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A Brief History

¢ Burnside (1902)
» Combinatorial Group Theory
» Burnside's Problem (bounding order of finitely generated groups),
Golod and Shafarevich (1964)
® Dehn (1910s)
» Dehn functions
» Small cancellation property, Greendlinger (1960s)
e Gromov (1980s+)
» Geometric Group Theory
® curvature
® isoperimetry
® quasi-isometry

» word-hyperbolic <= linear Dehn function (1987)
® Chambers, Guth, Manin, Weinberger, et al. (2010s+)
» Quantitative Homotopy Theory
» Shadowing Principle for simply connected spaces (Manin, 2019)
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Definition
A group G is c-step nilpotent if

G=:G >G> - ->G ={1}
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Higher Dehn Functions

Definition
A group G is c-step nilpotent if

G=G>GP>.-.-->G :{1}

H =(X,Y,Z|[X,Y]=2)

H® = H3 = x,y,z€R
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If wis a word reducingto e € G = (S| R)

Area(w) = min {#applications of R to reduce w}
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Definition (Combinatorial Dehn Function)

If wis a word reducingto e € G = (S| R)

Area(w) = min {#applications of R to reduce w}

dc(¢) = max{Area(w) | w = e, len(w) < ¢}
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Definition (Combinatorial Dehn Function)

If wis a word reducingto e € G = (S| R)

Area(w) = min {#applications of R to reduce w}

dc(¢) = max{Area(w) | w = e, len(w) < ¢}
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Higher Dehn Functions

Definition (Combinatorial Dehn Function)
If wis a word reducingto e € G = (S| R)

Area(w) = min {#applications of R to reduce w}

dc(¢) = max{Area(w) | w = e, len(w) < ¢}

R | G U H = 5c(t) < on(0)

L 2 ® ® @ ®

L 4 @ @ @ L
L] Mal'cev = () is well-defined
T T 7 for G a rational nilpotent Lie group.
5y (£) = 12 P S
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or, (£) =0
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Definition (Geometric Dehn Function)
Given v € Crjp(St, Y) with [y] = e € mi(Y),

Area(v) = inf {vol(I') | T € Cip(D?, Y), 51 =~}
= inf {vol(I) | T : S' x | — Y is a nullhomotopy of ~}

0y (£) = sup {Area(y) | len(v) < ¢}

Theorem (Folklore +

[BS02] + [BT02])

05(€) = 86(0)
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Definition (Geometric Dehn Function)
Given v € Crjp(St, Y) with [y] = e € mi(Y),

Area(v) = inf {vol(I') | T € Cip(D?, Y), 51 =~}
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Definition
length(H) = max {Lip(H|{x}x/) | x € S"}
thickness(H) = max {Lip(H|snx(s}) | t € 1}

thickness
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Definition
length(H) = max {Lip(H|{x}x/) | x € S"}
thickness(H) = max {Lip(H|snx(s}) | t € 1}

thickness

] ‘ length
H

St x I

Observation/Definition

vol(H) < thickness(H)" - length(H).
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Definition (Higher Order Dehn Function)
Given f € Cjp(S",Y) with [f] = e € m,(Y),

FV(f)=inf{vol(F) | F:S" x I — Y is a nullhomotopy of f}

Oy (L) =sup{FV(f)|[f] =e € m(Y), Lip(f) < L}

Can we bound 6{,(L) using the topology of Y7
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The Shadowing Principle

DGAg +—2L  TOPq
general theory: elementary extensions «——— principal fibrations
primary application: Sullivan DGAs «——— nilpotent spaces

primary example: (Ag*, d) «— K(G,1)
Chevalley-Eilenberg «+——— Eilenberg-MacLane

Study DGAqg ~~ algorithmic processes ~~ complexity bounds. I
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The Shadowing Principle

Definition
For V = { Vi },cn 2 graded vector space, AV is the free graded algebra. J

For Y a nilpotent space with minimal model M3, = (AV/,d)

® Y = M3 — |My | is a rational equivalence
e V, 2 Hom(7m,(Y),Q)
* my : M}, — Q*(Y) a quasi-isomorphism

o M = (dx®,dy®, dz) | d = 0)
¢ Mﬁeis = <dX(1)7 dy(l)’c(l) ‘ dC =dx A dy>

> Heis = K(H3,1)
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Definition

K(G,n) —— Y
|
B

is a principal K(G, n) fibration if 71(B) acts trivially on fibers.

