
Homework 4 due Thursday, April 30th at 11:59pm

Lecture7
CS 117

,
S26 O Katy Craig, 2026

Midterm 1 on Wednesday , April 22ndPractice Midterm I posted

Recall :

Useful notution
: We will s

aythat a Sequence
Su "has a

limit" an "the limit exists"
if either :

lim①Sn n+ SuEIRconverges naSntEI]② Sn divergestato
lim



Im : Suppose Wasn =+ and
lim th >0

.

Than Entrto
.

n-x

Im : Suppose So is a

equetim of positive numbers.
n= Sn =

+x() n=0
.

Def: A sequence su is ...

increasing if SuEsn+ kndecrea
sing
if Susa , Fa.
-

Finallynismotureis
decreasing .



RK : Sn is increasi
19# n =m enswies Sn = Sm .

Thm : All bounded monotone

sequences converge .

Ihm :If su is an unbounded
lim

increasing sequen ( , n=Sn
=+x

.

If su is an unbounded

decreasing sequence, EaSn
= -0

.

Def/limsup/liming) For anySequence Su ,

limspsimsN3
N- 2

lining s=3)



Last time we showed :

· either ap =+*NEI ar

ANER Y NEIN
·
an is decreas
· either In=-NEN ar
PNER Y NEIN

· by is increasing

Ex : Sn=-n XNEIN
an
= supKsn : n >N3)
=

SN + I
= - (N + 1)

lineThus limsuS
N=

an = -

x

=-X

Likewise,isninN3
-- x

&

lineThese coincide with
n -> Sn

= - N.



Ex :

up( =Iim:x3 =1
N-N

livi 1
- 1)n = -1

Thm : Given a sequence su ,
lim
Snexists#) limsupan-imingn-x

Furthermore
, i either of these

equivalent conditions holds,
lim
n Sn

= limsupen-imingen-x



Facts we will use in proof
·

① Given SER
,
MERs .

t
.

S<MFsES , sup(s) = M.
#Efor n >N

② bFingEsnin-N3 = Sn = an
③Claim : If r and th are

sequences whose limitsexist and rnEtnVne/N,
than hearn Liste.

Of : HW4

Note :

combining 253 , we see,limiug Su limsupn- Su

⑪Claim : If either limit exists ,
limo-ty =- limothN

Pf : HW4



Note , by$,
limsup-su = /SupE-Snin>Nn ->

* >N3

=

-timing Sun -7x

Of : Supposeinsn exists.
WTim

n Sn
= limsupenimig
-

1/ Lo Sn = -*. BF ,
it

ysuffices toshow "mSn = -0 .

limFix McO .
Since

~Sn
= -

Ny

- No Sit . >No ensures
Sum

.
Then Misan upper



bound for Esmin > N .S. Thus,

an SupEsn : n>N3 =M

Since an is decreasing,
An Em for all NINo .

Thus
, limsup sn = liman

N-w

Base2 : /masn = +0.

lim

Bya
By, living su=

↓

gives the result.



Case 3 lim* n ->Sn
= S for SER

.

We must show an and DN

converge
to s

.
Fix 230

.
Since

lim
Sn =S -NotIN Sit

.

N >No
n
->x (
ensures

S-E < Sn < S + E
.

Thus ste is an upper bound
for ESn : n >N3 and S-E

s

is a lowe bound for this
set

.
Thus &NESTE and

bNo = S-E .

Since the Sequences
are decreasing/increasing ,-N = No

s- EEbN = an ESTE


