
Notes on the center of Uqsl(2,C)

1 Introduction

This note is about the structure of the center of the small quantum group
Uqsl(2) over C. In particular, we give a proof of Kerler’s conjecture in [Ker1].

In 1994, Lyubashenko and Majid [LM] found an action of SL(2,Z) on a
factorizable ribbon Hopf algebra H. That is there are S, T : H → H and
some λ ∈ C such that

(ST )3 = λS2, S2 = S−1.

Here S is the antipode of H. S and T are given by, for all x ∈ H,

S(x) = (id⊗ µ)(R−1(1⊗ x)R−121 ), T x = θx

where µ is a right integral, R is the universal R-matrix and θ is the ribbon
element of H. When restricted to the center Z, we have S4 = S−2 = id|Z
for S2 is a conjugation induced by the balancing element. So we obtain a
projective representation of SL(2,Z) on the center Z.

In [Ker1], Kerler studied this representation in the case of the small quan-
tum group Uqsl(2) with q a p-th root of unity. He stated a conjecture linking
this projective representation of SL(2,Z) with that obtained from RT TQFT
and checked explicitly the case of p = 3, 5. In 1995, this conjecture was stated
as a theorem in [Ker2] based on some observation but no details of proof.

Theorem 1 (Kerler). Let p = 2h + 1 be an odd number and q be a p-
th primitive root of unity. The SL(2,Z) representation on the center Z of
Uqsl(2) decomposes as

Z = Ph+1 ⊕ C2 ⊗ Vh
Ph+1 is an (h+ 1) dimensional representation and C2 is the standard repre-
sentation of SL(2,Z). Ph is an h dimensional representation when restricted
on which the matrices S and T are the same as those obtained by RT TQFT.
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In [FGST], a similar theorem was proven for the restricted quantum
groups which can be viewed as a cousin of the small Uq(sl2) when choos-
ing q an even root of unity. In the following, we will apply the idea of
[FGST] and check in details that similar calculation works for the case of q
being an odd root of unity. Moreover, The Verlinde Formula for projective
indecomposable modules will be given in the last section.

2 Small quantum group Uqsl(2) at root of unity

Throughout this paper, p = 2h + 1 is an odd natural number and q is a
primitive pth root of unity. The small quantum group Uqsl(2) is a Hopf
algebra generated by E, F , and K with the relations

Ep = F p = 0, Kp = 1

and the Hopf algebra structure given by

KE = q2EK, KF = q−2FK, [E,F ] =
K −K−1

q − q−1
,

∆(E) = 1⊗ E + E ⊗K, ∆(F ) = K−1 ⊗ F + F ⊗ 1, ∆(K) = K ⊗K,

ε(E) = ε(F ) = 0, ε(K) = 1,

S(E) = −EK−1, S(F ) = −KF, S(K) = K−1.

The PBW-basis of Uqsl(2) are given by {FmEnK l} for 0 ≤ m,n, l ≤ p − 1.
So its dimension is p3. By induction,

∆(FmEnKk) =
m∑
r=0

n∑
s=0

q2(n−s)(r−m)+r(m−r)+s(n−s)
[
m

r

][
n

s

]
F rEn−sKr−m+l⊗Em−rEsKn−s+l.

The integral and cointegral are given by

µ(FmEnK l) =
1

ζ
δm,p−1δn,p−1δl,1,

and

c = ζF p−1Ep−1
p−1∑
j=0

Kj,
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where ζ =
√
p

([p−1]!)2 is a normalization for future convenience.

Uqsl(2) is a ribbon Hopf algebra with an universal R-matrix

R =
1

p

∑
0≤m,i,j≤p−1

(q − q−1)m

[m]!
q

m(m−1)
2

+2m(i−j)−2ijEmKi ⊗ FmKj,

and a ribbon element

θ =
1

p
(

p−1∑
r=0

qhr
2

)(
∑

0≤m,j≤p−1

(q − q−1)m

[m]!
(−1)mq−

1
2
m+mj+ 1

2
(j+1)2FmEmKj)

The M -matrix M = R21R12 is

M =
1

p

∑
0≤m,n,i,j≤p−1

(q − q−1)m+n

[m]![n]!
q

m(m−1)
2

+
n(n−1)

2
−m2−mj+mi+2nj−2ni−ijFmEnKj⊗EmF nKi.

