
Office Hours: Tuesdays and Wednesdays, 11:15am-12:15pm, SH 6507

Homework typically due Thursdays at 11:59pm

Homework 1 due Monday, April 6th at 11:59pm

This week: extra office hours tomorrow (Thursday) 11:15am-12:15pm

Lecture L
CS 117

,
S26 O Katy Craig, 2026

Numbers!
Natural numbers IN =El , 2,3 , 4 , ..
Integers 2= E

...2 , -1 ,0, 1,.3
Rational numbers=S :mine,

nF0
Real numbers IR=?

Byoperatia
from X** to X.



Bef
: A set F is a field if it

has two binary operationsladdition and multiplication)

thatsatisfythefollow
(x1)a+ (b+c) = (a+ b) + c
(A2) atb = b +a
(A3)7 ! element OtFS

.
t
.

VaeF
,
a+O =a

(4)for each at F
,
G ! bEF

S . t
.
atb =0 ; denote-a := b

(M1) alba) = lab)c
Ima) ab = ba
Im3)7 ! elementIEF 1503 St .

VasF
,
al =a



(M1) for each at F1503, 7 !

bEFs
.tab=1 .

denote " = cl : = b
.

(DL)a(b+c) = ab +ac

Thm : Q is afield

Th: # is a field, the is
(i) if atc = b+c

,
then aF

(ii) a 0 = 8

Def : A field F is an ordered-

field if it has an-

relation = So thateb



Coneither a b or ba totality
102) if a b and bea

,
then a=b

& antisymmetry
103) if a = b and bes

,
then at

Transitivity
104) if a = b

,
then at=b+

105) if a b and =0
,
then act be

BefGiven an ordered fieldFand a ,
beF

,
if a = b and

ab
, then write a b.



Ihm : Suppose F is an ordered
field. There a

,
b
,c EF

,

(i) a =b = - b = -a
(ii) a = b and C=0=ach(
(iii) 920 b = 0 =) ab = 0

f
(iv) Oa?

,
where a= aa

(v)0(a= 04+

: For any ordered field,

#m : Q is an ordered field

Thm : Suppose # is an
ordered field .

Thenpig-F
with pag , J reFs .

t
.

prg .



Def: For any
aF

, lataifazo-

a ifaco
.

Thm : /basic properties of 1 . 1)
-

For all a ,beFy
(i) (a) = O
(ii) labl = lallbl
(iii) lalza and lal-a
(iv) (a+ bl = (a) + (b)t

triangle inequality

Defi (distance) For anyGbeF,
dist(a ,

b) = (a- b)
.

<



On ordersch field , we
con any amotiondefine ofmaximum and minimum

.

Def Imaximum/minimumSuppose S&F, where Fis
an ordered field.
·If there exists so IS sit .

SoIS VsES then so is the
&

maximum of Sand write
so =max(S) .
"So is the largest element in S"
· If there exists So ES Sit
so ESFSES , then so is the
minimum of S and writeSo = min(S)

.

"So is the smallest elt in S"



Ex : Given an orclined fieldF,
then

any finite
eet

Est
,
S2
,
---

,
Sn3= :SF

,

has a maximum and
a minimum .

Ex : F= Q
I

S = 10 , 1)nQ
↑

= [xeQ . 0< x
+ 13
"does notexist
-

Claim :

max (S) D . N .
E.

Pf of Claim
: Assume

, for the
sake of contradiction that
so =max/S) exists . Since SoeS

2
Osso-1 , so byprevious thorein-
-



-> PEQO < So>1
.

Thus reS
,
but r> max(s) ,

which is a contradiction .

Def(bounded above/below :

Suppose S
= F
,
for an ordered

field Es

·If there exists MeF s .t .
-

SEM UseS
,
then S

is bounded above and M
is an upper bound of S.

· If there exists meF S .t .

m = s EstS , then S is
bounded below and m is
a lower bound of S.



Tf S is bounded above
-

and below
, we say

S is
bounded

.

m

W um mals
S

Ex : 10 , 1)1Q is bounded
IN is not bounded

What about when a set
"almost" has a maximum?

Defisupremum/infiruml :
Consider anordered fishF .

· If SeF is bounded
above and there exists
MoEF satisfying



(a) Mo is an upper bound ofS(b) if M is anupper bound

ofS then Mot M .& I

Wes Mo is the SupremainayofSand write Mo-sup(s) .
"Mo is the last upper boundofSi

·If SEF is bounded below
and there exists Mo
satis fying(a) mo is a lower boundofs(b) if m is a lower bound IS
, m

= Mo
,

wes mo is theay infimums
ofSand write motings) .

+ lower bound""mo is the greates



Thi Given S&F
,
Fordered

fielch
,

· if max(s)exists
, sup(s)=maxis)

· if min(sl exists
, inf(s)

=min(s)

P : HW
Ex : F = Q

,
S= (91)1Q

.

Claim : sup(s) =1

Pay Claim:Bydef,,a
an upper bound of S.
Assume

, for the seeKofcontradiction , 7 m <1
which is an upper bound
Note that M > O.



S.ByPer1
.

Thus res
, contradictingthat M is art upper bound.isthe leastupper bound

&
property of R() #

: Creat numbers) : The realDefnumbers is the ordered
field contain ① with&

the - ingproperty that every-
nonempty subset SIR
that is boundsch above

SinIR]
has a supremum .

Thm : The real numbers
-

exist and are unique.

Of : Spirak , Calculus , lastchapter



Ex : S:=5gQ : g323 = Q

On the homework youwill show that S is bounded
above but does not havea

supremum (inQ

How does relate to
other numbers?

AEB

INGEIR #
AEB

Previous CourseQ #B

Homework : 12 ER



Quick Review : Induction

Inductive characterizationofN
If a subset SENN satisfies
(i) IES
(ii) ifhes then at IES
than S = IN.

mental picture :

t
This is the basis for proof byinduction.



Suppose EP1, Pr, Pa ....3
=EPR :KEING

is a list of statements.

PK = K - 3 is even
Pi = Katywants k cookies
Suppose you son pravethat
(a) DI is true]-base case

(b) Forall NEI if Pn iS3↓-
true

,
then Put is true
-
/inductive inductive stephypothesis

Then S =Eke : Pr is true3
satisfies (i) andSii),
so S = IN and PR is
true forall KEIN

.



-

We will now study twomajor theorems for R :

Thm(Archimedean Propertya-

If a
,
bER Satis Eyand by
,
- neI s

. t .

na- b. bathtub

spock
"even witha very

small spoon
you can

fill a large bathtub
"

Pi Let's assume , for the sake .

of contradiction, that nab
V MEIN

.

Define S := SaineIN3 .

then S is bounded above .



Let so : =Sup(s) .

Since a so
,

So a < So and so-a is not
an upper bound.

-

Thus7 Not IN S .
t

.

na> so - a=) En+1) a So.
This contradicts that so
is an upper bound.

8

As a consequence of A . Po ,
we obtain a few usefullemmas .. -

Zemm
:

ForanX,-

Pf : :



Zemma : For a
,be,
as

,

JI S .t
.

a
+<.

atte
2 11a

~Pote : () ( <ulb -a)

Of : :

Lemma : If x
,y
&I satisfyT then 7 mcZ-

y ,S .t .
y
< m <X.

m
[

I
Pf:Pex+ time i


