Real Analysis, course outline
Denis Labutin

1 Measure theory I

1. Sigma algebras. Let A be a collection of subsets of some fixed set 2.
It is called a o -algebra with the unit element €2 if

(a) 0,Qe A;
(b) FEc A= °Ec A;
(c) EjeA, j=1,2,... = UEjeA.

J

Prove that a o -algebra A is closed under countable number of the set
theoretic operations (N, U, \, (1)°).

2. For a sequence of sets E; define

limsup E; = {points which belong to infinitely many E;},

Jj—oo

liminf £; = {points which belong to all but finitely many E;}.
j—00

Thus limsup E; D liminf E; . If limsup F; = liminf &; = E, then we
write
lim E; = F.

Jj—o0

(a) Give an example of a sequence {E;} for which the inclusion is strict.
(b) Show that

oo oo
limsup B; = U Ey |,
J J=1 \k=j
[ee] oo
liminf E; = U ﬂ Ey.
! i=1 \k=j

(c) Show that if all E; are elements of a o -algebra A, then

limsup E;, liminf E; € A.
; J

(d) Suppose that Ey; D Es D --- . Prove that

limsup £ = liminf E; = m E;.
J J ;
J



(e) Find (and prove) the formula for limsup E;, liminf E; in the case
FEFiCEyC---.

3. Prove that the following collections of sets are o -algebras.
(a) Trivial o -algebra {0,Q}.
(b) Bulean o -algebra 2% = { all subsets of Q }.

(c) For any F C Q the collection {F,°E,(,Q} (It is called the o-
algebra generated by the set E).

(d) Let D ={D1,D,,...} is a countable (disjoint) partition of Q:
Q=|JD;, DinD;=0ifi#j.

J

The family of all at most countable unions of elements of D (includ-
ing 0) is a o -algebra.

(e) The family of all E C Q such that either E is at most countable or
¢FE is at most countable.
4. New o -algebras from old. Prove the following statements.
(a) Give an example showing that the union of two o -algebras with the
same unit element is not necessarily a o -algebra.

(b) If (A1,2) and (A2,Q) are o -algebras then A; N Ay is also a o-
algebra with the same unit element €.

(c) Similarly, if (A4, Q) is a o -algebra for any a € A | then m A, s

acA
also a o -algebra with the same unit element 2.

(d) If (A,Q) is a o-algebra, and E C Q, then
ANE={ANE: AecA}
is a o -algebra with the unit ENQ =FE.
(e) If (A,Q) is a o-algebra, and = is any fixed set, then
AxE={AxZ: AecA}

is a o -algebra with the unit @ x =. One should think of = as a
group of dummy variables.

5. Property (b) is the basis for the following important construction.

Theorem 1 Let C be any collection of subsets of ). Then there exists
one and only one o -algebra (A,Q) such that:

(i) CC A.
(it) For any o -algebra (A,Q) containing C we have AD A.
1t is called the o -algebra generated by C and is denoted by o(C) .



For the proof just define

def
0= (] A
all o—algebras

(2,4,): CCAn
Hence, the more careful notation should be oq(C).

6. The definition of the o -algebra generated by a collection of sets is a
"somewhat inaccessible concept". Can we write a formula for its elements
in terms of the elements of the initial collection?

(a) For the collection consisting of a single E C Q find og(E), oq(E),

and oc({E, E°}).
(b) For a disjoint countable partition D of Q,

Q=|JD;, DinD;=0ifi#j
J

find (D).
(¢) Prove that o(c(C)) = o(C) for any collection C of subsets.
(d) Prove that

olC) = o({F: F=E°, E€C(C})

o|({F: F=|]E; E;ecC
J

In general, it is not possible to give a simple formula or a simple con-
structive description of ¢(C) . For example, if we take all countable inter-
sections and unions of open and closed interval in R! we obtain only a
proper subset of By . An equivalent descriptive definition of ¢(C) can be
given using transfinite induction.

7. If (A1,Q1) and (Az, Q) are o -algebras, define
A x Ay ={E=FE x By: Ej € Aj},
and prove that A; x As is not necessarily a o -algebra. Set
A1 @ Az =0 (A X Ag).

