MATH CCS 117: PRACTICE FINAL SOLUTIONS

Question 1

(i)

(i)

This statement is false. Let x, = 0 and y, = 0 for all n € N. Then limsup, ,, 2, = 0
and liminf,, 4y, = 0, so limsup,, ,, , z, < liminf, . y,. However, z, > y, for every
n € N. Therefore x,, > y,, for infinitely many n, so the statement is false.

This statement is true. Let L = limsup,, ., ., z, and M = liminf, . y,, and suppose L <
M. Choose ¢ € R such that L < ¢ < M. Recall that L =limy_, 1~ an for ay = sup,,>y Zn.
If L € R, take € = (¢ — L)/2 > 0, so, by the definition of convergence, there exists N, € N
such that, for all N > Ny, ay < L+e = (L+¢)/2 < cforall N > N;. If L = —o0, the
definition of divergence to —oo gives Nj such that ay < ¢ for all N > N;. In either case,
SUp,>nN, Tn < C, and hence z,, < ¢ for all n > Nj.

Similarly, M = limpy_, 40 by, for by = inf, >y yn. If M € R, take e = (M —¢)/2 > 0, and, by
the definition of convergence, there exists Ny € N such that, for all N > Ny, [by — M| < e.
Thus by > M —e = (M +¢)/2 > ¢ for all N > Ny. If M = 400, the definition of divergence
to +o00 instead gives N3 such that by > ¢ for all N > Nj. In either case, inf,>n, yn > c,
and hence y,, > ¢ for all n > Ny. Therefore, for all n > max{Ny, No}, we have z,, < ¢ < y,.
Hence z,, > y, can occur only for finitely many n.

Question 2

(a)

Define f: R — R by
0, =<0,
-

1, =>0.

We claim that f is right continuous. Suppose a < 0. If z; € (a,+00) and z; — a, then, for
€ = —a > 0, we have |z, —a| < € for all k sufficiently large. Since 2z —a < |z, — al, this implies
zr —a < —a, and hence z; < 0, for all k sufficiently large. Thus f(zx) = 0 = f(a) for all k
sufficiently large, and f(zx) — f(a). If a > 0, then z; € (a,+00) implies f(zx) = 1 = f(a)
for every k, so again f(zx) — f(a). Therefore, by the sequential definition of the right limit,
lim,_,,+ f(x) = f(a) for every a € R, so f is right continuous.

However, f is not continuous at 0. Indeed, —1/n — 0, but f(—1/n) = 0 for all n, whereas
f(0) = 1. Thus f is right continuous but not continuous.

I should have clarified what it means for f,, to converge pointwise to f. This means that
lim, o0 fn(x) = f(z) for all x € R.

First note that f is increasing. Indeed, if x < y, then f,(x) < f,(y) for every n, and passing
to the limit gives f(z) < f(y).

We now prove that f is right continuous. Fix a € R and € > 0. Let z; € (a,+00) be any
sequence such that z; — a. Since f,(a) decreases to f(a), there exists N € N such that
fn(a) < f(a) +€/2. Since fy is continuous at a, we have fn(zx) — fn(a). Hence there exists
K € N such that, for all £ > K, fy(2r) < fn(a) + €/2. For such k, since f,,(2x) decreases to
f(zr), we have

f(z) < fn(zk) < fn(a) +§ < fla) + e
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On the other hand, since f is nondecreasing and z, > a, we have f(a) < f(zx). Therefore, for
all k > K, f(a) < f(zx) < f(a)+e. Thus f(zx) — f(a). Since the sequence z; € (a, +00) with
2 — a was arbitrary, the sequential definition of the right limit gives lim,_,,+ f(z) = f(a).

Question 3

(a) For any x € R, we may choose y = x in the infimum defining fy(x). This gives f\(z) <
f(x) + (1/2\)|x — z|? = f(x). Thus fr(z) < f(z) for all € R,

(b) Suppose 0 < A < p. Then (1/2u)|z — y|> < (1/2)\)|z — y|? for all ,y € R. Hence
Fw)+ 5 le = ol < F0) + 55le — P
) 2% yr > J\y I Yl

Thus, any lower bound for the set in the infimum defining f,(z) must also be a lower bound
for the set in the infimum defining fy(x). This implies f,(z) < fa(x).
(c) We prove that limy_,o+ fa(z) = f(x) for every x € R.
By the hint, there exist a, 8 € R such that f(y) > ay + § for all y € R.
Let A\; — 0. By part (a), fa(z) < f(z) for every A > 0, so
limsup fy, (z) < f(2). (1)

j—+oo

It remains to show that f(r) < liminf; ., fy,(2).

