
Homework 6 due Thursday, May 14th at 11:59pm

Lecture 12
CS 117

,
S26 O Katy Craig, 2026

I : If f and gare
real valued

continuous functions
,

Xotdamkindomly) , then

liff+
g

isats ata
(ii) = isats st xo
liviE is its at xo

,
as longas
g(x) = 0.

Thm :Suppose of is ats
at No

-

and f iscts at g(xo). There
fog isIts at Xo

.



-- - is bounced on SEdom(t)Def -if there exists M30 sit .
|f(x)) = M VxS .

Wes f is bounded if itmy -is bounded on kom (f) .

Ois bounded

#
Esm :ENER is bounded

· f is bounded on S
M
-

Ef(x) :

xcS3ER is bounded



Im : A real valued continuous
function fattains its
maximum and minimum"

[a ,b]dom(f) .

on

any
In other words

,

max(f(x) : x = [a
,b]]

min [f(x) :
x + [a

,b]]
exist

,
so 7 Xmax/Ymint [a ,

b

so that

f(xmax) = max(f(x) : x + (a ,b]]
f(xmin) =minEf(x) : x + [a ,

b3].



flxma

if(xmin
[11]
Xmaxa Xmin &T

"maximizer" X

"Minimizer"
Rmk : An immediate consequence-

is that all its function +
aa bounded on closed
intervals in their domain .



An immediate consequence ofthis result is ...

Thm(Intermediate ValueThm):
-

Iff is its on an interval

I dom't)
,
than forall

a
,
bET
- f(a) =y =f(b) or f(b)=y

=+(b)

-

if
y
lies between fla) and flb)

then5betweenaaa
satisfying f(x)

=

y



=

Uniform continuity
Recall : in usual E - S defn
of sty, 5 depends on Xo .

Uniform Cty: same 530 works
for all X

valued functionDef
:

Area
only continuous- -

an SEdam() if VETo , 750
|X kSS .t . X

, yes and Y
ensures If(x) - f(y)) <E .



1f(x)= *
N

f(xd Ess :L
f(xi= 3E ~ >

E
~ S
vi Yun



Ex : f(x)=*, dom() = Ha1503 ·

We will show f(x) is not
-

uniformly on domCfl .
Assume

,
for the sake ofcontradiction that it is -

Fix E = 1 and take 838 as
in clef of unificm cty .

Then
,
Yx

,yeR15c](x-yk8 =>(k
-

1 .

↓

Suppose X = In, y
=

n+ 1
,

Then for
any

soo
, we maychoose n large enough sothat

(x - y)= S
,
but -y) =141.



On the positive sid....

Thm :Iff is a cts red
-

value d function on a
- vol [a ,bJEdam(f)

,
closed inter
than f is uniformly atson [a , b] .

It's necessary that
(a,b] is closed..

Ex : f(x)=* is not unif its
-

on 10 , 13 =dom (f)

Quick review of facts we will
use to prove

:

· If SuE[a , b] EnE/ and
sn(onverges

to s
, than

se[a ,b] .



This is fulse if you replace
[a

,
b] with (a

,
b) .)

Of
:

Assume
, for the sake ofcontradiction

,
that f is not

unifats on [a , b] , that is ,
750 St .

V 830 , 7
X , ye(a ,b] st . /x-yk8 andIf(x) -f(y) E .

T sarticular
,
VnEIN,-n

- Xm ,yn[a ,b] S . t
. Knynkt

and If(xn) - f(yn)
Sinc Xn is buld

,

there exists a subsequence



Xnk that Sonverges to XoSince bounded
,
so

it hasYok
is

fS

convergensubsagrance Ynk2 thatto [[a
,b]converges Yo

Since a subsequence If a
convergent seglence has thesame limit Xnke converges
to Xot(a

,
b]

By-
Yake Zie Make Yaket Tire

Thus, sending 170 ,
yo
= X0 +yo => Xc

=yo
Bicty of f,
x ->x

f(xm
,x) - f(ymke) = f(x)) -flyd)=0.



This contradicts, since

If(xnxe) - f(ynk)kE .

Whydo we needather notion
of continuity?
Im :If f is a uniformlycontinuous realvalued for
on SEdam(f) and SuiN-S
a convergent sequence , thenf(su) is also convergent .

"uniformlyats frs send

convergent seguene
a

1/

sequences



Wait... isn't that whatats
An do ?

Ex : f(x)=*, so-tr,
flsul=n does not converge

The precise statement for
continuous functions is...

"Its fas send convergent
sequences with limits
in their domain to

convergent sequences .

1



Of
:

# suffices to show fisul
is a Cauchy sequence

.

↑

Fix30.Bydef af
una

(x-yk5 => |f(x)
-

f(y)k9 .

Since Su is convergent , it is
Cauchy and 7 N Sit

.

n ,m
>N ensures Isn'-smkS .

Thus
I n ,

m> N ensures
If(sn)- f(sm)1 < E

·

#



Convex Functions

Across sciences
, engineeringmachine learning , we haveproblems I the form

min f(x)
XC

We have seen that continuitya f and C = [a , b] = dam (f)
is sufficient fre existence
of minimize.
But how do we "find" a

minimizer?



at classical approach

Proximal Point Method

MinimizingMovementsJRO -

Nextima