The o -algebra A; ® As; with the unit element €27 x 5 is called tensor
product of A; and As.

8. Define the important Borel o -algebra by writing

B, =B(R") = {0 — algebra generated by open sets}
= {0 — algebra generated by closed sets}
= {o — algebra generated by open cubes}.



For a general metric (or even topological) space X its Borel o -algebra is

B(X) def {o — algebra generated by open subsets of X}.

. The product structure of R"™ leads to a product structure of B, .

Theorem 2

B(R?) = B(R') @ B(RY). (1.1)

Proof. 1. We prover the inclusion Bs C B; ® B;. Notice that by the
definition of the tensor product, the inclusion

(a,b) x (¢,d) € By ® By

holds for any simple open rectangle. But Bs is the minimal o -algebra
containing such simple rectangles.

To prove the inclusion By D By ® By we need to show that X xY € By
forall X,Y € B;.

2. For our X,Y € B; we notice that
XxY=XxRy)NR,; xY).
Hence, to establish the desired statement (1.1) it is sufficient to show that
X xRy, R, XY € Bs.

Let us prove the inclusion for the first set. Denote by Z the collection of
all intervals in R, . Then

X xRy, eB xR, =0(T) xR,.
At the same time, directly from the definitions,
o(Z xRy) C Ba.

Indeed, the o -algebra in the left hand side is generated by the open
rectangles of the form (a,b) x (=00, +00) . Hence we just need to establsh
that

o(Z) xRy C o(Z x Ry). (1.2)

3.  Inclusion (1.2) is established using the so-called principle of good
sets. This is the name for a certain type of arguments frequently used in
measure theory. Define the collection of good sets to be

def
EZ{ECR: E€o(Z)and ExR, €0(ZTxR,)}.

It is easy to check that £ is a o -algebra with the unit element R, .
Indeed, by the definition

ExRy=0()xRy,No(ZT xRy),



10.

11.

and the intersection of ¢ -algebras is a o -algebra.

To prove (1.2) we just need to show that & = (Z) . To verify this equality
observe from the definitions that

ITcé&cCo().
Therefore
o(&) =0(2)
Since & is a o -algebra
o(&)=¢&

Thus (1.2) is proved. O
Prove that in fact we have o(Z) x Ry = ¢(Z x R,) in (1.2).

Maps and o -algebras. Let f: D — Q,and let (A,Q) be a o -algebra.
The full preimage
JHAEA{NE): Be Al

under f isa o -algebra. (What is its unit element? Prove the statement.)
Let (Ag, D) be a o-algebra. The direct image

f(A) ={f(E):  E e Ao}

is not always a o -algebra. (Give an example.)
Define the push forward fx(A),

fa(Ao) ={SCQ: f7H(S) € Ao}
Is it a o -algebra? (Prove the statement, or give a counterexample.)
A function f: Q — R! is A-measurable if f~'(B;) C A. That is,
fYE)e A VEcB.

Equivalently, the full preimage of the o -algebra B(R) under f is a
subalgebra of A .

Prove that a function f is measurable if and only if
FH(=o0,t)) € A Vit

The last condition is easier to check in practice. For the proof of the "if"
part one can argue using the principle of good sets. The collection of the
good sets in this case is

E={ECR: EcB and ) €A}
=B ﬂf#(.A)

Then notice that £ is a o-algebra, £ C By, and that (—oo,t) € £ for
any t. The statement now follows from the properties of the generating
operation o .
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Similarly a complex valued function F': 2 — C is A-measurable if
fHE)eA VEEB,.

Equivalently, F~1(By) C A (the full preimage of the o -algebra B(C) =

B> under F' is a subalgebra of A).

Prove that such F is measurable if and only if f = Re(F) and g =

Im(F) are real valued measurable functions.

We will need measurable functions with the values in R U {400}, or
R U {4+o00} U {—00}, or CU {oco}. Hence we need to define Borel o -
algebras on these sets.
One point compactification of R or C is defined to be the set

R =RU/{co}

(or C = CU{oc}) equipped with the following modified topology. A set O C R is
open if either O C R is open, or O = R\ K for some compactum K C R. Show
that

(a) R is homeomorphic to the circle 8 with the topology induced by its inclusion
in R?;
(b) R is indeed compact. That is, any open cover of R has a finite subcover.

