
Integration concepts

Intervals (3B) Curves Regions Surfaces Solids

Integrals of real-

∫
I
f(t) dt

∫
c
f ds

∫∫
D
f(x, y) dA

∫
S
f dS

∫∫∫
E
f(x, y, z) dV

valued functions =

∫ b

a
f(c(t))||c′(t)|| dt =

∫∫
D
f(r(u, v))||ru × rv || dA

Integrals of vector-

∫
c
F· ds

∫∫
S
F· dS

valued functions =

∫ b

a
F(c(t)) · c′(t) dt =

∫∫
D

F(r(u, v)) · (ru × rv) dA

Physics Work =

∫
c
F· ds Flux =

∫∫
S
F· dS

Length/area/volume Length of Arclength Area of D Surface area of S Volume of E

interval =

∫
I
f(t)dt =

∫
c
ds =

∫ b

a
||c′(t)|| dt =

∫∫
D
dA =

∫
S
dS =

∫∫
D
||ru × rv ||dA =

∫∫∫
E
dV

Fundamental

∫ b

a
f ′(t) dt

∫
c
∇f · ds

∫∫
D

(
∂Q

∂x
−
∂P

∂y

)
dA

∫∫
S
(∇× F) · dS

∫∫∫
E
(∇ · F) dV

Theorem of Calculus = f(b)− f(a) = f(c(b))− f(c(a)) =

∫
∂D

F· ds (Green’s) =

∫
∂S

F· ds (Stokes’) =

∫∫
∂E

F· dS (Div Thm)

Change of

∫
I
f(x) dx

∫∫
D
f(x, y) dA

∫∫∫
E
f(x, y, z) dV

variables =

∫
I∗
f(x(u))

∣∣∣∣dxdu
∣∣∣∣ du =

∫∫
D∗

f(x(u, v), y(u, v)) =

∫∫
E∗

f(x(u, v, w), y(u, v, w), z(u, v, w))∣∣∣ ∂(x,y)∂(u,v)

∣∣∣ dA∗ ∣∣∣ ∂(x,y,z)∂(u,v,w)

∣∣∣ dV ∗
Dependence on

∫
c
f ds

∫∫
D
f(r(u, v))||ru × rv || dA

parametrization =

∫
c∗
f ds∗ =

∫∫
D∗

f(r∗(u∗, v∗))||r∗u∗ × r∗v∗ || dA∗

(real-valued functions)

Dependence on

∫
c
F· ds

∫∫
D

F(r(u, v)) · (ru × rv) dA

parametrization = ±
∫
c∗

F· ds∗ = ±
∫∫

D∗
F(r∗(u∗, v∗)) · (r∗u∗ × r∗v∗ ) dA∗

(vector-valued functions)



Change of variables

In general Polar coordinates

dA =
∣∣∣ ∂(x,y)∂(u,v)

∣∣∣ dA∗ dA = r dr dθ

x = x(u, v) x = r cos θ
y = y(u, v) y = r sin θ

x2 + y2 = r2

In general Cylindrical coordinates Spherical coordinates

dV =
∣∣∣ ∂(x,y,z)∂(u,v,w)

∣∣∣ dV ∗ dV = r dz dr dθ dV = ρ2 sin φ dρ dθ dφ

x = x(u, v, w) x = r cos θ x = ρ sin φ cos θ
y = y(u, v, w) y = r sin θ y = ρ sin φ sin θ
z = z(u, v, w) z = z z = ρ cos φ

x2 + y2 = r2 x2 + y2 + z2 = ρ2


