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Abstract

This article is concerned with developing tools for investigating har-
monic maps f : X — M from a closed Riemann surface ¥ into a compact
manifold M of dimension at least three, using a perturbative approach
based upon the a-energy of Sacks and Uhlenbeck. We present a replace-
ment procedure for a-harmonic maps which is similar to one that has
been used for harmonic maps, and show how it can be used to investigate
the structure of critical points for the a-energy, when v > 1 is sufficiently
close to one. We give an estimate on the rate of growth of the energy
density in the bubbles of such critical points as & — 1, when the bubbles
are at a distance at least Lg > 0 from the base.

1 Prologue

The Morse theory of geodesics is a highly successful application of global analysis
techniques to calculus of variations for nonlinear ODE’s. It is clearly of interest
to develop the calculus of variations for the simplest nonlinear PDE’s, such
as the equations for harmonic maps and minimal surfaces. Does there exist a
partial Morse theory for closed two-dimensional minimal surfaces in compact
Riemannian manifolds? If so, what does it look like?

The main goal of this article (the contents of which are explained more
fully at the end of the Prologue) is to provide an estimate on energy growth
within bubbles of “a-energy critical points” as o — 1, an estimate motivated
by its potential application to constructing a partial Morse theory for closed
two-dimensional minimal surfaces in curved ambient spaces.

Before describing this estimate, it is perhaps useful to review the key features
of the Morse theory of smooth closed geodesics, as presented by Bott [2] and
other authors. If M is a compact Riemannian manifold, we can define the action

J:Map(S!, M) = R by J(’y):%/gl I (1) 2t (1)



where Map(S*, M) denotes a suitable completion of the space of smooth maps
from S to M. When it is given the L? completion, this space is often denoted
by L2(S', M), and it is a Hilbert manifold. The Sobolev inequalities give an
inclusion L? (S, M) c C°(S', M) which is well-known to be a homotopy equiv-
alence. Moreover, J is a smooth real-valued function on this Hilbert manifold
L3(S', M), and the critical points of J are exactly the smooth closed geodesics
in M. Since J satisfies Condition C of Palais and Smale, it is possible to prove
existence of minimax critical points by the method of steepest descent, following
the orbits of the gradient of —J on the manifold L?(S*, M).

From here, the development of a Morse theory of smooth closed geodesics
proceeds in three main stages:

1. TRANSVERSALITY. One shows that for a generic choice of metric on the
compact manifold M, all nonconstant smooth closed geodesics lie on one-
dimensional nondegenerate critical submanifolds, each such submanifold
being an orbit for the action of the group G = S' of symmetries of J.

2. FINITENESS. One notes that it follows from Condition C that the number
of such submanifolds on which J < Jy, for some choice of bound Jy, is
finite.

3. MORSE INEQUALITIES. Finiteness, together with an analysis of the or-
bits of the gradient flow for —J, then enables one to establish (equivariant)
Morse inequalities for generic metrics.

Once one has the Morse inequalities for generic metrics, a more refined analysis
often provides geometric results for nongeneric metrics. Thus for ambient man-
ifolds M with finite fundamental group and suitable growth of free loop space
homology, Gromoll and Meyer [6] were able to prove existence of infinitely many
smooth closed geodesics for arbitrary choice of Riemannian metric on M.

Development of a partial Morse theory for closed parametrized minimal sur-
faces in a compact Riemannian manifold (M, g) should proceed via the same
three steps, and should have similar applications. organize development and
measure progress:

Basic Problem. Given a genus g > 0, determine conditions on the topology
of a compact manifold M with finite fundamental group that ensure that there
exist infinitely many prime parametrized minimal surfaces of genus g within M,
when M is given a generic Riemannian metric.

Here we employ the terminology that the genus of a nonorientable connected
minimal surface is the genus of its oriented double cover. Unlike in the theory
of smooth closed geodesics, we do not expect a uniform answer for all choices
of genus.

In the proposed partial Morse theory, a parametrized minimal surface f :
3. — M should be regarded as a critical point for the energy

1
B Map(S, M) x Met(%) — R, defined by B(f,h) = / df2dAn, (2)
b



where Met(X) is the space of Riemannian metrics on ¥, and the norm | - |
and area element dA;, are calculated with respect to h € Met(X). The energy
is conformally invariant, and each element of Met(X) is conformally equivalent
to a unique element in the subspace Metg(X) of constant curvature metrics of
total area one. Thus we lose nothing in restricting E to Map(X, M) x Metg(X).
This restriction is invariant under an obvious action of the group Diffy(3) of
diffeomorphisms isotopic to the identity, so F descends to a map on the quotient

B Map(3, M) x Meto(X)
' Diffy (%)

— R.

Now Met(X)/Diffy(X) can be regarded as a definition for the Teichmiiller space
7T of marked conformal structures on ¥ (even if ¥ is not orientable), and the
proof of Teichmiiller’s theorem via harmonic maps ([24], Chapter II) provides a
section for the projection

Map(X, M) x Meto(X) R Meto (%)
Diffy(X) Diffy (%)’

showing that the first quotient is diffeomorphic to Map(3, M) x 7. Thus we
can regard the energy as a function

E:Map(X,M)x T — R, defined by E(f,w)=E(f h), (3)

when h is any metric within the conformal equivalence class w € 7.

