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Abstract. Two nonsingular Hermitian matrices A,B € My,(C) are said to be Hermitian-
congruent if there exists a Hermitian matrix C' € My(C) such that B = CAC. In this paper,
we give necessary and sufficient conditions for two simultaneously unitarily diagonalizable Hermitian
matrices A and B to be Hermitian-congruent. Moreover, when A and B are Hermitian-congruent,
we describe the possible inertias of the Hermitian matrices C' that carry the congruence. We also give
necessary and sufficient conditions for any 2-by-2 Hermitian matrices to be Hermitian-congruent. In
both of the studied cases, we show that if A and B are real and Hermitian-congruent, then they are
congruent by a real symmetric matrix. Finally we prove that if A and B are 2-by-2 real symmetric
matrices having the same sign pattern, then there is always a real symmetric matrix C satisfying
B = CAC. Moreover, if both matrices are positive, then C can be picked with arbitrary inertia.
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1. Introduction. Matrices A, B € M, (C) (M, for short) are said to be congru-
ent if there is a nonsingular matrix C' € M,,(C) such that B = C*AC. Congruence is
an equivalence relation on M, (C). If * is replaced by T and the matrices are real, then
congruence is also an equivalence relation on M, (R). If A and B are Hermitian, it is
well known that they are congruent if and only if they have the same inertia (number
of positive, negative and zero eigenvalues, counting multiplicities) [3]. In particular,
if A and B are real symmetric and have the same inertia, they are congruent by a
real matrix [3]. We are interested here in the case in which A and B are Hermitian
(real symmetric) and C can be chosen Hermitian (real symmetric), as well.

It is a notable fact that if A and B are positive definite, then there is a unique
positive definite matrix C' such that B = CAC [2]; the formula for C is

C = A71/2(A1/2BA1/2)1/2A71/2'

Moreover, as follows from Theorem 2.3, A and B are congruent by a Hermitian
matrix with arbitrary inertia. Since B = CAC if and only if —B = C'(—A)C, similar
observations may be made when A and B are negative definite. However, if A and B
are congruent but not positive (negative) definite, it may happen that, not only there
is no positive definite C' that carries the congruence, but no Hermitian C at all. For
example, let

1 0 -2 0
a=[) 0] wa =2 0],
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We consider here the question of which pairs of nonsingular Hermitian (real sym-
metric) matrices A and B are congruent by a Hermitian (real symmetric) C' and what
are the possible inertias of C'. The order in which A and B are taken is immaterial.

We develop some general theory for this question and then specialize it to give
some explicit results in certain cases. In particular, we solve our question when A and
B are simultaneously unitarily similar to diagonal matrices. Also, when n = 2 highly
explicit results are given, including remarkable results involving the sign patterns of
A and B. In view of the facts mentioned for A and B positive (negative) definite, if
convenient, we may concentrate upon the cases in which A and B are indefinite.

Notice that the equation B = X AX is a particular case of the general continuous
algebraic Ricatti equation [4]

XAX +XD+D*X —B=0, (1.1)

when D = 0. Ricatti equations are of great interest because of their important role in
optimal filter design and control theory. In many applications, Hermitian solutions of
(1.1) are required. Most of the results in the literature on this problem assume that A
and B are positive semidefinite matrices. Some results can also be found for indefinite
matrices assuming that A satisfies some conditions motivated by control theory [1, 5].

2. Notation and general results. We start this section with some notation
and definitions that will be needed throughout the paper.

Let A, B € M, be Hermitian matrices. We say that A and B are Hermitian-
congruent if there is a nonsingular Hermitian matrix X € M, such that B = X AX.

We say that K € M,, is a signature matrix if K is a diagonal matrix with eigen-
values in {—1,1}. If K is a signature matrix, then W € M, is said to be K-unitary
if W*KW = K. It is easy to see that the set of all K-unitary matrices form a group
under multiplication.

If A= [a;j] € M, we say that S = [s;;] € M, is the sign matriz of A, and we
write S = sign(A), if s;; = 1 for a;; > 0; s;; = —1 for a;; < 0, and s;; = 0 for a;; = 0,
ij=1,..,n.

The next two results allow us to get equivalent statements of our problem.

THEOREM 2.1. Let A, B € M,, be nonsingular Hermitian matrices with the same
inertia. LetY,Z € M, be such that A=Y*KY and B = Z*KZ, respectively, where
K is a signature matriz with the same inertia as A. Let X € M, be a Hermitian
matriz. Then, B = XAX if and only if X = Y"'WZ for some K -unitary matriz
W e M,.

Proof. Suppose that there is a Hermitian matrix X € M, such that B = XAX.
Then,

Z7*KZ =X(Y*KY)X,
or, equivalently,
K=(Z7*XY")K(YXZzZ™).
Thus, W = YXZ~! is a K-unitary matrix.
Now suppose that X = Y "'W Z for some K-unitary matrix W € M,,. Since X is

Hermitian,

YT'\WZ =Z2WYy
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Then,
XAX = (Z2W*Y A 'WZ) = B.

0
COROLLARY 2.2. Let A, B € M,, be nonsingular Hermitian matrices. LetY € M,
be such that A = Y*KY , where K is a signature matriz with the same inertia as A.
There is a Hermitian matriz X € M,, such that B = X AX if and only if there is a
matriz Z € M, such that the following conditions are satisfied:
1. B=7*KZ,
2. ZY* 1s a Hermitian matrizx.
Proof. Suppose that there is a Hermitian matrix X € M, such that B = XAX.
Since A and B have the same inertia, there is Z € M, such that B = Z*KZ. By
Theorem 2.1,

X=Y"'wz,
for some K-unitary matrix W € M,,. Since X is Hermitian,
YIWZ = Z2Wry . (2.1)
Let Z := W Z. Then, using (2.1),
Y =WZIY* =YZ'W* =Y Z"

Clearly, conditions 1. and 2. hold with Z := W Z.