When M is represented as M =
∑

I mI ⊗ nI , {mI} and {nI} are two bases
in Uqsl(2). So Uqsl(2) is a factorizable Hopf algebra.

3 The center of Uq(sl2)

Let Z denote the center of Uqsl(2). In [Ker1], Kerler constructed a canonical
base for Z by study the Casimir element of Uqsl(2), which is

C = EF +
q−1K + qK−1

(q − q−1)2
= FE +

qK + q−1K−1

(q − q−1)2
,

and satisfies the minimal polynomial Ψ(C) = 0 where

Ψ(x) =

p∏
j=1

(x− bj), bj =
qj + q−j

(q − q−1)2

Using the polynomials φj(x) =
∏

bs 6=bj(x− bs) j = 0, . . . , h, any polynomial

R(C) in C can be expressed in the forms of

R(C) =
h∑
j=0

R(bj)Pj +
h∑
j=1

R′(bj)Nj.
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where

Pj =
1

φj(bj)
φj(C)−

φ′j(bj)

φj(bj)2
(C − bj)φj(C), j = 0, . . . , h

Nj =
1

φj(bj)
(C − bj)φj(C), j = 1, . . . , h

This can be understood as some kind of Lagrange Interpolation.
In order to describe Z, we need to introduce the projections

π+
s =

1

p

s−1∑
n=0

p−1∑
j=0

q(2n−s+1)jKj, π−s =
1

p

p−1∑
n=s

p−1∑
j=0

q(2n−s+1)jKj, s = 1, . . . , h

Let N+
j = π+

j Nj and N−j = π−j Nj for j = 1, . . . , h.

Proposition 1. [Ker1] The center Z of Uqsl(2) is a 3h + 1 dimensional
commutative algebra with basis {Pi, N+

j , N
−
j | i = 0, . . . , h; j = 1, . . . , h} such

that
PiPj = δijPj, PiN

±
j = δijN

±
j , N±i N

±
j = N±i N

∓
j = 0

Proposition 2. [Ker1] The ribbon element is decomposed in terms of the
canonical central elements as

θ =
h∑
s=0

q−
1
2
(s2−1)Ps + (q − q−1)

h∑
s=1

q−
1
2
(s2−1)(

p− s
[p− s]

N+
s −

s

[s]
N−s )

4 Representation theory of Uqsl(2)

One important idea of [FGST] is to explore the representation theoretical
meaning of Pi, N

+
j , N

−
j . Now we first review the representation theory of

structure Uqsl(2). First, there are p irreducible Uqsl(2)-modules Vs’s for

s = 1, . . . , p. Vs is linearly spanned by v
(s)
n , 0 ≤ n ≤ s − 1 with v

(s)
0 the

highest weight vector. The Uqsl(2)-action is given by

Kv(s)n = qs−1−2nv(s)n

Ev(s)n = [n][s− n]v
(s)
n−1

Fv(s)n = v
(s)
n+1
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where we set v
(s)
0 = v

(s)
s = 0. In particular, V1 is the trivial module.

Besides the irreducible modules, the projective modules play an important
role in the representation theory of Uqsl(2). There are p indecomposable
projective Uqsl(2)-modules Ps’s for s = 1, . . . , p. Ps, 1 ≤ s ≤ p is spanned

by {x(s)k , y
(s)
k }0≤k≤p−s−1 ∪ {a

(s)
n , b

(s)
n }0≤n≤s−1. The action of Uqsl(2) on Ps is

given by

Kx
(s)
k = qp−s−1−2kx

(s)
k , Ky

(s)
k = qp−s−1−2ky

(s)
k , 0 ≤ k ≤ p− s− 1,

Ka(s)n = qs−1−2na(s)n , Kb(s)n = qs−1−2nb(s)n , 0 ≤ n ≤ s− 1,

Ex
(s)
k = [k][p− s− k]x

(s)
k−1, 0 ≤ k ≤ p− s− 1, (with x

(s)
−1 = 0)

Ey
(s)
k = [k][p− s− k]y

(s)
k−1, 0 ≤ k ≤ p− s− 1, Ey

(s)
0 = a

(s)
s−1,

Ea(s)n = [n][s− n]a
(s)
n−1, 0 ≤ n ≤ s− 1, (with a

(s)
−1 = 0)

Eb(s)n = [n][s− n]b
(s)
n−1 + a

(s)
n−1, 0 ≤ n ≤ s− 1, Eb

(s)
0 = x

(s)
p−s−1,

Fx
(s)
k = x

(s)
k+1, 0 ≤ k ≤ p− s− 2, Fx

(s)
p−s−1 = a

(s)
0

Fy
(s)
k = y

(s)
k+1, 0 ≤ k ≤ p− s− 1, (with y

(s)
p−s = 0)

Fa(s)n = a
(s)
n+1, 0 ≤ n ≤ s− 1, (with a(s)s = 0)

Fb(s)n = b
(s)
n+1, 0 ≤ n ≤ s− 2, F b

(s)
s−1 = y

(s)
0

In particular, Pp coincides with Vp.

