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In my thesis, I use the planar algebra defined by Bigelow [4] to describe the multivariate Alexander poly-
nomial. The advantage to using a planar algebra in this way is that the multivariate Alexander polynomial
generalizes to a multivariate tangle invariant up to Reidemeister I. The planar algebra that I used in my
thesis is the Motzkin planar algebra, which has connections to the representation theory of Lie algebras [3]
that I study now.

In Section 1 of my research statement, I give some background on unshaded planar algebras and discuss
the classical example of the Temperley-Lieb planar algebra. In Section 2, I discuss the main result of my
thesis and its relationship to subfactor theory. I describe my current interest in the representation theory of
Lie algebras and how it relates to my work with the multivariate Alexander polynomial in Section 3.

1. Planar algebras

My interest in planar algebras started with my masters work on the Temperley-Lieb and Hecke algebras
and the braid group under François Digne at the Université de Picardie in Amiens, France. Planar algebras
were introduced in Planar Algebras I by Jones to study subfactors [10], but they are interesting in their own
right. They allow us to consider a family of algebras as a single object and with more general operations.
For instance, the Temperley-Lieb and tangle algebras with n strands both have planar algebra counterparts.

A planar algebra is a sequence of vector spaces, {Pn}∞n=0 along with a multilinear map associated to each
planar tangle. For the Temperley-Lieb and tangle algebras, Pn is the algebra with n strands if n is even and
zero otherwise. For the moment, we only consider the vector space structure of the algebras. A planar tangle
is a disk with endpoints marked along the boundary and internal disks also with points marked along their
boundaries. Strings with no crossings connect the endpoints marked on the disks. A planar tangle with K
endpoints marked along the boundary and r ≥ 0 internal disks each with kl, l = 1, 2, . . . r endpoints defines
a linear map from Pk1

⊗ . . .⊗ Pkl
to PK . Composition is associative as long as it is defined.

Example :

D1

D2

D1

D2

Multiplication tangle

The planar tangle on the left would take two elements of P6 and return an element of P8. Considering the
Temperley-Lieb planar algebra, if t1 and t2 are elements of the Temperley-Lieb algebra with three strands
(and therefore 6 endpoints on the boundary of a disk or rectangle), then t1 ⊗ t2 ∈ P6 ⊗ P6. This planar
tangle would act on t1⊗ t2 by plugging t1 into D1 and t2 into D2 and erasing the boundaries of the internal
disks.
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The original algebra structure is embedded in the planar algebra structure, and multiplication (stacking)
can be achieved with the multiplication tangle. The multiplication tangle (on the right) takes in two elements
of P2n, stacks them in the usual way, and returns their product in P2n. When trying to understand general
planar algebras, it is instructive to keep the Temperley-Lieb planar algebra is mind. References [11] and [6]
give good condensed definitions of unshaded and shaded planar algebras that do not require functional
analysis.

2. Multivariate Alexander tangle invariant

Since their introduction in Planar Algebras I [10], planar algebras have been linked to knot invariants.
Alexander discovered what would become known as the Alexander polynomial of a knot and published it in
his 1928 paper “Topological Invariants of Knots and Links.” He included the description of a skein relation
under Section 12 “Miscellaneous theorems” [1]. In 1969, Conway rediscovered the skein relation

− = (q − q−1) ,

which could be used for both identifying when a knot invariant was equivalent to Alexander’s and for
calculating the invariant by making local changes to crossings.

In 2010, Professor Stephen Bigelow found a pictorial way of resolving crossings and calculating the single
variable Alexander polynomial of a knot or link using a planar algebra. This method of defining resolutions
of crossings locally is similar in flavor to using the skein relation to calculate the Alexander polynomial of a
link. He defined the following resolutions for positive and negative crossings using a linear combination of
diagrams with disjoint, embedded, univalent graphs:

= q + q + (q − q−1) + q−1 − q−1

= q−1 + q−1 − (q − q−1) + q − q .

We consider knots and links to be oriented tangles with one unclosed strand with endpoints on the
boundary. Taking the closure of this tangle in the most obvious way makes it clear that we are just talking
about the usual set of knots and links. In this way, we consider knots and links as being elements of the
second vector space of the tangle planar algebra. This resolution of crossings sends elements of the tangle
planar algebra into another (non-subfactor) planar algebra, P ′.