Now suppose that there exists a nonsingular matrix Z € M,, such that B = Z*KZ
and ZY* is Hermitian. Then, X = Y ~!'Z is a Hermitian solution of B = X AX. O

We now show that if two Hermitian matrices are congruent by a definite matrix
then they are congruent by a Hermitian matrix with any inertia.

THEOREM 2.3. Let A, B € M,, be Hermitian matrices. If the matriz equation
B = XAX has a definite solution, then it has a Hermitian solution with an arbitrary
wmertia.

Proof. We can assume that X is a positive definite solution of B = XAX. If
not, then —X is a positive definite solution. Then, there exists a nonsingular matrix
S € M, such that X = S*S. Thus, we have

S*SAS*S = B,
or equivalently,
SAS* =S *BS™1L.

Since SAS* is Hermitian, it is unitarily diagonalizable. Let U € M, be a unitary
matrix and D a diagonal matrix such that U*DU = SAS*. Then,

USAS*U* =D =US *BS™'U".
Let K be any n x n signature matrix. Since D is diagonal, K DK = D, and therefore,
KUSAS*U*K =D =US *BS™'U",
or equivalently,

(S*U*KUS)A(S*U*KUS) = B,
3



and the result follows. O

We finish this section with a lemma that facilitates the proofs of our results, as
it allows us to assume that A and/or B have a particular form.

LEMMA 2.4. Let A, B € M, be Hermitian matrices and let C € M, be a non-
singular matriz. Then A and B are Hermitian-congruent if and only if C*AC and
C~'BC~* are Hermitian-congruent.

Proof. 1t suffices to prove that if A and B are Hermitian-congruent then C*AC
and C~!BC~* are Hermitian-congruent. Let X € M,, be a nonsingular Hermitian
matrix such that B = X AX. Then

CT'BC™ = (C7T'XC™*) (C*AC) (CT'XC™). (2.2)
Clearly, C~'XC~* is Hermitian. O

3. The simultaneously unitarily diagonalizable case. In this section we
study the existence of a Hermitian matrix X € M, such that B = XAX, when
A, B € M,, are nonsingular simultaneously unitarily diagonalizable matrices.

We first consider the case in which A and B are real diagonal matrices. We
may assume that A is a signature matrix, which simplifies our calculations. The
transition to the case in which A is a general diagonal matrix follows easily from the
next result, whose proof is similar to the proof of Lemma 2.4, taking into account
that A = |A|2 K|A|z, with K = sign(A).

PRrOPOSITION 3.1. Let A, B € M, be real nonsingular diagonal matrices and let
K be the sign matriz of A. Let X € M, Then B = XAX if and only if B|A| =
(IS X|A[D) K (]S X |AJ).

We now give some lemmas for real diagonal matrices A and B that will be needed
in the proof of our main result. We start with a result that shows that we can reduce
our problem to the cases in which sign(A) = sign(B) and sign(A) = —sign(B).

LEMMA 3.2. Let

A=A 8 (—A3) @ A3 ® (—Ay) (3.1)
and

B =(—B;1) ® By ® B3 ® (—By), (3.2)
where A1, B1,A2,By € Mg, As,Bs € M, and A4, Bs € M, are positive definite
diagonal matrices. Let X € Mogyptr be a Hermitian matriz. Then X is a solution
of B=XAX if and only if X = X1 & Xs, where X; € My, and X9 € My, are such
that

Xi1(A1 @ (-A2)) X1 = (—B1) ® Bo,
Xa(A3 @ (—A4)) X2 = B3 @ (—Ba).

Proof. Bearing in mind Proposition 3.1, we assume, without loss of generality,
that

A= I;® (_Iq) ®I,® (_Ir)
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and
B = (=D1) ® D2 ® D3 © (—Da), (3.3)
where D; = A;B;, i = 1,2, 3,4. Suppose that

X1 X2 Xiz3 Xy
Xiy Xoo Xoz Xoy
Xiz X33 Xsz Xsg |7
Xiy X3y X3y X

(3.4)

where X1, X0 € My, X33 € M, and X4y € M,, is a Hermitian matrix such that
B = XAX. Then,

-Di'Xy Dy'Xiy —-Di'Xiz Di'Xu
Dy'X{, —Dy'Xg  Dy'Xps —Dy'Xoy

X 1=pB7'XA= 2 2 2 2 3.5
D;'Xt{s —D;'X3s  Dy'Xss —D3'Xay (3:5)
-D;'Xy,  Dy'X3 —Di'X3 Di'Xu
Since X! is Hermitian, it follows that
D' Xy = —Xi; D5, for i € {1,2}, j € {3,4}. (3.6)

As the main diagonal of D; is positive, for ¢ = 1,2, 3,4, condition (3.6) implies that
X;; =0for i e {1,2}, j € {3,4}, and the result follows.

The proof of the converse is trivial. O

The next lemma considers the case in which A, B € M, are real nonsingular
diagonal matrices with the same sign matrix.

LEMMA 3.3. Let A,B € M, be real nonsingular diagonal matrices such that
sign(A) = sign(B). Then there is a real diagonal matrix X € M, with arbitrary
inertia, such that B = XAX.