The definition for C is similar. The corresponding topology makes C homeomorphic
to the sphere S? with the topology induced by its inclusion in R? (Riemann sphere).

The two points compactification of R is defined to be the set
R =RU{+o0}U{~00}

(disjoint union) equipped with the following modified topology. A set O C R is open
if either O C R is open, or

0= ((R \ K) N [inf K, +oo)) U {+00}
for some compactum K C R, or
0= ((R \ K) N (=00, sup K]) U {—oo}
for some compactum K C R . Show that in this case
(a) R is homeomorphic to [—m/2,7/2] with the topology from R ;

(b) R is indeed compact.

The extended Borel o -algebra B = B(R) is the o -algebra generated by
all open sets of the corresponding R . The definition of B(C) is similar.

Let R =RU{—0c0}U{+oco}. Prove in this case that B; coincides with
the o -algebra generated by all intervals (t,400], t € R. In other words,
By is generated by the family

{reR: z>t}, teR.
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We say that -
fiQ9—R
is measurable if B
f_l(Bl) c A.
That is, we replaced in the earlier definition B; by B; .

Prove that f is measurable if and only if

{xeQ: f(x) <t} =f -o0,t)) €A VteR.

There will be no differences in the arguments for R -valued and R -valued
functions. In what follows we start using the abbreviated notations:

(f<t} ¥ {zeq: flx) <t}
Theorem 3 Let f, g f1, ... be A-measurbale functions for some fized
o -algebra A . Then:
(i) If ¢: R* — R is By -measurable then ¢po f is A -measurbale.
(ii) If ®: R? — R is continuous then ®(f,g) is A-measurbale.
(iii) All A -measurable functions form a linear vector space over R .

(iv) Functions
sup fn, inf f,, limsup f,, liminf f,
n n n n

are A -measurbale.

Let (A,Q) be a o-algebra. In the integration theory an important role
will be played by simple functions. A function f is called simple if it is a
finite linear combination of characteristic functions of measurable sets:

N
f@) = cixm (@), weQ,
j=1

with some Ep,...,Exy € A, ¢1, v € R. Show that simple functions are
measurable.

The important fact is that all measurable functions are built from the sim-
ple functions through the pointwise limits. More precisely, any positive
A -measurable function is a monotone pointwise limit of the simple func-
tions. This is is the content of the following basic approximation theorem.

Theorem 4 (i) Let f: Q — R, f >0 be an A-measurable function.
Then there exists a sequence of simple functions {@n} such that

on(x) = f(x), n— o0, for all x €.



(ii) Let f: Q — R be an arbitrary A -measurable function. Then there
exists a sequence of simple functions {@n} such that

lenl <IfI i 4
on(x) = f(z), n —> o0, for all x€Q.

Proof. 1. In the proof we will use the dyadic system of intervals

W [k=1 k
Ak —_ {2]\[’2]\[)’ k’NGZ.

For each fixed N the dyadic intervals {A,(CN)}kez form the disjoint par-
tition of R into intervals of length 2=~ . Dyadic intervals of different
length have the following property: for M > N and for any k& and j

either AN NAM =0 or AP 5 AP,
Hence

either two dyadic intervals are disjoint, or one sits inside the
other.

The dyadic system is an important tool in real analysis.

2. For the proof of (i) we define

k-1 k B
E,E.N)—{QNSf<2N}—f 1(A,§N)), kN =1,2,...,

The sets E,(CN) are measurable because f is A-measurable. Now for
N =1,2,... define

N2N

k—1
on(@) =Y v Xp™ (@) | + Nxgr>ny(2).
k=1

3. First, we show that
PN < ON+1-
Fix any zo € Q. We must have @y(x9) = k/2V for some k =
0,...,N2N . This implies that k/2V < f(x¢) . By the dyadic construction
two and only two cases are possible:
. k J J+1
either 27N = W < f(l'o) < W,
Jj+1
or W S f(.’L'O)
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By the definitions this leads to the following alternative for ¢y :
either on+1(xo) = on(x0),
or  pnti(wo) > (+1)/2Y T > on(o).
In both cases pn(x0) < @n41(20) -
Next, we show that
on(20) = f(z0), N — oc.

