Iterative Techniques in Matrix
Algebra

Exercise Set 7.1, page 427

1. (a) We have ||x||cc = 4 and ||x]|]2 = 5.220153(b) We have ||x||cc = 4 and ||x||z = 5.477226.
(c) We have [}x]|o = 2° and |xly = (14 4)1/2
(d) We have [|x|loc = 4/(k +1) and [[x||2 = (16/(k +1)* + 4/k* + k*e™2")!/2.

2. (a) Since ||x||1 = >0, |zi| > 0 with equality only if z; = 0 for all ¢, properties (i) and (i)
in Definition 7.1 hold.

Also,
n n: T
laxlly =D " laws| =Y lalle = lal Y = = lallx]),
i=1 i=1 i=1

so property (#41) holds.
Finally,

n n

e+ yll =D lwi +9:l < 3 (il +lyal) = D |l + Z lyal = Il + Iyl

i=1 i=1 i=1 i=1

so property (iv) also holds.
(b) (1a) 85 (1b) 10 (lc) |sink|+|cosk|+ef (1d) 4/(k-+1) +2/k% + k?eF
(c) We have

2
%I} = (Z lfCil) = (Jza| + |wa| + - + [2n])?
i=1
n

> 21+ f2al® + -+ e = ) Jaal® = %1,

i=1

Thus, [x]ly > [x]l2.
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3. (a) We have limy_,o, x®) = (0,0, 0)*. (b) We have limy_., x®) = (0,1, 3)*.
(c) We have limj_,o x*) = (0,0, 1)%. (d) We have limy_.qo x*) = (1, —1,1).
4. The || - ||oo norms are as follows:
(a) 25 (b) 16 (c) 4 (d) 12

5. (a) We have |[|x — %[|oc = 8.57 x 107 and ||A% — b||eo = 2.06 x 1072,
(b) We have ||x — %||oc = 0.90 and ||4% — b||e = 0.27.
(c) We have ||x — X||oc = 0.5 and ||A% — b||e = 0.3.
(d) We have ||x — %||oc = 6.55 x 1072, and || A% — b]|s, = 0.32.

6. The || - ||co norms are as follows:
(a) 16 (b) 25 (c) 4 (d) 12
7. Let A= |- M and B=|" Y| Then |4B| =2 but 4@ |Blq =1
' 0 1 1 1) ®=% @17l ="
8. Showing properties (i) — (iv) of Definition 7.8 is similar to the proof in Exercise 2a. To show

property (v),

T

|AB = ZZ

i=1 j=1

n

Z @b

k=1

n n n
<D0 laukllbeg]

i=1 j=1 k=1

g {; as g lbkjl} < Z (Z lau»l) (ZZ lbwl)

=1 \k= k=1 j=1

(ii] m!) IBlo = lAllollBllo-

i=1 k=1

The norms of the matrices in Exercise 4 are (4a) 26, (4b) 26, (4c) 10, and (4d) 28.
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9. (a) Showing properties (1)-(iv) of Definition 7.8 is straight-forward. Property (v) is shown as

follows:
n 2
=12
(z‘:l j=1 )

< ZZ(Z‘“N Z[b,ﬂ )) by Theorem 7.3

3

=3 [Iaml (Z 3 Ibisl? ﬂ
i=1 k=1 j=1k=1

=33 lanPIBIE = B33 lasl® = [ BIZIAIE = |AIZIBI.
i=1 k=1 i=1 k=1

(b) We have
(4a) | AllF = v/326
(4b) || Allr = v/326
(4c) || Allr = 4
(c) (4d) |4l = V148.

2 2
i n k3

| A2 —”H!lla.x Z Zaing) max Z <Z|a,j]|m]|)
Jj=1 i=1

T lxlle=
< e, D (Z|a“'2> (Zl‘ﬂjﬁ) " el Z(Zmiﬂz) (Zmp)
o=l j=1 j=1 i=1 =1 j=1
=3 lay* = 143

=1 j=1

=
W=
N =

Let j be fixed and define

Then Ax = ((Llj, a2y - - - ,CLn]‘)t, 50

JA[5 > 14x]15 > D lai]*.

i=1
Thus,
1A =) lasl = ZZ lai|* < Z IAlZ = n]lAll3.
i=1 j=1 i=1i=1
Hence, [|All2 < [|A]lr < vnllAll2.
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10. We have

2

n

2
n n T
| Ax||3 = Z Zaijl‘j < Z Z laijl|z;]

i=1 |j=1 i=1 \j=1
Using the Cauchy-Buniakowsky-Schwarz inequality gives

2

(&
g

n n n 7 n
IAx)3 <> | [ D laws? > layl? = D lagl® | I3 = AN I3
1=1 =1 j=1 i=1 j=1

Thus, || Ax|lz < |4 rlixll2-

11. That ||x|| > 0 follows easily. That ||x|| = 0 if and only if x = 0 follows from the definition of
positive definite. In addition,

i 5 PR 3
lax|| = [(ex') S(ax)]? = [a®x'Sx]* = || (x'Sx)* = |al|x].
From Cholesky’s factorization, let S = LL!. Then
x'Sy =x'LL'y = (th)t (Lf’y)
1/2
< (@) (L)) [ty ()]

= (*'LLx) " (y'LLYy)? = (x'5%)"? (yisy) .

1/2

Thus,

I+ yI2 =[x +9)" S (x+y)] = [x5x + ¥ Sx + xSy +y'Sy]
<xtSx + 2 (x5%)'? (y'Sy) '/ + (y'Sy)"/?
=x'Sx + 2|x||llyll +¥*Sy = (=l + Iy [})"-
This demonstrates properties (é) — (4v) of Definition 7.1.
12. Since ||x|" = 0 implies ||Sx|| = 0, we have Sx = 0. Since S is nonsingular, x = 0. Also,
lx+ 3l = [1SG+y) = 15x + Syl < [[5x[| + || Syl = lIx|" + Iy |l

and
lex|l” = [[S(cx)|| = |af [|Sx| = |a| [Ix]|".

13. It is not difficult to show that (7) holds. If || A]] = 0, then ||Ax| = 0 for all vectors x with
x|l = 1. Using x = (1,0,...,0)%, x = (0,1,0,...,0)%,..., and x = (0,...,0,1)* successively
implies that each column of A is zero. Thus, ||A|| =0 if and only if A = 0. Moreover,

lecAll = e f[(eAx)]| = |af max [|Ax]| =|af - 1AL,

4+ Bl = max [(4-+ B)x| < s (|4x] + | Bx),

x|