Proof. If sign(A) = sign(B), there exists a signature matrix K such that A =
|A|'/2K|A|'/? and B = |B|'/?2K|B|'/2. For an arbitrary signature matrix T € M,,,
since T? = I,,, we have

B = |B|'?K|B|'/?
= (|B|1/2|A|*1/2T) (\A|1/2K|A|1/2) (|B|1/2|A\*1/2T)

= (1BI214]72T) A (1BV2 A7)

Clearly, |B|'/2|A|~'/2T is real diagonal with the same inertia as 7. 0

The next two lemmas consider the case in which A, B € M,, are real nonsingular
diagonal matrices such that sign(A) = —sign(B).

LEMMA 3.4. Let A > 0. Then there is a real symmetric matric X € Mg such
that

X(Is D (715))X = )‘((*Is) D Is) (37)

Moreover, if X is any Hermitian solution to (3.7), then X has exactly s positive
etgenvalues.



Proof. The matrix

x=val ) G ] (33

proves the first part of the statement. To prove the second part of the statement,
suppose that (3.7) holds for some Hermitian matrix X € Ma,. Let Y = 1/VAX.
Then,

I, O I 1
v[h 0 ][ ] 59
which is equivalent to
-1 __ _Is 0 —Is O
Y _{ 0 I (-Y) 0 I (3.10)

Thus, Y ! is similar to —Y, which implies that the number of positive and negative
eigenvalues of Y, and, therefore, of X, are the same and equal to s. O
LEMMA 3.5. Let

A= A1 D (—AQ) and B = (—Bl) D BQ, (311)

where Ay, Ao, B1, By € M, are positive definite diagonal matrices. If there is a Her-
mitian matric X € M, such that B = XAX, then A1By and AsBs are similar and
X has q positive eigenvalues. Conversely, if AyB1 and As By are similar, then there
is a real symmetric matriz X € M, with q positive eigenvalues such that B = X AX.

Proof. Taking into account Proposition 3.1, we assume, without loss of generality,
that

A=1I,&(-I,) and B=(—Dy)® Dy,

where D1 = A1 By and Dy = A3 Bs. Suppose that

X1 Xio
X = , 3.12
[ Xy Xao ] (3.12)

with X1, Xo2 € My, is a Hermitian matrix such that B = X AX. Then,

-D7'X DilX
X '=B'XA= [ Lot Lo } : 3.13
Because X ! is Hermitian,
-1 _ -1
Dy "Xy =XnuDi,
Dy Xop = Xoo Dyt
Dy ' X1p = X12D5 'Y,
which is equivalent to
(Xij)p =0 or Mg = Ay, kid=1,...,q, andi,7=1,2, i < j, (3.14)
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where A1 and A2 denote the rth entry on the main diagonal of Dy and Ds, respec-
tively.
Let P € My, be a permutation matrix such that

R 0 0
PT{ ’ODl 1(7) }P: 0 —Ry 0 |, (3.15)
2 0 0 Rss

where Ry4, Rs5 € M, are positive definite diagonal matrices such that the eigenval-
ues of Ry4 (resp. Rss) are precisely the eigenvalues of Dj (resp. Dag) that are not
eigenvalues of Dy (resp. D), considering multiple eigenvalues (note that R4y and Rss
have no common eigenvalues), and R = R1; @ Raz @ R33 € My(q—yy), With

Ry = ﬁl(_lth S2) Ith) @ﬂh( iy D IQk ) € M2(q w)—ug —u’
Ry = /8k1+1(7‘[qk1+1 S qu1+1) - /6k2( Gko S ICIk2) € Mul y
Rs3 = ﬁk2+1(_‘[qxc2+1 & IQk2+l) 69/85( I . D I ) € MUQﬂ
where 31,...,0s are pairwise distinct positive numbers such that for i < kq, ; is

an eigenvalue of neither Ry4 nor Rss; for ky < i < ko, 3; is an eigenvalue of Ry
but not of Rss, and for i > ko, §; is an eigenvalue of Rss but not of Ry4. Here,
g; = min{mq(5;), m2(8;)}, where m1(8;) and mo(5;) denote the multiplicities of G;
in Dy and D5, respectively. Note that w = 0 implies uy = us = 0.

Applying the same permutation similarity to A, we get

PTAP=Ka&I,® (-1,),

where K = K11 @ Koo @& K33, with

K = [Ith D ( I(h )] D [Ile @ (71%1 )} )
Ko = [ Qk1+1 ( IQk1+1)] DD [IQkQ S5 (_I%z )} )
K3 = Qk2+1 ( Qk2+1)] DD [Iqs D (_Iq\s)} :

Then the equation B = X AX is equivalent to

K 0 0 R 0 0
Yyl o 1, 0 |y=|0 -Ru o |, (3.16)
0 0 -—I, 0 0 Rs5

where Y = PT X P. Because of (3.14), Y has the form

Y 0 0 0 0

0 Y 0 |Yy O
Y = 0 0 Ys3| 0 Yss5 |, (3.17)
0 Y$ 0 |Yy O
0 0 Y& | 0 Yss
where Y11 € My (g—w)—u, —u, 18 a direct sum of blocks of sizes 2q1, . . ., 2qk,; Yoz € My,

Y33 € My,, and Y4, Ys5 € M.
In particular, condition (3.16) implies

[Y22 1/24}{K22 0}{1/22 1/24]{322 0 ]
Y5y Yuu 0 I Yy Yuu 0 —Ry
7
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which is not possible for w > 0 because Ka3 @ I, and Roy @ (—Ry44) have different
inertia and, therefore, cannot be congruent. Thus, we deduce that w = 0, which
implies u; = us = 0. This means that D; and Dy have the same eigenvalues. Because
YKY = R, and taking into account the form of Y, it follows easily from Lemma 3.4
that Y, and therefore X, has g positive eigenvalues.