First assume f(xg) = +oo. Then by the construction ¢y (z9) = N for
all N, and the statement follows. Next assume that f(xo) € R. By the
properties of the dyadic system there exists a unique sequence of intervals
{Ag)}, N=1, 2, ..., such that
1 2
AV SAP 5.3 (@)
Then for the sequence of the left end-points of A,(c]x) we have

kny —1
on— = N (o)

Also the length of A,&Jx) is 27V — 0, as N — oo . Consequently
on(z0) — f(z0) as N — oo.
4. For the proof of (ii) split f = f* — f=, f* >0, and apply part (i)
to fT and f~ separately. O
More generally, for two o -algebras (A4;,€;), i=1,2, a map
F: Q1 — Qy

is called A; - A2 measurable if F71(Ay) C A;. That is, F~1(Ap) is a
subalgebra of Aj .

According to this definition, the A-measurability of a function, say,
f:Q — R means that the map f: Q — R is A-B; measurable. The
o -algebras B, are canonical ¢ -algebras associated with R", and we
usually omit B's from the notations for the maps into R™.

Positive measures. A positive measure (or, simply, a measure) on a
o -algebra is a map u: A — [0, +o0] satisfying two conditions:

u(®) =0,

and

8

J

|l UJA4 | =D n4y)
1 =1
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for any disjoint countable family {A,}, A; € A.

A measure p is called finite if p(2) < co. A measure p is called o -finite
if
Q=|JD; with D;e A wuD;) <o Vi
j=1

The triple (9,4, u) is called the measure space.

Examples of measures. The Dirac mass §, at a point p € {1 is a finite
measure on 2 (and consequently on any other o -algebra) defined by

(1 if peE
6P(E)_{O if p¢E.

The counting measure # is a measure on 2 (and consequently on any
other o -algebra) defined by

#(E) = number of elements of £ if E is finite
] +oo if F is infinite.

The nontrivial example is the Lebesgue measure in R™ which will be
studied later.

Proposition 5 The following statements hold for elements of A :

(a) () =0;
(b) W(AUB)+ u(AN B) = ju(A) + u(B) ;
(¢) w(A) <u(B) for ACB;

(d) for any sequence Ay, As, ...

=
8
-
IA
INgL:
=
o

J=1 j=1
(e) if Ay C Ay C -, then
Jim p(4;) = p(lim 4;) | =p QAJ» ;
=
(f) if Ay DAy D+ and p(A;) < +oo, then
i n(A;) = u(jlig;o Aj) | =un F]IAJ-
=

10
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Part (b) implies that u(A U B) = u(A) + u(B) — u(A N B), provided
1(A), m(B) < o0

A measure p is called complete if
{e CE, EcA ukE)= O} = e € A (and hence p(e) = 0).

Every measure can be extended to a complete by adding all subsets of all
sets of measure 0. Formally:

Theorem 6 For (2, A, ) define a larger collection of subsets
A={EUS: Ec A, and SCF, Fc A, u(F)=0}.

Then:
(i) A is a o -algebra;

(ii) if on A we set
HEUS) = uE),

then T is a correctly defined complete measure on A which is an extension
Of o ﬁ|A =K.

This is from Rudin, 1.36. The difference between @ and p is in the
underlying o -algebras. According to the definition fi and p have the
same range. By tradition 7 is denoted by the same letter .

The o -algebra A from the theorem is called the completion of A with re-
spect to . Thus the notationis: (2,4, ) is the completion of (2, A, 1) .

Measures and maps. Let (A1,Q1), (Az,Q2) be o -algebras, let p be a
measure on A; , and let

[ — Q

be an A; - A2 measurable map. That is, f~!(Az) is a subalgebra of A; .
Hence we can define the function f.u on A by writing

(o) (B) L u (f7UE)), E €A

Prove that f.p is a measure on As. It is called the push forward of pu
under f.

