
Homework 5 due Thursday, May 7th at 11:59pm

Lecture
CS 117

,
S26 O Katy Craig, 2026

f(x)
The damain of a function is-

the values X at which it is defined .

Abbreviate thedomain dow (f)
.

In this class : dom(f) =R

range(f)ERUE

Bef
: A function fidom(f) + RR

moun
-

for every
Sequence Xn in damflsatis Xn- Xowehf(xn)-f(x)

.



Furthermore
,
f is continuous
-

on a set SEdomit) if it
-

iscontinuous
at
easier

Finally,is continuous ifit is continuous on dom (f)
.

Thi : Given fidem(f)-> IR
-

and xotdom)
,
than

fis ats at Xo

if and onlyif
#970 78 S .t . xedm(f)

I
and Ix-xo < S ensuresI | f(x) - f(x)) < E. I



In analogy with sequences,
wewant to show fas are ats
if they are "Built" from
simpler cts frs.

How can "simple" fas be
combined to obtain more

"complicated" ones ?

Given f and g real valued,
(f
+y)(x)=f(x)+g(x) dom(++y) =domf)

ndomi

(fy)(x) = f(x)g(x) dom(y) =Romf)
ndomly



(g)(x) = (b) dumty) =dom(f)
g(x) ndomly

nEx :g(x)+0

(log(x) =f(y(x)) dom(fog)=damly)
nExig()dum

I : If f and gare
real valued

continuous functions
,

Xotdamkindomly) , thenha
ij

isats ata

ligh is Its at x(ii)
(iii) Eghis is ats at xo

,
as longas
g(x) = 0.



Of : Define ha , ha , ha as in thm.
Fix i 1 , 2 , or 3 .

Fix Xa arbitrary in dom /hilSt
. Xn-Xo.

We must show Kahilxn)= hiko).

Note ,
since f(xn)=>f(x)andg(xn)=g(x)),

limit of sum issumof limit

ha(xn) =f(xn)+g(xn) - h= (x0)
ha(xn)=f(xn)g

products(n) -> hz(x)
h3(xn) = (((x) quotients(x0)

g(xn) W

Thm :Suppose of is ats
at No

-

and f iscts at g(xo). There
fog isIts at Xo.



Xn inPSAlbityXntX
Since gats , g(xn)

-> g(x)
Since fats

, figkn)l-flyky.

Bounded functions alsohave special properties .

Defifishfenced on SEdom(t)
if there exists M30 sit .
|f(x)) = m VxS .

Wesayis bounded itis
-

on km(f) .



Ois bounded

#
Esm :ENER is bounded

· f is bounded on S
M
-

Ef(x) :

xcS3ER is bounded

Thm : A real-valued continuous
-

function fattains its
maximum and minimum"

[a ,b]dom(f) .

on

any
In other words

,

max(f(x) : x = [a
,b]]

min [f(x) :
x + [a

,b]]
exist

,
so 7 Xmax/Ymint [a ,

b



so that

f(xmax) = max(f(x) : x + (a ,b]]
f(xmin) =minEf(x) : x + [a ,

b3].

flxma &

-f(xmin
[11]
Xmaxa Xmin &

"maximizer
11 T

X

"Minimizer"

Rak : An immediate consequence
is that all its function +
aa bounded on closed
intervals in their domain .



Ex : M

(
=

2(
[

701
10

,
1) =dom() =R15c]

max[f(x) : x /0 , 13 DoNoEo

OfWewillfirstShowexists.
Strategy,,Take a maximizingSequence



Define m
: = supEf(x) : x = (a ,b]}

Recall : gar AER
,
7

-Sanzen an =Sup

Thus - XnE[a ,b] S .

t.
lim f(xn) =M. ()
n=x

SinceXn is bounded , byBolzano-Weierstrass , it
has a subsequence Xn[a , b]that converges to
some xot[a , b] .

Recall : If the limit of rm
, Suita

exist and ruESn = In than
lim
in limgn limtn



Sincef is continuous
,

i f(xnk) = f(x) .

Combining with (*) , we see
m = f(X)

.

Since f(x) =[f(x) : x = (a
,
b]}
,

f(xo) = max [f(x) : xc [a ,b33 .

to showFinallyf(x) : x = Ca ,bJy exists,min

note that

min [f(x) : x([a
,b33==xxE-f(x)

: xt (a
,d

I

this exists , by
what wehave
just shown



An immediate consequence ofthis result is ...

Thm(Intermediate ValueThm):
-

Iff is its on an interval

I dom't)
,
than forall

a
,
bET
- f(a) =y =f(b) or f(b)=y

=+(b)

-

if
y
lies between fla) and flb)

then5betweenaaa
satisfying f(x)

=

y



Mentaltomage
:

Cty=> no gaps
flA I

f(p]EI

flatRe
flu) 2

Assume
a
lies between
Jxt(a ,b]

S . t . f(x) = y.



f(b) -f(x)S
Define S = Ext (a

,
b] : +(x) =y3

Let xo =sup(s) .

Then Xo * [a , b].
We will showf(x) =

y.
Let xn beasequencaeingelements
lim XM = Xo .

n ->

Since fiscts
,
hof(xn) = f(x)



Since xnts => f(xn)-yMEIN ,f(xd) =
y.

It remains to show
f(x) zy .

If Xo = b
,
we are done

since in Cause 1
,
f(b) =
y

We may assume XoD .

Define tor= minExo
+ En

,
b3.

By defn ,
Lo th = Xo

Since f cts on [a
,b] =I,

hf(tu)= f(x) .



Since n > Xo
,
thES ,

so fltn) > VnEIN .

yThus f(x) = lim fltnl -y.n->

Eas2 : f(b) Ey
= flu)

·

there
,

- f(c) = -
y
= -f(b)

.

AppLying Casa
1 to -f,

We find XoE(a ,b] St .

- f(x) =y
=> f(x)=

y
. 8

-

-

Uniform Continuity
Recall : in usual E - S defn
of sty, 5 depends on Xo .



1f(x)= *
N

f(xd Ess :L
f(x)3E ~ >

<i 11 >X
V xi

Uniform Cty: same 530 works
for all X

Def
: A real valued function
uniformly continuous- -

on Sedault) if F2307530S

S .t . X
, yes and

|X kS
ensures |f(x) - f (y)]g .