The planar algebra P ′ is the planar algebra generated by the diagram in the first vector space with a
strand that has an endpoint on the boundary and an endpoint on the interior. Diagrams in this planar
algebra consist of disjoint, embedded, univalent graphs with endpoints in the interior as well as on the
boundary like the ones in the above resolution of crossings, which would belong to the fourth vector space.
In P ′ we have the following relations:

• An edge with no endpoints on the boundary can be deleted,
• if there is a closed loop in a diagram, the diagram is zero,
• the rotational relation

+ = 0, and

• the definition of the dotted strand

= − .
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The planar algebra P ′ is a relatively simple planar algebra. For one, it is generated by a single element
with only three relations. (The definition of the dotted strand is given to ease notation.) Also, having every
vector space being finite dimensional, P ′ is more manageable than the tangle planar algebra.

I have found a multivariate version of Professor Bigelow’s method for calculating the Alexander polyno-
mial. I used the same planar algebra P ′ and this two-variable version of the above resolutions:

qo qu
= qo + qo + (qu − q−1u ) + q−1o − q−1o

qu qo
= q−1o + q−1o − (qu − q−1u ) + qo − qo .

I have shown that this is indeed the multivariate Alexander polynomial for oriented links using the axioms
laid out by Murakami in his paper “A State Model for the Multi-Variable Alexander Polynomial.” Most of
the axioms were straightforward, but not the third. We had to define a representation on the colored braid
group with three strands that allowed us to check the desired relation.

This algorithm of resolving crossings is similar to using the single variable skein relation, in that crossings
are resolved locally by replacing them with linear combinations of other diagrams. There is nothing specific
to knots and links in this algorithm and this multivariate invariant generalizes easily to a tangle invariant
up to Reidemeister I. The tangle invariant is no longer a single polynomial, but rather a linear combination
of diagrams with multivariate polynomial coefficients. There are several open questions about this invariant
and the planar algebra, such as is this the same tangle invariant as the one given by Archibald in [2]. There
is strong evidence to suggest that it is.

Anyone interested in planar algebras would probably like to know if this has any relation to subfactor
theory. The planar algebra P ′ is not a subfactor planar algebra, but it is closely related to the Temperley-
Lieb planar algebra. For example, if we take a diagram in P ′ with no dots, we can “thicken” the strands.
Broken strands become shaded caps and cups, and through strands, or strands with one endpoint on the top
and one on the bottom, become two strands that bound a shaded region. For instance,

becomes

.

Diagrams with n boundary points on the top and bottom with only broken strands and through strands form
a subalgebra of the Temperley-Lieb algebra with n strands [5]. These diagrams came up in the recent work
of Jones and Penneys on infinite index subfactors. These subalgebras of the Temperley-Lieb algebras always
appear injectively in the standard invariant of finite and infinite index subfactors [8]. It is still unknown if
there exists an infinite index subfactor for which the standard invariant is exactly these subalgebras [8], [12].

3. Representation theory of Lie algebras & current research

Diagrammatic algebras have been linked to representation theory of Lie algebras for some time. The
symmetric group describes the representation theory of sl2 and the algebra of braids, or the Temperley-Lieb
algebra, describes the representation theory of quantum sl2.

The planar algebra that I used is the Motzkin planar algebra defined by Jones [9]. The associated Motzkin
algebra was also recently studied by Benkart and Halverson in [3] in relation to the representation theory of
Lie algebra quantum gl2. Halverson and Benkart did not use the dotted strand notation, but this doesn’t
matter since the dotted strand is a linear combination of diagrams that are clearly in the Motzkin algebra.

Allowing virtual crossings in the Motzkin algebra, gives us the rook-Brauer algebra. Correspondence
with Professor Halverson has led me to consider the open question of the role of the rook-Brauer algebra in
the representation theory of the quantum orthogonal Lie algebra. Professor Halverson has established the
relationship between the rook-Brauer algebra and the orthogonal Lie algebra [7], and my current research
tries to answer this question of the quantum orthogonal Lie algebra. How can we introduce a twist or
braiding into the rook-Brauer algebra?
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