Definition
Nilpotent space: inverse limit of principal K(G, n) fibrations over {x}.
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The Shadowing Principle

Definition
Q*(B) — Q*(B) ® AV, is an elementary extension if im (D|y,) C Q*(B):

(AV,,0) «— (Q*(B) ® AV, D)

[

(€27(B), d)

Dual to principal K(G, n) fibration

A
v

Definition
Minimal Sullivan DGA: dual to Postnikov tower of nilpotent space
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(dz |d =0) +— (dx,dy,dz | d =0) st —— T8
(dx,dy | d =0) T?

(C1d=0) +—— (dx,dy,( | d{ = dx Ady) S! —— Heis
(dx,dy | d =0) T2
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The Shadowing Principle
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. RHT :
Sullivan DGAs <«—— nilpotent spaces

Idea: If Y is nilpotent...
Bounded nullhomotopies in DGA ~+ bounded nullhomotopies in TOP?

Definition
A homotopy between ¢, 1) : M3, — Q*(S") is a morphism
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The Shadowing Principle

The Shadowing Principle

Interpretation

For distance « size of homotopies: Pullbacks of genuine maps in
Map(X, Y') have reasonably high density in Hom(M?3,, Q*(X)).

Hom (M3, Q% ( Map(X,Y)

sFe
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Theorem (H. 2025)

Let X be an N-dimensional finite simplicial space,

Hom (M3, Q*( Map(X,Y)

sFe
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The Shadowing Principle

The Dehn Function of Heis High Volume Nullhomotopies

Theorem (H. 2025)
Let X

be an N-dimensional finite simplicial space, and let Y be a
compact nilpotent space of finite type.

Hom (M3, Q*( Map(X,Y)

F L
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Let X be an N-dimensional finite simplicial space, and let Y be a
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¢ M3, — Q*(X) be such that
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compact nilpotent space of finite type. Let G : X — Y be a map and let
¢ M3, — Q*(X) be such that

Hom (M3, Q*( Map(X,Y)
* G'my ~ ¢
* Dil(¢) < L.

Kyle Hansen (UCSB)

Volumes of Nullhomotopies May 7, 2025



Higher Dehn Functions The Shadowing Principle

The Dehn Function of Heis

High Volume Nullhomotopies

Theorem (H. 2025)

Let X be an N-dimensional finite simplicial space, and let Y be a

compact nilpotent space of finite type. Let G : X — Y be a map and let
¢ M3, — Q*(X) be such that
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er Dehn Functions The Shad Principle The Dehn Function of Heis High Volume Nullhomo
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The Dehn Function of Heis

Heis = (dx,dy,C | dC = dx A dy)

If 1« Mieie — Q*(S) is nullhomotopic with ||¢||op < L, then there is a
nullhomotopy ¢ : Mi,... — Q*(St x [0, L]) with ||¢||op < CL.

Proof.

L
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If 1« Mieie — Q*(S) is nullhomotopic with ||¢||op < L, then there is a
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e

Kyle Hansen (UCSB) Volumes of Nullhomotopies May 7, 2025



The Dehn Function of Heis

Heis = (dx,dy,C | dC = dx A dy)

If 4 Miye — Q5(SY) is nullhomotopic with ||)||op < L, then there is a
nullhomotopy ¢ : Mi,... — Q*(St x [0, L]) with ||¢||ep < CL.