Note that {x(s)k , y
(s)
k }0≤k≤p−s−1 ∪ {a

(s)
n }0≤n≤s−1 spans a submodule Ws of

Ps, and {x(s)k }0≤k≤p−s−1 ∪ {a
(s)
n }0≤n≤s−1 spans a submodule Ms of Ws. We

have a composition series:

Ps ⊇ Ws ⊇Ms ⊇ Vs ⊇ 0 (1)

with composition factors Vs, Vp−s, Vp−s, Vs.
The regular representation of Uqsl(2) is decomposed as

Uqsl(2) ∼=
p∑
s=1

dim(Vs)Ps

Moreover, its bimodule decomposition is

Uqsl(2) ∼=
h∑
s=0

Qs
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where Q0 = dim(Vp)Pp, Qs = dim(Vs)Ps ⊕ dim(Vp−s)Pp−s, s = 1, . . . , h
In general, for an algebra, the bimodule endomorphisms of the regular

representation are in 1:1 correspondence with elements in the center. In
deed, suppose f is a bimodule endomorphism of the regular representation,
then f(a) = af(1) by viewing f as a left module endomorphism. Similarly,
when viewed as a right module endomorphism, f(a) = f(1)a. So, f is in 1:1
correspondence with f(1) in Z.

In particular, Pj corresponds the identity on Qj for j = 0, . . . , h; and N±s
act as

N+
s b

(s)
n = a(s)n , N−s b

(p−s)
k = a

(p−s)
k , s = 1, . . . , h (2)

The fusion rules among the irreducible modules are

Vi ⊗ Vj =

min(i+j−1,2p−1−i−j)∑
k=|i−j|+1,step=2

Vk ⊕
p∑

r=2p+1−i−j,step=2

Pr

In particular,

V2 ⊗ V1 = V2

V2 ⊗ Vs = Vs−1 ⊕ Vs+1, s = 2, . . . , p− 1

5 Drinfeld maps

In order to study the center of Uqsl(2) via the representations, we need to in-
troduce the q-characters. For a Hopf algebra A, Ch(A) = {β ∈ A∗ | β(xy) =
β(S2(y)x) ∀x, y ∈ A} is the space of so called q-characters of A.

Theorem 2. [Dr] Given an M-matrix M = R21R12 =
∑

I mI ⊗ nI of a
factorizable finite dimensional Hopf algebra A, the Drinfeld map χ : A∗ → A
defined by

χ(β) = (β ⊗ id)M =
∑
I

β(mI)nI ,

restricted on Ch(A) is an isomorphism of commutative algebras between
Ch(A) and the center Z(A) of A
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For a Uqsl(2)-module V , its q-character is defined to be qChV = TrV (K−1?).
By S2(x) = KxK−1 for x ∈ Uqsl(2), we know that qChV ∈ Ch(Uqsl(2)). For
the irreducible Uqsl(2)-modules V1, . . . , Vp, the images of their q-characters
in the center are

χ(s) := χ(qChVs) = (TrVs ⊗ id)((K−1 ⊗ 1)M), 1 ≤ s ≤ p

We can calculate them explicitly.

Proposition 3.

χ(s) =
s−1∑
n=0

n∑
m=0

(q−q−1)2mq−(m+1)(m+s−1−2n)
[
s− n+m− 1

m

][
n

m

]
EmFmKs−1−2n+m.

In particular, χ(2) := Ĉ = (q − q−1)2C
Proof. Note that by induction

F rEr =
r−1∏
s=0

(C − q2s+1K + q−2s−1K−1

(q − q−1)2
),

for r < p, Then

TrVs(F
mEmK l) = ([m]!)2

s−1∑
n=0

ql(s−1−2n)
[
s− n+m− 1

m

][
n

m

]
.