The following question arises frequently in different areas of mathematics
(functional analysis, probability theory, random processes, ...). Given a
o -algebra (Q,.A) is it possible to built a measure with some given prop-
erties? There is no general answer to such general question. Individual
construction is needed for each individual case, and it depends on the
properties we need and on the structure of (€,.4). In the next sections
we will be dealing with one particular case. It is of fundamental impor-
tance in analysis, and historically was at the origin of the modern real
analysis.

11



27.

28.

Lebesgue measure on R™. Does there exist a measure on (R",5,,)
which coincides with the usual volume for nice sets? The answer is "yes".
Such measure is called Lebesgue measure. It is given by a nontrivial
construction in several steps outlined below.

Lebesgue outer measure (first step in construction of the Lebesgue mea-
sure). For a closed rectangle

R = [al,bl] X X [an,bn]
define the number
vol(R) = |by — ay| -+ |bp — anl.

It is not difficult to prove that if the rectangles Ry, ..., Ry are disjoint,
and if the rectangle R satisfies R = (C,D)R; U---U Ry then

vol(R) = (<, >)vol(Ry) + -+ - + vol(Ry).
For any E C R" define p*(E) € [0,+00], the exterrior (outer) measure
of E, by writing
pr(E) = inf | Y wvol(R)) |,
J

where the infimum is taken over all coverings of E by finite and countable
number of R;.

For example, from the definition it directly follows that p*({zo}) = 0.
The outer measure is not a measure. We list more properties of p* .

Proposition 7 The outer measure p*: 28" — [0, +00] enjoys the fol-
lowing properties:

(1) p(0)=0;
(1) p*(E1) < p*(E2) if B1C Es;
(iii) semiadditivity holds, that is

w | UE | <o (E));
j J

(iv) p*(R) =wvol(R) for any rectangle R .

Property (iv) is important.

A set E C R" is called (Lebesgue) measurable if for all A and B such
that
ACE, BCR"\FE (1.3)

12
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we have
W (AU B) = i (4) + " (B). (1.4)
We say that A and B are separated by FE if (1.3) holds.

The equivalent definition: F C R™ is measurable if
pr(X)=p"(XNE)+u (XNE® VX CR"
We call X in this condition a test set.

The main theorem states that the measurable sets form a o -algebra de-
noted by L, (the Lebesgue o -algebra of R™ ), that p* is a complete
measure on it, and that B, C £, .

Theorem 8 The following asserions hold:
(i) w*(N)=0= N is measurable;
(ii) all measurable sets form a o -algebra denoted by L(R™), or L, , with

the unit element R™ ;

(iit) on this o -algebra p* is a complete measure. Hence if {E;} is a
sequence of disjoint measurable sets, then

pw UEj = ZM*(EJ');

(i) every rectangle R is measurable;

(v) every Borel set is measurable.

The o-algebra L, is called Lebesgue o -algebra. For E € L, we call
u*(E) the Lebesgue measure of E, and denote it by A"(E) or by |E].
Clearly A" is a o -finite measure on L, Part (i) means that |-| is a
complete measure on L, . Part (iv) with Proposition 5 give

X (lars b - [an, bl ) = b1 = aa -+ [bn = anl.

Part (v) means that B,, C L, . Consequently there does exist a nontrivial
measure on 3, generealising the usual area or volume.

How bigis £,\B, ? We will see later that £,, differs from B,, essentially
by the sets of the Lebesgue measure zero, and that A" is the completion
of )\n|3n .

Proof of (i)-(ili) in Theorem 8 is actually axiomatic and does not
use any property of R™. The arguments there constitute the so-
called Caratheodory construction of the measure from an outer measure.
Caratheodory construction in its abstract form is a basic tool in mea-
sure theory and its applications. We present it below. Parts (iv), (v) in
Theorem 8 are specific to R™.

13



31. Caratheodory construction. Suppose () is a fixed set. Suppose a
function
v: 2% — [0, +-00]

is given, which satisfies the following axioms:

(a) v(0)=0;
(b) ¥(E) <~(F) if EC F CQ (monotonicity);

(c) ~ UE]‘ SZ’y(Ej) (semiadditivity).

j=1 =1

Such ~ is called an outer measure on 2. As we showed above the
Lebesgue outer measure p* fits these axioms. We say that E C Q is
measurable (with respect to ) if

YX)=vXNE)+4(XNE%) VX CQ. (1.5)

For example, if v = p* then this is the definition of the Lebesgue mea-
surable set.