Proof.
B(dx) = (o) (1 {) — c(dx)dt
oldy) = w(dy) (1 - 1) = c(dy)dt

A
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The Dehn Function of Heis

M)k-leis = <an dyaC | dC = dx A dy>

If 4 Miye — Q5(SY) is nullhomotopic with ||[)||op < L, then there is a
nullhomotopy ¢ : Mi,... — Q*(St x [0, L]) with ||¢||op < CL.

Proof.
B(dx) = (o) (1 {) — c(dx)dt
oldy) = w(dy) (1 - 1) = c(dy)dt
g — @

#(0) =(Q) (1= 1) — Le(Q)dt + (w(dx)e(dy) — c(d)(dy)) =5

U
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The Dehn Function of Heis

M)k-leis = <an dyaC | dC = dx A dy>

If 4 Miye — Q5(SY) is nullhomotopic with ||[)||op < L, then there is a
nullhomotopy ¢ : Mi,... — Q*(St x [0, L]) with ||¢||op < CL.

Proof.
o(cdx)ll < Nlb(dx)ll +1 S L

oldy) = (dy) (1 - ) - c(dy)dt

42
¢(¢) = ¥(¢) (1 - {) — Le(Q)dt + (v(dx)c(dy) — c(dx)y(dy)) Lt2L2t

e
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The Dehn Function of Heis

M)k-leis = <an dyaC | dC = dx A dy>

If 4 M. — Q5(SY) is nullhomotopic with ||1||op < L, then there is a
nullhomotopy ¢ : Mi,... — Q*(St x [0, L]) with ||¢||op < CL.

Proof.

[o(@) | S ()l +1 5L
[o(dy)ll S lp(dy)ll +1 S L

#(¢) = 9(Q) (1= ) = Le(Q)de + ((dx)c(dy) — c(dx)i(dy))

Lt —t?
212

X
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Lip(f) <L~ ||f*mHeis||0p 5 L~ ¢ with ||¢||0p S L
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The Dehn Function of Heis

Heis = (dx,dy,C | dC = dx A dy)

If 1« Mieie — Q*(S) is nullhomotopic with ||¢||op < L, then there is a
nullhomotopy ¢ : Mi,... — Q*(St x [0, L]) with ||¢||op < CL.

Proof.

[o() | S ()l +1 5L
()l S ld(dy)ll +1 S L
[o(ON S T(OI+ LS L

Lip(f) <L~ ||f*mHeis||0p 5 L ~ ¢ with ||¢||0p S L
= d)L : Hels - Q*(LSI [Oa Lz]) of fl_*mHeis with ||¢L||op < C.
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

8heis (L) = O(L3) using the Shadowing Principle
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4) Adjust G into a bounded F using ¢
5) vol(F o rescale) = O(L) - O(L?) nullhomotopy of f O

Hom (M., (LS x [0, L)) Map(LS* x [0, L?], Heis)

nullhomopies of f7mpeis nullhomopies of fr,
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High Volume Nullhomotopies
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High Volume Nullhomotopies

Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis

8heis (L) = O(L3) using the Shadowing Principle

Proof.
v'1) Replace f : S LUP Heis nullhomotopic with f; : LS! 27EP peis
v'2) Find bounded nullhomotopy ¢ : Mj,... — *(LS x [0, L?]) of £} Mpeis
v'3) Guess a nullhomotopy G : LS* x [0, L?] — Heis of f;

4) Adjust G into a bounded F using ¢

5) vol(F o rescale) = O(L) - O(L?) nullhomotopy of f O
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The Dehn Function of Heis

X =LS! x [0, L2]
® Guess G : X — Heis

X —C 4 Heis
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The Dehn Function of Heis

X = LS x [0, L?]
® Guess G : X — Heis
e Adjust inductively on principal refinement of Postnikov tower of Heis
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhom

X =LS! x [0, L2]
® Guess G : X — Heis

e Adjust inductively on principal refinement of Postnikov tower of Heis
» E.g., if G: X — T? is bounded, lift to bounded F : X — Heis

X <, Heis X ---F_3 Heis
<l
r]r2 3
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High Volume Nullhomotopies

Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis

X = LS x [0, L?]
® Guess G : X — Heis
e Adjust inductively on principal refinement of Postnikov tower of Heis

» E.g., if G: X — T? is bounded, lift to bounded F : X — Heis

® During each stage, adjust inductively on skeleta of X

X —S% 5 Heis
\EJ l
r]r2 3

!

{x}
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The Dehn Function of Heis

o X =1S!x0,L?

X = LS x [0, L]

a0 N

Heis

A\

o T?

Kyle Hansen (UCSB) Volumes of Nullhomotopies May 7, 2025



The Dehn Function of Heis

° XzLSlx[O,Lz]
e G: X — Heis

— ) X = LS x [0, 1}
e G: X—=T Heis

A\
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The Dehn Function of Heis

o X =LS!x[0,17]
® G: X — Heis

e , X = LS' x [0, LY
e G:X—T Heis
1 G‘lex{O,Lz}:fLU*

A\
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The Dehn Function of Heis

° XzLSlx[O,Lz]
e G: X — Heis

— ) X = LS x [0, 1}
e G: X—=T Heis

® Glisinqozy = fi L%
AVAYAVAV
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The Dehn Function of Heis

° XzLSlx[O,Lz]
e G: X — Heis

— ) X = LS x [0, 1}
e G: X—=T Heis

® Glisinqozy = fi L%
AV’AVAVN

E=E'CA=A2
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The Dehn Function of Heis

X = LS x [0, L?]

G : X — Heis

® G: X —T?

® Glisixqo,2y = fLUx
e F=F'CA=A?

‘7“
. E(A) — {ap2) AVAA‘ {12}
— G(A)C F,~S!

X = LS x [0, L%
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The Dehn Function of Heis

X = LS x [0, L?]
G : X — Heis ~ F, C Heis

e G: X —T?
® Glsixqo2y = frUx
e E=ElCA=A?

* G(A) = {rr)
— G(A)C F.~St
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The Dehn Function of Heis

o X =LS' %[0, 2]

e G: X — Heis ACX St~ F, C Heis
® G: X —T?

® Glisixqorzy = frlUx Gli

e E=—F1CA=A2

* G(A) = {*12}
— G(A)C F~St

* G(AD) = {xq1}

N
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The Dehn Function of Heis

o X = LS! x [0, 2]

® G: X — Heis AcX
e G: X —T?

® Glsixqo2y = frUx Gl

e E—FlCA=A?
* G(A) = {r}
= G(A)C Fi~ st
e G(A®) = {xs}
. [Glel, em(SH =7
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The Dehn Function of Heis

o X = LS! x [0, 2]

® G: X — Heis AcX
e G: X —T?

® Glsixqo2y = frUx Gl

e E—FlCA=A?
* G(A) = {r}
= G(A)C Fi~ st
e G(A®) = {xs}
. [Glel, em(SH =7

Make |[[F|g]zll < |||l and take F|gz a minimal representative of [F|g].. I
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #1: Use ¢ Exactly

ALG TOP
ACX ACX

A A
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #1: Use ¢ Exactly
® Given [H¢(C) : Gi(X) = R
e Find [F’D]z : Cl(X) — 7

ALG TOP
ACX ACX
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Bounding ||[F|£].|l

Attempt #1: Use ¢ Exactly

® Given [H¢(C) : Gi(X) = R

e Find [Flo],: Gi(X) = Z
Define F|g so that [F|g], = [z ¢(¢)

ALG TOP
ACX ACX
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #1: Use ¢ Exactly

® Given [H¢(C) : Gi(X) = R

o Find [Flals : Gi(X) = Z
Define F|g so that [F|g], = [z ¢(¢)

