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Mathematics 108A: Practice Quiz I
August 19, 2008

Professor J. Douglas Moare

1. Multiple Choice. Circle the best answer to each of the following questions.

1. Recall that a list of vectors (vy,ve, . ,v,) in V is linearly independent if
and only if
Qv+ o apgvy =0 = a; = --=a,=0

It is linearly dependent if it is not linearly independent. Using these definitions,
one can conclude that if the system of linear equations

a3y + a1t + +apTy, = 0,
a21%y + a9z + 0 b Ao Ty =, (1)
Ami%1 + GmaTa b+ GpnZa =

where the a;;’s are known elements of the field IF, has no nontrivial solutions,
then the column vectors of the matrix

a1y &1z - 2i1p
4= |02 Gz - aom
dml Om2 ~  Omn
are
( linearly indeper@) linearly dependent no conclusion possibie
e

2. If the system (1) does have nonzero solutions, one can conclude that the
column vectors of the matrix 4 are

L

s .,
linearly independent Qinear]y depeader% no conclusion possible

3. Suppose that m # n. If the system (1) does have nonzero solutions, one can
conclude that the row vectors of the matrix A4 are

linearly independent linearly dependent Q) conclusion possim

o
e SNt



4. Recall that a list of vectors (v1,ve,. .., ve) in V span V if and only if
veV = v=uVi+ o aaVa,

for some ay, .. e, € F. Using this definition, one can conclude that if the system
of linear equations

a1y +aprs+ -+ 0ty = by,
a91T] + QgpTg b b Ban®n = by, (2)
AmiZ1 + GmaTo 0+ QT = by,

where the a;;'s are known elements of the field F, has a solution for any choice

of b;,. .,bm € IF, then the column vectors of the matiix
@11 21z - 1
A= 23] &?2 v dzn
m1 @mz ° Gmn
@ do not span F™ no conclusion possible
5. If the systern {2} does not have a solution for some choice of by, .., by, €F,

one can conclude that the column vectors of the matrix A

span ™ do not span F™ no conclusion possible

6. Suppose that m # n I the system (2) has a solution for any choice of

bi,... ,bm € F, one can conclude that the row vectors of the matrix A
e T ——_,
span F™ do not span F™ @nclusiom possi&?e)
7. Recall that a list of vectors (vy,va,...,v,) in V is a basis for V if and only
if (v1,va,. . ,vs) Is linearly independent and spans V. Consider the matrix

equation Ax = 0, where A is an n x n square matrix. If the column vectors of
A are linearly independent, we can conclude that this list

"@_& basis for FB is not a basis for ™ no conclusion possible
et
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II. Complete answers. Write out complete solutions to each of the following
problems

The Main Theorem of Chapter 5 is: If V is a finite-dimensional nonzero complex
vector space, every linear map T : V -+ V has an eigenvalue.

1. This is proven in several steps. Suppose that dimV = n and that v is a
nonzero element of V. Show that the list of vectors

(v, T(v), ., T*(v))

is linearly dependent
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By the Com povison Theorem dvy liaeorly  pdapendont
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=y - -y > : )

(v - -””J vy | Y ) s h If\{ﬂu‘-’lj ‘1[-‘1‘13"15"3‘»‘5«5‘3{3«

2. Show that there is a nonzero polynomial with complex coefficients,

plz) =ap+a1z+4 - +a,2", suchthat p(T)v=0

' N4 o o P oy
+ O«GV e CliTV ooy D‘h ! 4 = 5 fc‘&" Somi f!,t-!’!_‘,‘_, N [n 5
woh all Zere. et pi2) = g, + 08 4 0 4 02", Then
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3. Suppose that the degree of p is m. Use the Fundamental Theorem of Algebia
to show that there exist complex constants ¢, Ay, .. ., An with ¢ 5 0 such that

pThv=cT—-MI) (T-2D(v)=0
|3{' p iﬁ ns -2'!-L3 A L S R t s bl lov 3 gedt jed feey S q_j«, AN Doy 1 0

B:j Ll F’umv’.j-a..'.‘.we,\-'JE.,-;uf THEm'G,m O:f A*gbbl’m)
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4. Show that for some A;, the subspace W), = {v e V. {T - LI}{v) =0} is

nonzere. Explain how this finishes the proof of the Main Theorem.
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