Conversely, suppose that D1 and D are similar. Then, there exists a permutation
matrix ) € My, such that

QT(-Dy)e D] Q=T1&- aT, (3.19)

with T; = 8; (=1, @ 1y,),i=1,...,s, where 31, ..., 35 are the distinct eigenvalues of
D; (and D3). According to Lemma 3.4, there is a real symmetric matrix Xo; € Moy,
with ¢; positive eigenvalues, such that T; = Xo; (I, ® (—1y,)) X2;- Then

Xo [y ® (—13)] X2 = (=D1) & Do, (3.20)

with X5 = Q(X21 ® - @ Xo,)QT. Clearly, X, has ¢ positive eigenvalues. O

We know describe the nonsingular simultaneously unitarily diagonalizable matri-
ces A, B € M,, that are Hermitian-congruent.

Note that if A, B € M,, are two Hermitian matrices with the same inertia that
are simultaneously unitarily similar to diagonal matrices, then AB is Hermitian and
the number of negative eigenvalues of AB is even. Moreover, any unitary matrix that
diagonalizes both A and B, also diagonalizes AB.

THEOREM 3.6. Let A, B € M, be two nonsingular Hermitian matrices simultane-
ously unitarily similar to diagonal matrices. Let 2q be the number of negative eigenval-
ues of AB. When g > 0, let uy, ..., uq be any orthonormal eigenvectors of A and B as-
sociated with positive eigenvalues of A and negative eigenvalues of B; let ugy1, ..., Uzq
be any orthonormal eigenvectors of A and B associated with negative eigenvalues of
A and positive eigenvalues of B. Then, there is a Hermitian matrix X € M, with t
positive eigenvalues such that B = X AX if and only if t € {q,...,n — q} and one of
the following conditions is satisfied:

1. ¢q=0;
2. ¢ > 0 and there is a permutation o of {1,...,q} such that

’LL:ABUz - uz+a(i)ABuq+U(i) = 0, (321)

i=1,...,q.
Moreover, if A and B are real and B = XAX has a Hermitian solution with t
positive eigenvalues, then it has a real symmetric solution with t positive eigenvalues.
Proof. Suppose that A has p + ¢ positive eigenvalues. Let vq,...,v, be any
orthonormal eigenvectors of A and B associated with positive eigenvalues of both A
and B; let wy,. .., w,—p—24 be any orthonormal eigenvectors of A and B associated
with negative eigenvalues of both A and B. Then,

U — [ U’l ce U2q Ul ce. Up wl P wn—p—Qq }
is a unitary matrix such that

Do=U'AU=A1® (—Ag) O A3 D (—A4), (322)

Dp =U"BU = (—B1) ® By ® B3 ® (—By), (3.23)
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where Ay, B, A2, By € My, A3, B3 € M, and A4, By € M,,_,_o4, are positive definite
diagonal matrices. It is not hard to see that

u; Auu; Bu; = u; ABu;,
i=1,...,2q. Thus, the eigenvalues of A;B; are
—ujABuy, ..., —u;ABu,
and the eigenvalues of Ay By are
—Uy 1 ABUg 1, - - —ud, ABugg.

According to Lemma 2.4, A and B are Hermitian-congruent if and only if D4 and
Dp are Hermitian-congruent.

Suppose that there is a Hermitian matrix X € M, with ¢ positive eigenvalues
such that B = XAX. Then D = YD,Y, with Y = U*XU. According to Lemma
3.2,Y =Y, ®Ys, with Y7 € My, and Y3 € M,,_o, such that

Yi(A1 @ (—A3))Y1 =(—B1) ® By (3.24)
and
V(A3 ® (—A4))Y2 = B3 © (—Ba). (3.25)
If ¢ # 0, according to Lemma 3.5, A; By and As By are similar, which implies that
there is a permutation o of {1,..., ¢} such that
u; ABu; = u;+a(i)ABuq+a(i), (3.26)

fori=1,...,q. Also, Y7 has ¢ positive eigenvalues. Thus, t € {q,...,n — ¢}.

Conversely, suppose that ¢ € {q,...,n — ¢} and one of the conditions 1. or 2.
is satisfied. By Lemma 3.3, there is a real symmetric matrix Y5 with ¢t — ¢ positive
eigenvalues such that (3.25) holds. Since A; By and Ay By are similar, by Lemma 3.5,
there is a real symmetric matrix Y; with ¢ positive eigenvalues such that (3.24) holds.
Let Y =Y1@Ys. Then B = XAX, with X = UYU*. Also, Y, and, therefore, X, has ¢
positive eigenvalues. Clearly, in case A and B are real, the matrix U can be assumed
to be real, which implies that X is real symmetric. O

The way we stated Theorem 3.6 was motivated by its analogy with Theorem 4.5.
We now give an alternative characterization of the nonsingular Hermitian matrices,
simultaneously unitarily similar to diagonal matrices, that are Hermitian-congruent
(real symmetric congruent in the real case).

