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Abstract In the literature it is common to use the first and last pencils D1 (A, P)
and Dy (A, P) in the “standard basis” for the vector space DL(P) of block-symmetric
pencils to solve the symmetric/Hermitian polynomial eigenvalue problem P(\)z =
0. When the polynomial P()) has odd degree, it was proven in recent years that
the use of an alternative linearization 7p is more convenient because it has better
numerical properties and its use is more universal since Tp is a strong linearization
of any matrix polynomial P()\), while D1(A; P) and Dy (A; P) are not. However,
Tp is not defined for even degree matrix polynomials. In this paper we consider
the case when P(A) has even degree. It is believed that the backward errors of
eigenpairs computed with the use of D1(A; P) and Dy (\; P) are “small” based on
the computed theoretical bounds for the backward errors of eigenpairs of P(\)
computed from eigenpairs of these linearizations. We show that this is not the
case, even when the polynomial P()) is well-scaled because of the ill-conditioning
of the eigenvectors of D1(A; P) and Dy (A; P). We introduce two block-symmetric
linearizations for even degree matrix polynomials that overcome this problem and
become an appropriate alternative to the traditional use of D1(\; P) and Dy (A; P).
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1 Introduction

A square matriz polynomial takes the form
P\ =N Ap +-- ML+ Ao, Ao, ..., Ap € F"*", (1.1)

where F denotes any field. In this paper, we consider the field of real or complex
numbers. We say that P(\) has degree k if Ay # 0 and we say that P(\) has grade
k, otherwise. In this work, we are interested in symmetric and Hermitian matrix
polynomials. We say that P()\) is symmetric if Al = A;, for i = 0,1,...,k, and
we say that P(\) is Hermitian if F = C and A = A;, for i = 0,1,...,k, where
(-)* denotes the complex conjugate transpose operation.

Throughout this paper, we assume that the matrix polynomial P()\) in (1.1)
is regular, this is, the scalar polynomial det P(\) is not the zero polynomial. We
also assume Ay # 0 and Ap # 0 in order to avoid some trivialities. The polyno-
mial eigenvalue problem (PEP) associated with a regular matrix polynomial P(\)
consists in finding scalars Ao for which the equations

PXo)x =0 and y*"P(Xo) =0 (1.2)

have nontrivial solutions z,y € F™. The scalar \g is called an eigenvalue of P(X),
and the vectors x and y are associated right and left eigenvectors. The set of
all eigenvalues of the matrix polynomial P(\) is called the spectrum of P(X). The
eigenvalue/eigenvector pair (Ao, z) (resp. (y, Ao)) is called a right (resp. left) eigen-
pair of P(A). When the matrix polynomial P()) is symmetric (resp. Hermitian),
we refer to (1.2) as the symmetric (resp. Hermitian) polynomial eigenvalue prob-
lem. When P()) is symmetric or Hermitian, the sets of left and right eigenvectors
coincide.

Structured PEPs, that is, PEP in which the matrix coeflicients of the matrix
polynomial present some type of structure, arise from many applications. For in-
stance, symmetric and Hermitian PEPs arise in the classical problem of vibration
analysis [9,15,23]. When solving numerically a structured PEP it is well-recognized
the importance of using structure preserving eigenvalue algorithms [13]. For exam-
ple, symmetric or Hermitian matrix polynomials have a spectrum that is symmet-
ric with respect to the real axis. In a finite precision environment, an algorithm
that ignores the structure of the polynomial may lose this symmetry [16]. For this
reason, one of the most common approaches for numerically solving structured
PEPs is to use structure-preserving linearizations (see Section 2.1 for the defini-
tion of linearization). This process replaces the original structured PEP with a
generalized eigenvalue problem with the same structure. Standard methods for
structured generalized eigenvalue problems can then be applied; see, e.g., [11] and
the references therein.

The landmark paper [16] introduced a family of candidate linearizations for
matrix polynomials as in (1.1), the so-called DL(P) vector space. It was proved in
[16] that almost all matrix pencils in DL(P) are linearizations of the matrix polyno-
mial P(\), and that DL(P) is a rich source of structure-preserving linearizations for
structured matrix polynomials. Moreover, among all the linearizations in DL(P),
the pencils D1(A; P) and Dy (X; P) (see (4.1) and (4.2)) were identified in [?,10]
as those with almost optimal numerical properties (in terms of eigenvalue condi-
tioning and backward errors). These optimality results have led several authors



Reconsidering DL(P) for the symmetric polynomial eigenvalue problem 3

to propose the use of D1(\; P) and D (\; P) (or small variations of D1 (\; P) and
Dy (A; P)) in the task of solving numerically structured PEPs from applications.
These structure-preserving linearizations have been used, for example, to solve
palindromic and even PEPs [14], Hamiltonian (alternating) PEPs [18], to solve
complex-symmetric PEPs [8], to solve symmetric or Hermitian rational eigenvalue
problems [24], as the starting point to build trimmed linearizations for structured
matrix polynomials [6], to develop a backward stable algorithm for symmetric or
Hermitian quadratic eigenvalue problems [25], to estimate the distance to uncon-
trollability of higher order dynamical systems [20], to compute the Hoo norm [3],
and to solve nonlinear eigenvalue problems by using the infinity Lanczos method
[19], to name some recent works.

Although the numerical properties of D1 (A; P) and Dy (A; P) are good enough
for certain applications, one of the key findings of this work is the extreme sensitiv-
ity of the eigenvectors of D1 (A; P) and Dy (\; P) to small perturbations. Hence, the
computation of accurate eigenvalues and eigenvectors of structured matrix poly-
nomials requires to find structure-preserving linearizations with better numerical
properties. Steps in this direction can be found in [4], where the authors compare
the numerical properties of D1 (\; P) and Dy (\; P) with the block-tridiagonal lin-
earization introduced in [2], in the case when the matrix polynomial has odd degree.
Their analysis reveals that the block-symmetric linearization from [2] has much
better numerical properties than the linearizations in DL(P). In this work, we
address the case when the matrix polynomial has even degree. This case is dif-
ferent from the odd degree case because there are symmetric (resp. Hermitian)
matrix polynomials of even degree that do not have symmetric (resp. Hermitian)
linearizations while they always exist for odd degree polynomials. To guarantee the
existence of structure-preserving linearizations for even degree matrix polynomi-
als, one has to impose some conditions on the matrix polynomial coefficients. For
example, symmetric and Hermitian matrix polynomials with nonsingular leading
and/or trailing matrix coefficients always present structure-preserving lineariza-
tions. These conditions make the numerical analysis more challenging.

In this paper we analyze different strategies for solving PEPs associated with
even-degree structured matrix polynomials and propose the combined use of two
linearizations ’Hg"‘ and gﬁk introduced in (5.6) and (5.9) (using S = Ag) as an
alternative to the use of the linearizations D1 (\; P) and Dy (\; P) because it is nu-
merically superior and avoids the problem with the sensitivity of the eigenvectors.

The structure of the paper is as follows: In Section 2 we introduce the math-
ematical background necessary for the rest of the paper. In Section 3 we recall
the definition of (normwise) eigenvalue condition number and backward error of
an eigenpair of a matrix polynomial as well as convenient formulas to compute
these quantities. In Section 4, we recall the definition and properties of D1()\; P)
and Dy (A; P) and provide theoretical and numerical evidence of the sensitivity of
the eigenvectors of these pencils to small perturbations in the coefficients of the
polynomial P()\). In Section 5, we show how to use the pencil Tp(A) to construct
a family of pencils Hp (resp. QISS) that are strong linearizations of an even degree
matrix polynomial P(X) as in (1.1) with nonsingular Ay (resp. Ao). In Sections
6 and 7, we provide a numerical analysis of the eigenvalue condition number and
backward errors of the pencils in the families HIS:, and g,%, and show that optimal
behavior is attained when S = Ag. Finally, in Section 8, we present the proofs of
the main results in Sections 6 and 7.
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2 Definitions and technical results

We review in this section the notions of linearization and strong linearization of a
matrix polynomial. For a more detailed introduction on these concepts, we refer
the reader to the classical book [9] and to the more recent reference [7].

Additionally, we present some technical results that will be used in the proofs
of the main theorems of this manuscript.

2.1 Linearizations of matrix polynomials

A matrix polynomial U()) is said to be unimodular if det U()\) is a nonzero con-
stant (i.e., independent of A\). A grade-1 matrix polynomial L(A) = AB + A is
called a matriz pencil, or pencil for short. A matrix pencil L(A) = AB+ A is called
a linearization of a matrix polynomial P()) if there exist unimodular matrix poly-
nomials U(\) and V' (\) such that

L) =U0) [ py] VOO

for some s, where Is denotes de s X s identity matrix. Linearizations preserve the
finite eigenvalues of the polynomial P()) and their multiplicities.
Given a matrix polynomial P(\) as in (1.1), its reversal matriz polynomial is
defined by
revP(A) = A"PONTY) = A" Ag 4+ - + A1 + Ay

We say that P(\) has an eigenvalue at infinity if 0 is an eigenvalue of revP()). A
linearization L(A) of P()) is said to be strong if rev(L) is a linearization of rev(P).
Strong linearizations preserve both the finite and infinite eigenvalues of P(\) and
their multiplicities.

2.2 Some auxiliary results

If @ and b are two positive integers such that a < b, we denote
a:b:=a,a+1,...,b.

The following result is an immediate consequence of the Cauchy-Schwarz in-
equality when the standard inner product is considered in C".
Lemma 2.1 Let m be a positive integer and let a be a positive real number. Then,

Zaj S(m+1)2a27.
i=0 i=o

Next we provide an upper and lower bound on the norm of a block-matrix in
terms of the norms of its blocks.

Proposition 2.1 [10, Lemma 3.5] For any complex ¢ x m block-matriz B = (B;;)
we have
max || Bijll2 < || Bll2 < Vm max || Bij |2 (2.1)
iJ iJ
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Some of our main results require the systematic use of the Horner shifts of a
matrix polynomial P()).

Definition 2.1 (Horner shifts) Given a matrix polynomial P(\) of degree k as
in (1.1), the ¢th Horner shift of P()\), for ¢ = 0: k, is given by

PZ(A) = >\1Ak + )\iilAk_l + -+ )\Ak—i-l—l + Ap_;. (22)

Notice that Po(\) = Ag and Pr()\) = P()). Moreover, Horner shifts satisfy the
recurrence relation

Pi+1(>\) - Ak—i—l = )\PZ()\), for 1=0:k—1. (2.3)
We also denote
P'(A\) = XA+ + XA+ Ag, for i=0:k. (2.4)

Notice that P°(A) = Ag and P¥(\) = P()). Furthermore, the two families of
polynomials (2.2) and (2.4) are related as follows

PO =X"""POA) +PFE ), i=0:k—1. (2.5)

Lemma 2.2 provides another relation between the two families of Horner shifts.

