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Mathematics 108A: Quiz 4
August 5, 2008
Professor J Douglas Moore

Part 1. True-False. Circle the best answer to each of the following questions
Each question is worth 2 points.

1 Let 8 = {uy,. .un} be a finite subset of a vector space VV over a field F.
Then 3 is a basis for V if and only i every element v of V can be uniquely
expressed as a linear combination of elements of g

@i@ FALSE

2. Let B® be the set of infinite sequences (xy,%2, .. %y, . ), where each z; is
s real number The linear map T : R®™ — R defined by

T(Ils$2}$31 : )z (075113%13: ‘ }

has a nonzero null space spanned by the vector (1,0,0,.. )

3. matrix A defines a linear map
Ty R" - BT b}’ TA(X) = Ax

The null space of this linear map is the space of solutions to the homogeneous
linear system

a7+ a%2 + Ty = 0,
am Ty +ageTs + -+ oI, = 0 (1)
&m3Ty + @mats + + AmpTa = 0
TRUE FALSE
4. The range of the linear map T4 is the space of vectors b = {by, . ,by) in
R™ such that the linear system
anT b enZa+ o QT = by,
an ) -+ @2aTo + -+ QmTn = bo,
Bm1Zl + E8m2Z2 + F GmnZn = bm,



has a solution

TRUE FALSE

5. Suppose that 7 : R — R® is a linear transformation and
null{TY == {(£y, 10,23, 24) € RY:zy 4+ 25 ~ 214 = 0,234 x4 =0}

Then T must be surjective,

Part 1I. Give complete answers to each of the following questions.

1. (7 points) Let Pa{R) denote the space of polynomials of degree two, with
basis § = (po, p1,pz), where

po(I} =1, pl(m) = I, pz(m) = z?.
Suppose that T : Po(R) — Po(R) is the linear transformation defined by
dp
T(p(z)) = (@) - p(a)
What is the matrix M{T, 3, 5} of T with respect to this basis?
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2. (7 points) a. Complete the following sentence: A list of vectors (v, va, ..., vy)
in V is linearly independent if and only if ..
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b. Suppose that T': V' — W is an injective linear map, and that (vy,va, . ., v,)
is a linearly independent list of vectors in V. Prove that (T{v1), T(va), ..., T(vn))
is & linearly independent list of vectors in W,

Hint: Start by assuming

aT(vi)+ - +aT(va)=0
- ety =
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Hint: Finish by showing that

ay =ag = =a,=10.



3. The Main Theorem from Chapter 3 of the text by Axler is:

Theorem. If V is a finite dimensional vector space and T : V — W is a linear
map into a vector space W, then

dim V = dim null(T) + dim range(T")

Recall the idea behind the proof. We start by choosing a basis (uy, . ,u,,) for
null{T") The Extension Theorem from Chapter 2 states that we can extend this
to a basis

(u]! <oy Umy VI, - 1vn)

of V. If we can show that (T(v1),...,T{va}) is a basis for range(T), then
dimrange(T} = n. It will then follow that

dimV = m + n = dimnuly{(T") + dim range(T),

and the theorem will be proven. Thus we need only show that (T'(vy), ., T{(vy))
is linearly independent and spans range(T")

Prove that the list (T{vy), .,T(vy)) spans range(T).

Auftsars v e AbL Ly, Thewe W = T
,‘f‘.‘_b{f\;“,»_ L. ,.\,}; Y , Tte o .‘i'é...i'f..-i?f—'f)
67 = 0, Ci; SR ”"ri’\ - [Q V‘ Ao bh\;::’u
‘::}I{“ﬁdfu
WA= "5: ;?j\' y o i !(\1\“’:) e bty Vo b b.‘\/§ P bl« Y }
=Gy ”Tfnl;‘iﬂ Ao Do T ’r”}m) + 1-‘H T (’f o L’" ) V‘
Ao tf Py :[.':.'l)‘.fr" e el

T o= by Ty x4 by TUA

.

S (,_T {G} Yo, T Vo )) ,v;,.[‘-\a.e.‘.ej (i-ﬂi-i",gﬁ, L J,



