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Rop : f:-> /RUE+3 is
convey iff D(f) isan interval
and for all p ,gir DG),pag ,
we have

#fry-*r
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Def
:Given fiR-RUE+a]

Convex , the subdifferential

off at xER is
aff)
: = EvelRif(y) = f(x) + v(y

-

x)fy=Rline with slope↓ through (x , f(x))
nf(x) h(y)

= f(x) +v(y
- x)
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Defi ispe

Remarkand xD(f) =
2f(x) = 0

.

x is a minimizer af f)OEdf(x)

Def
: Given a function

-

f : R&# ,
aER

,
LER

y we
&

say Im f(x) = L
X ->a

it , for all sequencesXuE/RIa] St. Xu+a ,
lim f(xn) = 2 .

n->



The previous def is sometimes
known as "two sided limit"

↑

The following is "one sided limit

Bef Given a functionfilR + IF
,
atIR

,
LER

, we

say lim f(x)=
t
-X ->a "limit asXapproaches

a from above
"

if for all sequencesI

xnt(a ,+ a) S .
t

.

Xn-a

lim f(xn) = L.
n->

Likewise
,
we define linf



Prop :Given a function
f :R-> E

,
aEIR

,
LETR

,

*Eaf(x) = L if lim f(x)
X-at

= lim f(x) =L .

X
->-

Lemma :Given a function
FREIF

,
aEIR

, LETRI
lim f(x) = 2
X ->at

iff X sequences Xne(a ,
+ a)

S .
t
..
Xnd a We have limf(xnl

.

-
↑

i. e. Xn is decreasing
and Anta

Analyous result forBaf(x) and



Xnta . Sif(x)= infEf(x) :xXt [

If Practice Midterm 2 .

Def: A function fiRt isincreasing if x ,
= xz =3 f(x) = f(xz)

-

decre if x=Xz =>f(x1)] f(x)
.using-

Lop :If f : /R-R
,
aER

#f(x)fincreasingaflim

fdecrousing
Ex : f(x) .- lim fx-

X7at

/ X



IfWe will show. Suppose f
is increasing and Liaf(x)

Fix xm : /N-> (a , +b) S .t . Xn-a
.

# suffices to show Lif(x)= L .

First
, suppose LEIR .

Than &W,
7 X :>a S .t . f(x) < L + E .

Since Xnt
,
JNS

.t. n =N

xn X =)

L [f(xn) = f(x) < L+ E .

Thusxf(xn) = L.

Now
, suppose L

=-c so

Ef(x) :

x >03 is unbold below .

Fix MER
.

Then 7 Xo>a s. t.



f(x)

x
---

f(x) <M .
Since xnza

7NS .t
. VnFN

, xn
<Xi7

f(xn) =f(x) <M .

Thus f(xn)= - 0 .

epext
,
want toshow

Then
g
= -f is increasing
,

lim- f(x)= x+a+ g(x)
= (bag(x)=3 f(x)



ePext
,
show Let g(x)

= f(x)
.

thena decreasing ,

-fly)a+ g(x) = Pag(x)
= sup[f(x) : xya]
=supEf(y) :y(a]

#simikeri *

Def Given fiREF , X St .

f(x)ER,
the Eight Iderivativeoffat* is

fi(x) = limf(x+h) - f(x)
n=ot h

Aftderivati



Finally,thedori

f'(x)=lin
-f(
h

f
,
these doEmk : For

manff(x) exists,not exist.

fisdifferentiable atX.S + and are differentiable
-

atx , then (f
+g) x =f'(x + g'(x) .

Cor : Given filRERX St .

f(xYEIR
,-

f+(x), f- (x) exist, E)f(x) exists
f+ (x)= f ! (x)

T

If either equivalen tcondition holds (
f+ (x) = f'(x) = f(x)



If This follows from prev
proposition.

Whenfis convex
, the

left and right derivatives
have nice tiesproperund characterige Af(x) ...

Thm : Given fiR-RUEtaS
-

caxrex , than for all XD(),
⑮ ⑪ ⑪

Suf(xfx f(x) [ f(x)=if(

-
> If x-h# D() for all h>Of S
than# hold Since - o = -a A

WLOG , suppose X-GotD(f) for
-

some no ; since D/f) interval ,



X
- htD(f) FOEh<o

.

Analogously , we may assumeJ h
, st . XthED() VO

Going Gewurd, all his weconsider will satisfy<maxtho,B.
Recall : secon+ monotonicity
O , g ,
rED(f) , pagar,

#Hy-f(p)=+pflyg
-

p r
-

p &

If Ocho<hig X-h , < x-ho<X,

#x-hi



Thus hef(x is

decreasing , Su # holds
.

Againusingthesecant ineglaa
h increasing,

so holds .

It remains to show-

Since X-h <XXth for ho,

fix-h) f-

Sending hot, fixf p



We can now characterize of

Ihm : Given f : /R-IRUS+]
convex and xt D(t)
a f(x) = [f! (x) , f](x)]

By def of 2f(x)
rEdf(x)
#
y = f(x) + w(y

-

x)FyRfly#
# Vy -X

#f Vyx



Finf
Ex
#

nof(x)inf
sup fxf(x-h>

#
f + (x) =v Hw : fig

is convex

f(x) =v ⑧
↓

Car : If f,: /-RUSta?g
Convex , xt D(f)nD(y) , then
2(f +y)(x) = Jf(x) + bg(x)



Ef
:

By prewthm,
2 f(x) = [f+ (x) ,f+ (x)]

+ (x)]+g
+ (x)

,
f+ (x)+g)
*

The monotonicity of secumtlines extenals to the
subdifferential

.

x,y(D(f)
Ihm : Given f: /R-RUS+]/
convex , if nEdf(x) and

wesfly) ,
then

(x-v)(x -

y) = 0.
i . 2. x =y

= n= v



Of :

By defns

f(y)= f(x) + u(y-x)
f(x) 2f(y)v(x- y)

Adding inequalities givesresult
.
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