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A blob method for degenerate diffusion  
and applications to sampling and two layer 
neural networks.
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Sampling/robot coverage algorithms
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Consider a target distribution . 

Sampling: How can we choose samples                     , so that (with high 
probability), they accurately represent the desired target distribution? 

Coverage: How can we program robots to move so that they distribute their 
locations                       according to    (deterministically)? 

In both cases, we seek to approximate    by an empirical measure: 

PDE’s can inspire new ways to construct the empirical measure.

ρ̄ ∈ 𝒫(ℝd)
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PDEs and sampling/coverage algs
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Suppose , for  -convex.ρ̄ = e−V V : ℝd → ℝ λ

Diffusion:  

 [Villani ’08,…],  

Particle method:  [Fournier, Guillin 2015] 

∂tρ = ∇ ⋅ (ρ∇log (ρ/ρ̄)) = Δρ − ∇ ⋅ (ρ∇log ρ̄)

KL(ρ(t), ρ̄) ≤ e−λtKL(ρ(0), ρ̄) KL(μ, ν) = ∫ μ log(μ/ν)

dXt = 2dBt − ∇log ρ̄(Xt)dt
<latexit sha1_base64="J7rSjG6ine00/4jR45mE/TNQKEA="></latexit>

⇢N (t) :=
1

N

NX

i=1

�Xi(t)
N!+1�����! ⇢(t)

Degenerate diffusion:  

 [Matthes, et al. ’09, Chewi, et. al ’20] 

Particle method: ?

∂tρ = ∇ ⋅ (ρ∇(ρ/ρ̄)) =ρ̄=1 1
2

Δρ2

KL(ρ(t), ρ̄) ≤ e−λtKL(ρ(0), ρ̄)

Motivation for deg. diff: 
Sampling: SVGD, chi-sq. 
PDE: porous media, 
swarming, … 
Coverage: deterministic 
particle method 
Optimization: training 
neural network with single 
hidden layer, RBF
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Gradient flows

• Heuristic definition and examples


• Well-posedness of flows for omega convex energies

d
dtx(t) = �rdE(x(t))

<latexit sha1_base64="Mbjyiw546l8cIL/YXOvT+LqZalU="></latexit>
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• x(t) evolves in the direction of steepest descent of E, with respect to d 

•  [De Giorgi ’88] [JKO ’98]x(t + Δt) ≈ min
x

1
2(Δt)

d2(x, x(t)) + E(x(t))



amount of mass sent from A to BΓ(A × B) =

Wasserstein metric
• Given , , the Wasserstein distance between them is μ ν ∈ 𝒫(ℝd)

7

A B

W2
2(μ, ν)

• W₂ lifts distance on the underlying space to :  

• W₂ is a geodesic metric space

𝒫(ℝd) W2(δx0
, δy0

) = |x0 − y0 |

�
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0
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Fig. 6.6. Evolution of f?(·, t) for several value of t and �. The first and last columns represent the data f0

and f1. The intermediate ones present the reference solution f?(t) for successive times t = i/6, i = 1 · · · 5. Each
line illustrates f? for di↵erent values � = j/4, j = 0 · · · 4 of the generalized cost function.

As a last example, we present in Figure 6.9 an interpolation result in the context of oceanogra-
phy in the presence of coast. We here consider Gaussian mixture data in order to simulate the Sea
Surface Temperature that can be observed from satellite. In order to model the influence of the
sea ground height, we here considered weights w varying w.r.t the distance to the coast. Denoting
as O the area representing the complementary of the sea, we define

8 k 2 Gc, wk = 1 + d(xk, @O) + ◆O 2 {1,+1},

where d(x, @O) is the Euclidean distance between a pixel location x and the boundary of O.
The estimation of such interpolations are of main interest in geophysic forecasting applications
where the variables of numerical models are calibrated using external image observations (such
as the Sea Surface Temperature). Data assimilation methods used in geophysics look for the best
compromise between a model and the observations (see for instance [12]) and making use of optimal
transportation methods in this context is an open research problem.

