
Homework 4 due Thursday, April 30th at 11:59pm

LectureS
CS 117

,
S26 O Katy Craig, 2026

Thm : Given a sequence su ,
lim
Snexists#) limsupan-imingn-x

Furthermore
, i either of these

equivalent conditions holds,
lim
nSn

= limsupsu-timingsn .

n -7 n-x

/realvalued)

Bef: A
-

Y Sn issequen Y E >8
cauchy S

7sit.>N ensure
Isn-SmICE .



-

Ihm : All convergent Sequencesare

-

Cauchy .

Prop
:All Cauchy sequencesare bounded .

Ihm : All Cauchy sequences
converge .

Recall
-

(a)Snftn for all but finitely
manyn and limits exist,
them lime Sn lin ton

->

(a = b+ Efs > u = a = b.



Of : Let so be a <
auchySequence . hi in>N3

We will show Il

limsup Su = limingsn ER()

Hi
Fix E30

.

Since In is lauchy,- Ns .t . n
,
m>N ensure

Isn-smIE
#

Sm-E < Sn < Sm+ E

This implies Sm + E is an

upper bound of ESu : n >N3
,
so

an[Sm + &E> aN-EISm



Thus an-EEbN .

By monatoricity , F >N,
ak - 2 = bK.

By(a) ,

lisypsn-en
Since 530 was arbitrary , by Abl,

livsnlining Sn.
n->X

Since Cauchy Sequences arbounded and limingsu-limsupsn
always holds, we get (*) .



Types of Sequences
MONOTONE NOT MONOTONE

CONVERGENT

I # (1)m

F
n

DIVEREES TOI

n (1 ,
0 ,
12 Bit n(12

5

the limit exists



Final topic in sequences
:

bounded requences
Our most important
theori wil I rely annotion of subsequence .

Resell :

Def : A Sequence is sefunction-whose domain is a set

ofthaform Em
,
m+ 1

,
m+2, --3

for sure mel .
We writeIn instead ofs (n) to emphasize it
is a spe

cial type offunction .



Eg
: Given a Sequence ,Su , nE/N) and a

strictly increasing Sequence-af natural numbers UK)keN
, a sequence ofthe form Suk =S((k))

iS A subse
guance- - gsn .

n
=
1

m=t m=3

Ex : Sn = ( , 2 ,
- 3
,
4
,
-5, -)

k
=
x
=2 x

=3
= 4IUk

= (1
, 3 , 5 , 7 , ... )
k= x = 2 x

=31=4

Sni
= H

,

-3
,

- 5 , 7 , -.. )

n()Nk+ 1



Fonformally a subsequenceSuk of su is any infinitecollection of elementsfrom Su listed in alcen .

-

-

Limits of Subsequences
Lemma -Or-T any strictlyincreasing sequence ofnatural numbus Uk /
we have ni = k Vkt/N.

Of by induction i



Def
: A subsequential limit-

of a Sequence Su is areal number a #

that is the limit of Somo
subsequenceag su.

Ex : Sn = (1
, z , 3 ,

#
,
5, -)

8 and +a are subsequentiallimits. In fact, they are
& tial limits.the only subgen

Ihm : If a sequence Su

converges to stR , than
subse also

every guanceconverges



Of : Assume In converges tosConsider a subsequence Su
Fix [30 . JNS.t

.

n >N

ensuresn-skE
.

ByLemma, (N ensures

N/>N , so

Isn-s/E
.

W
17



Thm Imain subsequencesthm) :-

Let su be a sequence.

(a) For tER
anyt isa subsequential limit ofSn#

VE>
S

15m : /sn-t(23) = +o
(b)+ is a subsequential limit#
Su is unbounded above

(2) is a subsequential limit#
Su is unbounded below .



st
, we show (a) . Fix ter

.

Assume VES
,

15m : /sn-t(23) = +o
) /En : -E < su<t+31 = +X

Strategy : show there exists

suk of Su satisfying
( + -+ = Suk = ++ Vk +/X

BySqueezeLommthisis

We will construct the

sequence inductively .



Lat k = 1
. Taking E

= 1,

15n : /sn-t < (3) = +o,
so 7 ma < I S

.E .

t- 1Sny < t +1.

Suppose we have defined
Sua , Snz , .

--

, Sak Sit.

SuptESane , Mr Net FREN

Taking =
15m : Isn-t3l = +o

Choosen in this set satisfying
n >nk . Let nk+ 1

:=m.



This constructs a subsegnena
I sin that satisfies #

,
so t is a subsequentiallimit

.