COROLLARY 3.7. Let A, B € M,, be two nonsingular Hermitian matrices simul-
taneously unitarily similar to diagonal matrices. Let U be a unitary matriz such that
U*AU = Dy and U*BU = Dp, where D and Dg are diagonal matrices. Then,
there is a Hermitian matrix X € M, such that B = X AX if and only if there is a
permutation matrix P € M, such that

PTDs,P=Ss0A,®..® A, P'DgP=Sp® B &..® B,,
where
sign(Sa) = sign(Sg),

and A;, B; € My are indefinite matrices such that B; is a negative multiple of A;l,
1=1,...,q.



4. The 2-by-2 case. In this section we study the existence of a Hermitian
solution of B = XAX when A, B € M, are indefinite matrices. When A and B are
real matrices, we show that B = X AX has a Hermitian solution if and only if it has
a real symmetric solution. We then show that if A and B are real matrices having
the same sign pattern then A and B are congruent by a real symmetric matrix.
In particular, if A and B are positive matrices, then they are congruent by a real
symmetric matrix with arbitrary inertia.

4.1. General approach. We first consider the case in which A = diag(1,—1)
and B is real.
LEMMA 4.1. Let

A:H _?]ande[j Z] (4.1)

with a,b,t € R and t # 0. Then, there is a Hermitian matricx X € Ms such that
B = XAX if and only if there is a real z such that the following conditions are

satisfied:
e 22 +a>0;
o 22 —b>0;

o t =2(Vz22 +a+eVz2 —b), for somee € {—1,1}.
Moreover, if X is a Hermitian matriz such that B = XAX, then X is real.
Proof. Let

X:{i ;}GMQ (4.2)

be a Hermitian matrix. Note that x and y are real numbers. Then B = XAX is
equivalent to

a t] [a2*2—2z2 xz2—2y
[t b]_{zx—yz zz—yQ}’ (4.3)

which implies zz — zy = Zx — yz = t. Since ¢t # 0, then z must be real. Therefore,
B = XAX if and only if 22 +a >0, 22 — b > 0,

r=e1Vz22+a

Yy = —¢&2 22 —b

and

t=z(e1Vz22+a+e2v2%2—b), (4.4)

for some e1,e2 € {—1,1}. Since the second member of (4.4) is an odd function of z,
the result follows. O

We will need the following two technical lemmas.

LEMMA 4.2. Consider the function f(z) = 2(V22 + ¢+ V22 +d), with ¢ > d,
defined in Dy = {z € R: 22 +d > 0}. Let t € R. Then there is z € R such that
f(z) =t if and only if one of the following conditions is satisfied:

1. d > 0;

2..d <0 and |t| > +/d(d — c).




Proof. We have

df (222 +o)V22 +d+ (222 +d)V22 + ¢

dz (2) = V22 +ev2+d ' (4.5)
lim f(z) = —o0 and BIJP f(z) = +o0. (4.6)

Case 1: Suppose that d > 0. In this case f is a continuous function in R and,
therefore, taking into account (4.6), f(z) =t has a solution for any real ¢.

Case 2: Suppose that d < 0. Since f is continuous in Dy, %(z) # 0 forany z € Dy,
f(=V—=d) = —\/d(d — ¢) and f(v/—d) = \/d(d — c), then, taking into account (4.6),
f(2) =t has a solution if and only if |t| > 1/d(d —¢). 0O

LEMMA 4.3. Consider the function g(z) = 2(V/22 + ¢ — V22 + d), with ¢ > d and
d <0, defined in Dy = {z € R: 224+d > 0}. Let t € R. Then there is z € R such that
g(z) =t if and only if one of the following conditions is satisfied:

1. c< —d and |t| € } ed \Jd(d — c)} ;

p
2. ¢>—d, \/d(d—c) > Sland |t| € {\/—cd, \/d(d—c)} ;

3. ¢>—d, \/d(d—c) < Shand |t| € [V—cd, S4].
Proof. We have g(—+v/—d) = —/d(d — ¢), g(~/—d) = \/d(d — ¢),

|

e

lim g(z) = _e—d and lirf g(z) = ¢ _2d . (4.7
Also,
@(z)— (222 4+ c)V22+d— (222 +d)V22 + ¢ (4.8)
dz Vz22+ev?2+d . .

Case 1: Suppose that ¢ < —d. In this case % has no roots. Since g(v/—d) > %7 then
g(z) =t has a solution if and only if condition 1. holds.

Case 2: Suppose that ¢ > —d. Then % has two roots: z; = — —c‘fd and

Z9 = ./—Cidd. We have g(z1) = —v/—cd and g(z2) = v/ —cd. Since g is continuous in

Dy, then g(z) = t has a solution if and only if either condition 2. or condition 3.
holds. O

We now use Lemmas 4.2 and 4.3 to obtain the following consequence of Lemma
4.1.

LEMMA 4.4. Let A = diag(1,—1), and

B:[‘Z ” (4.9)

be an indefinite real matriz with t # 0. Then, there is a Hermitian matriz X such
that B = X AX if and only if one of the following conditions is satisfied:
1. a>b;
la+b]
2. |t > 52
11



Proof. Note that, since B is indefinite, then ¢?> > ab. According to Lemma 4.1,
there is a Hermitian matrix X of the form (4.2) such that

H Z]:X[(l) _HX, (4.10)

if and only if there is € € {—1,1} such that the equation

t=z2(v22+a+evz2—b) (4.11)

has a solution z. We now determine necessary and sufficient conditions for the exis-
tence of such an e. Let f(z) = 2(vV22 + a++v22 —b) and g(2) = 2(V22 + a—v2%2 = D).
We first assume that a > —b.