Lemma 2.2 [4, Lemma 3.2] Let P(\) be a regular matriz polynomial of degree k
as in (1.1). Let P;(\) and P*(\), i = 0 : k, be the matriz polynomials defined in
(2.2) and (2.4), respectively. Let Ao be a nonzero and finite eigenvalue of P()),
and let x and y be, respectively, a right and a left eigenvector of P(\) associated
with Ao. Then, fori=0:k—1,

Pi(Xo)z = =M *PEFT T (A)z  and  y*Pi(ho) = =G Pyt PR ().

The proof of Lemma 2.3 can be easily verified.

Lemma 2.3 Let P(\) be a matriz polynomial of degree k as in (1.1), let Ao € C,
and let P;(\) and P*(X), i =0 : k, be the matriz polynomials defined in (2.2) and
(2.4), respectively. Then, for any n X n matriz M and for i =0 : k, we have

IMP(0)l2 < max {IM A1z} Aol

=0

IMP' (M) < ;ggﬁ{\\MAjlb}ZI)\on’ and

=0

[[P:(Mo)ll2 = jH;aO?g{\/\oljllAjllz}-
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3 Eigenvalue condition numbers and backward errors of approximate
eigenpairs

In this section, we review the notions of relative eigenvalue condition number and
backward error of approximate eigenpairs of a matrix polynomial, and state some
of their basic properties.

Definition 3.1 (Eigenvalue condition number) [22] Let P()\) be a regular
matrix polynomial of degree k as in (1.1). If Ao is a simple, finite, nonzero eigen-
value of P(\) with corresponding right eigenvector z, then the relative condition
number of Ao is defined by

| AXo|
€[ Aol

kr(Ao; P) := elg% sup { i (P(Ao+ AXxo) + AP(Ao + AXo)) (z + Az) =0,

with ||AA;||2 < ew;, fori=0: k:},

where w; are some previously selected nonnegative weights.

Definition 3.2 (Backward error of an approximate eigenpair) [22] Let
P(X) be a regular matrix polynomial of degree k as in (1.1). For a given approxi-
mate right eigenpair (Ao, Z) of P()\), the backward error of (Mo, ) is

n(Ro,#; P) := min {e . (P(Ro) + AP(Xo))Z = 0, with [|AA;]2 < € ws,
fori=0:k,},
where w; are some previously selected nonnegative weights.

Explicit formulas for the condition number x:(Ao; P) and the backward error
1n(Ao, T; P) were obtained in [22].

Theorem 3.1 [22, Theorem 5] Let P(\) be a regular matrixz polynomial of degree k
as in (1.1). If Ao is a simple, finite, nonzero eigenvalue of P(X\) with corresponding
right and left eigenvectors x and y, then

(ko ol'wi) liyllll2lla
Aol - [y* P (Xo)]
where P'(\) denotes the derivative of P()\) with respect to \.

kr(Ao; P) =

(3.1)

Theorem 3.2 [22, Theorem 1] Let P(\) be a regular matriz polynomial of degree
k asin (1.1). For a given approzimate right eigenpair (Mo, T) of P(X), the backward
error of (Xo, ) is given by

[PQo)zl2
(b Poliw:) Il

n(Xo, % P) = (3.2)

The following two lemmas will be useful in later sections. Before stating them,
we recall that if Ao is a simple, finite, nonzero eigenvalue of a matrix polyno-
mial P(X\) with associated right eigenvector z, then Ay ! is a simple eigenvalue of
revP(\) with associated right eigenvector x.

The immediate proofs of Lemmas 3.1 and 3.2 are omitted.
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Lemma 3.1 Let P(\) be a regular matriz polynomial of degree k as in (1.1). Let
Ao be a simple, finite, nonzero eigenvalue of P(N). Then, kx(Ao; P) = kr(\g '3 1evP),
when the weights used for revP(\) are equal to those used for P(\) but in reversed
order.

Lemma 3.2 Let P(\) be a regular matriz polynomial of degree k as in (1.1). Let
(Xo,i) be an approximate right eigenpair of P(\). If we consider (Xal,fi) as an
approzimate eigenpair of revP(X\), then we have n(xo,f; P) = n(Xgl,i; revP),
when the weights used for revP(\) are those used for P(X) but in reversed order.

The nonnegative weights w; in the definitions of x,(Xo; P) and n(Xo, z; P) allow
flexibility in how perturbations of P()) are measured. Typically, one is interested
in either coefficient-wise or norm-wise perturbations of P(\). Norm-wise pertur-
bations are obtained by choosing

w; = 1171%_)’(6{|\Ai|\2} fori=0:k.

Coefficient-wise perturbations are obtained by choosing
w; = ||Ai|l2 fori=0:k.

In this work, we study both norm-wise and coefficient-wise perturbations.
When norm-wise perturbations are considered, we write

oy oA} (S Do) lellelile
’ira( 0, ) L |)\0| |y*P/(>\O)fB| I an
|P(0)all2

max; o { | Aill2} (X5 Rol?) I

nra(X()? 5, P) =

and refer to kra(Mo; P) and nra(xo,?z; P), respectively, as the relative-absolute
eigenvalue condition number and backward error. When coefficient-wise pertur-
bations are considered, we write

(=0 ol 14illz) ollzllyllz
Aol [y* P’ (Ao)x|
1P(0)all2
(5 Polill Al ) 172

Krr(Xo; P) :=

, an

nrr(Xo,E; P):=

and refer to krr(Ao; P) and nrr(XO, Z; P), respectively, as the relative-relative eigen-
value condition number and backward error.

Remark 3.1 When the matrix polynomial P(\) is symmetric (resp. Hermitian), it
is natural to consider symmetric (resp. Hermitian) perturbations in the definition
of condition numbers and backward errors. This leads to the notions of structured
condition numbers and structured backward errors. However, as it has been shown
in [1], the structured and unstructured condition numbers and backward errors are
nearly the same. This is why we only focus on the unstructured ones.
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3.1 Sensitivity of the eigenvectors of a matrix pencil

In the next section we will explore the sensitivity of the eigenvectors of the block-
symmetric linearizations Di(A; P) and Dy (\; P) to small perturbations of their
matrix coefficients. Theorem 3.3 in this section will be used to provide some intu-
ition behind the fact that the eigenvectors of these two linearizations can be very
ill-conditioned even when the corresponding eigenvalue is well-conditioned.

We first introduce an auxiliary lemma that generalizes a well-known result for
eigenvectors of matrices.

Lemma 3.3 Let L(\) = AB — A be a regular matriz pencil. Let A1 and A2 be two
distinct finite eigenvalues of L(X) and let z1 and w2 be a right and a left eigenvector
of L(\) associated with A1 and A2, respectively. Then, w3 Bz = 0.

Proof By definition of right and left eigenvector, we have
MBz = Az and wilB =wiA.

Multiplying the first equality by w3 on the left, multiplying the second equality
by z1 on the right and subtracting both expressions, we get (A1 — A\2)w3 Bz = 0.
Since A1 # A2, the result follows.

Theorem 3.3 Let L(A\) = AB — A and L(\) + AL(A\) = A\(B+ AB) — (A+ AA)
be two m x m regular matriz pencils, where |AB|| < ¢||Bll2 and ||AA]| < €| A]|2
for some € > 0 so that L and AL have the same number of eigenvalues. Assume
that all the eigenvalues of L(X) are simple and finite. Let A1,..., \m denote the
eigenvalues of L(\), and, for i = 1 : m, let z; be a right eigenvector associated
with the eigenvalue \;. Let \1 + AX1,..., Am + AN, denote the eigenvalues of
L(A\) + AL(N). If z; = z + Az denotes a right eigenvector of L(\) + AL(X)
associated with \; + AX;, then, to first order in €, we have

e Aol 14N
dist (2;,spam{z;}) < ez I _k_ |l\ |ﬁf€ra(>\e;L) 1232, (3.3)
(i ¥4 i ¥4

where dist denotes the FEuclidean distance, and kra(Ae; L) denotes the relative-
absolute eigenvalue condition number of .

Proof Since the vectors z1, ..., zm form a basis for F™ (where F =R or F = C, we
have Z; = 2+ )~ cezs, for some constants ¢,. Then, notice that dist (Z;, spam{z; }) <
|Zi — v||2, for any vector v € spam{z; }. Hence, taking v = z; + ¢;2;, we get

dist (25, spam{zi}) < || cezell2 <D leel||zel2- (34)
o#£i L4

To finish the proof, we need to bound the scalars |¢;|. By Lemma 3.3, denoting by
wy a left eigenvector of L()\) associated with Mg,

wyBz; =0 for £ # .

The B-orthogonality of left and right eigenvectors implies that the scalars ¢, are
given by
wy BAz;

for/=1":
wi Bz or m,

Cyp =
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where wy Bzy # 0 because the eigenvalues of L()\) are simple.
Expanding to first order in € the equality

(Ni + AX) (B + AB)(z + Az) = (A+ AA) (2 + Azy),

we find

Multiplying (3.5) on the left by wy, with ¢ # ¢, and taking into account that
wi A = Mw; B and wy Bz; = 0, yields

Xiw; ABzi + MNjwp BAz; = M\w) BAz; +wp AAz;.

Hence,
wiBAz = Aiwp ABzi — wy AAzi7
Ao — g
and, so,
wy; BAz; _ 1 MNw;ABz; —w; AAz; (3.6)
’LUZBZ@ e — N\ wZ‘Bze . .

Plugging (3.6) into (3.4), taking norms, using the triangle inequality, and using
[AB] < €[|Bl[2 and [|AA]| < e[| Al|2, we get

L lwellzllzell2llzill([Ae] [| Bl2 + [[All2)
E ceol||lzell2 < € E ¥ :
7 #1

The result now readily follows from the formula for the relative-absolute condition
number kra(Ag; L) taking into account that

(Pl lIBllz +[|All2) - L+[Ai]
max{[|All2; [[Bll2}(1 4+ [Ae) = 1+ |Ac]

Remark 3.2 We note that Theorem 3.3 implies that the relative error

dist (Z;, spam{z; })
[[zil2

in the eigenvector z; associated with the eigenvalue A; can potentially be large
when ); is close to be a multiple eigenvalue or if any of the eigenvalues other
than A; is ill-conditioned. It is well-known that the eigenvalues of D1 (A; P) (resp.
Dy, (X; P)) with small modulus (resp. large modulus) tend to be very ill-conditioned
which can potentially be a reason why, as we will show numerically in the next
section, the eigenvectors of D1(\; P) (resp. D (); P)) associated with eigenvalues
of large modulus (resp. small modulus) can be very ill-conditioned.