Conclusion. In this article, we have shown how proximal splitting schemes o↵er an elegant and
unifying framework to describe computational methods to solve the dynamical optimal transport
with an Eulerian discretization. This allowed use to extend the original method of Benamou
and Brenier in several directions, most notably the use of staggered grid discretization and the
introduction of generalized, spatially variant, cost functions.

18

µ ⌫

= inf
Γ∈𝒫(ℝd×ℝd) {∬ℝd×ℝd

|x − y |2 dΓ(x, y) : Γ(A × ℝd) = μ(A), Γ(ℝd × B) = ν(B)}



W2 gradient flows
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Diffusion: [Jordan, Kinderlehrer, Otto ’98,…] 
∂tρ = ∇ ⋅ (ρ∇log (ρ/ρ̄)), E(ρ) = ∫ ρ log(ρ̄/ρ) = KL(ρ, ρ̄)

Degenerate Diffusion: [Otto ’01, Matthes, et al. 2009, Chewi, et. al 2020,…] 
∂tρ = ∇ ⋅ (ρ∇(ρ/ρ̄)), E(ρ) =

1
2 ∫ |ρ − ρ̄ |2 /ρ̄ = χ2(ρ, ρ̄)

Aggregation + Drift: [McCann ’97, Carrillo McCann Villani ’05, Carrillo 
DiFrancesco, Figalli, Laurent, Slepcev ’11,…] 
∂tρ = ∇ ⋅ (ρ∇(K * ρ)) + ∇ ⋅ (ρ∇V ), E(ρ) =

1
2 ∬ K(x − y)dρ(x)dρ(y) + ∫ Vρ

2-layer neural networks: [Montanari Mei Nguyen ’18, Rotskoff Vanden Eijnden 
’18, Chizat Bach ’18, Sirigano Spiliopoulos ’20,…]

E(ρ) =
1
2 ∫ ∫ Φ(x, z)dρ(x) − f0(z)

2

dν(z)

∂tρ(t) = − ∇W2
E(ρ(t))

=
1
2 ∫ |ρ |2 /ρ̄ + C



W2 gradient flows
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Diffusion: 
∂tρ = ∇ ⋅ (ρ∇log (ρ/ρ̄)), E(ρ) = ∫ ρ log(ρ̄/ρ) = KL(ρ, ρ̄)

Degenerate Diffusion: 
∂tρ = ∇ ⋅ (ρ∇(ρ/ρ̄)), E(ρ) =

1
2 ∫ |ρ |2 /ρ̄

Aggregation + Drift: [McCann ’97, Carrillo McCann Villani ’05, Carrillo 
DiFrancesco, Figalli, Laurent, Slepcev ’11,…] 
∂tρ = ∇ ⋅ (ρ∇(K * ρ)) + ∇ ⋅ (ρ∇V ), E(ρ) =

1
2 ∬ K(x − y)dρ(x)dρ(y) + ∫ Vρ

2-layer neural networks: [Montanari Mei Nguyen ’18, Rotskoff Vanden Eijnden 
’18, Chizat Bach ’18, Sirigano Spiliopoulos ’20,…]

E(ρ) =
1
2 ∫ ∫ Φ(x, z)dρ(x) − f0(z)

2

dν(z)

∂tρ(t) = − ∇W2
E(ρ(t))Choices of K: 

granular media: K(x)=|x|3 
swarming: K(x)=|x|ᵃ/a - |x|ᵇ/b 
chemotaxis: K(x)=log(|x|) 
Choices of Φ: 
�(x, z) = x1(⌃ixizi + xd)+

<latexit sha1_base64="39L+wBELWUnjr0K8LZQkmCNnohY="></latexit>

�(x, z) =  (|x� z|)
<latexit sha1_base64="ZtKPP6UiUXNkTEo6Q3auDVp86Sg="></latexit>



W2 gradient flows
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Diffusion: 
∂tρ = ∇ ⋅ (ρ∇log (ρ/ρ̄)), E(ρ) = ∫ ρ log(ρ̄/ρ) = KL(ρ, ρ̄)