Case 1: Suppose that a > 0.

Subcase 1.1: Suppose that b < 0. It follows from Lemma 4.2 that the equation
f(2) =t has a solution for any ¢ € R.

Subcase 1.2: Suppose that b > 0.

e Suppose that @ > b. Then, from Lemma 4.2, equation f(z) =t has a solution
for |t| € [\/b(b+ a),+o0[; from Lemma 4.3, equation g(z) = ¢ has a solution
for [t| € [V/ab,/b(b+ a)]. Thus, for any t such that ¢* > ab, there is & such
that (4.11) has a solution.

e Suppose that a < b. Then, from Lemma 4.2, equation f(z) = ¢ has a solution
if and only if |t| € [\/b(b+ a), +oo] and, from Lemma 4.3, equation g(z) =t
has a solution if and only if [¢| €]%E2, \/b(b+ a)]. Thus, there is € such that
(4.11) has a solution if and only if

It > . (4.12)

Case 2: Suppose that a < 0 and b > 0. From Lemmas 4.2 and 4.3, there is € such
that (4.11) has a solution if and only if (4.12) holds.

We showed that if @ > —b there is ¢ € {—1,1} such that (4.11) has a solution if
and only if

a>b or t] > 5 (4.13)

As g(—z) = —g(2), equation g(z) = t has a solution if and only if equation —g(z) =t
has a solution. Therefore, for € € {—1,1}, (4.11) has a solution if and only if

t=2(V/22—b+eVz2+a)

has a solution. Thus, if ¢ < —b, by changing the roles of @ and —b in (4.13), it follows
that there is e such that (4.11) has a solution if and only if a > b or [¢| > — 22, Then,
the claim follows. O

We now give the main result of this section. We consider that A, B € M, are
not simultaneously unitarily diagonalizable matrices, as the other case follows from
Theorem 3.6.

THEOREM 4.5. Let A,B € My be two indefinite matrices. Let uy and us be
orthonormal eigenvectors of A. Suppose that uj Bus # 0. Then, there is a Hermitian
matric X € Ms such that B = X AX if and only if one of the following conditions is
satisfied:

12



1. v ABuy + usABugy > 0;
2. |\/—uf Auyub Ausui Bus| > S|ui ABuy — u3 ABus|.

Moreover, if A and B are real and B = X AX has a Hermitian solution, then it
has a real symmetric solution.

Proof. Since the statement of the theorem is the same if we change the roles of u;
and us, assume, without loss of generality, that u; is an eigenvector of A associated
with the eigenvalue A1 > 0 and us is an eigenvector of A associated with the eigenvalue
Ao < 0. Moreover, by a possible multiplication of u; and us by unit modulus complex
numbers, assume that if A is real then u; and us are real. Let U = [ UL Usg ] . Then

U*AU = diag(\1,\2). Let D = diag(1/v/A1,1/v/=X2) and

r_ —17* -1\ _ a te!
B = (D~'U") B(UD )_[te_” i }
in which a and b are real (since B’ is Hermitian), and ¢ is real (in fact, we can even
assume t > 0). Let V = diag(e®, 1). Then, for C = UDV, C*AC = diag(1,—1) and

-1 —% a t
c'BC _[t b] (4.14)

is real. Also, if A and B are real, then C is real. Note that

a = MNujBu
b = —/\Q’LL;B’U,Q
|t| = VvV —Al)\Q‘UTBU2|

Because B = X AX if and only if

a t —1 —% 1 0 -1 —%
[ t]oeen ]t oo s
conditions 1. and 2. follow from Lemma 4.4. If A and B are real and (4.15) holds,
then, by Lemma 4.1, C~' X, and, therefore, X, is real. O

We finish by noting that if A, B € My are simultaneously unitarily diagonalizable
matrices, then the conditions in Theorem 3.6 are equivalent to conditions 1. and 2. in
Theorem 4.5, if in condition 2 we replace > by = . Note that in this case uj Bus = 0.

4.2. A and B have the same sign pattern. In this section we consider in-
definite matrices A, B € M3(R) and we study the existence of Hermitian solutions of
B = X AX in terms of the sign patterns of A and B. Note that according to Theorem
4.5, B = XAX has a Hermitian solution if and only if it has a real symmetric solu-
tion. It turns out that if A and B have the same sign pattern, then there is always a
Hermitian (real symmetric) solution to B = X AX, which is a remarkable result. In
fact, if A and B are both positive, then there is always a positive definite solution,
which by Theorem 2.3, implies that solutions with all possible inertias can be got.

The approach we follow here is based on Theorem 2.1.

Let A, B € M3(R) be two indefinite matrices. Let U,V € Ms(R) be orthogonal
matrices such that

A=UDyU', B=VDgV', (4.16)

where D4 and Dp are diagonal matrices.
13



It is easy to see that

[y ] ve[m g e

for some angles 6, 7. Also, we can assume, without loss of generality, that

2 0 } { m? 0 }
Dy=| 1} , Dp=| "1 4.18
4 { 0 —i3 B 0 —m3 (4.18)

for some positive real numbers Iy,ls,m1,mo . Then we have

13cos?(0) — 13sin%(0) (13 + 12)sin(0)cos(0)
A= [ (12 + 13)sin(0)cos(0)  12sin2(0) — I3cos®(0) ] ; (4.19)
_ [ micos®(r) —m3sin®(1)  (mF 4 m3)sin(7)cos(T)
B= [ (m} +m3)sin(t)cos(t) misin?(T) — m3cos?(1) ] (4.20)