If ¥ is oriented and Diffy (X) denotes the group of orientation-preserving
diffeomorphisms, then I" = Diff (¥)/Diffy(X) is called the mapping class group.
The action of the mapping class group I' on Map(X, M) x T preserves the energy
E, which therefore descends once again to a function on the quotient:

E:M(S,M) =R, where M(E,M):w. (4)

This quotient M(3, M) projects to the moduli space R = 7 /I’ of conformal
structures on ¥. The moduli space R is trivial when ¥ = 52, is homeomorphic
to C when X is T2, and is an orbifold with a more complicated topology that
has been much studied, when ¥ has genus g > 2. It is either a partial Morse
theory for (4), or even better, a I'-equivariant Morse theory for (3), that should
be the analog of the Morse theory of smooth closed geodesics.

A parametrized minimal surface f : ¥ — M is a branched cover of a (non-
constant) parametrized minimal surface fy : 9 — M, if there is a conformal
map g : ¥ — Xg such that f = fpog. (For a complete theory, one must allow the
possibility that 3y may not be orientable.) The parametrized minimal surface
f X — M is prime if it is not a nontrivial branched cover of a (nonconstant)
parametrized minimal surface of lower energy.

The first step towards a partial Morse theory for E is the transversality
theory presented in [13], and [12], which shows that for generic choice of Rie-
mannian metric on a compact manifold M of dimension at least four, all prime



parametrized minimal surfaces are free of branch points and lie on nondegener-
ate critical submanifolds, each of which is an orbit for the identity component G
of the group of conformal automorphisms of 3, which we also call the group of
symmetries of E. This group G is PSL(2,C) when ¥ is the two-sphere, S x S!
when ¥ is the torus, and trivial when ¥ is a sphere with ¢ handles and g > 2.
Moreover, as explained in [14], when the metric on the ambient space M is
generic, all parametrized minimal surfaces in M are immersions with transver-
sal crossings, imbeddings if the dimension of the ambient manifold M is at least
five. Unbranched covers (such as tori covering tori) also lie on nondegenerate
critical submanifolds, as shown in [15] via a modification of Bott’s index theory
for iterated closed geodesics. On the other hand, although it can be shown that
branched covers of minimal surfaces with nontrivial branch locus lie on critical
submanifolds, it is not known that these critical submanifolds are nondegenerate
for generic choice of metric on M.

The right completion of Map(X, M) for proving existence of solutions via
steepest descent is with respect to the L# norm, and this completion barely fails
to lie within C%(3, M) via the Sobolev imbedding theorem. Although there
are many methods for proving existence of area minimizing elements in a given
homotopy class, the approach with the most promise for yielding the minimax
critical points needed for partial Morse inequalities is the perturbative approach
adopted by Sacks and Uhlenbeck [21], [22]. Sacks and Uhlenbeck define the a-
energy, for a > 1 as the function

E, :Map(X, M) x Met(X) - R

given by Ea(fh) = 5 [+ 1) dan 9

where |df |, and dAj, are calculated with respect to the metric h on X.

Unlike the usual energy, the a-energy depends on the choice of Riemannian
metric on ¥, not just the underlying conformal structure. However, if we restrict
E, to Map(X, M) x Metg(X), then just as before this restriction descends to a
map on the quotient,

E, :Map(X, M) x T — R, (6)

and this map approaches FE + (1/2) as @ — 1. Thus we can indeed regard E,,
as a perturbation of E. We say that a critical point for E, is an a-minimal
surface.

The right completion of Map(3, M) for establishing existence of critical
points for E, is with respect to the L?*-norm, and this completion is strong
enough that L2%(X, M) lies within the space C° (%, M) of continuous maps when
a > 1, the inclusion being a homotopy equivalence. For fixed choice of w, the
function

Eow: LI (3, M) — R, Eauw(f) = Ea(f,w), (7)

is C? on the Banach manifold L2%(3, M), and Sacks and Uhlenbeck show that
the critical points for E, . are C*°. Moreover, E, , satisfies Condition C of



Palais and Smale, and an extension of Morse theory to Banach manifolds [26]
allows one to establish Morse inequalities for a small perturbations Eg,w of By
in which all critical points are nondegenerate. The rational topology of the space
C°(%, M) can often be computed (or at least estimated) by Sullivan’s theory
of minimal models, and one finds that in some cases the number of minimax
homology constraints grows exponentially with energy. (Some examples will be
described in §3.4.)

If we allow the conformal structure in (6) to vary, a minimax sequence for
E,, might approach the boundary of Teichmiiller space 7, preventing E, from
satisfying Condition C when X has genus at least one. However, the restriction
to E, to an appropriate subspace of M(T?, M) does satisfy Condition C in
some cases.

The discussion in §4 of [23] provides motivation for one such restriction. We
say that a component C' of Map(T?, M) has rank two if

feC = fy:m(T? — m (M) maps onto a noncyclic abelian subgroup.

Let Map® (T2, M) denote the union of all components of rank two. (For ex-
ample, if N is a K-3 surface and M = RP? x RP? x N, mo(M) = Zo ® Zs and
Map(T?, M) has one such component.) Note that the mapping class group I'
preserves Map(Q)(Tz, M), so E, induces a map

(2) (2
E, M(2)(T2,M) R, where M(Z)(TQ,M) _ Map (TF,M) X ’T’ (8)

and this map does satisfy Condition C. In other words, if [f;,w;] is a sequence of
points in M) (X, M) on which E,, is bounded and for which ||dE([f;,wi])| —
0, and for each i, (f;,w;) € Map(T?, M) x T is a representative for [f;,w;], then
there are elements ¢; € I' such that a subsequence of (f; o ¢;, ¢pFw;) converges
to a critical point for E, on Map(T?, M) x 7.