ALG TOP
ACX ACX

F‘E ]b
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #1: Use ¢ Exactly
® Given [H¢(C) : Gi(X) = R
e Find [F’D]z : Cl(X) — 7

Define F|e so that [Fel, = [, o(¢) 27K
ALG TOP
ACX ACX
Jp0(C) =3.14159...¢ Z [F|g]# [ 0(C)
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #2: Round ¢
® Given [H¢(C) : Gi(X) = R
e Find [F’D]z : Cl(X) — 7

ALG TOP
ACX ACX

[ 6(C) = 3.14159...
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #2: Round ¢

 Given [16(Q) : Gi(X) = R

® Find [F|g]z : Gi(X) = Z
Define F|g so that [F|g], = [z ¢(¢)

ALG TOP
ACX ACX

[ 6(C) = 3.14159...
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #2: Round ¢

* Given [L9(C) : Gu(X) = R

¢ Find [F|o],: Gi(X) = Z
Define F|g so that [F|g], = [z ¢(¢)

ALG TOP
ACX ACX

[ ¢(C) = 3.14159... [F|g] =37
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #2: Round ¢
® Given [H¢(C) : Gi(X) = R
® Find [F’D]z : Cl(X) — 7
Define F|e so that [F|e], ~ [, 6(C) ® Extending on higher cells

ALG TOP
ACX 3+3-720 ACX

[5¢(C) = 3.14159... [F|g] =37

-7

—6.64058..

3.49898...

3
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopi

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
* [ho(¢): G(X) =R
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢

* Joe(Q): Gi(X) =R
® [Glo]:: Gi(X) = Z
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢

* [54(Q): Gi(X) =R
° [G’D]ZZ C1(X)—>Z — fD G*my(C)Z C1(X)—>Z§R
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
* [5o(Q): G(X) =R
° [G’D]ZZ C1(X)—>Z — fD G*my(C)Z C1(X)—>Z§R
* G'my ~¢
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
* [5o(Q): G(X) =R
° [G’D]ZZ C1(X)—>Z — fD G*my(C)Z C1(X)—>Z§R
°* G*my ~ ¢ = G*'my — ¢ =dV
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢

Joo(Q): Gi(X) =R

[G’D]ZZ C1(X)—>Z — fD G*my(C)Z C1(X)—>Z§R
G*my ~ ¢ = G*'my — ¢ =dV

Round ¥ = W + p — G'my —¢=dV ~7Z
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
* [5o(Q): G(X) =R
* [Glol:: G(X)—=2Z = [jG'my({): G(X)—=>ZCR
°* G*my ~ ¢ = G*'my — ¢ =dV
e Round W =V + p — G'my —¢=dV ~7Z

Define [F|g], = fE QZ(C)
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
* [5o(Q): G(X) =R
* [Glol:: G(X)—=2Z = [jG'my({): G(X)—=>ZCR
°* G*my ~ ¢ = G*'my — ¢ =dV
e Round W =V + p — G'my —¢=dV ~7Z

Define [F|g], = fE QZ(C)

° [F|D]z — fD (Z(C) : Cl(X) —Z
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
* [5o(Q): G(X) =R
* [Glol:: G(X)—=2Z = [jG'my({): G(X)—=>ZCR
°* G*my ~ ¢ = G*'my — ¢ =dV
e Round W =V + p — G'my —¢=dV ~7Z

Define [F|g], = fE QZ(C)

* [Flol: = [50(Q) : Gi(X) — Z
o |[Flal:ll < 6]l = ll¢ + dpl| < C +2.
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The Dehn Function of Heis

Bounding ||[F|£].|l

Attempt #3: Round using G*my ~ ¢
* [5o(Q): G(X) =R
* [Glol:: G(X)—=2Z = [jG'my({): G(X)—=>ZCR
°* G*my ~ ¢ = G*'my — ¢ =dV
e Round W =V + p — G'my —¢=dV ~7Z