By observing the fusion rules, we find χ(s) can be calculated by the
Chebyshev polynomials of the second kind

Us(2 cos t) =
sin st

sin t

which satisfy the recursive relation xUs(x) = Us−1(x) + Us+1(x) for s ≥ 2.
Then χ(s) = Us(Ĉ) for s = 1, . . . , p. The following proposition provides a
formula expanding χ(s) in terms of the canonical basis of the center.

Proposition 4. For s = 1, . . . , p− 1,

χ(s) =
h∑
j=0

[js]

[j]
Pj(C)−

h∑
j=1

(s+ 1)[j(s− 1)]− (s− 1)[j(s+ 1)]

[j]3
Nj(C)

χ(p) = pP0(C) + 2p
h∑
j=1

1

[j]2
Nj(C)
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Proof. Recall Ĉ satisfies

p∏
j=1

(Ĉ − b̂j) = 0, b̂j = qj + q−j

Similarly as the case of C, any polynomial R(Ĉ) in Ĉ can be expressed in
terms of P̂j and N̂j by

R(Ĉ) =
h∑
j=0

R(b̂j)P̂j +
h∑
j=1

R̂′(b̂j)N̂j(Ĉ).

Here P̂j(Ĉ) = Pj(C), N̂j(Ĉ) = (q − q−1)2Nj(C). Then

χ(s) = Us(Ĉ) =
h∑
j=0

Us(b̂j)P̂j(Ĉ) +
h∑
j=1

U ′s(b̂j)N̂j(Ĉ)

=
h∑
j=0

Us(b̂j)Pj(C) + (q − q−1)2
h∑
j=1

U ′s(b̂j)Nj(C)

By plug in

Us(b̂j) = Us(2 cos
2πj

p
) = sin

2πjs

p
/ sin

2πj

p
=

[js]

[j]

U ′s(b̂j) = − 1

(q − q−1)2
(s+ 1)[j(s− 1)]− (s− 1)[j(s+ 1)]

[j]3

We obtain the formulas for χ(s). Here the derivative is calculated by differen-
tiating both sides of Us(2 cos t) sin t = sin st with respect to t, then evaluating
at 2 cos t = b̂j.

Define ν(s) = χ(s)+χ(p−s) for s = 1, . . . , p−1 and ν(0) = ν(p) = χ(p).
By the composition (1), we know that these are the images of the q-characters
of indecomposable projective modules under the Drinfeld map.

Corollary 1. Then for s = 0, . . . , p− 1

ν(s) = pP0(C) + p

h∑
j=1

qjs + q−js

[j]2
Nj(C)
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6 Radford maps

For a finite dimensional Hopf algebra A with cointegral c, the Radford map
φ : A∗ → A given by

φ(α) = (α⊗ id)∆(c) =
∑
(c)

α(c′)c′′

is an isomorphism between left A-modules A∗ and A (see [Ra1]). The left
action of A on itself is given by left multiplication and the left action of A
on A∗ is given by a(β) = β(S(a)?). For Uqsl(2), it is shown in [La] that
the image of the set of q-characters Ch(A) under φ coincides with the center
Z(A).

For the irreducible Uqsl(2)-modules V1, . . . , Vp, the images of their q-
characters in the center are

φ(s) := φ(qChVs) =
∑
(c)

TrVs(K
−1c′)c′′, 1 ≤ s ≤ p

Using the Casimir element C, we have

Proposition 5.

φ(s) =
p
√
p

[s]2
N+
s , 1 ≤ s ≤ h

φ(s) =
p
√
p

[s]2
N−p−s, h+ 1 ≤ s ≤ 2h

φ(p) = p
√
pP0

Proof. Plugging the formula of cointegral c, we have

φ(s) = ζ

s−1∑
n=0

∑
0≤i,j≤p

([i]!)2qj(s−1−2n)
[
s− n+ i− 1

i

][
n

i

]
F p−1−iEp−1−iKj

By the same calculation for the lemma 4.5.1 in [FGST], one can see that
φ(s) acts by zero on P (s′) and it is proportional to N±. The proportionality

coefficients are determined by the action of φ(s) on b
(s)
0 by (2).