Degenerate Diffusion: 
∂tρ = ∇ ⋅ (ρ∇(ρ/ρ̄)), E(ρ) =

1
2 ∫ |ρ |2 /ρ̄

Aggregation + Drift: [McCann ’97, Carrillo McCann Villani ’05, Carrillo 
DiFrancesco, Figalli, Laurent, Slepcev ’11,…] 
∂tρ = ∇ ⋅ (ρ∇(K * ρ)) + ∇ ⋅ (ρ∇V ), E(ρ) =

1
2 ∬ K(x − y)dρ(x)dρ(y) + ∫ Vρ

2-layer neural networks: [Montanari Mei Nguyen ’18, Rotskoff Vanden Eijnden 
’18, Chizat Bach ’18, Sirigano Spiliopoulos ’20,…]
E(ρ) =

1
2 ∬ ∫ Φ(x, z)Φ(y, z)dν(z)

K(x,y)

dρ(x)dρ(y) − ∫ ∫ Φ(x, z)f0(z)dν(z)

V(x)

dρ(x) + C

∂tρ(t) = − ∇W2
E(ρ(t))Choices of K: 

granular media: K(x)=|x|3 
swarming: K(x)=|x|ᵃ/a - |x|ᵇ/b 
chemotaxis: K(x)=log(|x|) 
Choices of Φ: 
�(x, z) = x1(⌃ixizi + xd)+

<latexit sha1_base64="39L+wBELWUnjr0K8LZQkmCNnohY="></latexit>

�(x, z) =  (|x� z|)
<latexit sha1_base64="ZtKPP6UiUXNkTEo6Q3auDVp86Sg="></latexit>

= ∫ (ψ * ρ)2dν
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W2 gradient flows
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Diffusion: 
∂tρ = ∇ ⋅ (ρ∇log (ρ/ρ̄)), E(ρ) = ∫ ρ log(ρ̄/ρ) = KL(ρ, ρ̄)

Degenerate Diffusion: 
∂tρ = ∇ ⋅ (ρ∇(ρ/ρ̄)), E(ρ) =

1
2 ∫ |ρ |2 /ρ̄

Aggregation + Drift: [McCann ’97, Carrillo McCann Villani ’05, Carrillo 
DiFrancesco, Figalli, Laurent, Slepcev ’11,…] 
∂tρ = ∇ ⋅ (ρ∇(K * ρ)) + ∇ ⋅ (ρ∇V ), E(ρ) =

1
2 ∬ K(x − y)dρ(x)dρ(y) + ∫ Vρ

All W2 gradient flows are solutions of continuity equations 

∂tρ + ∇ ⋅ (ρv[ρ]) = 0, v[ρ] = − ∇
∂E
∂ρ



• A key benefit of the W2 metric is that it lifts the distance from underlying 
space to the space of measures. 

• A key benefit of W2 gradient flows is that they lift the dynamics of 
systems of ODEs to a PDE. Consider a continuity equation with uniformly 
Lipschitz continuous velocity : 
 
 
 
 

By Lipschitz continuity, of velocity

v[ρ] : ℝd → ℝd

From discrete to continuum

13

|x� y| = W2(�x, �y)
<latexit sha1_base64="XI9Xqguj7tGEtp4EoKEMoT7XVVg="></latexit>

{∂tρ + ∇ ⋅ (ρv[ρ]) = 0,
ρ(x,0) = ρ0(x) . {

d
dt xi(t) = v[ρN(t)](xi(t))
xi(0) = xi,0

∂tρN + ∇ ⋅ (ρNv[ρN]) = 0

ρN(t) =
1
N

N

∑
i=1

δxi(t)

PDE ODE

W2(ρN(t), ρ(t)) ≤ e∥∇v∥∞t W2(ρN
0 , ρ0)

N→+∞ 0

particle method
mean field limit

…what about v not uniformly Lipschitz?