To establish Condition C, recall that in the case where X is a torus, the
Teichmiiller space 7 is the upper half plane, and after a change of basis we can
arrange that an element w € 7 lies in the fundamental domain

D={u+iveC:—(1/2) <u<(1/2),u?+v* > 1} (9)

for the action of the mapping class group I' = SL(2,Z). The moduli space
R is obtained from D by identifying points on the boundary. The complex
torus corresponding to w € 7 can be regarded as the quotient of C by the
abelian subgroup generated by d and wd, where d is any positive real number, or
alternatively, this torus is obtained from a fundamental parallelogram spanned
by d and wd by identifying opposite sides. The fundamental parallelogram of
area one can be regarded as the image of the unit square {(t1,t2) € R? : 0 <
t; < 1} under the linear transformation

() () =56 ) (@)



where z = x + 4y is the usual complex coordinate on C. A straightforward
calculation gives a formula for the usual energy

2
E(f,w) = %/P ( % ) dady

1 of ?
== — dt1dts,
2 /P (” ot ) 12
P denoting the image of the unit square. The only way that w can approach
the boundary of Teichmiiller space while remaining in the fundamental domain
D is for v — co. The rank two condition implies that the maps ¢t; — f(¢1,b)

must be homotopically nontrivial, and hence the length in M of ¢; — f(t1,b) is
bounded below by a positive constant c. This implies that

1 1 1 af
E(f,w)z§/0 /0 v/t

2
af
dy
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v

of of
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dt1dts

2
(average length of t; — f(t1,b))% > %

by the Cauchy-Schwarz inequality, and hence FE,(f,w) (which is > E(f,w))
must approach infinity. This establishes Condition C on M®)(Z, M).
Moreover, if f € Map'? (T%, M),

> (10)

[N

fop=f forsome ¢el = ¢ =identity.

Thus the mapping class group SL(2,Z) acts freely on Map(® (T?, M) x T, which
implies that the quotient M(2)(T2, M) is actually a smooth manifold. Just as
for a generic perturbation of E, ., one can establish a Morse-Witten complex
for a generic perturbation E!, of E, : M3)(T? M) — R.

Thus we have a very well-behaved critical point theory for the function
E' : M®)(T? M) — R, and the goal of the perturbation approach to minimal
surface theory is to investigate the limit as &« — 1. Our choice of domain has
eliminated the necessity to consider branched covers of spheres or degeneration
of conformal structure; we have isolated the difficulty that sequences of critical
points for E, may develop bubbles as o« — 1.

We review some well-known facts regarding bubbling. Suppose that ¥ is an
oriented connected surface of genus at least one. Consider a sequence {(fm,wm)}
of critical points for E,  with a,, > 1, where f,,, : ¥ — M has bounded energy
and bounded Morse index, such that «,, — 1 as m — oo. The articles of Sacks
and Uhlenbeck [21], Parker [18] and Chen and Tian [3] describe what happens
in the limit. If w,, lies in a bounded subset of 7, a subsequence of {w,,} will
converge to an element wy € 7. Upon passing to a further subsequence, we can
arrange that {f,, : ¥ — M} will converge in C* for all & on compact subsets of
the complement of a finite subset {py,...,p;} of ¥ to a map

foo32—{p1a-~-apl}—>M~



By the removable singularity theorem (Theorem 3.6 of [21]), foo can be extended
to a harmonic map fo : ¥ — M. It can be checked (see the Conformality Lemma
at the end of §3.2) that fy is critical for variations in conformal structure, and
hence (fo,wp) is a parametrized minimal surface, which we call the base minimal
surface. Moreover, suitable reparametrizations of neighborhoods of the points
p1,- .., p will converge (in an appropriate sense) to a collection gy, ... gy : S% —
M of nonconstant minimal two-spheres, called bubbles. (A finite number of
minimal two-spheres might bubble off at the same point.) We call the collection
{fo,91,---, 9k}, consisting of the base minimal surface and all of the nonconstant
two-sphere bubbles obtained a minimal surface configuration. If the sequence is
minimizing within a given component of M (X, M), Parker [18] and Chen and
Tian [3] show that after passing to a subsequence

it B ) = Bfo.w0) + Elgr) + - B(gy). (11)
In other words, no energy is lost in the necks between bubbles.
An understanding of the bubbling process is used to establish the following
Finiteness Theorem. Choose a bound Ej on energy, and let

M(E, M) = {[f,w] € M(Z,M) : E([f,w]) < Eo},
ME(S,M)Eo = {[f,w] € MP (S, M) : E([f,w]) < Eo}. (12)

Finiteness Theorem. For generic choice of Riemannian metric on a manifold
M at least five,

1. within M@ (T? M)Po, there are only finitely many S* x S* orbits of
minimal tori, and

2. there is a constant Ly > 0 such that every sequence of a-minimal surfaces
within M®)(T? M)Po converges to a minimal torus with bubbles such
that the base minimal surface lies at a distance of at least Lo from the
nearest nonconstant bubble two-sphere.

Proof: For the first statement, we note that if there were infinitely many
parametrized minimal tori, f1, f2,... with energy < FEj, a subsequence would
have to converge in C*¥ on the complement of finitely many bubble points.
However, since the metric on M is generic, any parametized minimal surface
is imbedded, even those with several components. Thus on the one hand, the
distance to any two-sphere bubble is positive, while on the other, it follows from
a theorem of Parker [18] that in the limit of a sequence of conformal harmonic
maps bubbles have zero distance from the base. We conclude that bubbling is
in fact impossible for sequences of conformal harmonic maps. A subsequence
must therefore converge at all points of 72 to a limiting parametrized minimal
torus. (Recall that lying within Map® (T2, M) prevents degeneration.) But
minimal tori lie on nondegenerate critical submanifolds, and hence the S x S!
orbits are isolated, yielding a contradiction.