First suppose f(r) < +oo. For each j, if fy,(z) € R, the definition of the infimum as the

greatest lower bound ensures that fi(v) + % is not a lower bound, so we may choose y; € R

such that

2
P+ B < o)+ S < )+ )

On the other hand, if fy;(z) = +oc then the above inequality holds for any choice of y; € R.
Set r; = |z — y;|. Since 1/j <1 for all j € N, using the affine lower bound for f, we obtain

ay; + B+ 53 < fla) +1
]
Therefore, with C' = f(x) +1 — ax — 3,
2
L < C+lalr;
2Xj

Since f(x) > ax + (3, we have C > 1. Completing the square,

— Ajla)? Aja Aja®
(G | ) e T N S N SV o
2\, 2 2

Since A; — 0, the right-hand side converges to 0. Thus r; — 0, so y; — =.
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Since f is lower semicontinuous, f(x) < liminf;_, . f(y;). Combining this with (2) gives

2
— 1
=951 it £y, () + L = iminf £y, (2).

A N ,
f(x)_hmmff(yg)_ljlgggf(ygwr 2, lim inf 7 = lim inf

J—>+oo

Finally, since \; — 0% was arbitrary, combining this with (1), we conclude limy_,g+ fi(z) =
f(z).

Now suppose f(z) = +oc. We must show that liminf; . f),(z) = +oc. Suppose not. Then
there exists C' € R such that fy,(z) < C for infinitely many j. For each such j, by definition
of the infimum as the greatest lower bound, we may choose y; € R so that

lz —yil*

T <C+1

f(yj) + 39

The same affine lower bound argument as above implies that y; — x. Since f(y;) < C +1,
lower semicontinuity gives f(x) < C + 1, contradicting f(z) = +o0.

Question 4 - Extra Credit

(a)

Fix # € R. Define ¢(y) := (2\) 7!z — y|* and g := f + q. Note that y is a minimizer
of g if and only if y is a minimizer of 2\f(z) + |= — y|?. Since h(x) := 2Af(x) is proper,
lower semicontinuous, and convex, the result from class on the existence and uniqueness of the
proximal point sequence ensures there exists a unique minimum of 2\ f(z) 4|z —y|2. This gives
the result.

Let y = prox, ¢(z). We prove that (z —y)/\ € 9f(y). Let v € R and 0 < ¢ < 1. By minimality
of y,

Fl) + g5l =y < f+ 10— 9)) + oole —y — i — ).
By convexity,
fly+itv—y)) <A =1)f(y) +if(v).
Combining these two inequalities, subtracting, dividing by ¢, and letting ¢ | 0, we obtain

3 Yw—y).

J) = fo) +
Therefore (z —y)/\ € 0f(y).

For x € R, write y, = prox, () and p, = (z — y.)/\. By part (b), p. € 9f (yz).

First, we prove that  +— vy, is continuous. Let x, z € R. By monotonicity of the subdifferential,
(pz _pz)(yx - yz) > 0.
Substituting the definition of p, and p,, we get

(= 2) = (Y= — ¥2)) (Yz — y=) = 0.

Thus
lye — y:)? < |2z — 2| |ye — 2.
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Therefore
’yz - yz| < |l‘ - z|
In particular, x — ¥, is continuous. It follows that z — p, = (x — y,)/\ is also continuous.

Now fix x € R and h # 0. Since ¥, is an admissible point in the definition of fy(z + h),

FAE+B) < fla) + 5l b= gl

Also, by the definition of y,, we have fy(x) = f(yz) + (1/(2)\))|z — y|?>. Subtracting this from
the previous inequality gives

Fala+h) = fa(@) < o (4 b= el [z — wel?)

Using the identity x — vy, = Aps, we also have x + h — y, = Ap, + h. Therefore

1 e 2) = & 2y [2) — n?
oy U2+ = yal® = o = ") = 55 (IApe + h° = [Apef’) = poh+ o3
Thus
h2
f)\(ZL‘—l- h) - f/\(.%') < pzh+ ﬁ

On the other hand, since y,, is an admissible point in the definition of f)(x),

f)\(x) < f(warh) + %‘{L’ - ym+h‘2'

Also, by the definition of y,.p, we have fi(z + h) = f(yern) + (1/2N)|z + b — yeynl®
Subtracting the previous inequality from this identity gives

1
(@ +h) = falz) > X (|2 4+ h — yuinl® — |2 — Yoinl?) -

Using  + h — Ypin = ADz+n, we also have x — y,1+p, = Apyyp — h. Therefore

1 1 h?
BN (|2 4+ h = yoinl® — | — yoynl®) = B3 (P\PHh\Q — | APatn — h!2) = Prtnh — o
Thus
h2
@+ h) = fa(z) > prynh — %
Hence
h?2 h?2
Patnh — —~ < Oz +h) = fi(z) < peh+ ~

2\ 2\
Dividing by h, considering h > 0 and h < 0 separately, and using the continuity of p,, we

conclude that "
lim @+ h) = fa(z)
h—0 h

Therefore fy is differentiable and (f))'(z) = pz = (z — prox, ¢(x))/A.

= Pz-
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