Define [F|g], = fE 5(0

* [Flolz = J5(¢) : Gi(X) = Z
o |[Flal:ll < 6]l = ll¢ + dpl| < C +2.
* [Glo]; — [Flol: = d[\|’|g]Z —> F ~ G extends on 2-cells
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High Volume Nullhomotopies

Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis

8heis (L) = O(L3) using the Shadowing Principle

Proof.
v'1) Replace f : S LUP Heis nullhomotopic with f; : LS! 27EP peis
v'2) Find bounded nullhomotopy ¢ : Mj,... — *(LS x [0, L?]) of £} Mpeis
v'3) Guess a nullhomotopy G : LS* x [0, L?] — Heis of f;

4) Adjust G into a bounded F using ¢

5) vol(F o rescale) = O(L) - O(L?) nullhomotopy of f O

Hom (M., (LS x [0, L)) Map(LS* x [0, L?], Heis)

P

~

2
.
-

nullhomopies of f7mpeis nullhomopies of fr,
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The Dehn Function of Heis High Volume Nullhomotopies

Higher Dehn Functions The Shadowing Principle

8heis (L) = O(L3) using the Shadowing Principle

Proof.

v'1) Replace f : S LUP Heis nullhomotopic with f; : LS! 27EP peis

v'2) Find bounded nullhomotopy ¢ : Mj,... — *(LS x [0, L?]) of £} Mpeis

v'3) Guess a nullhomotopy G : LS* x [0, L?] — Heis of f;
)
)

v'4) Adjust G into a bounded F using ¢
5) vol(F o rescale) = O(L) - O(L?) nullhomotopy of f O

Hom (M., (LS x [0, L)) Map(LS* x [0, L?], Heis)

==
S

nullhomopies of f7mpeis ’ nullhomopies of fr,
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The Dehn Function of Heis High Volume Nullhomotopies

Higher Dehn Functions The Shadowing Principle

8heis (L) = O(L3) using the Shadowing Principle

Proof.

v'1) Replace f : S LUP Heis nullhomotopic with f; : LS! 27EP peis
v'2) Find bounded nullhomotopy ¢ : Mj,... — *(LS x [0, L?]) of £} Mpeis
v'3) Guess a nullhomotopy G : LS* x [0, L?] — Heis of f;

)

)
v'4) Adjust G into a bounded F using ¢
v'5) vol(F o rescale) = O(L) - O(L?) nullhomotopy of f my

Hom (M., (LS x [0, L)) Map(LS* x [0, L?], Heis)

==
S

nullhomopies of f7mpeis ’ nullhomopies of fr,
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Simply c-Step
Y is... Connected | Nilpotent

Lower Bounds || Q(L2("™D)
on 0%(L) [CMW18]

Upper Bounds o(L2m) O(L(#e=1)n)
on 4y (L) [Man19] | [H.2025]
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Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Simply c-Step
Y is... Connected | Nilpotent

Lower Bounds || Q(L2("™D)
on 0%(L) [CMW18] ?

Upper Bounds o(L2m) O(L(#e=1)n)
on 4y (L) [Man19] | [H.2025]
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

* m11(S3 V S3) =q free Lie Algebra
with generators a(?, 3(2)

Kyle Hansen (UCSB) Volumes of Nullhomotopies May 7, 2025



High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

a®?