For the second statement, we rescale the Riemannian metric on M so that
its maximum sectional curvature is at most one. It then follows from the Gauss
equation and the Gauss-Bonnet Theorem that if f : S? — M is minimal,

E(f):/dAZ/KdA:47r, and hence F; =4rx
by by

is a lower bound on the energy of any bubble. By the argument for finiteness
given above, there are finitely many prime parametrized minimal two-spheres

g1, ---, gm with energy < 2F;, and since the metric is generic, the images
S1=91(5?%), ..., Sm, = gm, (S?) are imbedded minimal two-spheres. We take
tubular neighborhoods about each minimal two-sphere Sy, ..., Sy, of radius €,

where €; > 0 is chosen small enough that the distance from each such minimal
two-sphere to each of the finitely many imbedded minimal tori with energy < Ejy
is > 2¢;.

Since branched covers of spheres are not known to be nondegenerate, we
cannot argue that there may not be prime minimal spheres C* close to the
branched covers. However, using the finiteness argument once again, we can
show that there are only finitely many prime parametrized minimal two-spheres
Jmi+1s - - » Gm, With energy in the interval [2E7,3F;) and with images Sy, 41,

.., Sm, lying outside the e;-tubular neighborhoods of Sy, ..., S,,,. We take
tubular neighborhoods about Sy, ..., Sy, of radius €2, where €5 > 0 is chosen
so that eo < €1, and so that the distance from each such minimal two-sphere to
each of the finitely many minimal tori with energy < Ey is > 2¢s.

We then show that there are only finitely many prime parametrized mini-
mal two-spheres gm,+1,- - - ; gms With energy in the interval [3E4,4E) which lie
outside the ep-tubular neighborhoods of Sy, ..., Sp.,, and so forth. We continue
in this fashion until we construct prime minimal two-spheres with energy in the
interval [kEq, (k + 1)Ey), where (k + 1)E; > Ey. We can then set Ly = €.
Each minimal two-sphere with energy < Ej has distance at least Ly from each
minimal torus, finishing the proof.

The Finiteness Theorem establishes the second step in the program of developing
a Morse theory for
E: MP(T* M) — R.

To carry out the third step and establish partial Morse inequalities for F, we
need to study the direct limit of the Morse-Witten complexes of E!, as o — 1.

This might be regarded as a daunting endeavor. However, the preceding
discussion motivates the development of techniques for understanding bubbling
under the following simplifying hypothesis:

for maps within the union A/ of some components of M (X, M)Fo,
all bubbling minimal two-spheres are at distance at least Ly > 0
from the base minimal surfaces from which they bubble. (13)

When this hypothesis is satisfied, we will see that bubbling sequences of -
minimal surfaces of genus at least one within N' must be far from conformal,



and indeed must develop necks with conformal parameter going to infinity as
«a — 1. This is in sharp contrast to the zero-distance bubbling that occurs in
sequences of conformal harmonic maps, a fact which is exploited not only in
the proof given above for the Finiteness Theorem, but also in the theory of J-
holomorphic curves ([10], §4.7). When hypothesis (13) holds, one should expect
more control on the growth of energy density within bubbles than is possible
in nongeneric settings, such as in the theory of J-holomorphic curves. This
gives a better understanding of the critical points generating the Morse-Witten
complexes of E/, as a — 1.

In the remainder of this article, we describe some techniques which we believe
will be useful in exploiting hypothesis (13).

In §2, we present a replacement procedure for a-harmonic maps, which is
similar to the replacement procedure for harmonic maps in Riemannian mani-
folds based upon Morrey’s solution to the Dirichlet problem for harmonic maps
(used, for example, by Schoen and Yau in [23]). This replacement procedure
is simpler in some ways, since we can utilize Condition C, and systematically
apply techniques from global analysis.

Under the assumption that 71 (M) is finite, we then use an estimate of Gro-
mov [7] with this replacement procedure in §3 to give a simple proof of an
extension of the Chen-Tian result of no energy loss in necks of sequences of
a~energy critical points with o — 1, from minimizing sequence within a given
homotopy class to minimax sequences of bounded Morse index. (We obviously
need such an extension to study minimax critical sequences in the direct limit
complex.) We also point out that the Gromov estimates can be applied to es-
timate the rate of growth of the number of a-energy critical points as a bound
on a-energy is increased.

The main result of the article is presented in §4. We show that under hypoth-
esis (13), there is a positive constant ¢ (depending on Ly and a bound on total
a-energy) such that when « is sufficiently close to one, bubbles are concentrated
within disks of radius

c

S T(a’ C) = e_b(a’c)7 where b(O{,C) = W
o — «

(14)
the constant ¢ depending on an upper bound on a-energy and a lower bound
on the distance to bubbles. Here the radius is measured with respect to the
background metric of constant curvature and total area one on X.

Estimate (14), formulated more precisely in the Scaling Theorem stated at
the beginning of §4, implies that a-energy density must grow at a specific rate
within bubbles as & — 1. A similar lower bound on radius is also given.

