
What do these theorems about

continuous functions on IR
translate to for continuous

functions on a topological
space /X

,
E?

Defiiscontinuaen
↓ fith ->R

Rok : First
,
assume is its via

-

2- S def . Given UERR open ,
WTS f/) open I that is,
* xff/) -330s .t . Bg(EfY

Fix xef" (2) = Sz : f(z) 23
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SinceU is open , 750
s .

t.
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- f(z)(2 = y ( 2 .



By one defn of cty , 750
S .
t

.

1z-x( < 8) Hf(z)-f(xYkE.

Therefore , Bs()[f"(U) .
Other direction also holds

[a ,b]

Thm : f :X->R is continuousEk = X is compact , than
fatkins its max and
min on K.

any interval

Thm (Intermediate Value) :

fix -># is continuous ,F
path then②EX is connected ,

Va ,
beC

,
if
y
is between

fla) and f(b), there exists
U : ( , 1=> C ,

5( =a
,
8(1) =b S .t -

Continuous



f(0(t)) =
y
for some te , i.
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Thm :Iff is a cts red
-

value d function on aclosed interval [a ,bJEdam(f)
,

than f is uniformly atson [a , b] .

Im :If f is a uniformlycontinuous realvalued for
on SEdam(f) am & SniN-S
a convergent sequence , thenf(su) is also convergent .



The precise statement for
continuous functions is...

"Its fas send convergent
sequences with limits
in their domain to

convergent sequences .
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Convex Functions

Across sciences
, engineeringmachine learning , we haveproblems I the form

min f(x)
XC

We have seen that continuitya f and C = [a , b] = dam (f)
is sufficient fre existence
of minimize.
But how do we "find" a

minimizer?



at classical approach

Proximal Point Method

MinimizingMovementsJRO :

Given XoEC , F MeIN, define
Xn to be the minimize
of

min f(x) + 1x-xn-112
x[ im

in many cases, it's
easies to find
values I X thatmake X small
and are "close" to Xm .

Notation : If x is a minimi jei
of over C ,

write X arguinsef(x) .



m
·
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↓
o Kixixyx- go

A kay hypothes isthat allows
u to preve convergence of
prox point method if

convexity



Ex : Prox point will not be

well-defined for arb f.
f(x) =- 2x2

, X.
= 0

2
- X

-

Xigrin-2x2+x

minimizer does not exist !

(o
,
+d) allowed

↓

Def
: Given an interval IER,

a function f :1-> RUS+83
is convex if ,x ,y

+I
,
+2 ,B,-

#
(F(r-c)f(x) +c f(y) .

f(() -c)x + cy
Wes + ly convex ifDmolds with?



f(x) f is strictly convex here
-

t
+

(1 -c(x+
cy

Rmk : If IdR is am interval
-

and f : I-RUE+<3 is convex/
we may extend

- to be

A convex function on all ofIR
by defining f(x) xIf(x) = & + X X4I

# always holds if either x or
Y is not imI



One that we can see
wayconvex i is important when

tudy
ty gatio problems...S minimi

min f(x)) min F(x)
Xt( XtIR

where F(x) =(f(x)xx
+X4)

Thm :If fiR> RUEt3 is

strictlycurveX I
minimigars

of and unique ·

min f(x)= f(xu)
XXEIR = f(xi)

Of
: Suppose to and X , are

minimizers
By strict connexingand
f((l-2(xo +<x)4C)-



This contradicts the definition
of minimum .

*

Convexity aline is noth
enoug

to guaranteexistence of a minimum...
Ex : f(x) =Gif x>if x = 0
minf(x) D .

N
.
E.

YE/R

We a lready saw thatIts functions on closed
intervals attain their min, ,

cty istoo strong for our setting.



& weaker condition...

Def : A function f :R> RUET
lower semicontinuous at

* if , for all xn-X0
f(x) liminff(xn)n->

f(x)
Ex : L
-

↳
X

G
"ISCI

Thm · Given f : R-RvE+S
-

lower semicontinuous, f-

all- wins its minimum on

any [a
,
b)

.



Ef If fe
+ on [a , b), the

resultisti Suppose
&

Take a "munmiging
sequencee, that is

a

seguenE Xu
: /N -> [a

, b]

"f(xn) = inf f(x)x([a ,b]
11

inf(x):
x + [a

,b)]
Il EIRUS+]
infixe[a,d] ,f(x)]
IR

7 convengent subsagnen&
Xnk
+ Xt(a ,b) .

B
y
/Sa
,

liming f(xnk) = f(x)
k=N



Butsinceconversa
lif(xni) = Ya

,
by
+(*)

Thus
f(x) = "fa

,
by
f(x) ,

so Xx is a minimizer offor [a
,
b]

.

↳

Exi
flx
L not guaranteed

to attain

↓% maximum

X



Goal : Combine Isc and convexityto prove convergence ofproximal point method .

an a usefulWe will rely characterization+equivalen
of convexity

:

Def TheConvex)domain of-
fiR->RUE+3 is

D(f) := Ex : f(x)c +03

Rop : f:-> /RUE+3 is
convey iff for all p ,gre DG)-

pagr , we have

f(r)-f(g)#r - p r
-

g



flx

2-·%
b' ↓

Slopes of lines are increasing .

Prove next time :