We would like to mention that there have been other attempts in the literature
to study the sensitivity of the eigenvectors of a matrix polynomial to small changes
in its matrix coefficients. See for example [21].
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4 Using the linearizations D1 (\; P) and Dy (\; P).

In this section we debunk the common belief that the pencils D1 (A; P) and Dy (\; P)
in the vector space DL(P) [16] given by

Ay 0 o0 Ap1 Ap_o -+ A1 Ag
0 —Ap_o —Ap_3 -+ —Ao Ag—o -+ A1 Ao O
Di(NP):=A| © —Ap_g - —Ao O || T T T ] (4
: : ' T A1 Ay 0 0
0 —Ag 0 0 Ag 0o - .- 0
and
0 -+ - 0 A 0 -+ 0 —A, O
U 0 Ax Apr . . : :
Di(M\P):=X| 0 T : 4.2
k( ’ ) + 0 —Ak —A3 : ( )
0 Ak Ak,1 e Ag —Ak —A3 —A2 0
Ap Ap_q - As Ay 0 - -+ 0 Ao

are “good” linearizations of a symmetric (resp. Hermitian) matrix polynomial P()\)
as in (1.1). This belief is based on the following two results for the relative-absolute
conditioning of eigenvalues and backward errors of approximate eigenpairs, as well
as on analogous results for the relative-relative case that can be obtained just
multiplying the bounds in Theorems 4.1 and 4.2 by the constant

maxi—o:x{ | Aill2}
pi=— . (4.3)
min{|| Aol|2, | A[[2}
Theorem 4.1 (Conditioning of Di(A; P) and Dy (A; P)) [4, Theorem 6.1] Let
P(X) be a regular matriz polynomial of degree k as in (1.1). Assume Ao is a sim-
ple, finite, nonzero eigenvalue of P(X). Let £ € {1,k} and suppose that Ag is
nonsingular if £ = 1, and Ay is nonsingular if £ = k. Then,

max{1, |Xo|*71}, if £ =k < fira(ho3 Dp) _ E?max{1,|\o|*71}, if b=k
max{1,|Xo|" %}, if £ =1 = kra(Mo; P) — | k2 max{1,|Xo|* 7%}, if £ = 1.

Remark 4.1 As we mentioned in Remark 3.2, the eigenvalues of D1(\; P) (resp.
Dy, (X; P)) with small modulus (resp. large modulus) tend to be very ill-conditioned.
The previous theorem shows that if |[Ao| < 1, then

fora(Xo; D1) > [Xo|' Fkra(No; P)
and if [Ao| > 1, then
kra(Ao; Di) > [Ao|" ™ Kra(Ao; P).

Thus, even if the condition number of A\g as an eigenvalue of P is relatively small,
the condition number of A\ as an eigenvalue of D1 (A; P) (resp. Dy (\; P)) can grow
significantly.
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Theorem 4.2 (Backward errors of D;(\; P) and Dy (\; P)) [4, Theorem 6.2]
Let P(\) be a regular matriz polynomial of degree k as in (1.1). Let £ € {1,k} and
suppose that Ao is nonsingular if £ = 1, and Ay is nonsingular if £ = k. Let (Xo, Z)
be an approzimate right eigenpair of D¢(\, P), with Xo nonzero and finite, and let
Zo = (eF @ I,)%. If (Mo, Z¢) is considered an approzimate right eigenpair for P()),
then

a0, 25 P) _ 3o |1Z]l2
Mra(Xo, 25 De) [EA|P

Remark 4.2 Tt is well-known that any (right) eigenvector of D1 (A; P) or Dy (\; P)
associated with Ag is of the form
} T

=[N Mo 1] (4.4)

for some (right) eigenvector xz of P(\) associated with Ao. This implies that for
exact z and zy, we get

|E|P < \/%max{l,|)\o|17k} if £ =1, and
llzell2 = | VEmax{1,|Xo|*"'} if £ = k.

(4.5)

Assuming that (4.5) holds for the computed eigenpairs in Theorem 4.2, we get the
following upper bounds

Mea(No, 263 P) _ k%/2 max{1,|Xo[F "'} if £ =k, and
nra(Xo, 23 Dg) = | k%2 max{1, | Xo|*7*} if £ =1.

which are in accordance with the conditioning results in Theorem 4.1.

Based on the ideas discussed in Remark 4.2, the following strategy for comput-
ing eigenpairs of a matrix polynomial P(\) with small backward errors (at least in
the relative-absolute sense, or in the relative-relative sense when the polynomial
is well-scaled, i.e., p &~ 1) has been proposed.

1 Apply a backward stable eigenvalue algorithm, like the QZ algorithm, to the
linearizations D1 (A; P) and Dy(A; P).

2 For the computed eigenvalues with modulus less than or equal to one, recover
the eigenvectors of P()) from the kth block zj of the corresponding eigenvec-
tors of Di(A; P).

3 For the computed eigenvalues with modulus greater than one, recover the eigen-
vectors of P(A) from the first block z1 of the corresponding eigenvectors of
Di(\; P).

Next, we argue that this strategy does not always guarantee small backward errors
due to the extreme sensitivity of the eigenvectors of Di(\; P) and Dy (\; P) to
small perturbations of the coefficients of these pencils. Our explanation focuses
on Dy (A; P) (since similar comments can be made for Di(A; P)). We will also
illustrate these facts with numerical experiments.

Let us assume that a polynomial eigenvalue problem associated with a sym-
metric/Hermitian matrix polynomial P()) is solved by using the linearization
Dy (X\; P) = AB — A. Assume P(\) has been scaled so that max;—o.x{||4:]|2} = 1.
Theorem 4.2 and Remark 4.2 suggest that, if |[A\g| < 1, one should be able to com-
pute an approximate eigenpair (Xo, Zi) of P(A) from a computed eigenpair (Xo, Z)



12 M. I. Bueno, J. Pérez

of Dy (\; P) with a small backward error nra(xo, Zk; P). However, in the numerical
examples that we show next, we will see that this is not necessarily true. This
does not imply that there is something wrong with the results in Theorem 4.2 and
Remark 4.2. The problem is that, in floating point arithmetic, we cannot assume
that the ratio ||z]|2/]|Zk||2 is bounded by a moderate constant, the reason being
the potentially large sensitivity of the eigenvectors of Dy (A; P) to small perturba-
tions in the coeflicients of the linearization. We give an intuitive explanation for
this sensitivity to perturbations as follows. Let z and z; denote, respectively, the
exact eigenvector of Dy (Ao; P) associated with the eigenvalue \g and its kth block.
Let Z denote the computed eigenvector of Dy (); P) associated with the computed
eigenvalue Xo. Then, there exists a positive constant « such that

nra(507ik§P) < K2 ||~Z||2 < K32 H;2’||2 < ak? ||ik||2’ (4.6)
Nea(No, Z; D) [EZAIP 2k 12 12k |l2
where the last inequality follows from (4.5).
As the numerical experiments will show, the ratio p := Izellz very large for
[EAE
some eigenvectors and, surprisingly, it is a very accurate predictor of %
Nra 0,=347¢

when |Ag| < 1. We must point out that both 2z, and Zx in our experiments are
the eigenvectors computed by Matlab. The exact eigenvector was computed trans-
forming the constructed matrix polynomial to a symbolic object. Moreover, we
have observed that, in the cases when the ratio u is very large, zj is very close
to 0. This implies that the small backward errors introduced by the QZ algorithm
may destroy the exact structure (4.4) of the eigenvectors of Dy (\; P). Conclusively,
in floating point arithmetic we cannot assume computed eigenvectors of the form
(4.4) and, thus, we cannot assume that H”f‘ £ is small.

Next we present two numerical examples illustrating that the strategy of solv-
ing a PEP with the combined use of D1(A; P) and Dg(A; P) is potentially unstable.
In particular, we show that using Dy (\; P) for computing the eigenvalues with
modulus less than 1 can increase the backward error of a computed eigenpair up
to the point in which most of the accuracy is lost.

In the first numerical experiment, we consider a random matrix polynomial of
degree 4 and size n = 20. The matrix polynomial is constructed in MATLAB as
follows:

randn(n) 4+ sqrt(—1) * randn(n));

1) * randn(n));

)
)
); (4.7)
)
)

(-
randn(n) + sqrt(—
(=
(-

As = 1e7 * (randn(n) + sqrt(—1) randn(n ;

(n) ) )

(n) ) )
randn(n) 4+ sqrt(—1) * randn(n)

(n) ) )
Ay = lel x (randn(n) + sqrt(—1) * randn(n));
and then, we computed A% := A;+ AT so that the matrix polynomial is symmetric.
This matrix polynomial has 60 out of its 80 eigenvalues with modulus between 1
and 1072 while the rest of the eigenvalues have modulus larger than 102. Moreover,
the eigenvalues with modulus larger than one have condition number larger than
10?3 (recall Remark 3.2).

In Figure 4.1, we plot the ratio of backward errors M

P) for all the eigen-
Mra(Xo,2;

values Ao of P(\) ordered in increasing order of modulus. ThlS graph is denoted
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Fig. 4.1 Relative-absolute ratio of backward errors using Dy, (A; P) and bound when P is not
well scaled

by “Pk/DK” in the legend of the figure. We also plot the ratio H;’;Hz, denoted
by “Ratio” in the legend. We observe that the exact ratio of backward errors for
the eigenvalues of modulus less than 1 range between 107 and 10'3. Moreover, we
observe that the function“Ratio” fully predicts the values of these ratios. This in-
dicates that, in the computation of the right eigenvectors of P(\) associated with
the “small” eigenvalues, the norm of the last block of the exact eigenvector is very
sensitive to changes in the coefficients of P(\) and therefore, using Dy (A; P) to

compute these eigenvalues is not a good strategy.

The problems in the backward errors observed in this numerical experiment
could be attributed to the fact that the polynomial P()) is not well scaled. In our
second numerical experiment, we show that this problem can be observed also in
the case in which P()) is well scaled although in this case fewer eigenvalues have
large ratio of backward errors. In this example, we consider again a random matrix
polynomial of degree 4 and size n = 20. The matrix polynomial is constructed in
MATLAB as follows:

Ao = (randn(n) + sqrt(—1) *x randn(n

(n) ) (n))

A1 = (randn(n) + sqrt(—1) * randn(n))

As = (randn(n) + sqrt(—1) x randn(n)); (4.8)
(n) ) (n));
(n) ) (n))

Asz = (randn(n) + sqrt(—1) * randn(n

A4 = (randn(n) + sqrt(—1) * randn(n
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and then, we computed A’ := A; + AT so that the matrix polynomial is symmetric.
Moreover, we changed the singular values of Ay and A}, so that these two matrix
coeflicients keep their norm but so that the matrix polynomial has 6 eigenvalues
with modulus between 10~7 and 10~°. The first 46 eigenvalues have modulus less
than or equal to 1 and all the eigenvalues have modulus less than 10. In this case,
six of the eigenvalues with modulus larger than 1 have condition number larger
than 10%!.

