erf :R-> [0 , )



Ex : f(x) =G* if xx0 ,
domfR

a ifX =w

~ Does there exist
7 atR so that& &

[ f is continuous?

V

Rak : A function fidom(t)-> R
is continuous iff for

every convergenXnin dam(f) ,

+
sequence

limn0f(xn) = f(limXn).



Thm : Given f :dom)-IR
and xotdom(t)

,

If is continuous at Xo
if f #
for all E30

,
there exists 530

such that xedom/f) and
#-XoK8 ensures If(x)-f(xks

.

Mental image
:

f(x)

TL

x



Aside : Consider this variant
of the definition...

15 yeRs .t .

for all E30
,
there exists 530

such that xedom/f) and
#- xoK8 ensures (f(x) -*KE

.

y
f(x) G

·

+
"Thediscontinuity a is



En :

#7570st . VS> 0
there exists xedomff)
Ix-Xo18 and Hf(x)-f(x)12

OfofIm :

First show# .
Fix arbitrary

*nindom(f) s it. Xn->Xo ·
We must show fixn)- > f(xo).
(x
,,xi , x3 + - , (f(x,) , f(xz) , f(xz) , .. -)
Fix ETO

.
B

xdom(),S
Since Xn-Xo , 7 Ns .t .
n>Nensures In-Xok3 . Thus,
nN ensures If(xn) - f(x) < 9 .



Now
,
show#I

We must show there exists a

Sequence Xn in dom(f) st.
Xn- > Xo but fixn) * f(x)).

By , 7930 s .t
. FnEIN,

=> Xutstom(f) St .

|xn-xol n and If(xn)-f(xES.

Since
Xo- In <Xn(X+tg

by Squeaza Lemma Xn-Xo
OTOH , flxn) -f(x) . E



Some examples...

Ex : f(x) = 3xz -2 , dom(f)
=T

CLAIM :f is continuous

Pf OF CLAIM : Fix XoEIR
.

Fix Xn Arbitrary S .t . Xn-Xo
.

By our limit theorems,
3x2 - 2 -3X? - 2 .

ALT PF OF CLAIM :

can example of when one
characterizationis
than other)



FixXER arbitrary. Fix
&30

.

- Let's make
- X sure choose
Scratchwork : 31

.
Than

|x -xo)1
( f(x) - f(x)) ensures

, by11 reverse - ineg,1(x2 -2) - (3x8 -2)((x1- 1x r1]
Il T

~

3(x2 - x= ) |x| 1 + |x0)
11

3(x - xo))X + Xo)
want

11 Dineg ↓

3)< 2(xa) + 1



Thus
,
it suffices to have

|x- Xok xol+ 1)
-

Choose 3minE1,xl+ 13
Than Ix-xokS= 1 ensures ,

byreverse & , (x1 = Kol +1.
-

Therefore ,
*

( f(x) - f(x))
11

1(x2 -2) - 13x8 -2))
Il

3(x2 - x= )
11 Ding

3(x - xol(X + xo( = 3(x-xo(((x) + (x))
* = 3(x - xo)(2(xo) + 1)

S < 2(xa) + 1
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*