(8] * m11(S3 V S3) =q free Lie Algebra
\” with generators a(?, 3(2)
3)

a
\“['75]
a®
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

)
[ Nl [-,128] * m41(S3V S%) =g free Lie Algebra
\” \“ with generators a(?, 3(2)
a®
\“[ 76] PSS \“[7L218]
1604
~ N
a(n) 2(n—1) (n)
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

)
[ Nl [-,128] * m41(S3V S%) =g free Lie Algebra
\” \“ with generators a(?, 3(2)
®3)

\“[ Bl s \“[ L28] e O(L)-Lip representatives of
» 120 and 253
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

)
[ Nl [-,128] * m41(S3V S%) =g free Lie Algebra
\” \“ with generators a(?, 3(2)
®3)

\“[ Bl s \“[ L28] e O(L)-Lip representatives of
» 120 and 253
il I > [L'Llpu L'Llp]
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

)
[ Nl [-,128] * m41(S3V S%) =g free Lie Algebra
\” \“ with generators a(?, 3(2)
®3)

\“[ Bl s \“[ L28] e O(L)-Lip representatives of
» 120 and 253

il I > [L'Llpu L'Llp]

I i > 2(n—1) ,(n)

~i ~ fo rep of L «
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

)
[ Nl [-,128] * m41(S3V S%) =g free Lie Algebra
\” \“ with generators a(?, 3(2)
®3)

\“[ Bl s \“[ L28] e O(L)-Lip representatives of
» 120 and 253

il I > [L'Llpu L'Llp]

I i > 2(n—1) ,(n)

~i ~ fo rep of L «

e Glue in D" to kill a(m
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

\“[ NG \“[.,Bﬁ] * m11(S3 V S3) =q free Lie Algebra
with generators a(?, 3(2)
(3)
\“[ Al \“[ 2] e O(L)-Lip representatives of
(4) > 20 and 125
I || > [L-Llp, L—Llp]
\ii \l: > £, rep of L2("=Dq(n)
O[(n) L2(n71)a(n)

e Glue in D" to kill a(m
» £, nullhomotopic over D!
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

)
[ Nl [-,128] * m41(S3V S%) =g free Lie Algebra
\” \“ with generators a(?, 3(2)
®3)

\“[ Bl s \“[ L28] e O(L)-Lip representatives of
» 120 and 253

il il > [L'Llpu L'Llp]

N I > 2(n—1) ,(n)

~i ~ fo rep of L «

e Glue in D" to kill a(m

» £, nullhomotopic over D!
> deg(fy.) = L2("~1) over D1
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

() )
. [ 8] ENES me11(S5 V S3) =g free Lie Algebra
\” \“ with generators a(?, 3(2)
a(3) 3)

\H[Wﬁ] ~ \“[ L28] e O(L)-Lip representatives of
» 120 and 253

4)
an il > [L'Llpu L'Llp]
\ii \ii > £, rep of L2("=Dq(n)
a(n) L2(n71)a(n)

e Glue in D™ to kill "
» £, nullhomotopic over D!
> deg(fn,) = L2~V over D1
> vol(nullhomotopy) = Q(L2("~1)
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High Volume Nullhomotopies

Theorem (Chambers, Manin, Weinberger 2018)

There is a simply connected Y with §%,(L) > L2("=1),

)
[ A [-,128] * m11(S3 V S3) =q free Lie Algebra
\” \“ with generators a(?, 3(2)

®3)

e O(L)-Lip representatives of
» 120 and 253
> [L-Lip, L-Lip]
> f,1 rep of [2(n=1) ()

e Glue in D™ to kill "
» £, nullhomotopic over D!
> deg(fn,) = L2~V over D1
> vol(nullhomotopy) = Q(L2("~1)

e dalM = oD A B4+ Q
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High Volume Nullhomotopies

Theorem (H. 2025)

There is a c-step coformal nilpotent space Y with 6{,(L) 2 [(et1)(n=1)
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High Volume Nullhomotopies

Theorem (H. 2025)

There is a c-step coformal nilpotent space Y with 6{,(L) 2 [(et1)(n=1)

(2) SN agz) Lo, [-,T]\a(cz)
N C N ) RN NC)
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High Volume Nullhomotopies

Theorem (H. 2025)

There is a c-step coformal nilpotent space Y with 6{,(L) 2 [(et1)(n=1)
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High Volume Nullhomotopies