1015 v T T
+ x X Pk/Dk
* N
+ +  Ratio
kS
*
1010 [ -
10° * .
)F
peeng f kS X 4x e, 00 @ﬁgxx X X otkk K| kPR x
Lok Xx *ﬁ%ﬁ X P o R ++i++* b 1;% PAEI
100 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

Fig. 4.2 Relative-absolute ratio of backward errors using Dy (\; P) and bound when P is well
scaled.

In Figure 4.2, we plot the functions “Pk/Dk”, and “Ratio” as we did in the first
numerical experiment. We observe that, for some of the eigenvalues with modulus
less than one, the ratio of backward errors is of order 10'° and that the behavior
of the ratio of backward errors can also be fully predicted by the value of the ratio
H;:Hg, as happened in the first experiment. We must point out that this behavior
is not unique to the two numerical experiments presented here but that it was
observed in a multitude of different numerical experiments.

In conclusion, we cannot guarantee that the eigenpairs associated with eigen-
values of small modulus of a matrix polynomial can be computed accurately from
Dy (\; P), specially when P(\) is not well scaled. Similar conclusions can be ob-
tained for eigenvalues of large modulus when the linearization D1(\; P) is used.

We also want to point out that, when Dy (\; P) (resp. D1(\; P)) does not com-
pute eigenpairs associated with small (resp. large) modulus eigenvalues accurately,
Di(\; P) (resp. Di(A; P)), in general, does not either, as we show next. In Fig-
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ures 4.3 and 4.4 we present two examples in which the ratio of backward errors
is plotted when Di(); P) is used as a linearization of a matrix polynomial P()\)
(blue graph) and when Dy (\; P) is used as a linearization of P(\) (red graph).
In both cases, there are eigenvalues that are not accurately computed by neither
D1 (A; P) nor by Dy (A; P). In Figure 4.3, the eigenvalues of small modulus are not
accurately computed while in Figure 4.4, the eigenvalues of large modulus are not
accurately computed.
For Figure 4.3, we constructed a matrix polynomial using the same strategy
as in the first experiment but using the coefficients:
Ao = lel * (randn(n) + sqrt(—1) * randn(n));
A1 = 1e2 * (randn(n) + sqrt(—1) * randn(n));
Az = 1e — 1 * (randn(n) + sqrt(—1) % randn(n)); (4.9)
)
)

A3z = 1e8 * (randn(n) + sqrt(—1) * randn(n)
A4 = lel * (randn(n) + sqrt(—1) * randn(n)

)

)

For Figure 4.4, we used the coefficients

Ao = 1lel x (randn(n) + sqrt(—1) * randn(n));

A1 = lell  (randn(n) 4 sqrt(—1) * randn(n));

Az = 1e18  (randn(n) 4+ sqrt(—1) * randn(n)); (4.10)
Az = 1e10  (randn(n) 4+ sqrt(—1) * randn(n));

A4 = 1e12 x (randn(n) 4+ sqrt(—1) * randn(n));

We have not observed such pathological behavior from the alternative lineariza-
tions that we propose in this work. As an illustration, we show in Figures 4.5 and
4.6 the relative-absolute backward error ratios for the linearizations Dg(); P),
D1(A; P) and the linearizations that we denote for now as DH and DG but we
formally introduce in (5.7) and (5.9), with S = Aj. The two experiments are the
same as those presented in Figures 4.3 and 4.4 but adding now the ratios for DH

and DG. Note that the combined used of the linearizations DH and DG allow to
compute all eigenpairs accurately.

5 Using 7p(A) for even-degree matrix polynomials.

A well-known block-symmetric strong linearization for odd degree matrix polyno-
mials P(A) as in (1.1) is the pencil

[ANAg + A1 —1In

—I, 0 Ay
My Mo+ Ap_3 —1In
TEQ) = —In 0 N GAY
0 Ao,
A, NA4 -I—Ao_

introduced in [2]. The missing blocks in this matrix and in any other matrices
in the sequel, as usual, represent zero blocks. The pencil TIL"(/\) was proven to
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Fig. 4.3 Relative-absolute ratio of backward errors using Dy and D1, and small eigenvalues
cannot be accurately computed.

enjoy excellent numerical properties in terms of conditioning of eigenvalues and
backward errors in [4]. Our goal in this paper is to find structured linearizations of
even-degree matrix polynomials and, unfortunately, this pencil cannot be used as
a linearization of such matrix polynomials since its structure requires odd degree.

One possible strategy to construct a (symmetric or Hermitian) strong lineariza-
tion of an even-degree (symmetric or Hermitian) matrix polynomial and, at the
same time, try to take advantage of the good numerical properties of 77 is to trans-
form our matrix polynomial of even degree k into an odd grade matrix polynomial
by adding the term O - )\k“, that is, to consider the matrix polynomial

PO) =0- M4 XA, + -+ XA + Ao,

By applying the linearization (5.1) to 15()\), we obtain the pencil

[ A —1In
—I, 0 Ay
A«[n AA~k—1 + Ak—Z _In
Hp(N) = TEH(N) = —In 0 . (5.2)
0 My,
A, MNA1 + Ao_

which is a strong linearization of the matrix polynomial P()\) when seen as a
polynomial of grade k 4+ 1. We must observe though that the linearization (5.2)
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Fig. 4.4 Relative-absolute ratio of backward errors using Dy and D1, and large eigenvalues
cannot be accurately computed.

has n eigenvalues at infinity that were not present in the original polynomial
eigenvalue problem. Therefore, before we try to compute the eigenvalues of P())
from ’T}}frl()\), it is necessary to deflate the n extra eigenvalues at infinitiy. In the
following section, we show how the deflation can be done.

5.1 Deflating the spurious eigenvalues of Hp(\)

Next we show how to deflate the n spurious eigenvalues at infinity of Hp(A),
assuming that Ay is nonsingular and symmetric/Hermitian. In Section 5.2 we
present an alternative to Hp(A) when Ay is singular but Ap is not.

In order to deflate the n spurious eigenvalues of Hp(A) while preserving the
symmetric or Hermitian structure, we need to find a nonsingular matrix U such
that

where H1()\) is a pencil whose eigenvalues are exactly the n extra eigenvalues
at infinity, (recall that, for any matrix A, A* denotes the conjugate transpose of
A). Note that, since Hp(X) and U*Hp (AU are strictly equivalent, both matrices
have the same eigenvalues. Thus, H2()) is a pencil with the same eigenvalues as
P(X). Moreover, since Hp(A) and U*Hp(A)U are congruent, one of these pencils
is symmetric (resp. Hermitian) if and only if the other is.
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Fig. 4.5 Relative-absolute ratio of backward errors using Dy, D1, DH and DG.

As we will show, in order to construct the nonsingular matrix U, we only need
to find a matrix whose columns form a basis for the nullspace of

M = [Ag —1].

Notice that dim(null(M)) = n because M has full row rank. Obvious choices for
matrices whose columns span the nullspace of M are
I,

A 18]

Another alternative for constructing a basis for the nullspace of M is via a rank
revealing factorization of M (via the QR factorization with column pivoting or the
SVD, for example).

Let V = [L] be any 2n x n full-column-rank matrix such that MV = 0, or
equivalently, AT — S = 0. Since Ay is nonsingular, the product by A preserves
the linearly independency of the columns of T', that is, the set of indices corre-
sponding to the linearly independent columns of 7" is the same as that of S. Since
V has full rank, it follows that the matrix S is nonsingular. Hence, the following
pencil is strictly equivalent and congruent to Hp(A), and therefore, has the same
eigenvalues as Hp(\):

(5.3)

I, 0
T S*

I, T
0 S

Ik—1)n

Hp(N) (5.4)

Ik—1)n
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Fig. 4.6 Relative-absolute ratio of backward errors using Dy, D1, DH and DG.

Moreover, since AyT — S = 0 and T*Ax — S* = 0,

expressed as

the pencil in (5.4) can be

F A, -
—S*A TS AS*
AS MNp_1+ Ao —1I,
—In 0 (5.5)
0 Ay,
M, ANA1 + Ao_

We note that the pencil Ay = 0- A + Ax has exactly n eigenvalues at infinity
since revi(Ax) = AxA+0 has n zero eigenvalues. Conclusively, the deflation of the

spurious eigenvalues at infinity produces the pencil

[—S* A 'S AS* 1
AS AMig—1 + Ag—2 —1I,,
s —1Ip 0
Hp()\) = )
0 A,
My NA1 + Ao_

for any nonsingular matrix S.

(5.6)



20 M. I. Bueno, J. Pérez

Remark 5.1 When any of the matrices in (5.3) are employed in the deflation pro-
cedure (i.e. when we choose T' = I, and S = Ag, or when we choose T' = A,;l
and S = I,), the corresponding pencil HISD has already appeared in the literature.

More precisely, for V = [ ik }, we get

H

Ak

P

A,

AAg

A M1+ A2 —1In

—1I, 0

0

A,

M, M1+ Ao_

which is a permuted version of the extended block Kronecker pencil £’ ()) in [5,
Section 4.4]. For V = [,4[;1 ], we get

—A;" Mo, |
My, )\Akfl + Ak72 —1In
I —I 0
HE () =
0 Ay,
L A, AA1 + Ao_

which was originally introduced in [2].

Remark 5.2 When V is chosen so that its columns are an orthonormal basis for
the nullspace of [Ak —In], we refer to the resulting matrix S as Sp;x. The reason
for this is that our structured deflation procedure coincides with the structured
deflation procedure proposed by Mehrmann and Xu [17] when their method is
applied to the pencil Hp()).

In the next result we show that the pencil 7-[153()\) is a strong linearization of
even degree matrix polynomials P(\) even if Ay is not symmetric/Hermitian.

Theorem 5.1 Let P(\) be an even-degree regular matrixz polynomial as in (1.1)
with nonsingular Ay and let S be a nonsingular matriz. Then, the pencil ’HISD(A)
as in (5.6) is a strong linearization of P()).

Proof First, we note that the pencil Hgk’ (A\) is permutationally equivalent to the
pencil £4’(\) defined in [5, Section 4.4]. More precisely, there exists a block per-
mutation matrix

I = H(1,2,§+2,3,g+3,...,§,k,§+1)
such that ’Hﬁ’c (\) = I, EF (M IIE. Since the pencil £F()) is a strong linearization
of P()\) if Ay, is nonsingular (see [5, Theorem 4.15]), we deduce that Hp*(\) is a
strong linearization of P(\) as well. Second, observe that

S*A7Y 0 AL {AIS 0 ]
HE(N) = k HA(N) | .
P() { 0 In(k:—l)j| P 0 Ing-1

Since both Ag and S are nonsingular, this is an equivalence transformation. Thus,
the pencil H%()) is a strong linearization of P(\). O
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Theorem 5.2 establishes two right-sided factorizations of the linearization H%(\).
These factorizations will be key for studying the numerical properties (condition-
ing and backward errors) of this pencil.