Finally, in §5, we give a brief description of how the Scaling Theorem
can be used to describe the generators of the direct limit complex of E/, :
MP)(T? M)Po — R, when E!, is a perturbation of E, with nondegenerate
critical points, and the bound Fy on energy is sufficiently low that only one
bubble can form.

We hope to describe some applications of the Scaling Theorem in a sequel.



2 Local stability and replacement

2.1 Background on a-harmonic maps

In this section, we discuss an extension of a local stability result of Jager and
Kaul [8] from harmonic to a-harmonic maps, and its application to a replace-
ment procedure for a-harmonic maps.

If h is any Riemannian metric on the compact connected surface 3, we can
define an («, h)-harmonic map (or more briefly an a-harmonic map when the
metric on ¥ is understood) as a critical point for the function

1
Eop:Map(E M) — B defined by Eon() = 5 [ (1 |d72)" s,
P

We begin this section with a few preliminary remarks about a-harmonic maps,
referring the reader to [21], [22] or further background results, and to [5] for the
extension to the case where ¥ has a boundary constrained to lie in a smooth
submanifold of M. The case in which ¥ has boundary fixed (Dirichlet boundary
conditions) can be treated in much the same way. For simplicity of notation,
we will often suppress the notation for the metric on ¥ and write E, for E, 4.

It is convenient to regard M as isometrically imbedded in some Euclidean
space R of large dimension, always possible by the Nash embedding theorem.
If ¥ is a compact connected surface, possibly with boundary 9% consisting of
several circles, and p > 2, we let LY (X, R”) denote the completion of the space
of smooth maps from ¥ to RV with respect to the Sobolev L? norm. The space
Ly (2,RY) is always a Banach space, and a Hilbert space if p = 2. If k > 2, or
p>2and k > 1 and the boundary of ¥ is empty, then

LIPS, M) = {f € LY(Z,RY) : f(q) € M for all ¢ € 2},

is an infinite-dimensional smooth submanifold. More generally, if ¥ has a bound-
ary 0X and fp : 0¥ — M is a fixed smooth map, we set

LY (S, M) = {f € LY(S, M : f10% = fo}
which is also an infinite-dimensional smooth submanifold. Note that the map
Ea,h . LZ,O(E7 M) — ]R’

which is only C? when p = 2a and k = 1, is actually C*°, when k is sufficiently
large. To see this, regard F, ; as a composition of several maps

frodf o (LR o 5 [ @ ldr) A,
2

When £ is large, the first map is smooth into L} _,, the second is smooth by
the well-known w-Lemma, while the third is always smooth since integration is
continuous and linear.

10



For a fixed choice of metric h on X, we can differentiate to find the first
variation of E,, obtaining

AES(P(X) = [[(F().X)AA, for X € TyLf (.00,

where f — F(f) is the Euler-Lagrange operator, which depends smoothly on
f, as well as on the metrics (-,-) on the ambient manifold M and h on 3. If
(z,y) are isothermal parameters on ¥ so that the Riemannian metric on ¥ takes
the form A\?(dz? + dy?), a calculation shows that the Euler-Lagrange operator
is given by the explicit formula

a0 (@) _a (0 <a>3f>>T
F(f) = /\2<6m<u2 m)) A2(ay<m ) IS

where 12 = 1+ |df|? and ()T denotes orthogonal projection into the tangent
space to the submanifold M of RY. Alternatively, we can write

__aDV aay0f\ _ a DI aa-1)0f
Fif) = A2 Oz <,u Ox A2 9y H oy )’ (16)

where DY is the covariant derivative for the Levi-Civita connection for the metric
g = (-,-) on the ambient manifold M. Differentiating once again yields the
second variation of F,

dC’E,(f)(X,Y) = / (L(X),Y)dA, for X,Y € TfLi,O(Z, M), (17)
b
where L is the Jacobi operator, a second-order formally self-adjoint elliptic op-
erator.

Just as harmonic maps satisfy the unique continuation property (as proven
for example in [20]), so do a-harmonic maps. To see this, we expand the right-
hand side of (15) and write the Euler-Lagrange equation F' = 0 as

O’f  0*f 9 of 0 of

— + —2 = A(f)(df,df) — (o — 1) [ = (log u?) == + = (log p?) == 1

Goa o = AN — (0= 1) (5 omi T+ Fosi L) 1)
an equation in which A(f)(df,df) stands for a certain expression in terms of
the second fundamental form A(f) of f. We can differentiate the logarithm to
obtain

0*f 02
8712” L Tyf — Af)(df, df) — Qs (1),

where Q)¢ is the nonlinear differential operator defined by
oa—1 O%u Of *u Of\\ of
st = 1y () (oo ) o

0%u af 0%u af af

11




We can write this more simply as L¢(f) = A(f)(df,df), where

%u 0%u
Liw) =55+ 53 a2t Qr(w),
a uniformly elliptic operator when « is sufficiently close to one, whose coefficients
depend on f and df. We observe that the values of Q)¢ are tangent to f, in the
sense that at any point of ¥, they are linear combinations of f/9x and 9f /0y,
evaluated at that point. Given € > 0, we can choose an «q sufficiently close to
one that for a € (1, o),

8%u  O%u

(1= OLs(w) < G5+ 5y < (14 OLs(w). (19)

When « is sufficiently close to one, (19) and complexification yields the estimate

< i (|%)+11).

where z = x + iy and K is a constant.

But this is just the estimate we need for the Lemma of Hartman and Wintner
proven in [9], §2.6. The above estimate and the Hartman-Wintner Lemma imply
that if the complex coordinate z is centered at a point p € X,

FEl =0l = tim P
and if | f(z)| = o(]z|™) for all n, then f is constant.