Let us denote the images of qChVs ’s under Drinfeld and Radford maps by
Dp and Rp respectively. Then Dp is spanned by {χ(1), . . . , χ(p)} and Rp is
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spanned by {φ(1), . . . , φ(p)}. It is shown in [La] thatDp
⋃
Rp = Z. And they

have a subspace Ph+1 in common spanned by χ(p), χ(1)+χ(p−1), . . . , χ(h)+
χ(h+1). This space is also spanned by φ(p), φ(1)+φ(p−1), . . . , φ(h)+φ(h+
1). Ph+1 has a categorical meaning that it is the image of the q-characters
of projective indecomposable modules under both Drinfeld’s and Radford’s
maps. The following proposition shows that Ph+1 is actually spanned by
ν(0), . . . , ν(h).

Proposition 6. Dp
⋂
Rp = Ph+1

Proof.

ν(0) +
h∑

s′=1

(qss
′
+ q−ss

′
)ν(s′)

= ν(0) +
1

2

p−1∑
s′=1

(qss
′
+ q−ss

′
)ν(s′)

= ν(0) +
p

2

p−1∑
s′=1

(qss
′
+ q−ss

′
)P0(C) +

p

2

p−1∑
s′=1

h∑
j=1

(qss
′
+ q−ss

′
)
qjs
′
+ q−js

′

[j]2
Nj(C)

= ν(0)− pP0(C) +
p

2

h∑
j=1

p−1∑
s′=1

q(s+j)s
′
+ q(s−j)s

′
+ q(−s+j)s

′
+ q(−s−j)s

′

[j]2
Nj(C)

= 2p
h∑
j=1

1

[j]2
Nj(C) +

p

2
(

2p

[s]2
Ns(C)− 4

h∑
j=1

1

[j]2
Nj(C))

=
p2

[s]2
Ns(C)

=
1
√
p

(φ(s) + φ(p− s))
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ν(0) + 2
h∑
s=1

ν(s) = ν(0) +

p−1∑
s=1

ν(s)

= pP0(C) + 2p
h∑
j=1

1

[j]2
Nj(C) + (p− 1)pP0(C) + p

p−1∑
s=1

h∑
j=1

qjs + q−js

[j]2
Nj(C)

= p2P0(C)

=
1

p
√
p
φ(p)

7 SL(2,Z)-representations on the center of Uqsl(2)

Let A be any factorizable finite-dimensional ribbon Hopf algebra, µ ∈ A∗

be a left integral on A, suitably normalized. Then there are S, T : A → A
obeying the modular identities

(ST )3 = λS2, S2 = S−1

where λ is some constant and S is the antipode of A. S and T are given for
all x ∈ A by

S(x) = (id⊗ µ)(R−1(1⊗ x)R−121 ), T x = θx

where R is the R-matrix of A and v is the ribbon element. Restricted to the
center of A, S4 = S−2 = idZ(A) since S−2(x) = G−1xG for all x ∈ A. Here
G is the balancing element of A. Thus we actually have a representation of
SL(2,Z) on Z(A).

As [La], when restricted to the center Z(A) of A, we may slightly modify
the definition of this representation: for a ∈ Z(A)

S(a) = (µ(S(a))⊗ 1)R21R = φ(χ−1(a)),

T (a) = λS−1(θ−1(S(a))).

The following theorem was conjectured by Kerler in [Ker1].
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Theorem 3 (Kerler). Let p = 2h + 1 be an odd number and q be a p-
th primitive root of unity. The SL(2,Z) representation on the center Z of
Uqsl(2) decomposes as

Z = Ph+1 ⊕ C2 ⊗ Vh
Ph+1 is an (h+ 1) dimensional representation and C2 is the standard repre-
sentation of SL(2,Z). Vh is an h dimensional representation when restricted
on which the matrices S and T are the same as those obtained by RT TQFT.

Proof. We choose a basis for Z as

ν(s) = χ(s) + χ(p− s), s = 1, . . . , h; ν(0) = χ(p)

ρ(s) =
p− s
p

χ(s)− s

p
χ(p− s), s = 1, . . . , h

ϕ(s) =
1
√
p

h∑
r=1

(qrs − q−rs)(p− s
p

φ(s)− s

p
φ(p− s)), s = 1, . . . , h

First,

S(ν(s)) = φχ−1(χ(s) + χ(p− s)) = φ(s) + φ(p− s)

=
1
√
p

(ν(0) +
h∑

s′=1

(qss
′
+ q−ss

′
)ν(s′))

S(ν(0)) =
1
√
p

(ν(0) + 2
h∑
s=1

ν(s))

So Ph+1 is invariant under the action of S. Further,

S(ρ(s)) = φχ−1(
p− s
p

χ(s)− s

p
χ(p− s)) =

p− s
p

φ(s)− s

p
φ(p− s)