Theorem 5.2 Let P()\) be an even degree matriz polynomial as in (1.1), let S be
an n x n nonsingular matriz, let Hp(\) be as in (5.6), and let P;(\) and P*()\),
i =0: k, be the matriz polynomials defined in (2.2) and (2.4). Define the kn X n
matriz polynomials

(22514, ] AF=19=1 4,7

AL N2,

_o _ pk-3
AT P fkfglm

A1(N) = and A2(N) == | AP35 (N | - (5.8)

A Py_a(X) :

A, [
APy_2(N) AT PYY
| I L AF L

Then, the following right-sided factorizations hold
HPNAI(N) =ex @ P(A)  and  HPA)A2(N) = e2 @ P(N),
where e; denotes the ith column of the k X k identity matrix.

Proof For simplicity, we omit the dependence on A in the Horner polynomials
Pi()\) and P*()\). Let H2()\) =: AH1 — Ho. A direct computation shows that

AT S ] [ —\2 5" ]
k k—2 k—2 k—2
N2 A+ X2 Ap_1 N2 Ap_o— Nz P
AL, AL,

HiAN) = | NP+ AT Ay | and HoAr(N) = | AN F AL —\T R

I, Al
APp_o+ A1 Ao

It is clear that the first claim follows for the block entries of H5(A)A1(A) in odd
positions. In order to prove that the claim also follows for the block entries in even

positions, we notice that, for i = 0,2,...,k — 2,
k—1i k—i—2 k—i—2 k—i—2
AMAZ P+ XN 2 Ag—ica]+ X 2 Ag_i—o— A 2 Pipo] =
k—1i k—i—2
A2 AP+ Ap_ica]+ A 2 [Ak—i—2 — Pigo] =
k—1i k—i—2
A2 P+ XA 2 [Ag—i—o— Piyo] =

k—i—2

A2 APiy1+Ak_i—2— Pii2] =0,

where the second and fourth equalities follow from AP; + Ap_;—1 = P;4+1,1=0:
k — 1. Recall that Ay = Py. Moreover, for the kth block-entry of H§A1 we have

/\()\Pk_g +A1) + Ao = APy_1 +Ag = P, = P()\)

which proves the first claim. The second claims can be proven similarly.
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Theorem 5.3 provides explicit formulas for the eigenvectors of the pencil H2 ()
in terms of the eigenvectors of the matrix polynomial P()). Its proof is similar to
the proof of [4, Theorem 4.1], so we omit it.

Theorem 5.3 Let P(\) be a regular matriz polynomial of even degree k as in
(1.1) whose leading coefficient Ay is nonsingular, and let S be a nonsingular n X n
matriz. Let Ao be a finite eigenvalue of P(X). Then, v is a right eigenvector of
HE(N) with eigenvalue \o if and only if v = A1(Xo)x, for some right eigenvector
x of P(\) with eigenvalue Ao.

5.2 The case when Ay is singular but Agp is not

In Section 5.1, we assumed in all our discussions that the leading coefficient Ay
of P(\) was nonsingular. In this section we consider the case in which Ag is
nonsingular. The case when both Ay and Ao are singular is an open question.

As an alternative to the linearization H3 () in (5.6), we can consider the pencil
G2(\) :=rev HE,, p()\), which takes the form

CAS*ATLS 5t T
S Ao + Ay =N\,
-, 0
Gp(A) = ' . (5.9)
0 In
In NAp 4+ Ak_1]

Theorem 5.4 Let P(\) be an even-degree matriz polynomial as in (1.1) with
nonsingular matriz coefficient Ao, and let S be a nonsingular matriz. Then, the
pencil GE(N\) as in (5.9) is a strong linearization of P(\).

Proof Noticing that the pencil gﬁ()\) when S = Ap is permutationally equivalent
to the pencil £ ()\) defined in [5, Section 4.3], the proof is identical to that of
Theorem 5.1. O

The following lemma is easy to prove. Note that the claim follows from the
definition of G2 () and the definition of reversal of a matrix polynomial.

Lemma 5.1 Let P()\) be an even degree regular matriz polynomial as in (1.1)
with nonsingular Ag. Let S be a nonsingular matriz. If Ao is a nonzero eigenvalue
of P(X\), then the vectors z and w are, respectively, right and left eigenvectors of
g;i(A) associated with Ao if and only if z and w are, respectively, right and left
eigenvectors of How, p(N\) associated with )\io

6 Eigenvalue condition numbers ratio bounds

In this section, we compare the eigenvalue condition numbers of a matrix polyno-
mial P(\) and its linearization H%()\) for different nonsingular matrices S. The
comparison is done by providing upper and lower bounds on the ratios of the two
condition numbers. In all our results, we assume that the leading coefficient Ay of
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P()) is nonsingular as this condition guarantees that () is a strong lineariza-
tion of P(X). We also assume that P(\) is symmetric/Hermitian, although many
of our results don’t require this assumption, for simplicity.

Theorem 6.1 will allow us to address the case when Ay is singular but Ag is
nonsingular, by translating all the results obtained for H2()\) to G2 (\) just by
replacing P(A) by revP(X) and Ao by %0

Theorem 6.1 [4, Lemmas 2.1 and 2.2] Let P(\) be an even degree reqular matrix
polynomial as in (1.1) and let Ao be a finite, nonzero, and simple eigenvalue of
P(X). Assume that Ao is nonsingular. Then,

1 1
fira(A0§ glg) = Kra (%?HivP) and Hrr(>‘0§ glg) = Rrr <)\70;H§evp> .

Moreover, if (Z, Xo) is an approzimate right eigenpair of G2()\), then (Z, %) s an
0
approzimate eigenpair of How, p(\) and
~ X S ~ 1 5 ~ X A8 ~ 1 s
Mra(Z, Ao; Gp) = Nra(Z, T? Hievr) and (2, Mo;Gp) = mue (2, T? Hievp)-
0 0

In what follows we will use the following notation

¢ 1= max{1, |[S|lz, [|S” A5 ' Sl|2}, (6.1)
o = ¢ max{1, |5~ AR|I2}, (6.2)
po 1= ¢ min{1, [[A;7S]5%),  and (6.3)
pe = max{l,inzlaa:)li{HS_lAH@}}- (6.4)

Next we include the main result of this section. Its proof will be presented in
Section 8 since it is very involved.

Theorem 6.2 (Relative-absolute conditioning bounds) Let P(\) be a regu-
lar n xn symmetric/Hermitian matriz polynomial of even degree k as in (1.1) with
nonsingular Ay and max;—o.x{||Aill2} = 1. Assume that Mo is a simple, finite, and
nonzero eigenvalue of P(X). Let S be an n x n nonsingular matriz and let Hp(\)
be as in (5.6).

(i) If rol <1, then

C} < Kra(AO;va) < i3 o

maX{,U/b,E = Hra(AO;P) =

Moreover, if |Xo| is close to 0, then

C Hra()\O;Hg)
25 < 2T < kg
max{“b’2 = Qo P) A

(i) If |Ao| > 1, then

|>‘0| ¢ "ﬁra()\oﬂ'ljs;) . 3 k+k3
1 < <2 k%[ Xolfta, ———phe ¢ ;
max{( + kol Nb,2|/\0| S (i P) = min [Xo|p ol m




24 M. I. Bueno, J. Pérez

where the constants C, pa, up and pe have been defined in (6.1)—(6.4).

We note that, for H2()\) to be a “good” linearization of P()) in terms of
conditioning, we would like the upper bounds on the ratios of condition numbers
provided in Theorem 6.2 to be “small”. This will happen if p, and p. are “small”.
Notice that these constants depend on our selection of the matrix S. Next we
consider the particular cases S = Ak, S = I, and S = Sarx, where Syrx is the
matrix from the Mehrmann-Xu deflation process discussed in Remark 5.2. As in
Theorem 6.2, the factor k% in the upper bounds for the ratios of condition numbers
can be replaced by k when |\o| is close to zero.

Theorem 6.3 Let P(\) be a reqular n x n symmetric/Hermitian matriz polyno-
mial of even degree k as in (1.1) with nonsingular Ay and max;—o.x{||As|]2} = 1.
Assume that Ao is a simple, finite, and nonzero eigenvalue of P(\).

(i) If S = Ay, then

1 if [Ao| < 1} < Fr(QoiHP) _ {/ﬁ if [do| < 1

1+ 2 if dol > 1 = kra(Ao; P) 2k%|Xo| if [Ao| > 1.

(i1) If S = I, then

max{l,lA; ll2} Zf|>\0| <1 < Hra()\o;Hg) < k3 max{l, ||4§1H2} Zf |>\0‘ <1
max{lQ,I!\,:f l2} if|)\o| 1 Kfra()\O;P) > 4k3max{1‘,>\\|:|3k ll23} if |)\O‘ > 1.
(ZZZ) [fSZ SMX; then

1 if |do] <1 < Kra(Ao; HP) < 2k3 if [Mo| <1

L+ 2 if ol > 1) = ka(hos P) = L4E3Xol if [Xo] > 1.

Proof Observe that pe = up = 1 when S = Ay, since ||Akll2 < 1, and { = pq =
pe = max{1, ||A; '||2} when S = I,,. Then, when S = Ay, or S = I,,, the lower and
upper bounds follow immediately from Theorem 6.2.

Next, we obtain the bounds when S = Sysx . Recall that this matrix is obtained
from an orthonormal basis for the nullspace of M = [Ak —In]. Let V = I:SZ;X } be
one such basis. From MV = 0, we obtain AT = Spsx. Since Ay is nonsingular,

we have A;lSMX = T. Hence,

py = max{1, || Sarx|l2, || Shrx Tll2} min{1, |72 %}.

Since V has orthonormal columns, we have | T||2 < 1, ||[Samx|l2 < 1, and ||Six T2 <
1. This readily implies pp = 1. Then, observe that

In

w1

:|(In+A%)_1/2a (6.5)

where (I, + Ai)l/2 denotes the unique positive definite square root of I,, + Ai, is
another orthonormal basis for the nullspace of M = [Ak —In}. Thus, V = WU,

for some n x n unitary matrix U. Hence, T' = (I, + A%)*l/QU and, so, T~ =
U* (I, + A2)'/2. Finally, notice

1T~ o = [1(Fn + AR)15"* < V2max{L, | Axll2} = V2,
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which implies
o = masc{1, | Sxrx 2, [SirTll2} max{1, |73} < 2.