Theorem 9 The following asserions hold:
(i) ¥(N) =0= N is measurable;

(ii) all measurable sets form a o -algebra denoted by T with the unit
element  ;

(#ii) the restriction ~|r to this o -algebra is a complete measure.

Proof of (i). This is easy. Fix any test set X C 2. By the monotonicity
0<y(XNN)<y(N)=0.

At the same time

¥(X N N°) 7(X)
’y(XﬂN)—FV(XﬂNC)

~v(X N N°).

IN A

Hence
Y(X)=9(XNN)=9(XNN)+~vXNN).

Part (i) is proved. O

Proof of (i) and (iii) 1. Denote by I' the family of all measurable subsets
of Q. Directly from (1.5) it follows that $,Q € ", and

Fell = E°eT.

14



Thus to show that T" is a ¢ -algebra we only need to prove that the union
of a countable family of measurable sets is also measurable. We do this
below.

2. If E; o are measurable then E; U Ey is also measurable. In fact, fix
any test set X C Q. By the monotonicity it suffices to establish
Y(X) = (X N (B U E,)) +9(X N (B U ER)).
For the second term we have
XN(EyUE)=XNE{NES.

To represent the first term X N (E; U Es) we split Fy U Es into disjoint
pieces:
E\UE, = E, U(Ey\ By) = By U(ESN E»)

From the monotonicity we deduce that
+y(X N EfNES)
< A XNE)+vXNEfNE)
+y((X N EY) N ES)
= (X NE)+y(XNET),
where we used E5 € I' in the last step. Now using F; € I' we conclude

that
Y(X NEy) +~(X NE]) =~(X),

and consequently
V(X N (ErU Ez)) + (X N (B U Ep)°) < y(X).

Therefore F; U E5 is measurable.

By induction

DX

E; are measurable if all F; are,

N
U Ei.
j=1

with any N < +oco. Now we know that a finite number of operations
applied to a finite number of measurable sets leads to a measurable set.

1

J

3. To prove (ii) we need to show that for Ay, As,... €' we have
U Aj erl.
J

Without loss of generality we may assume that

ANA; =0, i#j.

15



In fact, set
E, = A
Ey = A\ A
E3 = Ag \ (A2 U Al)

E, = Ap\(An_1U---UAp)

Then FE, €T since it is obtained from A;, ..., A, by a finite number
of operations. Moreover E; is a disjoint sequence with

UE =UJA4;
J J
Next, for our disjoint family {A;} we define

A=]J4;, af:OAT
j =1

To show that A € I' fix any test set X C Q. Since B,, € I' we derive
that
1(X) = (X NB)+(XNBy)
> (X NBy)+y(XNAY),

where on the last step we used the monotonicity for BS D A°. Observe
that since our disjoint A; are measurable then

'7(X N Bn) = ’Y((X N Bn) N An) + 7((X N Bn) N Afz)
— (XN A +7(X A Bpi)
’Y(X N An) + 7(X N An—l) + ’Y(X N Bn—2)

n

= ) (X n4).

=1

Consequently
Y(X) =D A(X N Ay + (X N A
=1

Letting n — oo and using the semiadditivity we discover that

YX) = Y (X N4 +v(XNAY

j=1

v

YU 4y | +5(xn a0

(X N A) +~(X N A°)
v(X).

v

16
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Hence A € T', which shows that T' is a o -algebra.

Test the last formula with X = A and notice that ANA; = A;, ANA° =
(. The result is

v U4 | =D 4.
J J
This proves (iii) O

Proof of Theorem 8 (iv) and (v). 1. Part (v) follows directly from (iv)
since B, is generated by all rectangles. The rest of the proof is devoted
to establishing (iv).

2. For any E C R" and any 6 > 0 define
pui(B) € inf { S wol(R;): E | Ry, diam(R;) < 6 Vj
j=1 j=1
In these notations we have p*(F) = p* (E) for the Lebesgue outer mea-
sure. It is easy to show by splitting the rectangles that
w'(E)=p3;(E) VECR" V§>0.

