
Office Hours: Tuesdays and Wednesdays, 11:15am-12:15pm, SH 6507

Homework 1 due Monday, April 6th at 11:59pm

Homework 2 due Thursday, April 9th at 11:59pm

Lecture3
CS 117

,
S26 O Katy Craig, 2026

Defimaximum/minimumSuppose S&F, where Fis
an ordered field.
·If there exists so IS sit .

SoIS VsES then so is the
&

maximum of Sand write
so =max(S) .
"So is the largest element in S"
· If there exists So ES Sit
so ESFSES , then so is the
minimum of S and writeSo = min(S)

.



"So is the smallest elt in S"

Def)bounded above/below :

-

Suppose S
= F
,
for an ordered

field Es

·If there exists MeF s .t .
-

SEM UseS
,
then S

is bounded above and M
is an upper bound of S.

· If there exists meF S .t .

m = s EstS , then S is
bounded below and m is
a lower bound of S.



Tf S is bounded above
-

and below
, we say

S is
bounded

.

Defisupremum/infiruml :
Consider anordered fishF .

· If SeF is bounded
above and there exists
MoEF Satisfying
(a) Mo is an upper bounc ofS(b) if M is an appel bound

ofS &
then MoFM

,

Wes Mo is the SupremainayofS and write Mo-sup(s) .
is"No the last upper boundofSi



·If SEF is bounded below
and there exists Mo

satisfyower bound(b) if m is a lower bound IS
, memo ,

we say mo
is the infimums

ofSand write motings) .

+ lower bound""mo is the greates

Thi Given S&F
,
Fordered

fielch
,

· if max(s)exists
, sup(s)=maxis)

· if min(sl exists
, inf(s)

=min(s)



Ex : F = Q
,
S= (91)1Q

.

Claim : sup(s) =1

Pfaf Claim : B
s = 7 VstS , defa,
an upper bound of S.
Assume

, for the seeKofcontradic 7 m <1ticn
,

which is an upper bound
Note that M > O.

of S .

B thm
,

-> reYsP8mcr1
.

canThus 05
an tradictingthat M upper bound.

& Last time : proof by contradiction.
F



Alternative "direct" proofiA1
-

Suppose xEQ15o ,
1). Then

7 EQ sit
. max$x , 03)<y P ,

so ES
y yandI cannot be an upper

bound. Suppose xEQ[l , + &)-
Az S

.

Then x is an apper bound of
Since Al and Az partitions Q,
A2 is the set of all upper bounds
of S , and its minimum element
is sup(s) = 1.



"the least upper bound

&
property of R()

Defi Creat numbers) : The realnumbers is the ordered
field contain ① with&

the - ingproperty that every-
nonempty subset SIR
that is boundsch above

SinIR]
has a supremum .

Thm : The real numbers
-

exist and are unique .



Quick Review : Induction

Inductive characterizationofN
If a subset SENN satisfies
(i) IES
(ii) if neS then at IES
then S = IN

.

Suppose EP1, Pr, Pz...3
=EPR :KEING

is a list of statements.

Suppose you son pravethat
(a) P1 iS true-base case

(b) Forall NEI ifAn is3↓-
true

,
then Put is true
-
/inductive

hypothes is
inductive step



Then S =Eke : Pr is true3
satisfies (i) andSii),
so S = IN and PR is
true forall KEIN

.

#Archimedean PropertyaIf a
,
bER Satis

and by -neMYs
. t .

2
na-b. bathtub

spock
"even with small spoon,
you can
Filelarge bathtub

"

Zomma : For
any XEM,-

7) neN sit . X < N .

ZemmForab



Jemma : If x
,
FI satisfyYT then 7 mc2-

y ,S .t .
y
< m <X.

[ um
CLAIM :

-

S = X Sbad above-max(s)
S +&

(
exists

PfofClaim : Choose SoeS.
Let MeIR be an upper bound

af S . By Lemma, 7 UmEI
S .t . Um

> m and 7 noeN St
.

No-SuE) So "No .

Consider
S' := ESS : So ES]

,



Then IS'l = nm +Mo + 1
.

Since S' is a finite set
,
it has

a maximum
.

Since max(s) =

max/s') by construction ,
we have that max(s) exists

.

IfConsidertheseeasy3.
By previous claim , its
maximum exists.
Let Mo: = max(S)

. Define
m : = Mot)

.

To see that mX
,
note that

MoES =) Mozy = m = y
+ 1x

Assume
, for the sake of contradition



that Mot =M &

Than
Mo + IES

,
can

=

ytradicting thatMo was the maximum .
&

dow
,
we can apply previousTheorems to show ...

Thm/Q is dense in 1) :
-

If a
,
beR and ab

,
FrEA

S .t . asrb .

Mental image
: "A is sprinkled

throughout R"

Ef : By lemma , * nEI Sit .
a +h <b)Kbn-an

.

By other lemma ,
7 me

#

Sit an <m < bnE) as <b .



Ex : Given delR
,
7 SEQ

S
.
t

. sup(S) =d.

4 I Il k 2

PS := EseQ : S =&] .

Bydefn , & is a upper bound
of S.
Assume

, for the saks
contradiction, that off
um upper bound C with
CS d

↑
dens

= rest.QinR ,
Then reS

,
which contradicts

The

defeats
as an uppea

bound



We will use symbols +0 ,-to simplify notation for
supting .

: Inbounded above/below)·f
any nonem / try setSEIR,3

· if S is not bounded above
,

write sup(s)=+0 .

· if S is not bounded below,
write inf(S) =

-0.

Remark : Given a nonemptysetS & IR...



bydefros
S has a E Sis boundedg

IR

↳supremum => above

by defn

# ofsuprsmum

ER
The supremum Sis not68of S does not E boundedexist above

# note thatwe do

I not write

⑭5)=+ & sup(s) D . N .E.



In this way ,

sup
:PR)-3-URUS+a]

inf :P(R) ->E-@3UIRUS+]
-

extendedreal
numbers

One last convention--

Sup($) = -o
inf(x)

= +x



Cu2Segues image =Sf(x) :x =X]
Recall : functions ↑
⑰
domain, range

Def(sequence) : A Sequence is afunctions whose domain
is a set of the form
[m ,

m + 1
,
m+ 2

, ...
3=Em+ k : k-/Nv5033

fur some m2
.



In this course
,
we will

study sequences whose
rangs is R

Tyl the damainzically ,will be either IN or NUSC3.

To empasize that a
Sequence is a special

type of function , insteadof f(m)

we write

SM
.



We can either specify a
sequence by formula,

↓
Sm = m ,

of by listing first fewelements
I

11
,
5

,
5 ... ) .

↓
Sm= m

8

8
-

W
I·
[



: ALefkonvergence Sequence
Su S to SEIRonverges--provided that X EX0 ,
7. NER So that n>
ensures Isn-s/E .

We Call SERR theLimit of
Su and write

lim
n
->x Sn =S

or

Sn-s .

A
sequence

that does not

converge to any
SER iS

said to drage &