We can now follow Sampson [20] and use (19) to prove unique continuation.
To carry this out, we first observe that in terms of local coordinates (u1, ..., uy)
on M and a complex coordinate z = x + iy on X associated to w, the equation
(18) for a-harmonic maps can be written in terms of the Christoffel symbols Ff”'j
as

‘ 020%

exists, (20)

Pfi | Pfe 7ZFE' afi0f; | 0fi0f;
Ox? Oy? - Ox Or Oy Oy
0 O 2Ok

(o= 1) (o) 5+ L 0w 51 ).

where fr = uy o f, or equivalently,

_ ofi0f; | 0fi0f;
Lf(f)k—_zr (83: axj + 8y6yj)’

,J

where Ly(f)r is the k-th component of an elliptic operator L; which satisfies
an estimate like (19):

(- Lstue < 52+ T8 < (14 Lyt (21)
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Given two solutions f = (fx) and g = (gx) which agree on an open set, we set
hi = fr — gk, and note that the difference (hj) must satisfy

oh; 0 oh; 0
Ly(h)r = *erj(f) (%&c(fj +95) + @gy(fj Jrgj))
(]

Bg; 0g;  0g; Ay
- - Thw) (20, 20:00)
+ (0= (L, ~ Lol

The differences Fi—“j(f) - Ffj (g) and the coefficients of the operator L, — Ly can
be estimated in terms of hy by the mean value theorem. We can then apply
(45) and the Lemma of Hartman and Wintner mentioned above to show that if
hi vanishes on an open set, it must vanish identically assuming that its domain
is connected. From this we obtain the analog of Theorem 1 of Sampson [20]:

Unique Continuation Lemma. If oy > 1 is sufficiently close to one and
a € (1, ap], then any two a-harmonic maps from a connected surface ¥ into M
which agree on an open set must agree identically.

This Lemma could also be obtained from estimate (19) and the unique contin-
uation theorem of Aronsjazn [1].

Remark. Following the proof of Theorem 3 in [20], we note that it follows
from the Unique Continuation Lemma that if df has rank zero on a nonempty
open set, the harmonic map f must be constant. We now ask what happens
if df has rank one on a nonempty open set U C X. In this case, every point
of U has an open neighborhood which is mapped by f onto a smooth arc C
in M. We can suppose that coordinates (u,f) have been constructed on U so
that 0f/00 = 0, and thus f : U — M reduces to a function of one variable,
f(u,0) = fo(u), parametrizing C'. The variational equation for fj is an ordinary
differential equation

D [ aa-1ydfo ) dfo )

w ) =0 e ()

where D is the covariant derivative defined by the Levi-Civita connection. If we
let (-)* denote orthogonal projection to the component normal to C, we find

that . |
D 'u2(0t—1)diO _ 2= D (dfy 0
du du du \ du ’

which implies that C' must be a geodesic arc. Thus we can regard fy as a
composition fo = v o ¢ where v : R — M is a unit-speed geodesic and ¢ :
(a,b) — R. Tt remains only to determine the parametrization ¢. The variational
equation for fy now implies that ¢ must satisfy the ordinary differential equation

MZ(a—l) dﬁ —

du ’ (22)
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where a is a constant of integration. The solutions to this equation depend
on the metric A on . Such a-harmonic parametrizations of geodesics play an
important role in our theory.

By procedures similar to those used to extend the Unique Continuation The-
orem, we can generalize several other theorems from the theory of harmonic
maps to the case of a-harmonic maps. For example:

Bochner Lemma. For each o > 1, there is a constant ¢, depending contin-
uously on « and a second-order elliptic operator L, whose coefficients depend
continuously on df and a such that

1. ¢4 — 1 and L, — A as a — 1, where A is the usual Laplace operator,
and

2. if f: ¥ — M is a nonconstant a-harmonic map, then
1
5 Lalldf?) = ca|Vf|* + Kldf |* = |Ruza|df[",

where K is the Gaussian curvature of the Riemannian metric on ¥ and
R19219 is the sectional curvature of the two-plane in M spanned by f.(T%).

We can use this lemma just as in the case of harmonic maps (see [20]) to prove
the following result essentially due to Sacks and Uhlenbeck [21]:

e-Regularity Theorem. Let M be a compact Riemannian manifolds. here
exists an oy > 1 with the following property: Suppose that f : D, — M is
an a-harmonic map, where 1 < a < «ag and D, is the disk of radius r in the
complex plane, with the standard Euclidean metric ds®> and M is a compact
Riemannian manifold. Then there exists ¢ > 0, depending only on an upper
bound for the sectional curvature of M, such that

/ e(f)dA < e = max o2 sup e(f) < 4. (23)
D, o€(0,r] D,_,

2.2 The Replacement Theorem

To study stability of a-harmonic maps, we need an explicit formula for the
second variation of the a-energy E,, at a critical point f:

EELNXY) = a [ (141 (VX TY) = (K(X). V)]
+ 2a(a — 1)/2(1 + |df )2 (df, VX){df, VY )dA, (24)
for VW € Ty LY (X, M). Here

1= (n (52) o) (n (2) 2.0)]
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R being the Riemann-Christoffel curvature tensor of M. The factor of o — 1
in the second term of (24) implies that the first of the two terms in the index
formula dominates when « is close to one. Note also that the second term is
positive semidefinite. As o — 1, the second variation of the a-energy approaches
the familiar second variation for the usual energy. An integration by parts in
(24) yields the Jacobi operator L which appears in (17).

