
 

Homework 3 due Thursday, April 16th at 11:59pm

Lecture
CS 117

,
S26 O Katy Craig, 2026

Midterm 1 on Wednesday , April 22ndPractice Midterm I posted tomorrow
Recoll :

Thm/limit of sum is sumof-

limits) : If sand take

convergent sequences , then
↳ Sutth =Isntrtn.

Thm /limit of product is-

product of limits): If
Sn and thare convergent
sequences
lim
Suth = luSn)tn)

.



 I/limit of quotient is quotient-

7 : If sn and Inof limits -

are convergent sequence andlim
n=>x SuF 8 x
lim his th

-

n> () = lim Su

J n->x

The hypothesis Lasto ensures
thatselementtriguingfinitelymaas
by zero .

Rmk . The limiting behavior-

I the Sequence is unchangedif fine elementstely manyof the original sequenceare changed .



 R : If se is a convergent
segnen c and "Sn# OI
7 N st . n >N ensures Su FO.

Def: A se Sn divergesguanceto +N if V m >0 , 7 NtIR-

S .t . n
>N ensures Su>m .

We write Sn = +0
.

OTOH, a Sequence sudvergento -

a if f M<r , JNEIR
st . un >N ensures Su <M

.

We write lim Sn = -0
.

n ->

What types of limit theoremshold for sequences
that

diverge to I * !



 Ex : We can't hope for the limit

of sum to equal I

Since no canonicamof
limits

+x + (- x)
.

defin of
lim
Sutte asnth

Su=2
O

+x + 1- x)
tn=n

Sn=2n +
+ x + (-a)

tn= -

n

Ex : Similar with products
of limitsIl mmonth lusullath
Su=

* In ( + x)(0)
tn=

Sn= n + I + 4)(0)
1tn=

n



 Under sufficient assumptions ,
can still provo similar
results for sequenas that
diverge to IX

.

Useful notution
: We will s

aythat a sequence
Su "has a

limit" an "the limit exists"
if either :

①Sn converges
lim SuEIRn

->x

②In divergestrio ImSuI

If neither &not holds ,

we

say
the limit does not exist.



 

Im : Suppose Limasn =+ and

Fitn> ·

Than Entr=to
.

(Of :HWar Practice Midterm .

either tu converges
to a positive

numbe on diverges to +x

Im : Suppose So is a

Sequenceim of positive numbers.

than
n= Sn =

+x() n=0
.

Of
: First , show" =>"Fix Eso &

limSince =Sny Nst . UP
ensures

<SnE] sn <EYIu-OlcE
Thus Im Sa = 0

.



 Now , show "E .

" Fix M30
.

Since n-0 , 7 Ns .t .

n >N

ensures

Isoktan) Sn>M.

Thus Lesn =+0 .

D

lands is realvalued
-
-

z

9 If Wasn =+o
,
is su bounded

below?

* : Yes ! 7 Ns.
t . 2 >Nensures

Sn >i . Let m = minssu : nEN3 .

then su?minEst
,
m3 Vne/N .

Last important typeof sequence.



 Def: A sequence Sn is ...

strictly increasing Sn<Su+ 1

SuEsn+ kn
-increasing ?I Susa , En.decreasing

-FinallySnismchotureis
decreasing .

RK : So is increasi
19# n =m enswies Sn = Sm .

Thm : All bounded monotone

Sequences converge .

Su

lower......... bound

soE
-

...
-

I
z

Sol



 Suppose Su isOfCase stunted decreas
seguena .

LetS =Engine/N3.
Them S is a bounded set

.

Refine So :- infls) .

Fix& > 0. Note that so-a sosu
testYne/N

.

Since so is the greaWhen bound
, so +2 is not a

love bound ofs. There JNE/N
S.t . SN/sotE .

Since Sh is
decreas ing I

+ n > N
, SuSatE .

Thus -n - N ,
we have

So- <SuSotg#) Isn-sol ·

Thus Sn-So
.



 Case It : Suppose So is a
bounded increasing sequence.

Than tui=-Su is a bounded

decreasing sequence .

B

y↑

Case I It converges
to

some to
.

then Su is the product
of to and 1-1, -1, . . . ) -

Thus , lim Sn = tol-1)
,
so

n=x
Su conver ges .

W

Ever unbounded montine
-

Sequences
must have a limit.



 Ihm :If su is an unbounded
lim

increasing sequen a) n=Sn
=+2.

If su is an unbounded
lim

decreasing sequence , -Sn=

Rmk :

Su bddES J m >Ost
.

Isn/EM ne/N
Suunbdd) V m >0 J ne

S .t . Isn'm.

Of :
CaseSuppose sns aincreasing SequencFix M-0 . Since su is an

increasing sequence it isbounded below b
Y 51 .

Therefore Su must unbounded
above. Hence - NEIN S .

t
.



 S > M .

Since shis increasiing> Nensures SuISN >M.
thus im Su =+0.

n
->

Case It :

decreasingExercise : #

-
-

In s

ummary,
if Sn is

monatoria
, if Suumbold+N above

lim
n=x
su=Es for seR if sn bad-N if sunbed

below

Thus
, tha limit always

exists.



 We will now show how we
car study the limitingbehavio of arbitraryreal-valued sequences
by reducing to the casof monotone sequence .

Just like sup generalized max,limwe can also generalize n=
-

Def/limsup/liming) For anySequence Su ,

limsup su=limsN
n -> a N- 2

liming Sn =lim3)
n->N



 Note : An is RUE+- valued
Dan=+* for all N
②GNER for some No

o

LIf Esnin>Nis
is bounded above

,

since Es : nENo3 is
finite

,
it is also

bounded above
,
so

Esu : ne/N3=

EsninNiUEsn : nENo3

is bounded above
.

4)Thes GNER for all N .

Likewise
,
either BN= -

FN on bNEIR XN.



 Rmk: For an as indefinition,
lime an always exists.N-X

NEITHE NT , LAN
②GER and S

an=superin> N3) It's
=suplm> N+ 13)
=

an+ 1
T

So an is decreasing, so
its limit exists

.

Similarly , for liming, sinceby is in creasing.
-> End
forofmaterin

am 1=