Conclusively, if S = Sarx, then pg < 2 and up = 1, and, thus, the bounds readily
follow from Theorem 6.2. O

Remark 6.1 From the previous theorem, we conclude that, from the relative-
absolute condition number point of view, ’H?’“ and HIS;MX are comparable and
have an optimal behavior for matrix polynomials P(A) with “small” degree and
for eigenvalues Ao with “small” modulus.

The optimality in this context means that the sensitivity of Ao as an eigenvalue
of P is approximately the same as the sensitivity of A as an eigenvalue of Hp.

Note that the lower bounds for these two linearizations show that if |Ao| > 1,
then neither of the two linearizations will be a good choice.

If Ay is a matrix whose absolute condition number ||A; |2 is “small”, then
7—[% has optimal condition number regardless of the modulus of Ay for moderate
k. Nonetheless, every eigenvalue of P()\) satisfies

k—1
Dol ST+ 145 12 D lAill2 < 1+ k[IAL |2,
=0

see [12, Lemma 2.2]. Hence, if ||A; '[|2 is moderate, then P()\) does not have eigen-
values with large modulus and, so, Hg’“ and ’H}S;,M % also have optimal condition
numbers for all eigenvalues of P()\).

Now, using Theorem 6.1, we can also conclude that, when Ag is nonsingular,
gﬁk’ and gISDM X are comparable and have an optimal behavior for matrix polyno-
mials P(A) with “small” degree and for eigenvalues with “large” modulus. Thus, if
P()) is a matrix polynomial with Ay and Ag nonsingular, in order to compute all
the eigenvalues accurately, the use of two linearizations ( ’H?k and g;‘k, for exam-
ple) would be necessary. This strategy is similar to the one used in the literature
with the linearizations D1(\; P) and Dy (\; P) given in (4.1) and (4.2), respectively.
We note that the linearizations DH and DG used in the numerical experiments
in Section 4 are precisely the linearizations ’H‘;k and gﬁk , respectively, discussed
here.

Remark 6.2 So far we have shown that the combined used of Hg"‘ and gﬁ*" en-
sures optimal eigenvalue conditioning for eigenvalues of any modulus. But the
same holds for Dy (\; P) and D1(A; P). So, what is the advantage of using these
two linearizations compared to Dy (\; P) and D1(A; P)? In Remark 3.2 we argued
that one of the possible reasons why the eigenvectors of Dy (\; P) and D1()\; P)
are so sensitive to changes in the coefficients of these two pencils is the fact that
both linearizations tend to have very ill-conditioned eigenvalues. In Remark 4.1
we showed that this is due to the fact that the condition number of the eigenval-
ues Ao with large (resp. small) modulus of Dg(\; P) (resp. D1(); P)) is bounded
below by the product of the corresponding condition number when Ag is seen as
an eigenvalue of P(A) and |Xo|*~1 (resp. |Ao|'™*). Theorems 6.3 and 6.1 show,
however, that the condition number of the eigenvalues A\ with large (resp. small)
modulus of Hﬁ"‘ (resp. g;’”‘) is bounded above by a multiple of the product of the
corresponding condition number when g is seen as an eigenvalue of P and |Ao|
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(resp. |Xo|™!). Thus, if the eigenvalue is well-conditioned in P()), its condition
number in the linearization is not much worse as long as |\o| is moderate. This
might be the reason for the good behavior of the backward error ratios when Hﬁ"’

Ay . . . . .
and Gp* were used in the numerical experiments showed in Section 4.

The next theorem provides bounds for the relative-relative condition numbers
ratio. Its proof will also be presented in Section 8. We note that, when finding the
bounds presented in this theorem, our main goal was to obtain bounds as sharp
as possible. For less tight but easier to interpret bounds, see Remark 6.3.

Theorem 6.4 (Relative-relative conditioning bounds) Let P(\) be a regular
n x n symmetric/Hermitian matriz polynomial of even degree k as in (1.1) with
nonsingular A, and max;—o.x{||Aill2} = 1. Assume that Ao is a simple, finite, and
nonzero eigenvalue of P(X). Let S be an n x n nonsingular matriz and let Hp(\)
be as in (5.2).

(i) If ol <1, then

max{L, 1S AL S} 0 M) W
G+ 1) ma (DoAY = reeQoi P) = mas (ol [ A}

(i3) If |Ao| > 1, then

ol ma {1, [5]12} max { Mo 145781152, i |

- <
(k+1)gg}§€{|/\0|z||z4i|l2} -
. k+k3 -
Qi) _ 2Pl min {1 Nolpa, S35 |
heGoiP) = mmDolTAR}

where the constants ¢, ta, s and pe are as in (6.1)—(6.4).

As with Theorem 6.2, the upper bounds presented in the previous theorem
depend on pg and pc. However, in this case, the bounds also depend on the norm
of each monomial of the polynomial P(\). Theorem 6.5 interprets these bounds in
the cases when S = A, S=1,,and S = Sy x.

Theorem 6.5 Let P(\) be a reqular n x n symmetric/Hermitian matriz polyno-
mial of even degree k as in (1.1) with nonsingular Ay and max;—o.{||Ai||2} = 1.
Assume that \o is a simple, finite, and nonzero eigenvalue of P()).

(i) If S = Ay, then

1 .
Gy oy [T TAT) if [dol < 1}
° . <
F D masi—or T4y o Aol > 1

2k3 ;
rar(Mos HB) _ { maxor (Ao ATey O ol <1

: 203 X |+ )
ree (00 P) | ety ¢ ol > 1.
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(ii) If S = I, then

max{1,[|4;, "|l2}

D ma o Ty ol <1
Ao~ .
s o (el TATRT o Aol > 1
4,8 2k® max{1,|]|A; |2} )
resQoi Hp) _ ) saco A porfadey - YAl
Krr(AOQP) - 2k”[Ao| max{1,[|A, |2} ’Lf|>\0| > 1.

max;—o:x{[Ao[*[| Aill2}

(i) If S = Syx, then

1 .
D ma o oAy o Pol <1
2o if Mol >1 [ =

(k+1) max;—o:r {| Mo [*[[Aill2}

X < 483 o) F Y ‘
tire (Ao P) maxor { oAy o ol > 1.

4k3 ;
rar(Mos HB) _ { maxor (Ao ATey O ol <1

Proof Recall from the proof of Theorem 6.3 that e, = pp = 1 when S = Ay, g =
pre = max{1, |A; |2} when S = I,, and pq < 2, [|A;'S||l2 < 1 and ||S*A; ' S|2 <
1 when S = Sprx. All the bounds, then, readily follow from Theorem 6.4.

Remark 6.3 In order to give an easy interpretation of the upper bounds obtained
in Theorem 6.5, we use the following fact

1 if[A] <1

k [
max{|| 0H27 |)‘0| ” k||2} = %k{|)\0| || ||2} = { |)\O|k if |)\0| > 1.

Then, from Theorem 6.5, we get the following simpler bounds for the relative-
relative condition numbers ratio.

If S = Ag, then
1 : 2k3 .
G TRl w0 Hp) _ f g iRl <1
G if [dol > 1 rer(ho; P) = | Tl i ol > 1.
If S = I,, then
max 1 . 2k® m x{1,||A71|| o
Wlf|AO|S1}<’M< g o i <1
1 i . =\ 2k®max{1,||A] .
D) ro] if |>\O| >1 lirr()\O,P) W if |)\O| > 1.

If S = Sax, then

1 : K3 .
ry A1) csothan) [ bl <!

A . > 3 .
B i ol > 1T e P) T | Bl g ] > 1.

These bounds are less tight than those in Theorem 6.5 but easier to interpret.
From these bounds we conclude that ’Hﬁ’“ and HIS;MX have also a comparable
behavior in terms of relative-relative conditioning. The behavior is optimal if
[Ao| < 1, k is moderate and ||Ao|l2 & 1 (recall that we have scaled P()\) so that
max;=0:x9{||Aill2} = 1); or if [Ao| > 1 is moderate, k is moderate, and ||Ag||2 =~ 1.
The lower bounds for these two linearizations show that if [A\o| > 1, then neither
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of the two linearizations will be a good choice. In this case, ’Hf;‘ could potentially
be a good choice if both ||A||2 and ||A]:1 |2 have approximately the same norm.
But in this case, as we argued in Remark 6.1, P()) does not have eigenvalues with
large modulus and, thus, ’Hf,’”", HIS;MX and ’HfD" are all optimally conditioned.

A comment regarding G2 similar to that in Remark 6.1 is appropriate here as
well.

7 Backward errors ratio bounds

In this section, we compare the backward errors of approximate eigenpairs of a ma-
trix polynomial P(\) and its linearization % ()) for different nonsingular matrices
S. The comparison is done by providing upper on the ratio of the two backward
errors. In all our results, we assume that the leading coefficient Ay of P()\) is
nonsingular as this condition guarantees that H2()\) is a strong linearization of
P()).

Theorem 6.1 allows us to address the case when Ay is singular but Ap is
nonsingular, by translating all the results obtained for 7—[15;()\) to gﬁ()\) just by
replacing P(\) by revP()) and Ao by %U

The proof of Theorem 7.1 is omitted because it is very involved but similar to
the proof of Theorems 6.2 and 6.4. It is also similar to the proof of Theorem 5.2
in [4]. The block-vector Az(\) defined in Theorem 5.2 would be necessary in this
case.

Theorem 7.1 (Backward error bounds) Let P()\) be a regular n x n symmet-
ric/Hermitian matriz polynomial of even degree k as in (1.1) with nonsingular Ay,
and maxi—o.x{||Ai|]|2} = 1. Let S be an n x n nonsingular matriz and let Hp(N)
be as in (5.6). Let (Z, Xo) be an approzimate right eigenpair of He(X), and define
the vector

5 = (€k ® In)f Zf |50| S 1? a’nd (7'1)
(e2® )z if [ho| > 1.
Then,
nraﬁxl'AO;P) §4k3/2cmax{17 ||S—1Ak||2}||iH2’
Mra(Z, Ao; HP) 1Z]|2
and
Nex (&, Xos P) max{1, X"} |zl

< 4k*% ¢ max{1, || S  Agl2}

e (Z, Aos HS) ~ max;—o.{|No|i||Ail2} 1Z]l2”

where ¢ is as in (6.1).

The following result follows from Theorem 7.1 and the fact that ||Sarx||2,
[Shrx Ay "Samxll2 < 1 and ||S;/x Akll2 = v/2 as shown in the proof of Theorem
6.3.

Corollary 7.1 Let P()\) be a reqular n X n symmetric/Hermitian matriz polyno-
mial of even degree k as in (1.1) with nonsingular Ax and max;—o.x{||Ai|[2} = 1.
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Let (Z, Xo) be an approzimate right eigenpair of Hy()\), and let T be as in (7.1).
Then

I - 21/2 if S = Sux,
7’7”@’30’? < 4k HEHQ x 41 if S = Ay,
Mrea(Z, Ao; Hp) iz max{1, [|A; |2} if S = In.
and
nrrE'%L’)\VO;P) S 4k?3/2 max{lﬂxo|k} H%Ib %
Ner (2, Ao; HP) max;—o.x{|Xo|*[| Ai]|2} [1Z]]2
21/2 ZfS = SMX?
1 if S = Ay,

max{1, || A; |2} if S = I.