Hence, when calculating the outer measure of a set we can assume that
each of the covering rectangles has the diameter less than 6, § > 0.
3. Now take any bounded rectangle R, 0 < vol(R) < co. Fix any test
set X C R™. To prove that R € L,, we shall show that

wW(XNR)+pu" (XNRY) <u*(X)+e Ve>0. (1.6)

Take any € > 0. For this ¢ find 6 > 0, and a rectangle Rs C R, such
that
dist(Rs, R°) > 105 but u*(R\ Rs) < e.

We can easily do this since R\ R is just a finite union of rectangles with
one dimension of the order ¢, and the other n—1 dimensions of the order
diam(R) . We start estimating the right hand side in (1.6):

p(XNR)+p (XNRY) < p*(XNRs)+p (XN (R\Rs))
+p* (X N R
(X NRs)+p (X NR) +e. (1.7)

IN

The advantage of (1.7) is that the sets in the last line are separated by
the distance 105 > 0.

4. In order to continue estimating (1.6) we take an almost optimal cover
of our X by R; with small diameters. Namely, by the definitions there
exist a sequence {R;} such that

Xc Ry, D owol(Ry) <p*(X)+e, diam(R;) <4 Vj.
j=1 j=1
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33.
34.

35.

We partition {R;} into 3 groups:
I allR;: R;NXNRs;#0, denoted by R\
II. alR;: R;NXNR°#0, denoted by R\'"
III. all other R; denoted by R

The groups are disjoint. In fact, this is trivial for group III. Groups I and
IT are also disjoint. Indeed, seeking a contradiction suppose that some R;
is in group I and in group II. Then we can find points z,y € R; such
that x € R; and y € R°. But then

|r —y| < diam(R;) < and |z —y|> dist(Rs, R) > 104,

which is a clear contradiction.

Next, observe that group I covers X N Ry, and group II covers X N R°,

URY > (xnRs), JRY > (xR
J J

Consequently
H(XNRs) <Y wol (R§”) ,
J

WX NR) <3 vl (Rg.”)) .

J

Hence, we can continue (1.7) to derive that

PR ) < S () ¢ Yo (1)
J J

o0
< Z vol(Rj) (the sum over all 3 groups)
Jj=1

+€
< pH(X)+ 2e.
Therefore we established (1.6), and Theorem 8 is now proved. [
Prove that A"({z}) =0, A2([0,1] x {1}) =0, X2({(z,y): z=1y}).

Let f:[0,1] — R be a continuous function. Let T'(f) be its graph viewed
as a subset of R?. Prove that A\*(I'(f)) =0.

Accepting the Axiom of Choice, it is possible to construct F C R which
is not Lebesgue measurable. Namely, define the equivalence reation x

18



36. Lebesgue and Borel sets. Borel algebra B,, contains all open and all
closed sets. We introduce slightly more general classes of sets F,,Gs C
B,. Here a set E has the type F, if it is a countable union of closed
sets,

E= U Cj, Cj is closed.
j=1

A set E has the type Gy if it is a countable intersection of open sets,
o0
E= m Oj, Oy is open.
j=1

It follows directly that closed sets are F, sets and open sets are G5 sets.
It requires a little extra effort to show that any open set is an F, set, and
any closed set is a G5 set.

Theorem 10 The following is true:
(i) for every measurable set E

El= _inf O]
ODE,O—open

(ii) set E is measurable if and only if

E=H\Z for some H< Gs and Z such that |Z| = 0;

(iii) set E is measurable if and only if

E=HUZ for some H € F, and Z such that |Z| = 0;

(iv) for every measurable set E

|[E|=  sup [C].
CCE,C—closed

Therefore the o -algebra of Lebesgue measurable sets is bigger than B,
only by the sets of Lebesgue measure 0. We introduce the family of

null-sets,

N, €UN cR™: A"(N) =0}.

From (ii) we derive that for any N € N,, there exists H € B,, such that
N C H and |H|=0. At the same time we deduce from (iii) that

Ly, =B,UN,. (1.8)

Hence
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37.

38.

39.

40.