Let Y and Z be nonsingular matrices satisfying A = YTKY and B = ZTKZ,
with K = diag(1, —1). It follows from Theorem 2.1, that A and B are congruent by a
real symmetric matrix if and only if there exists a real K-unitary matrix W such that
WZY" is symmetric. Moreover, X € M(R) is a symmetric solution of B = X AX
if and only if X = Y™'WZ for some real K-unitary matrix W such that WZY7 is
symmetric. According to [2], any real K-unitary matrix W can be written as

| sec(a) tan(a) | —sec(a) —tan(a)
Wi = tan(a) sec(a) ]’ o W2_[ tan(a) sec(a) |’ (4.21)

for some angle . Taking into account the two possible forms for W, we introduce
the following definition.

DEFINITION 4.6. Let A, B € Ms(R) be two indefinite matrices. Let A =Y'KY
and B = Z'K 7, where K = diag(1,—1) . If there exists a real K-unitary matriz W
such that WZY? is real symmetric, then we say that X =Y W Z is

e a solution of type 1 of B = XAX if W has the form of Wy in (4.21).
e a solution of type 2 of B = XAX if W has the form of Wy in (4.21).

Then, we have the following result.

LEMMA 4.7. Let A,B € Ms(R) be indefinite matrices. Then, A and B are
Hermitian-congruent if and only if there exists a real number a such that cos(a) # 0
and one of the following conditions holds:

1. (mila+1lima)sin(0 — 1) = (myly —lama)sin(a)cos(0 — 7), in which case there
is a solution of type 1;
2. (maly —lamy)sin(0 — 1) = (myly +lama)sin(a)cos(0 — ), in which case there
is a solution of type 2.
Proof. Noting that

lymicos(0 — 1) lomysin(0 — 1)

_ T _
R=2y" = —lymasin(0 — 1)  lamacos(0 — 1)

and considering the expressions for W; and W given in (4.21), the result follows in a
straightforward way by checking when W R is symmetric. O

It is worth to remark that the results in this subsection are independent of the
selection of the matrices Z and Y.
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We now study the existence of a real symmetric solution to B = X AX in terms
of the sign patterns of A and B. Here we consider sign patterns with no zero entries.
Thus, the following are the only possibilities:

R I S FE IR

o B IS IS el AR B

The main result in this subsection shows that if A and B are real indefinite
matrices having the same sign pattern, then there is always a real symmetric solution
of B = X AX. Notice that in order to prove that, it is enough to check that the result
is true for the patterns P; and P; as

| —
_= O

é]PBH H:Pz, (4.23)

Pi'=P, Ps=-P, Ps=-P, Pr=-P;, Pi=-P,.

The following lemma will be useful in the proofs of our results.
LEMMA 4.8. Consider the function f(z,y) = {75 defined in S = [a1 az]x [by ba],
with 0 < a1 < as and 0 < by < by. Then,

flai,b2) < f(x,y) < f(az,b1)  for all (x,y) € S.

Proof. The function f(z,y) is differentiable and it is defined in a compact set.
It achieves the absolute maximum and the absolute minimum on the boundary of S
since

5f 1+ 92 5f  —1—2a?
- - TJ - = = for all .
>0, Sy = Ut ay? <0 forall(z,y)es

dr (14 2y)?

Note that the domain of f is a subset of R? with rectangular form, and the partial
derivatives of f have also constant sign in each of the edges of this rectangle. Taking
into account that f(z,b1) and f(x,bs) are both increasing functions in the interval
[a1,as], while f(a1,y) and f(as,y) are decreasing functions in the interval [by, bs], the
result follows. O

4.2.1. A and B are positive matrices. It is well known [3] that if M is a
positive matrix, then the spectral radius p(M) of M is positive, p(M) is an eigenvalue
of M and there is a positive eigenvector associated with p(M). Moreover, if A is any
other eigenvalue of M, then |\ < p(M).

Let A, B € M3(R) be the matrices given in (4.19) and (4.20), respectively, and
assume that A and B are positive. Then,

Iy < ll, mo < MmMj. (424)

cos(0) #0, cos(r)#0, tan(d) >0, tan(r)>0, (4.25)
15



and

lo l1 mo mi

— <tan(f) < ~, — <t < —. 4.26

2 <tan() < L T2 < tan(r) < (4.20
Notice that if the equation B = X AX has a Hermitian solution, then cos(§ — 7)

must be different from zero. If cos(§—7) = 0, then 0—7 = (2r+1)7/2forr =0,1,2,...

But this implies that tan(0)tan(7) < 0, which contradicts (4.25).

Next we analyze when there exist solutions of type 1 or type 2 to B = XAX.

Solutions of type 1. It follows from Lemma 4.7 that a solution of type 1 of B =
X AX exists if and only if

-1 < Citan(d —7) < 1, (4.27)

where

lo+1
mlll — lgmg
Moreover, if a solution of type 1 exists, then there are exactly two solutions of type
1, say X; and X5. By Lemma 4.7, one corresponds to a = arcsin(Cy tan(f — 7)) and
the other corresponds to oo = aresin(Cy tan(f— 7))+, which implies that X; = —Xo.

Taking into account that

_ tan(0) — tan(7)
tan(0 — 1) = 1+ tan(0)tan(r)’

it follows easily from Lemma 4.8 and (4.26), that

1 1
—— <tan(f0 —7) < =-. 4.29
o <tan(0-7) < (1.29)
Thus, (4.27) holds and we have the following result.
THEOREM 4.9. Let A, B € M(R) be indefinite positive matrices. Then the

equation B = X AX has two solutions of type 1.