Remark 7.1 From the previous theorem, we conclude that, from the relative-
absolute backward error point of view, 7—[‘;’“ and ’H}EM X are comparable and have
an optimal behavior for matrix polynomials P()\) with “small” degree and for
eigenvalues Ap with “small” modulus, as happened with the eigenvalue condition
number.

The optimality in this context means that the backward error of approximate
eigenpairs (Ao, Z) of P is not much worse than the backward error of approximate
eigenpairs (Xo, %) of HP when 7 is recovered from Z as explained in Corollary 7.1.

Moreover, if Ao (with [Xg| < 1) is an exact eigenvalue of H3(\) with corre-
sponding right eigenvector z, then according to Theorem 5.3, z = A (A\o)z for
some eigenvector z of P()A). Because of the structure of Ai(\), we have that
x = (ex ® In)z. This implies, as we will show in (8.16), that

3\ 1/2
e = 1900l < () maxga, 1 Aula)

2 [ll2 2
Thus, for S € {Ak, In,Smx} and |Ao| < 1, we have

[EIP:

< k32,
lzlle —

So, if the computed eigenvector 2z has the same structure as the exact eigen-
nra(ELAO;P)
N Mea(Z,20;HD)
values of k, for eigenvalues [Ao| <1 and for S € {Ag, Spx }. Although we cannot
guarantee that this is the case, in all our numerical experiments this seems to
be the case, in stark contrast with what happened with D1 (\; P) and D (); P).
Recall our comments in Remark 6.2 for a possible explanation.

As with the eigenvalue condition number, in order to guarantee small backward
errors for [Ag| > 1, it is necessary to assume that Ag is also nonsingular and use
the linearization Qﬁ’“ or QISDMX.

vector z, we know that the upper bound for is moderate for moderate
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8 Proof of the eigenvalue condition bounds

The next lemma is the key result that leads to the proofs of Theorems 6.2 and 6.4.

Lemma 8.1 Let P()\) be a regular n x n symmetric/Hermitian matriz polynomial
of even degree k as in (1.1). Assume that Ao is a simple, finite, and nonzero
eigenvalue of P(\) with corresponding right eigenvector x. Let S be an m X n
nonsingular matriz and let Hp(\) =: N\H1 — Ho. Then,

(Aol + 1) max{||H1 2, [[Holl2}]|A1 (ho)z[|3
Aol - [z P (Xo)z|

_ (PolllHall2 + [[Holl2) [ A1 (No)=|[3

Aol - [z P (Xo) x| ’

Hra(>\0; Hg) =

Fer (Ao HP)

where A1(\) is as in (5.8).

Proof By Theorem 5.3, the vector Aj(\o)z is a right eigenvector of Hp(\) with
eigenvalue \g. Since P()\) is symmetric, so is HP(\). Hence, A1(\o)z is also a left
eigenvector of Hg()\) with eigenvalue Ag. By Theorem 5.2, we have the following
right-sided factorization

HEA)AL(N) = ex @ P(N).
Differentiating this expression with respect to A, we get
HEA) AL(N) + HPEN)ALN) = ex @ P/(N).

Now, we evaluate this expression at A9 and multiply it by = on the right and by
(A1(Xo)x)* on the left. We get

(A1(M0)z)*HP (M) A1(Xo)z = (A1(Xo)z)* (e ® P'(No))z = 2" P'(Ao)z,

and the results readily follow from the eigenvalue condition number formulas in
Theorem 3.1.

Next we bound the norm of the matrix coefficients of the linearization Hg ()
in terms of the norms of the matrix coefficients of the matrix polynomial P(\) and
the marix S.

Lemma 8.2 Let P(\) be an n X n symmetric/Hermitian matriz polynomial of
even degree k as in (1.1) with max{||A;||2} = 1, let S be an n x n nonsingular
matriz and let Hp(\) =: N\H1 — Ho. Then,

[Hall2 < 2max{1, [|S]]2},
[Holl2 < 2 max{1,||S™A; " S|z}

Proof When k = 2, we have

* A—1 * * * A—1
WSy =[5 ATTS as }: [OS}_[SAQS 0}’

AS N+ Ao S Ai 0 —Ap

and the result thus follows from Proposition 2.1.
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Next, assume k > 4. Let z = [zf sz]T be a nonzero vector partitioned
into k blocks of size n x 1. Then, defining zp := 0, we have

k k—2

2 2
[H1z)13 = 11" 22013+ 1521 + Ax—1z2l3+ Y ll22il3 + Y 22041 + Ax—2i-122042]3-

i=2 i=1
Using the triangle inequality, we get

2 2 2 2
[Hizll2 < [[SlIzllz2ll2+(1S]l2llz1ll2 + | Ak—1ll2]lz2]l2)"+

k k=2
2 2
D llz2ill3 + D (lz2isall2 + | Ar—2i-1ll2ll22i42]l2)*.
1=2 =1
Finally, some simple inequalities and manipulations yield
k
2 2 - 2
IH1zl5 < max{1,|ISI3} | D ll=2sll3+
i=1
k-2 k2 K2
2 2 2
Do lzigallz + ) lzziral3 +2 Y llz2it 2]l z2i42l2
=0 =0 i=0
k-2
k 2
< max{L,||S]3} {2 lzillz+ 2 ) max{||z2i+1]13, |z2i2]3}
i=1 =0

2 2
< dmax{1, [|S]2}}|=(12,
which implies the result for H1. The result for Ho can be obtained similarly.
We now need to prove some technical lemmas.

Lemma 8.3 Let P()\) be an n X n symmetric/Hermitian matriz polynomial of
even degree k as in (1.1), let S be an n x n nonsingular matriz, and let Ay (X)be
as in (5.8). Define the following three functions

% % k—2r

i) =D AP AP R —2r+1) D> AP (8.1)
r=0 r=1 7=0
5 552 r—1

da(N) =D AT+ () Y A, and (8.2)
r=0 r=1 i=—r
k—2 k
2 ) 2 r—1 0

ds(X) =D AT+ (2r) DA (8.3)
r=0 r=1 1=—1

Then, the following inequality holds
[A1 (M2 < Vdi(A) max{1, ||S*1Ak||2,in:13§ [Aill2}, (8.4)
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for any A € C. Moreover, if Ao is a finite eigenvalue of P(\) with corresponding
right eigenvector x, then the following inequalities hold

A\
1141 (Ao)z[l2 < min{+/d1(Xo), v/d2(Ao)} max{1, ]S~ 1Ak||2,_max|\A 2},  (8.5)

llz[2
|A1(Ao)z|2 , —1
ol < Vds(Ao) max{1, max {[| 4[|}, max{[|S™" Asll2}}. (8.6)

Proof Let x be an arbitrary nonzero vector conformable with Aq(\) for multipli-
cation. From (5.8), together with the first inequality in Lemma 2.3, we get

k=2 k=2
AT (N3 = (AEIS T Arzll3 + D I llel3 + > AP Pee2r(Nall3 (8.7)
r=0 r=1
k—2
2
< PSS AR N)3 + > AP lzl3+
r=0
k—2 2
2 k—2r )
DT max {43} ( D0 A ] el
r=1 e j=o0
k—2
< max{L, |57 Ag||3, max {||A:]3}} |A|k+ZO|A|2’"+

k—2r

k=2
2
2 ] 2
ST W | .
r=1 j=0

Using Lemma 2.1, we obtain
k

2
1A1(N)lf3 < max{1, |57 Ag||3, max{||Asl3}} | Y A"+

r=0

k—2r

Z\AIQT (k—2r+1) Z A | 13-

Thus, we have found the upper bound

Al X2
ISl < /a8 max{1, 15 Ao, e (1 a1,
which does not depend on z. Since ||A1(\)||2 = max,+o W, this is also an

upper bound for ||A1(\)||2, which establishes the inequality (8.4).
Now let us consider an eigenvalue Ao of P(\) with corresponding right eigen-
vector z. The computations above give

A1 (Xo)z(l2
[E4(P

< Vdi(Ao) max{l, [|S™ 1Ak||27_max{||A (332
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Furthermore, by (8.7) and Lemma 2.2, we also have

k=2 k=2

Ar(Xo)z||3 _ 2 r 2 _op e

%swﬂkus LA S ol S ol TP )3 (89)
2 r=0 r=1

From Lemma 2.1 and the second inequality in Lemma 2.3, we thus obtain

k-2
A1(Xo)zl||2 _ 2
IAxo)als 1 k52 42 + 37 Irof?+
EE 2
% 2r—1 2
H_lg?,i{HAiH%}Z Aol %" (Z |/\0|Z>
= r—1 i=0
k—2 k—2
T2 T2 r—1 )
< ol IS ALE+ 30 ol + max (142} Y2 Y ol
r=0 ’ r=1 i=—r

< d>(h0) max{1, |~ A 3, max {1 A:l3}}.

This establishes inequality (8.5).
We now prove inequality (8.6). Recall Ay = Po(A). Hence, from (8.7) and
Lemma 2.2, we get

k=2 k=2
2 2
A1 (o) 13 < Mol TF ST P o) 134+ ol [l2ll3+D [dol =[PP (ho)al3
r=0 r=1

Using the second inequality in Lemma 2.3, we get

2
A1 (o)z||2 _ (=
I8 O0)lly e, wmae 144133, max {15 Aul3H} | Dol ™ | 3 1ol
||.Z‘||2 i=0:k 1=0:k )
2 52 2r—1 2
E3 ol ol (z w)
r=0 r=1 =0
Using Lemma 2.1, we finally obtain
k=2
A1 (No)zl|| _ 2
IAxC0)l o et e {14413, max (15~ AslE}} |3 ol +
||£L‘||2 1=0:k 1=0:k =0
% r—1 ]
>o2r Y ol
r=1 1=—7
<ds(X\) max{1, max {||A;|[3}, max {[[S~"A;[3}},
1=0:k i=0:k
which is the desired result. O

Lemma 8.4 Let \g € C be nonzero and let k > 2 be a positive even integer. Let
di1(N), d2(X\) and dz(\) be the functions in (8.1), (8.2) and (8.3).
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(a) If |Ao| <1, then

E+2 k(-1
di(ro) < FE2 L HEZD (8.9)
(b) If |Xo| > 1, then
k k(k —1)(k —2 _
da(Xo) < <§+1> |Ao\k+%|ko\k Y and (8.10)
E(k + 3)2 _
ds(No) < gp\o\’“ 2, (8.11)

6

Proof We first prove inequality (8.9). So, assume |Xo| < 1. Using |Xo|* < |Ao)?
when ¢ > j, we get from (8.1)

k—2
k 2 2 2
d1(Xo) <5 + 1+ ol ;(k—%—i—l)
k+2 2 k(k* —1)
=3+l 6

where the equality follows from 12 +32 4 ... 4+ (2n — 1)% = %M_l), which
implies (8.9).