Recall that if the metric on X is h = A\?(da®+dy?), we can write the standard

Laplace operator as
1 [o* 02
A== |=—+=—|.
A2 022 Oy?
Moreover, if h : M — R is a smooth function, we define its second covariant
derivative by the formula

(V2h)(X,Y) = X(Yh)) = (VxY)(h),
where V is the Levi-Civita connection. This induces a symmetric bilinear form
V2h:T,M x T,M — R,

for each p € M. It follows from the chain rule that if f : T? — R is a smooth
map,

A(ho f) = % [VQh <8f W) +V2h (6f of

o L)+ aneon.

where 7(f) is the tension of the map f, defined by

1 [Daf Dof
=5 5ot )

The tension vanishes for harmonic maps, while in the case of an a-harmonic
map f, it follows from the Euler-Lagrange equations that the tension is given

by
of 0 of
&T(bgﬂ )&T + 8y(10gu )ay} ’

where p? = (1+|df|?). In the latter case, it is convenient to replace the Laplace
operator by the operator

11 TO a2, O ( 2020
L= {396 <M 530) "oy (u )l

This introduces a new term which exactly cancels the tension field for an a-
harmonic map, leaving

1 of of of of
L(ho f) = 3z [v% (m’m) + V2h (ay’ay)] :

Given a point p € M, let D,(p) denote the open geodesic ball of radius p
about p, where p is chosen so that p < 7/2k, where 2 is an upper bound on

0 =-"% |5
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the setional curvature of M and D,(p) is disjoint from the cut locus of p. We
can then define a smooth map

_ 1 — cos(kd(p, q))

h:Dy(p) —R by  h(qg) e

where d is the distance function on M. It was proven by Jager and Kaul [8]
that
V21h(g)(v,v) = cos(kd(p, q)) v|*.

It follows that if U is an open subset of T2, f : U — D,(p) is an a-harmonic
map, and
¢(x) = cos(kd(p, f(x))), for x € U, (25)

then
L(¢) > —&>|df|*o. (26)

Stability Lemma. Let U be a domain in the Riemann surface ¥, and let
f U — M be an a-harmonic map such that f(U) C D,(p), where D,(p) is
a geodesic ball of radius p about p € M disjoint from the cut locus of p and
p < m/(2k), where k? is an upper bound for the sectional curvature on M. Then
f is stable.

Proof: We modify the proof of Theorem B from [8] following the presentation
in §2.2 of [9]. Suppose that X is a section of f*T'M which satisfies the elliptic
equation

1 of\ of af\ of] _
L(X)+A2[R<X’8x>8m+R<X’8y) 3y] =0, (27)

where 1 1 D D D D

_ - - = 20—2 - 20—2
R [31? ’ (M ax) Ty (M 3y)] ' 2%

Assuming without loss of generality that x is positive, we defineamap 6 : U — R
by
X 2
o) = EIE.
¢(x)

where ¢ is defined by (25). Our first objective will be to show that this function
satisfies the maximum principle.
Indeed, setting ¥ (x) = | X (z)|?, we find that

Y VY Vo
and hence
Ly L¢ |w>2 (|V¢|)2
L(logl) = — —2— — — ) - — .
(log6) = =5~ =23 < o) 2\ 29)
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It follows from the chain rule that
L) = A"242720F o mu22V(|X[?) = 2V X2 + 2(L(X), X),

and hence by (28),

- 2 2 af\ of of\ of
L(®) =2/VX[ — <R <X, 83:) 5 +R<X, ay) 8y,X>.

Since

v 2
Vol = 2/(VX, X)| < 2VX||IX| = 2 VXD = 'j'swxﬁ

and the sectional curvatures are bounded by x2, we obtain

L) | Vel

YT 292
On the other hand, it follows from equation (26) that

— 2k%|df|?.

—2Lff) > 21| df .

Substituting into (29), we obtain

VeI Vo[
stz - () +2 (555)

Setting k(z) = (1/2)[(Vy/¢) +2(V¢/¢)], we obtain

L(log0) + k(z) - V(log6) > 0,

and by Hopf’s maximum principle, we conclude that 6 cannot assume a positive
local maximum in the interior. Thus if X vanishes on the boundary of U, then
# and hence X must be identically zero.

Let To(f*TM) denote the space of smooth sections of f*T'M which vanish
on the boundary of U. The above argument shows that the bilinear form

I:To(f*TM) x To(f*TM) — R

defined by
IV.V) = [ a9V = ), V)lda

is positive definite. Indeed, if it were not positive definite, there would be a
solution to the elliptic equation L(X) = 0 which vanished on the boundary of
some proper subdomain U; C U by Smale’s version of the Morse index theorem
[25], contradicting the maximum principle for the function 6 considered in the
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preceding paragraph. Thus I is positive definite and since it follows from (24)
that the Hessian d?E,(f) for the a-energy satisfies d2E, (f) > I, we see that it
is also positive definite. Hence f is stable, establishing the Stability Lemma.

The following Replacement Theorem guarantees that we can replace any a-
harmonic disk bounded by a curve I' lying in a small normal coordinate neigh-
borhood by a disk which minimizes a-energy:

Replacement Theorem. Let U be a domain in the compact Riemann surface
Y with a smooth boundary OU consisting of a finite number of circles, and let
f1, f2: UUOU — M be two a-harmonic maps such that f;(U) C D,(p), where
D,(p) is a geodesic ball of radius p about p € M disjoint from the cut locus of
p and p < 7/(2k), where x? is an upper bound for the sectional curvature on
M. Then f1|0U = f3|0U = f1 = fa. Moreover, the unique a-harmonic f with
given boundary values depends continuously on the boundary values and on the
metric g on M.