Theorem (H. 2025)

There is a c-step coformal nilpotent space Y with 6{,(L) 2 [(et1)(n=1)

a=V, 5 g=V,8?
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High Volume Nullhomotopies
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a=V, 5 g=V,8?
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High Volume Nullhomotopies

Theorem (H. 2025)

There is a c-step coformal nilpotent space Y with 6{,(L) 2 [(et1)(n=1)

a=V, 5 g=V,8?
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High Volume Nullhomotopies

Theorem (H. 2025)

There is a c-step coformal nilpotent space Y with 6{,(L) 2 [(et1)(n=1)
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High Volume Nullhomotopies

Theorem (H. 2025)

There is a c-step coformal nilpotent space Y with 6%, (L) > L(eT1(n=1),

Lzagz) [L7] L3a52) ST I Sl N Lcﬂagz)
['7L261]
[+3,3) o Let4a3) L(c+1)2a(c3)

Kyle Hansen (UCSB) Volumes of Nullhomotopies May 7, 2025



Higher Dehn Functions The Shadowing Principle The Dehn Function of Heis High Volume Nullhomotopies

Coformal +
Simply c-Step c-Step
Y is... Connected | Simple Nilpotent Nilpotent
Lower Bounds Q(Lz(nfl)) Q(L(C+1)(nfl))
ondy(L) | [CMW1g] ! ? [H. 2025]

Upper Bounds O(L?") O(L2m+1) O(L(4c—1)n) O(L(c+1)n)
on 5'\’,(L) [Man19] [H. 2025] [H. 2025] [H. 2025]

Kyle Hansen (UCSB) Volumes of Nullhomotopies May 7, 2025



Kyle Hansen (UCSB)

(currently)

: Algebraic
Models

% B

DGAs

(previously)

Volumes of Nullhomotopi May 7, 2025



Models

o

<. Nilpotent
DGAs " Spaces

(previously)

Kyle Hansen (UCSB) Volumes of Nullhomotopi May 7



References |

[ABDY13] Aaron Abrams, Noel Brady, Pallavi Dani, and Robert Young, Homological

[BS02]
[BT02]

[CMW18]

[Malag]

[Man19]

and homotopical dehn functions are different, Proceedings of the National
Academy of Sciences 110 (2013), no. 48, 19206-19212.

Martin R Bridson and Simon Salamon, Invitations to geometry and
topology, no. 7, Oxford University Press, 2002.

José Burillo and Jennifer Taback, Equivalence of geometric and
combinatorial dehn functions, New York J. Math 8 (2002), 169-179.

Gregory R. Chambers, Fedor Manin, and Shmuel Weinberger, Quantitative
nullhomotopy and rational homotopy type, Geometric and Functional
Analysis 28 (2018), no. 3, 563-588.

Anatolii Ivanovich Maltsev, On a class of homogeneous spaces, lzvestiya
Rossiiskoi Akademii Nauk. Seriya Matematicheskaya 13 (1949), no. 1, 9-32.

Fedor Manin, Plato’s cave and differential forms, Geometry & Topology 23
(2019), no. 6, 3141-3202.

Kyle Hansen (UCSB) Volumes of Nullhomotopies May 7, 2025



References |l

[RW10]  Séverine Rigot and Stefan Wenger, Lipschitz non-extension theorems into jet
space carnot groups, International Mathematics Research Notices 2010
(2010), no. 18, 3633-3648.

[You06] Robert Young, Filling inequalities for nilpotent groups, arXiv preprint
math /0608174 (2006).

[Youl6] | High-dimensional fillings in heisenberg groups, The Journal of
Geometric Analysis 26 (2016), no. 2, 1596-1616.

Kyle Hansen (UCSB) Volumes of Nullhomotopies May 7, 2025



	Higher Dehn Functions
	The Shadowing Principle
	The Dehn Function of Heis
	High Volume Nullhomotopies
	

