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Lemma :

Given a function
FREIF

,
aEIR

, LETRI
lim f(x) = 2
X ->at

iff X sequences Xne(a ,
+ a)

S .
t
..
Xnd a We have limf(xnl

.

-
↑

i. e. Xn is decreasing
and Anta

Analyous result forBaf(x) and
Xnta .



Def: A function fiRt isincreasing if x ,
= xz =3 f(x) = f(xz)

-

decre if x=Xz =>f(x1)] f(x)
.using-

Lop :If f : /R-R
,
aER

⑦ f(x)
limincre



Def Given fiREF , X St .

f(x)ER,
the Eight Iderivativeoffat* is

f((x) = lim-f
left cerivative = lin(

h
-

f(x) = lim ff(x)h > 8t

Finally, the clorativeoflatX is

f'(x)=(inf(x)



RK : For f
,
these do

manff(x) exists
,

not exist.

we say fisdifferentiable atX.

C: Given filReRX St .

f(xYEIR
,

f+(x), f- (x) exist, E)f(x) exists
f+ (x)= f ! (x) ·

If either equivalen t#condition holds (
f+ (x) = f'(x) = f(X) - ↓

Thm : Given fiR-RUEta3
-

caxrex , than for all XD(),
⑮ ⑪ ⑪

Supf(xfx f(x) [ f(x)=if(>



We can now characterize of

Ihm : Given f : /R-IRUS+]
convex and xt D(t)
a f(x) = [f! (x) , f+ (x)]MIR

By def of 2f(x) , for anywER
,

rEdf(x)
#

f(q)
= f(x) + w(y

- x) FyR
-

# Vy -X

#f Vyx



Finf
Ex
#

nof(x)inf
sup fxf(x-h>

#
f + (x) =v Hw : fig

is convex

f(x) =v ⑧
↓

Car : If f,: /-RUSta?g
Convex , xt D(f)nD(y) , then
2(f +y)(x) = Jf(x) + bg(x)



Example for why we need
:

f(x)= 2
-J if xz0
+ X if XC

E ---- f(x) f(0) = -a
f+ (0) = -x

S 7in calcula....
f(x) =e+

- [ **- -~
Fact : # VEIR S .

t.

f(y) = vyXyaR
Thus 2 f(0) = 0 .



Ef
:

By prewthm,
2 f(x) = [f+ (x) ,f+ (x)]NIR

Hx)]nR+g
+ (x)

,
f+ (x)+g)
NIR
*

The monotonicity of secumtlines extenals to the
subdifferential

.

x,y(D(f)
Ihm : Given f: /R-RUS+]/
convex , if nEdf(x) and

wesfly) ,
then

(x-v)(x -

y) = 0.
i . 2. x =y

= n= v



-

Reall : mix g(x)
Suppose C = [a ,

b]
,
a < b

Suppose C -> RUE +a]
proper ,

I
, convex .

Rmk : Convexity is mat-

necessary far existence-of a mininimizes , but
it does help as find a
minimizer...

EmK : If
g
is strictly areconvey

, minimizers
unique.



Define f(x)=5)
Than

,
we seek xgtD (f) St .

f(xx) =min f(x)
↑ X
L f(x)EargminXIR

Proximat Point Method

Given XotD(f)
, foe meIN,

define 1 GhX)
* -

min+X-Xn- PXu=argx + R
hx)

IS this well-defined , in the
Serge that a unique minimize



always exists?
Thm : Given f :R-> IRWEta]
-

prope ,
convex , ISC , than

for any
* D(f) and

nE/N there exists a
&

unique Xn satisfying
The proof relies on a lemma...
Lemma : Given fas in thm,-

5 C
,BER S . t .

f(x) = xx +B XxER.

- Recall D(f) is an interval
.Of

If DH)= Exci fue some xot ,
then f(x) = f(x) VxeR.



Otherwise, 7 a ,
btR

,
a < b,

S .
t . [u

,
b] = D (f).

Define m := 162-f(a).
b-a

By monotonicity ofthe slope,
x-b= m = (((x- f(b)

X - b

f(x)=+ m(x- b)
#

nesare
xca =>f) m equal

↑

f(x=+ m(x- a)
(

Thus (4) is an affine function



that bound f from
below an [a

,
b]<

Since Jce(a ,b] S .

t.

f(c) = f(x)Vxx [a
,
b].

Thus
,
there exists aBER

S .t . f(x) =X +B XXER.

RRUSt is a

proper , strictly convey, Is< fr ·

-

first
,
we will show a

minimizu Xn exists .

Claim : There existsme Ns .

t.
-

min h(x) = mirc h(x).
x R X([m

,
m]



Assume
,
for the sake ofcontradiation

,
that for

Eall meI7 zm [m
,
m]

-
S .t

.

h(zm) min h(x) (zm) =m

x[m
,
m] Fm

Since h is proper , 7 mo
S. t

.
min h(x) = ( + 0 .

Xc[mm]

Thus F m = Mo,

f(zm) + 1zmXnh(zm) = C.
VI7x , BER

azm + B + 1zm
-

xn- 1
11

Emlm-2xn-
+ zm) +B + Xn2



By8 ,
- a subsegranc

Em St . either m=
of Emi=- .

However
,
th king limit of

a

along this subsagrance
cangives

+x tradictingthat it is bad above by C

Finallysince his strictlyconvex
,
its minimizers

all unique .

#

Thm : Given f : R-IRUS+3
-

convex , ISc. Spropen, uppose
a minimizes off exists -

TheD, thePass



*neX5 ,
where * is a

minimizer off .

Of : Since Xn minimizes ha
Ehu(y)=hn(xn) +8

OEShu(xn)

Furthermore
,
Vne/N ,

f(xxf hu(xn) = hn(xn- 1) = f(xn - 1)

Thus f(xn] = f(xo] FnEN

In particular , XnED(f)nD/gn),
Su

Ot Ghn(xn)= 2f(xn)+agn(x)



Fact : gr(x) = 2(x - xn - 1)

Thus Jgn(xn) = [2(xn - xn - 13.

Hence

2(xn- 1
- xn)bf(xn) .

=

Finish next time...