41.

the Lebesgue o -algebra is the completion of the Borel o -algebra
with respect to the Lebesgue measure,

(Lo A") = (Bay A3, ) -

As we saw above the null sets play an important role in the theory. Every
countable set is a null set. Example of the Cantor set C C R, C € N7,
shows that the converse is not true.

Tensor products of Lebesgue o -algebras. Theorem 10 can be used to clarify the
relation between £, and £1 ®---® L1 . We have proved earlier that Bo = B; ® By .
For the Lebesgue o -algebra the answer is

L1®L1 G L. (1.9)
Consequently (1.8) and the inclusions
By =B1®B1 CL1®L CL:
imply that L is the completion of £1 ® £1 with respect to A2,
(L2,2%) = (L1 ® L1, X2, 02,) -

The key role in the proof of (1.9) will be played by the following property of the null-sets:

if £ € N then u*(ExR!) =0, and hence ExF € Ly with A+ (Ex
F)=0 forany F CR!.

(Prove this.) Then we deduce from (1.8) that

Li®L = o((BluNl)x(BluNl))
(B1 x B1) UN2)

(B1 ® B1) UN2)

Ba UN2)

L2)

= La.

CcC o
CcC o
o

= g

P .y

To see that £1 ® £1 # L2 we take the Lebesgue non-measurable set A C R!, and
write Fo = A x {yo}. Since M ({yo}) = 0, then Ey C R? is A\? -measurable, and
A2(Ep) = 0. We claim that

FEo ¢ L1 ® L. (1.10)

We will need the following abstract statement. It is also interesting in its own right.

Proposition 11 Let C be any collection of subsets of a fixed set Q. Let F be any
set. Then
0q(C)NF =o0qnr(CNF).

That is, for a given collection of sets we can proceed in two ways. The first way is to
take the o -algebra generated by it, and then intersect this o -algebra with a fixed set
F . (That is to intersect its every element with F.) The second way is to intersect
the collection with F', and then take the o -algebra generated by this new collection
of subsets of QN F. We claim that the resulting o -algebra is the same for both
procedures.
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42.

It is useful to recall that in the proof of Theorem 2 we have encountered a similar
statement. There we essentially proved that for a collection C C 2 and a set = one
has

UQ(C) X E = O'ng(c X E)

Proof. 1. Inclusion oo(C) N F D oonr(CNF) is easy to see. Indeed, oq(C) N F
is a o -algebra with the unit element 2 N F containing the collection C N F . But
oanr(CNF) is the minimal such o -algebra.

2. We prove the inclusion 0q(C) N F C oonr(C N F) . For that we will argue using
the principle of good sets. Define the collection of good sets

¥ (ECQ: Ecog(C) and ENF € oonr(CNF)}.

We claim that (£,Q) is a o -algebra and hence
E=0q(E). (1.11)

Accepting the claim for a moment we at once conclude the proof of the proposition.
Indeed, the definition of £ implies that

CC & CoqlC),
and that
ENF Cognr(CNF).
Apply the oq operation to the first chain of inclusions we obtain by (1.11)
& =0q(€) = 0q(C).
Substitute this into the second inclusion to discover
0o(C)NF Coanr(CNF),
which concludes the proof.

It is left to establish (1.11). Clearly 0,Q € £. Suppose E € £ . To verify that E€ € £
we observe at once that E€ € 0(C). Moreover, ENF € ognp(CNF) implies

E°NF=(Q\E)NF
=(QNF)\(ENF)
€ oonr(CNF).
Hence E€€ €.
Finally, take a sequence of sets {E;}, E; € £. At once from the definition of &

UE]' € 0q(C).
J

Moreover, by the same definition E; N F € oconrp(CNF) for any j. But then

UE; | nF=JE;nF) €oanrCNF).
J J
This proves (1.11). O
Now we prove the actual validity of (1.10). Define
Lo = {(z,y) eR*: y=yo}
= Rx{y}
so Eo C Lo . From Proposition 11 we deduce at once that
(L1®@Li1)NLy = o(L1xL1)NLo
o ((L1 x L1)N Lg)
a(£L1 % {yo})
= L1 x{yo},

where the last step follows from the fact that £1 X {yo} is a o -algebra with the unit
element Lo . Therefore (1.10) holds since A ¢ Ly .
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