Solutions of type 2. It follows from Lemma 4.7 that a solution of type 2 of B =
X AX exists if and only if

—1 < Cytan(d — 1) < 1, (4.30)

where
maly — lamy
Cy = A (4.31)
Again, if a solution X of type 2 exists, then there are exactly two solutions of type 2,
X and —X.

THEOREM 4.10. Let A,B € Ms(R) be indefinite positive matrices. Then the
equation B = X AX has two solutions of type 2.

Proof. Taking into account that mil; > msly and my < myq, it is easy to prove
that Cy/C; < 1. Considering (4.27), it follows that there is a solution X of type 2.
Then —X is also a solution of type 2.

0
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Definite solutions. In this part we determine the existence of definite real sym-
metric solutions to B = X AX when A, B € M3(R) are indefinite positive matrices.
Note that in general we may have a Hermitian solution of B = X AX but not a def-
inite solution. For example, the equation diag(1l,—1) = X(—1,1)X has a Hermitian
solution but has no definite solutions (see Lemma 3.5).

By Theorem 4.9, there exist two solutions of type 1 of B = XAX, say X and
—X, with

X =Y 'WZ =U|DA|"Y*W|Dp|*/?*V?, (4.32)

where

1 1 Citan(§ — 1) _ )
= cos(@) | Citan(6—7) 1 , a=arcsin(Citan(0 — 1)).

We show here that these solutions are definite matrices. Then, taking into ac-
count Theorem 2.3, we can assure that the solutions of type 2 are both indefinite. A
calculation shows that

— 1 7;’—11005(9 —7)— 720 SCZSS((OG TT)) (T— m201> sin(0 — 1)
cos(a) (mllifl — T—;) sin(0 — ) TGy %"9:)) + T2cos(0 — )

It is easy to check that this is a symmetric matrix, which implies that X also
is. Using ( 4.29), it is also easy to see that det(U? XU) > 0. Thus, U7 XU, and,
consequently, X, is definite. Therefore, we have shown that the two solutions X and
—X of type 1 are definite, and we get the following result.

THEOREM 4.11. Let A,B € M3(R) be indefinite positive matrices. Then the
equation B = XAX has two definite real solutions as well as two indefinite real
solutions.

The results obtained for positive matrices are inherited by 2-by-2 real indefinite
matrices with sign pattern Pj.

COROLLARY 4.12. Let A, B € M3(R) be indefinite matrices with sign pattern Pj.
Then the equation B = X AX has two solutions of type 1 and two solutions of type 2.
Moreover, one of the solutions is positive definite.

Proof. Notice that if a real indefinite matrix M has sign pattern P,, then M !
is a positive matrix. Notice also that B = XAX if and only if B~' = X 1A~ 1X 1,
Taking into account that X is positive definite if and only if X ! is positive definite,
the result follows from Theorems 4.9, 4.10, and 4.11. O

It is trivial to note that the same results are also inherited by matrices A and B
having both sign pattern either P5 or Ps.

4.2.2. A and B have sign pattern P,. Let A, B € M5(R) be the matrices
given in (4.19) and (4.20), respectively, and assume that A and B have sign pattern
P,. Then, cos(6) # 0, cos(T) # 0 and

Iy myp M2

0 < tan(f) < min { L ;2 } , 0 < tan(r) < min {mg’ ml} . (4.33)

Notice that, using the same argument as for positive matrices, it can be proven that
cos(6 — 1) #0.
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THEOREM 4.13. Let A, B € M(R) be indefinite matrices with sign pattern Ps.
Then the equation B = X AX has two solutions of type 2.

Proof. Since cos(0 — 1) # 0, the equation B = X AX has a solution of type 2 (in
fact, two solutions) if and only if

—1<Cytan(d —7) <1, (4.34)

where C5 is as in (4.31). Using Proposition 4.8 and (4.33), we have

—min{ml7m2} <tan(d —7) < min{l1 ZQ} (4.35)

ma My 12, Iy

It is easy to see that

!
02<mm{m?,1}, if Cy > 0 (4.36)
my o
and
!
—Cy < min {ml 2} L if Oy < 0. (4.37)
meo ll

Thus, multiplying (4.35) by C and using (4.36) and (4.37), condition (4.34) follows.
Note that

min l—l,lz min @,l—l <1; min @’@ min @,l—l <1
b’y my Iy mo My my lp

min l—l,l—z min @71—2 <1; min @,@ min @,1—2 <1
'y ma’ 1y mo My me I

COROLLARY 4.14. Let A, B € M3(R) be indefinite matrices with sign pattern Ps,
Ps or P;. Then the equation B = X AX has two solutions of type 2.

The next example shows that when A and B are real indefinite matrices with sign
pattern Ps, the equation B = X AX may have no solutions of type 1.

Consider A and B as in (4.19) and (4.20), respectively, with {; = lo = 1, my = 1.6,
mg = 1.4, 0 = /6 and 7 = 7/12. It is easy to see that A and B are real indefinite
matrices with sign pattern P,. Also, C; tan(f—7) = 3.642155906 > 1. Thus, a solution
of type 1 does not exist. On the other hand, if X is a solution given by (4.32), where
W has the form of W5 in (4.21), then det(X) < 0, which implies that X is indefinite.
Thus, B = X AX has no definite solutions.

0
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