Wasserstein gradient flows
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Aggregation + Drift: 

∂tρ = ∇ ⋅ (ρ∇(K * ρ)) + ∇ ⋅ (ρ∇V ), E(ρ) =
1
2 ∫ (K * ρ)ρ + ∫ Vρ

not Lipschitz

Lipschitz for  boundedD2K, D2V

How can we make degenerate diffusion more like aggregation? 
Regularize

Diffusion:  

∂tρ = ∇ ⋅ (ρ∇log (ρ/ρ̄)), E(ρ) = ∫ ρ log(ρ̄/ρ) = KL(ρ, ρ̄)

Degenerate Diffusion: 

∂tρ = ∇ ⋅ (ρ∇(ρ/ρ̄)), E(ρ) =
1
2 ∫ |ρ |2 /ρ̄

not Lipschitz
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Blob method for diffusion
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Degenerate Diffusion: 

∂tρ = ∇ ⋅ (ρ∇(ρ/ρ̄)), E(ρ) = ∫ |ρ |2 /ρ̄

Approximation of Degenerate Diffusion: 

∂tρ = ∇ ⋅ (ρ∇φϵ * (φϵ * ρ/ρ̄)), Eϵ(ρ) =
1
2 ∫ |φϵ * ρ |2 /ρ̄

Theorem (C., Elamvazhuthi, Haberland, Turanova, in preparation): The velocity 
 is  Lipschitz on .vϵ[ρ] = − ∇φϵ * (φϵ * ρ/ρ̄) CRϵ−d−2 Ω ⊆ BR(0)

Consequently, the particle method is well-posed: 
d
dt

xi(t) =
N

∑
j=1

f(xi(t), xj(t)), f(xi, xj) = − ∫ ∇φϵ(xi − x)φϵ(xj − x)/ρ̄(x)dx

What happens as  and  ?N → + ∞ ϵ → 0

E(ρ) = ∫ (ψ * ρ)2ν − 2∫ ψ * ( f0ν)

V

ρ



Convergence of blob method
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Previous work:  
• [Oelschläger ’98]: conv. of particle method to smooth, positive solutions 
• [Lions, Mas-Gallic ’00]: convergence of bounded entropy solutions as 

 (particles not allowed) 
• [Carrillo, C., Patacchini ’17]: convergence of bounded entropy solns; 

allow additional GF terms (aggregation, drift,…), . 

• [Javanmard, Mondelli, Montanari ’19]: convergence of particle method 
to smooth, strictly positive solns; allow additional GF terms (2 layer NN)

ρ̄ = 1

ϵ → 0

∂tρ = Δρm, m ≥ 2

Theorem (C., Elamvazhuthi, Haberland, Turanova, in prep.): Suppose 

• , for  convex, on a bounded, convex domain . 

•  for  with bounded entropy 

Then  for all .

ρ̄ = e−V V : ℝd → ℝ Ω
W2(ρN

0 , ρ0) = o(e− 1
ϵd+2 ) ρ0

ρN(t) ϵ→0 ρ(t) t ∈ [0,T]In limiting of 2 layer NN, limiting dynamics are 
convex GF for  log-convex and  concave.ν f0ν
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Numerics
Figure 2: caption!

Figure 3: caption!

specific figure. For moderate confinement (middle row, k = 100), we observe enter the rate of convergence.
For strong confinement (bottom row, k = 109), we observe enter rate of convergence. We believe that to
achieve optimal rates of convergence in the presence of strong confinement, one will need to optimize the
ODE solver on the GPU to the presence of the confining potential. As the main goal of the present work
is analysis of the particle interactions and convergence to the continuum PDE, we leave further analysis of
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N = 100, ϵ = (1/N)0.99
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Figure 4: Comparison of how the strength of the confining potential a↵ects the evolution of the density. Left:
no confinement (k = 0). Middle: medium confinement (k = 100). Right: strong confinement (k = 109).

Figure 5: Desired target distribution ⇢̄(x) = C/(1+ |x|2) for N = 25, 50, 100, 200, 400 robots Matt will tweak
line of best fit to capture line of initial decay, not bumps in 800 robot curve

optimal implementation of the confining potential to future work.
In Figure 7.2.6, we contrast the previous simulations, in the absence of confinement (k = 0) and with

Hl̈der continuous initial data given by a Barenblatt profile, with the analogous simulation for discontinuous
initial data, given by a characteristic function ⇢0 = 1[�1.25,1.25]. As the corresponding solution of the porous
medium equation with initial data ⇢0 has lower regularity, we anticipate that the rate of convergence of the
numerical method should be slower. Indeed, we observe that the rate of convergence decreases from second
order to first order (check!) in both the case of ⇢̄ uniform (left) and ⇢̄ log-concave (right).

