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Def
: Given an interval IER,

a function f :1-> RUS+83
is veX if ,x ,y

+I
,
+2 ,B,

#
(F(r-c)f(x) +c f(y) .

f(() -c)x + cy
Wes + ly convex ifDmolds with?



Rmk : If IdR is am interval
-

f : I-RUE+<] /
and is convex

we may extend
- to be

A convex function on all ofIR
by definingF(x) = f(x) xIE + X X4I

Thm :If fiR> RUEt3 is
-

strictlycurveX I minimigers
of f and unique ↓

#

Def : A function f :Routu
lower semicontinuous at

* if , for all Xn-X0
f(x) liming fluxa



-

Ex : fl

ii[- 7 X

E

fis convex on (&, Xo)



Thm : Given f : R-R
-

lower semicontinuous, f-

all- wins its minimum a

any [a
,
b].

Theonvexdomain-

is

D(f) := Ex : f(x)c +03

Rop : f:-> /RUE+3 is
convey iff D(f) isan interval
and for all p ,gre DG),pag < T,
we have

#fry-*r
-

p



flx

2-·%
b I 1

X

G ~

slopesagutlines are increasing
Ef : First , suppose F is carrex.Given PigreD(f) , pagar ,
write

g
= (1 -t)p+tr ,

t=0
, 1



By convexity off, ⑧t = EGPr -p
f(g) = (1 -t)f(p) + +f(r)-1 -t = (r- p)

- 1-p
r
- P

I 8zearranging =Elf(y) - f(p))f(r) - f(p)
Thisgives, since I=Pg-p
Rearranging-- fir)

fig(p) - (1 -+) f(r)+f(r)+t f(r)
↓

f(g)- f(r)=
- (1- t)[f(r) - f(p)]

)
= f(-f(p)

Thisgives , since=



ext
,
assume the secant

monatoricity property holds.
Fix x

,yfR andECO, D .

We

must show

fx + ty) = (l-tf(x) + tf(y) .

The holds
itequala IwaysWLOG

,
XFy
te(0 , 1) .

E holds ifThe inequality Iwayseither *
X and yBDC) .

WLOG,

WLOG X-y Then x-ySince D(f) is an interval,
gzD(f) .



By monotonicity of secontline
,

(x) ·f+(x) = ((y)- f(x) - (g -x)
g
-

x

y
- x

f(g) - f(x)=((y) -f(x)
f(g)

= (l -t)f(x) +t f(y)v

Ex : Statistical divergences
Density function p(x) , xep

Fp) :=f(p)



f(s)=Sslogs S=0

+ N otherwise

F is the entropy .

-

-

10 proce convergence ofproximal point method ,

we will use a generaligationthe notion of derivativet characterize optimizers .

Motivation if"(d)= O f(x)

iY
⑧

· X

Xa



Def
:Given fiR-RUE+a]

Convex , the subdifferential

off at xER is
aff)
: = EvelRif(y) = f(x) + v(y

-

x)fy=Rline with slope↓ through (x , f(x))
nf(x) h(y)

= f(x) +v(y
- x)

⑨2-
↳ to " *



Def fiRR-> RUSta] is prope--

if D(7) + 0
.

Remark :

fisproper and x@D(f) =>
2f(x) = 0

.

x is

aminimizeof
|x /

Ex : X
f(x) = (x)

2 f(x) = [- 1
, 13 X = wS I X >

- I Xo



There is a nice relationship
between sudifferential

I a function and its
derivatives Iwhen theyexist .)
To talk about derivatives. -

-DefGenfunctionawe
&

say Im f(x) = L
X ->a

it , for all sequencesXuE/RIda] St
.
Xuta ,

lim f(xn) = 2 .

n->
f(x)

Ex :

# xof(x)= 0

>



The previous def is sometimes
known as "two sided limit"

↑

The following is "one sided limit

Bef Given a functionfilR + IF
,
atIR

,
LER

, we

say lim f(x)=
t
-X ->a "limit asXapproaches

a from above
"

if for all sequencesI

xnt(a ,+ a) S .
t

.

Xn-a

lim f(xn) = L.
n->

Likewise
,
we define linf



Prop :Given a function
-

f :R-> E
,
aEIR

,
LETR

,

*Eaf(x) = L if lim f(x)
X-at

= lim f(x) =L .

X
->-

) "is immediate.

eow
,
we show "E

.

"

Fix Xn : IN-> IRIa3 s .t . Xn7a .

We must show lim f(xn) = L .

n-7x

It suffices to showthat

every subsequence f(xn ,
c)

has a further subsequence



flxnke) St . lim f(xne]=.
1 -7

Fix f(xnk) .
Either Xna

for -manyk or Xnicafor X -m k
.

WLOG
any

suppose the former .

Let

Xnke be the subsequence
of elements s . t . Xnk2>.

By one sided limits,
of(Xil = L .

↳


