
 

Homework 4 due Thursday, April 30th at 11:59pm

Lecture 9
CS 117

,
S26 O Katy Craig, 2026

Eg
: Given a Sequence ,Su , nE/N) and a

strictly increasing Sequenceaf natural numbers UK)keN
, a sequence ofthe form Suk = s(n(k))

iS A Subsequence of Su.
- For any

stricLemma

Hyincreasing sequence of-natural numbus Uk /
We have Mi = kVkt/N.



 Def
: A subsequential limit-

of a Sequence Su is areal number a #

that is the limit of Somosubseque no agsn .

Ihm : If a sequence Su
converges to stR , than

subse also
every guanceconverges



 Thm Imain subsequencesthm) :-

Let su be a sequence.

(a) For tER
anyt isa subsequential limit ofSn#

-97 15n : /Su-t 23) = +a
S

19m : Isn-t
(b)+ is a subsequential limit#
Su is unbounded above

(2) is a subsequential limit#
Su is unbounded below .

Rmk : (a) EXXE30/ESn : ISntE])=
I

e . g . Sn = ( 1), +
= 1



 st
, we show (a) . Fix ter

.

Last time , we showed N .

Now
,
show H .

Thus
,
there

is a Subsequence Suk that
converges to t .

Fix &30 .

There exists N St . K= N
ensures 1Snp-tE .
In other words ,

[U : k =N3 = En : Isn-tx23

Thus 19m : /sn-t(x23) =+



 Now , we show (b).

Suppose Sn is unbounded above.
We will define Su inclus tivelyChoose n1 Sothat Su121.
Given 2 , note that Suk
andk+ 1 cannot be an upper
bounds for
&Sn : n >n ,3 ,

so we

may choose Nk+ 1
>Uk

with Su ,

* maxEsnik+ 13.

Then Sup is an increasing
subsequen& sat isFingSu= K .

Its limit exists
and is +o



 OTOH , Suppose
+& is a

subse + andquential lime (
lim

Snk satisfies x-Sny
=+ X

.

For m> 7 K S .t .

k=y &
ensures Sup

>M.
Thus M is not an upper
bound

.

-

Finally (c) follows by #
considering In ,

One more observation about

subsequences--
Th :

Every sequence hasa monotone subsequence.



 If Fix an arbitrary sequence su
Wewil I say that then

th

element of a sequence is-dominant if it is greater-

tham everything thatfollows; that is &

Sn> Sm VmEn.

EaseI Suppose Su has infinitely+ elements
&many dominan

We
may defina

Suk to be all
the dominant elements, in
order

,
and it is a decreasing

sequence
.



 Lase2- Suppose Sn has

finitely many dominant-5
.

element

Choose 21 so that suy
is beyand all dominantelements

I
Assume we

have chosen Sui . Since

Suc is not dominant,
Nk+,

T nkhemayfindsnk.
This gives an increasingsubsequence .



 Immediate consequence
:

Thm (Bolzano-Weienstrass) :-

Every bounded sequencehas aconvergent
subsequence .

: We may choose a
subsequence that is monotoneSince it is brunded and
monatura

,
it converges ↳

-

While an and by are not
Iin generall subsequences

...



 Thm : For
any sequence Suylimsup So and limingSu

are the + andlarges Talsmallest subsequentlimits.

Ex : Sn =G nodd

never

bn = infEsm
:

n > N3=N

Est
,
we will show that

limsupsn and limingsn
an Tialsubsequentlimits

&



 We begin with limsupsn.

WCase 1 limsup Sn =-
Since limingsu Elimsupsn ,lim Sn

=

-X
.

n -7

#as2 limsupsu = +x = lim an
N-x

Forall M30
,
7 No s .t . N -No

supESn :
n > N3 > m.

Assume
, for the sake of contraditionthat Su is bounded above ,

So 7 MozO St . SuEMo
VMEIN

.

Then
supESn .

n >N3supEsuine/NE Mo



 which is acontraction , soby
main subsequence thm,
↓ * is a Subsequential
limit.

N
Was3 limsupsn= t for tett&
Fix 230 .

# suffices to

show In : Isn't < 231=+x
15 : -E <Sn< ++ (3)

There exists No S .t .

N >No

ensures

t - E <ant + E

sup"&Su : n>N3
For2 N,

SuEan"t + E



 Since 9N is the least upper
bound

,
V>, 7n>N st .

t - E -EaN-/Sn .

-

It remains to show there

we infinitely Su St .

su > t-E
.

Ass many theuma , for
sake I contradiation that
Su 7 t

-

E for at most
values n .finitely Imany sn : Snxt-23Let m = max

-

Assume
,
for the sakeafcontradiction

192 : t- z <Sn< ++ (3) < + 0
,



 WLOG
, N ,

>No

↓
that is

,
-N ,

s
.t

. n > N,

implies SuEt-E .

Then an , t-E .

This is a contradiation
.

I
We have shown limsupso Iis always a subsequentiallimit

usingtimings
= limsu,
far

liming -



 Finally, we will show
limingsn , limsupsn wsmallest/largest subseg .

limits

ERUEIa3
Let t bea subseg .

limit
,

with Sup Satisfying
msuk =t . Es: 3 3EYThan ESn:3

t = limsup Suk Enk-x

= lim supESny : k > KY
1->

Elim SupESi : k > K]
k->

= limsups a



 Analogous argument
showg Sn #t liming