7.2.7 Convergence to Steady State

In Figure 9, we examine the rate of convergence of our method to the desired target distribution ⇢̄ as the
number of particles n increases. Given that we only expect convergence to ⇢̄ when the dynamics are confined
to a bounded domain, we only consider the case of a strong confining potential (k = 109). We observe insert
the rate of convergence for both uniform and log-concave target distributions ⇢̄.
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optimal implementation of the confining potential to future work.
In Figure 7.2.6, we contrast the previous simulations, in the absence of confinement (k = 0) and with

Hl̈der continuous initial data given by a Barenblatt profile, with the analogous simulation for discontinuous
initial data, given by a characteristic function ⇢0 = 1[�1.25,1.25]. As the corresponding solution of the porous
medium equation with initial data ⇢0 has lower regularity, we anticipate that the rate of convergence of the
numerical method should be slower. Indeed, we observe that the rate of convergence decreases from second
order to first order (check!) in both the case of ⇢̄ uniform (left) and ⇢̄ log-concave (right).

7.2.7 Convergence to Steady State

In Figure 9, we examine the rate of convergence of our method to the desired target distribution ⇢̄ as the
number of particles n increases. Given that we only expect convergence to ⇢̄ when the dynamics are confined
to a bounded domain, we only consider the case of a strong confining potential (k = 109). We observe insert
the rate of convergence for both uniform and log-concave target distributions ⇢̄.

32

Figure 4: Comparison of how the strength of the confining potential a↵ects the evolution of the density. Left:
no confinement (k = 0). Middle: medium confinement (k = 100). Right: strong confinement (k = 109).

Figure 5: Desired target distribution ⇢̄(x) = C/(1+ |x|2) for N = 25, 50, 100, 200, 400 robots Matt will tweak
line of best fit to capture line of initial decay, not bumps in 800 robot curve

optimal implementation of the confining potential to future work.
In Figure 7.2.6, we contrast the previous simulations, in the absence of confinement (k = 0) and with

Hl̈der continuous initial data given by a Barenblatt profile, with the analogous simulation for discontinuous
initial data, given by a characteristic function ⇢0 = 1[�1.25,1.25]. As the corresponding solution of the porous
medium equation with initial data ⇢0 has lower regularity, we anticipate that the rate of convergence of the
numerical method should be slower. Indeed, we observe that the rate of convergence decreases from second
order to first order (check!) in both the case of ⇢̄ uniform (left) and ⇢̄ log-concave (right).

7.2.7 Convergence to Steady State

In Figure 9, we examine the rate of convergence of our method to the desired target distribution ⇢̄ as the
number of particles n increases. Given that we only expect convergence to ⇢̄ when the dynamics are confined
to a bounded domain, we only consider the case of a strong confining potential (k = 109). We observe insert
the rate of convergence for both uniform and log-concave target distributions ⇢̄.

32



Numerics
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d=1 d=2

h

 

Rate of convergence of  
to , where . 

 samples  on a uniform grid 

 

ρ̄ = 1

ρϵ(x, t)
ρ(x, t) ∂tρ = Δρ2

ρN
0 ρ0

h = (1/N)1/d

ϵ = h.95



Open questions
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• general  

• less information on  

  

• Quantitative rate of convergence depending on N and ? 

• Can better choice of RBF lead to faster rates of convergence? Help fight 
against curse of dimensionality?  

• Can random batch method [Jin, Li, Liu ’20] lower computational cost 
from  while preserving long-time behavior?

ρ̄

ρ̄
d
dt

xi(t) =
N

∑
j=1

f(xi(t), xj(t)), f(xi, xj) = − ∫ ∇φϵ(xi − x)φϵ(xj − x)/ρ̄(x)dx

ϵ

𝒪(N−m/d)

O(N2)



Thank you!