Next, assume |\o| > 1. Let us prove (8.10) and(8.11). Using |Xo|" < [Xo}? when
i < 7, we get from (8.2)

u
k 2 k4o 2
da(Xo) < <§ + 1) IAo|* + Aol ;(27”)

k k(k—1)(k—2 _
:<§+1> |/\0|k+—( f)s( )|/\0|k 4

where the equality follows from

22 4.4 (2m)? = 20 E 1?2(2” +1) (8.12)

Analogously, from (8.3), we obtain

[MIES

ki k-2 k-2 2
< —
ds(Ao) < 5 Aol + [ Aol ;:1(27“)

k(k + 1) (k + 2)

)\k72
6 |Ao|™ 7,

= Lol 4

where the equality follows also from (8.12), which are the desired results. o
We are finally in a position to prove Theorems 6.2 and 6.4.

Proof (of Theorem 6.2) By Lemma 8.1 and the definition of kra(Ao, P), we have

Mol +1 [|[A1(Xo)zl13
Sk ool l=l3

Kra(Ao; HP)
Hra()\o; P)

= max{||Hollz, [|H1]|2} : (8.13)
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where we have used max;—o.,{||4i|]2} = 1.
We start by proving the relative-absolute upper bounds. Notice that

1 1, if [\o| <1, and
o1 { 5 Tfl ol <L an (8.14)
Zi:o |)\0|Z Do F1° 1 |>\O‘ > 1.
Moreover, by Lemma 8.2, we have
max{||Holl2, [|H1][2} < 2¢, (8.15)

where ¢ has been defined in (6.1). Hence, to finish the proof, we need to bound
the square of the ratio ||A1(Xo)z||2/]|z]|2-
If |Mo| < 1, by inequalities (8.5) and (8.9), we have

Ar(A -
141Q0)l 3 ) max(1, |15~ Ac|2)

13
< ('“ +2 K1) |A0\2> max{L, ST Ax 3} (816)
< X max{1 157 A3,
We notice that, if |[Ao| is close to 0, then the previous upper bound is close to

k+2
= max{L, S A3}

If [Ao| > 1, then, by the inequalities (8.5) and (8.10), we get

Aq (N 2 _
1280Q0)zl3 o 1, (3) max{1, 1572 Ax 2}

3
k k(k—1)(k —2 _ -
< ((7+1> ol MEZDEZ2)), ) max (1[5~ x5}

W k(k — 1) (k — 2 -
< Dot <k+2+%> max{1, |5~ A I3}

K? _
< [do|" 5 max{1, |57 Ak 2},
(8.17)

and, by the inequalities (8.6) and (8.11),

A )\ 2 _
I Qo)ella g, (3) max{1, max {115~ 421}
||.’E||2 i=0:k (818)

< o a1, mae (15 A1)

Hence, if |Mo| > 1,

2
||A1()\02)$||2 < |)\0|kX
=13

3 3
min{%max{l, 1S~ Arl3}, ';IJ; "“2 max{1, max {||S~ YA3 }}}.
(8.19)
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The desired upper bounds are obtained by combining the inequalities (8.14), (8.15),
(8.16) and (8.19) with (8.13). O

Now, we prove the relative-absolute lower bounds. First, a direct application
of the lower bound in Proposition 2.1 to Ho and H;1 yields

max{|[Holl2, [H1ll2} > ¢. (8.20)
Second, from (5.8), we get
k=2
41 (N3 2i k1S Arz|la "Aga||3 2i 4 ki a—1qy—2
o Aol ™ + [ ol > o™+ ol "4, Sl >
13 ; I3 Z B

MBS

> " [Ao)* min{1, |4, ' S|I7 %},
=0
(8.21)

where we have used that ||z||2 < [|[A™}||2||Az||2 for any vector x and invertible
matrix A. Hence, combining (8.20) and (8.21) with (8.13) yields

k .
rra(QoiHE) o (L4 Pol) ko [hol® i Ao |

ey 2 - = Kb
rra(Ao; P) SF ool o ol
73 if [Ao| < 1,and
1o (1 + ,‘jﬁl') i [Ao| > 1,

where pp has been defined in (6.3). Furthermore, by (5.8), we also have

113

1141 (Xo)([3 i Mol (8.22)
i=0

Thus, from (8.13), (8.20) and (8.22), we obtain

k=2 ) B i
Hra(AO;H}S‘)) >C(‘)\O| + 1) Zz:ZO ‘A0|2l > CE?:OI |)\0| >
FaOoiP) 0 S el Sl
g if [Ao] <1, and
¢ .
—— if |Xo| > 1,
3ol Aol
and the desired lower bounds have been established. O

Proof (of Theorem 6.4) By Lemma 8.1 and the definition of k;r(Ao, P), we have

reeQo; HP) _ (Dol Hallz + [[Holl2) ||A1(A0)$||2
ier(A0; P) S ol Adll2 =113

(8.23)
Notice also

k
max {of‘Aill2} < D7 Pl [ Aill2 < (k+1) max (ol I Ailla}. (3:24)

=0
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Furthermore, from Lemma 8.2, we readily obtain

4¢ if M| <1, and

APol¢ i Ao > 1, (8-25)

[Nol [[H1ll2 + [[Holl2 < {
where ¢ has been defined in (6.1).
When |Ag| < 1, the desired upper bound follows by combining (8.16), (8.24),
and (8.25) with (8.23). When |Ag| > 1, the desired upper bound follows by com-
bining (8.19), (8.24), and (8.25) with (8.23).
Now, we prove the lower bounds. First, from Proposition 2.1, we get

max{1, |S*A.'S|2} if [Xo] <1, and
> ’ k , )
ol [+ 1ol = { Pl 157, Sleb 3 Bl <7, (5.26)
Then, notice
[A1(Xo)z||2 1 if |Ao| <1, and
L S A L _ _ oy . 8.27
EE masc{|Ao[*[[ A7 SIF2, Ao[F2} if [Ao] > 1. (8.27)

which readily follows from (5.8). The lower bounds are obtained by combining
(8.24), (8.26) and (8.27) with (8.23).

9 Conclusions

In this paper, we propose a new strategy to solve the even degree symmetric/Hermi
tian polynomial eigenvalue problem. We have shown evidence that, the traditional
approach of using the linearizations D1 (A; P) and Dy (\; P) is, in many occasions,
risky due to the fact that the eigenvectors of these two linearizations are too
sensitive to small perturbations in their matrix coefficients. This sensitivity leads
to large backward errors for the computed eigenpairs. We propose instead the use
of the linearizations 7-[,1’3’“()\) and gﬁk (A) introduced in (5.7) and (5.9) (when S is
replaced by Ag). We have proven that the condition numbers of the eigenvalues
with small (resp. large) modulus of D (\; P) (resp. D1(A; P)) and Hgk()\) (resp.
g?"' (A)) are comparable. But we have also shown that the condition number of
the eigenvalues with large (resp. small) modulus of Dy(\; P) (resp. D1(\; P)) is
significantly worse than that of the eigenvalues of ”Hg’“ (M) (resp. Qﬁ"’ (N)), specially
for moderate to large values of the degree k of P()). In future work we intend to
determine if the sensitivity of the eigenvectors of Di(A; P) and Dg(A; P) truly
depends on the existence of ill-conditioned eigenvalues or if it depends on any
other factors. We would also like to determine how this sensitivity changes the
structure of the computed eigenvectors, in particular, the structure of the blocks
from which the eigenvectors of the polynomial P()\) are recovered, and how this
change affects the backward errors of the computed eigenpairs.

A Structure preserving deflation

In this section we consider the even-degree matrix polynomial (1.1) as an odd-grade matrix
polynomial by adding an extra zero matrix coefficient, that is,

QM) = AF1o, + P(N). (A1)
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We observe that the pencil 7—5-&-1 (N) (see (5.2)) is a “weak” linearization for Q(\), i.e., it is not

a strong linearization, since T£+1()\) has n extra spurious eigenvalues at infinity. Nonetheless,

the Kronecker structure of these eigenvalues at infinity is very simple, as we show in the next
lemma.

Lemma A.1 Let P(\) be an n X n even-degree matriz polynomial as in (1.1), and let Q be
as in (A.1). Then, the spectrum of T£+1(A) consists of the spectrum of P(\) together with n
eigenvalues at infinity of index one, i.e., with Kronecker blocks of size 1.

Proof Notice revy1Q(X) = Arevg P(X). Hence,
det (revg41Q(N)) = A" det (revp, P(N)),

and, so, all the extra n eigenvalues at infinity of Q(\) have algebraic and geometric multiplicity
equal to one.

Lemma A.1 allows us to apply to ’7’5+1()\) the structure preserving deflation developed
by Mehrmann and Xu [17], provided that Aj is nonsingular. Hence, we can deflate the n
spurious eigenvalues at infinity of 7—5+1()\) preserving the symmetric structure of the pencil.
Surprisingly, the result of applying the deflation procedure to T£+1(A) is essentially a pencil
of the form (5.6). The overall goal of this section is to prove this fact.

Let AT1—To := 7—5+1 (A\). The first step of the deflation consists in finding a unitary matrix

U such that
v _ |N
v =[]

where N is of full row rank. Notice that 71 has n zero rows (its first n rows), so the unitary
matrix can be chosen as the permutation matrix.

Uy 0 Iy
* 1 —— n
v = [of] = [
With this choice for U, the resulting N is of full row rank since it contains a kn X kn nonsingular
matrix.
The second step of the deflation procedure consists in finding a unitary matrix V' such
that

USToV = [Ag —In 0 -+ 0]V = [0, M],

where M is nonsingular. We can find such unitary matrix V' by using a rank revealing factoriza-
tion (via a QR decomposition with partial pivoting or the SVD decomposition, for example).
Let

(A, ~I] {“21 éz] = [0n M],

which implies, in particular, A;xVi1 = Va1. Then, set

Using MATLAB notation for submatrices, the deflated pencil is the kn x kn pencil
V(1 kn)* TS V(10 kn),
which is permutationally equivalent to
Vi1

{Vllovml 0 }Tg“m Vay
(k—1)n 0 I(krfl)n
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which equals

V5V AV
AVor Mg+ Ag2 —In
—Ip 0 A,
My ANAg_3+ A4 :Hgm(/\)’
A,
My, MAL + Ag

as we wanted to show, where we have used ApVi; = Vay.
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