= − 1
√
p

h∑
r=1

(qrs − q−rs)ϕ(s)

Note the facts that S2 = S−1 and the antipode S acts identically on the
center Z. Then S(p−s

p
φ(s)− s

p
φ(p− s)) = ρ(s). And

S(ϕ(s)) =
1
√
p

h∑
r=1

(qrs − q−rs)S(
p− s
p

φ(s)− s

p
φ(p− s))

=
1
√
p

h∑
r=1

(qrs − q−rs)ρ(s)
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{ρ(s), ϕ(s)}s=1,...,h span the C2 ⊗Vh that is invariant under the action of
S, and the matrix of S is(

0h×h − q−q−1
√
p
Ssemi

q−q−1
√
p
Ssemi 0h×h

)
= −q − q

−1
√
p

(
0 −1
1 0

)
⊗ Ssemi

where Ssemi is the semisimple S-matrix ([qrs])h×h.
Next, θ acts on φ(s) as

θφ(s) = q−
1
2
(s2−1)φ(s), s = 1, . . . , h

Then we have

T (χ(s)) = λS−1(θ−1φ(s)) = q
1
2
(s2−1)λχ(s)

and so Ph+1 is invariant under T and actually a (h + 1) dimensional repre-

sentation of SL(2,Z). Moreover, T (ρ(s)) = q
1
2
(s2−1)λρ(s).

Finally, we want to evaluate T (ϕ(s)). Recall that

θ =
h∑
s=0

q−
1
2
(s2−1)Ps + (q − q−1)

h∑
s=1

q−
1
2
(s2−1)(

p− s
[p− s]

N+
s −

s

[s]
N−s )

=
h∑
s=0

q−
1
2
(s2−1)Ps +

q − q−1
√
p

h∑
s=1

q−
1
2
(s2−1)[s](

p− s
p

φ(s)− s

p
φ(p− s))

It is easy to check

θ−1 =
h∑
t=0

q
1
2
(t2−1)Pt −

q − q−1
√
p

h∑
t=1

q
1
2
(t2−1)[t](

p− t
p

φ(t)− t

p
φ(p− t))

Then

T (ϕ(s)) = λS−1(θ−1 1
√
p

h∑
r=1

(qrs − q−rs)(p− r
p

χ(r)− r

p
χ(p− r)))

=

√
p

qs − q−s
λS−1(θ−1(Ps −

qs + q−s

[s]2
Ns))

=

√
pq

1
2
(s2−1)

qs − q−s
λS−1(Ps −

qs + q−s

[s]2
Ns +

q − q−1
√
p

[s](
p− s
p

φ(s)− s

p
φ(p− s)))

= q
1
2
(s2−1)λϕ(s) + q

1
2
(s2−1)λρ(s)
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Here we used that S(ϕ(s)) = 1√
p

∑h
r=1(q

rs−q−rs)ρ(r) =
√
p

qs−q−s (Ps− qs+q−s

[s]2
Ns)).

C2 ⊗ Vh is also invariant under the action of T . The matrix the matrix
of T is (

λTsemi λTsemi
0h×h λTsemi

)
= λ

(
1 1
0 1

)
⊗ Tsemi

Here Tsemi = diag(. . . , q
1
2
(s2−1), . . .)h×h is the semisimple T-matrix.

8 Verlinde Formula

In the semisimple case, the S-matrix diagonalize the fusion matrices. Now
we want to generalize the classical Verlinde formula to the case of projective
modules. The fusion rule among indecomposable projective modules is

ν(s)ν(s′) = ν(0) + 2
h∑
r=1

ν(r), 0 ≤ s, s′ ≤ h

The matrix of S acting on Ph+1 = span(ν0, . . . , νh) is given as

SN = S−1N =
1
√
p



1 1 · · · 1
2 q + q−1 · · · qh + q−h

. . .
...

... qss
′
+ q−ss

′ ...
. . .

2 qh + q−h · · · qh
2

+ q−h
2


(h+1)×(h+1)

The fusion matrix is

N
Uh+1

ν(s) =


1 · · · · · · 1
2 · · · · · · 2
... · · · · · · ...
2 · · · · · · 2


(h+1)×(h+1)

s = 0 . . . , h

Then

SNN
Uh+1

ν(s) S
−1
N =


p 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0


(h+1)×(h+1)
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