Implications
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Sampling: Spatially discrete, deterministic particle method for sampling 
according to chi-squared divergence (c.f. [Chewi, et. al. ’20]) 

PDE: Provably convergent numerical method for diffusive gradient flows 
with low regularity (merely bounded entropy) 

Coverage: Deterministic particle method well-suited to robotics 

Optimization:  

• Particle method equivalent to training dynamics for neural networks with 
a singular hidden layer, RBF activation.  

• Our result identifies limiting dynamics in the over parametrized regime 
( ) as variance of the RBF decreases to zero ( ), .  

• Limiting dynamics are convex GF for  log-convex and  concave.

N → + ∞ ϵ → 0 ν ≠ 1
ν f0ν

E(ρ) = ∫ (ψ * ρ)2ν − 2∫ ψ * ( f0ν)

V

ρ



Backup



Gradient flows

• Heuristic definition and examples


• Well-posedness of flows for omega convex energies

d
dtx(t) = �rdE(x(t))

<latexit sha1_base64="Mbjyiw546l8cIL/YXOvT+LqZalU="></latexit>
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• x(t) evolves in the direction of steepest descent of E, with respect to d 

•  [De Giorgi ’88] [JKO ’98]x(t + Δt) ≈ min
x

1
2(Δt)

d2(x, x(t)) + E(x(t))



Wasserstein metric
• Given , , the Wasserstein distance between them is μ ν ∈ 𝒫(ℝd)
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A B
amount of mass sent from A to BΓ(A × B) =

W2
2(μ, ν) = inf

Γ∈𝒫(ℝd×ℝd) {∬ℝd×ℝd

|x − y |2 dΓ(x, y) : Γ(A × ℝd) = μ(A), Γ(ℝd × B) = ν(B)}

• W₂ lifts distance on the underlying space to :  

• W₂ is a geodesic metric space

𝒫(ℝd) W2(δx0
, δy0

) = |x0 − y0 |

�
=

0
�
=

0.
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t = 0 t = 1/6 t = 1/3 t = 1/2 t = 2/3 t = 5/6 t = 1

Fig. 6.6. Evolution of f?(·, t) for several value of t and �. The first and last columns represent the data f0

and f1. The intermediate ones present the reference solution f?(t) for successive times t = i/6, i = 1 · · · 5. Each
line illustrates f? for di↵erent values � = j/4, j = 0 · · · 4 of the generalized cost function.

As a last example, we present in Figure 6.9 an interpolation result in the context of oceanogra-
phy in the presence of coast. We here consider Gaussian mixture data in order to simulate the Sea
Surface Temperature that can be observed from satellite. In order to model the influence of the
sea ground height, we here considered weights w varying w.r.t the distance to the coast. Denoting
as O the area representing the complementary of the sea, we define

8 k 2 Gc, wk = 1 + d(xk, @O) + ◆O 2 {1,+1},

where d(x, @O) is the Euclidean distance between a pixel location x and the boundary of O.
The estimation of such interpolations are of main interest in geophysic forecasting applications
where the variables of numerical models are calibrated using external image observations (such
as the Sea Surface Temperature). Data assimilation methods used in geophysics look for the best
compromise between a model and the observations (see for instance [12]) and making use of optimal
transportation methods in this context is an open research problem.

Conclusion. In this article, we have shown how proximal splitting schemes o↵er an elegant and
unifying framework to describe computational methods to solve the dynamical optimal transport
with an Eulerian discretization. This allowed use to extend the original method of Benamou
and Brenier in several directions, most notably the use of staggered grid discretization and the
introduction of generalized, spatially variant, cost functions.
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L2 geodesic
⇢(t) = (1� t)⇢0 + t⇢1

W2 geodesic
⇢(t) = ((1� t)id + tT ⇢1

⇢0
)#⇢0



W2 gradient flows
Neural network with single hidden layer Choices of Φ:

Swarming, granular media, porous media… Choices of K: 
granular media: K(x)=|x|3 
swarming: K(x)=|x|ᵃ/a - |x|ᵇ/b 
chemotaxis: K(x)=log(|x|)

E(µ) =
1

2

Z ����
Z

�(x, z)dµ(x)� f0(z)

����
2

d⌫(z),
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| {z }
K(x,y)

dµ(y)dµ(x)

�
Z Z

�(x, z)f0(z)d⌫(z)
| {z }

V (x)

dµ(x) + C

<latexit sha1_base64="oSzBZP/dd94YUBPmRridoQa+uHs=">AAADrHicbVJdb9MwFE1WPkb56uCRF4uKqRWhStrSlgdQxR5A4qVMazepLpXjOK21xMkcB1Ys/zH+CfwabvqBuowrxTq+51yfa9/4acQz5bq/7YPKnbv37h8+qD589PjJ09rRs0mW5JKyMU2iRF74JGMRF2ysuIrYRSoZif2InfuXJwV//p3JjCfiTK1SNovJQvCQU6IgNa/9Qej4PSoCh5JQrw2Ac6GQxuvDtR8ZnIuASR9opoEFEo+WvHHt/GyiTWmxXRXbAGGRN4q8mesvIFk1jUFFOs4bq+YWXDcRxtVjfHWVE8is1zebk3e2iTRo37dsG87dxp4fuE3gWPDaObw+mdfqbstdB7oNvC2oW9sYzY/sXzhIaB4zoWhEsmzquamaaSIVpxEzVZxnLCX0kizYFKAgMctmet2wQa8gE6Awk fBBr+vsfoUmcZatYh+UMVHLrMwVyf9x01yFg5nmIs0VE3RjFOYRUgkqJooCLhlV0QoAoZJDr4guCbyagrlXqzhgIfwc/6apTz99NNrrO8jreg5qv+2amxq4zEYDlOP1ek6nX1LIYKfotJ3OwOl4JcECBHLhG+22Bu8cePSeV6xuz0A/gv2gSRwTEWh8CkKNizv7vj413wJjSgKzR5e4hSRQjgXxI2Jg2l55trfBpN3yOi33a7c+/LCd+6H1wnppNSzP6ltD67M1ssYWtYd2aCd2WmlVzirTymwjPbC3Nc+tG1EJ/wJMEiTk</latexit>

E(µ) =
1

2

ZZ
K(x� y)dµ(x)dµ(y) +

Z
V (x)dµ(x)

+
1

m� 1

Z
µm(x)dx

<latexit sha1_base64="QwoqnFwq04AM0nqS2iCp9m5e4zs="></latexit>

@tµ = r · ((rK ⇤ µ)µ) +r · (rV µ) +�µm
<latexit sha1_base64="MiX1BN58cGj/5TfLOVYmkp01fUw="></latexit>

�(x, z) = '(x� z)
<latexit sha1_base64="cYhz+PQNbSA5ZcYQj34LXeadIxc="></latexit>ZZ

Kdµdµ =

Z
(' ⇤ µ)2d⌫

<latexit sha1_base64="80LZlYKPz2IwKJ8zby03jJWO8jM="></latexit>

29

Video Credit: Thomas Gregor,  
Laboratory for the Physics of Life, Princeton University



Neural network with single hidden layer Choices of Φ: 

Swarming, granular media, porous media… Choices of K: 
granular media: K(x)=|x|3 
swarming: K(x)=|x|ᵃ/a - |x|ᵇ/b 
chemotaxis: K(x)=log(|x|) 
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Gradient flows

metric definition of gradient formula for gradient

rL2E(f) = @E
@f
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Application: coverage algorithm
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Outline
• W2 lifts discrete to continuum 
• W2 GFs also provide novel tools from passing between discrete and 

continuum 
• Diffusive robot coverage algorithms / Sampling / Training dynamics for 

neural networks with a single hidden layer 
• These are W2 GFs 
• Particle method well-posed for epsilon >0, converges as N\to +\infty 
• Gamma convergence as epsilon to 0 
• Convergence of particle method as epsilon to 0 and N \to +\infty 
• Emergence of convexity in the limit 

• Open problems: right now, N has to grow much faster than epsilon; 
nothing quantitative on rate of convergence to diffusive equation
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