Proof: We can assume that f1(U) and f>(U) are contained in D,_.(p), for some
€ > 0. We can replace the Riemannian metric ds? on D,(p) by ¢(r)ds?, where r
is the radial coordinate on D,(p) and ¢ : [0, p) — R is a smooth function which
is identically one for r < p — €, and goes off to infinity as r — p so fast that
(D,(p), ¢pds?) is complete. Of course, f; and fs are still a-harmonic maps into
the Riemannian manifold (D,(p), ¢ds?).

Now observe that no a-harmonic map into (D,(p), ¢ds?) with the same
boundary as f1 and f; can actually penetrate the region p — e < r < p. For
immersions, one can see this as follows: At a point of tangency to one of the
hyperspheres 7 = constant, the a-harmonic map would have to have positive
definite second fundamental form in the direction of the unit normal N to the
hypersurface, contradicting the fact that

D [of D (of B
5 () Mg (5) v =0

which follows immediately from the Euler-Lagrange equations for a-harmonic
maps. In the general case, one applies the maximum principle to the operator
L described at the beginning of the section.

Since the manifold (D, (p), ¢ds®) is complete and hence the a-energy func-
tional on the space of L3*-maps from U into D,(p) which take on given values
on QU satisfies condition C, we can apply Lusternik-Schnirelman theory. It fol-
lows from Lemma 1 that all critical points of E, are strict local minima. But
applying the “mountain pass lemma” (via Lusternik-Schnirelman theory on Ba-
nach manifolds as in Palais [16], [17]) to the space of L?% paths joining two
distinct critical points would yield a critical point which would not be a strict
local minimum, a contradiction. Hence there is only one critical point, proving
the uniqueness statement of the Replacement Theorem.

Note that although Lusternik-Schnirelman theory produces critical points
in L3%, regularity theory show that the a-harmonic maps are C*°. For the
sake of the following arguments, we let (M,g) = (D,(p), ¢ds?), the complete
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Riemannian manifold described above. If k is sufficiently large, we can define a
map

H : Li(U, M) — L _5(f*TM) x Li_ ;5(0U, M) by H(f) = (F(f),ev(f)),
where F is the Euler-Lagrange operator and
ev: Ly(U,M) — szl/Q(aU;M)
is evalulation on the boundary. The linearization of this map is
X € L(f*TM) = (L(X), XI0U) € Li_,(f*TM) x L2_, ;o(f*TM|0U),

which is invertible by standard existence and regularity theory. An application
of the inverse function theorem now implies that f depends continuously on the
boundary values.

The proof that the the unique harmonic f depends continuously on the
ambient metric is similar. Let Met? (M) denote the space of L% metrics on M,
and note that the Euler-Lagrange operator (16) depends on the metric, and
defines a map

F:Lio(U M) xMet;_(M) — Li_,(U,TM).
If (f,g) is a critical point for this map F, we can define
v o DF(f,g) : Ty Li o (U, M) @ TyMety_y (M) — TyLi_(U, M),
7y being the vertical projection. We can divide into components,

my o DF(f,g) = (mv o D1F(f,g), mv o D2F(f, g)),

the first component being the Jacobi operator L. The fact that there are no Ja-
cobi fields implies that this first component of the derivative is an isomorphism.
Smooth dependence on the metric therefore follows from the implicit function
theorem.

The usual replacement procedure for harmonic maps on a disk utilized by Schoen
and Yau can now be obtained by taking the limit as a — 1, and noting that
the a-harmonic maps must converge without bubbling, since the bubbling two-
spheres cannot exist within the normal coordinate ball.

2.3 Application to the thin part of a map

The replacement procedure suggests using a combination of the two approaches,
infinite-dimensional manifolds and finite-dimensional approximations, for study-
ing gradient-like flows for the a-energy. On appropriate open subsets of the
space Map(X, M), one can imagine dividing ¥ into “thick” and “thin” subsets,
the thin subsets approximating cylindrical parametrizations of curves, which
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could in turn be approximated by broken geodesic paths as described in Mil-
nor’s treatment of Morse theory of geodesics [11]. To understand the thin part
of such a map, we now consider parametrizations of curves as a-energy critical
points.

If h is a Riemannian metric on the domain >, we can imbed the function
E, p, in a larger family of functions that is invariant under rescaling. Thus we
define

EZ, :Map(¥,M)—R by EI,(f)= %/2(62+|df|2)adA, (31)

where & > 1 and 8% > 0, so that Ea n = Fao.n. Since we can write

2(a—1) 2\ @
Eih(f):ﬁ 5 /<1+|dﬁf2|) B2dA, (32)

we see that Eﬁ ., can be obtained from Eq 5 up to a constant multiple by simply
rescaling the metrlc h on ¥. Thus all of the results mentioned before for E, j
just as well as for Ea’ 4> including the fact that critical points of Eih are auto-
matically C*°. One advantage of the larger family of functions is that we can
take the limit as g — 0, the resulting limit having very nice scaling properties
that allow more precise estimates. (However, simple examples show that critical
points of the limiting function EY 1, are not necessarily smooth.)

We want to consider critical points for (31) of the form v o fy, where (as
described at the end of §2.1) ~ : [0, L] — M is a smooth unit-speed geodesic
and

fo € Map,([0,b] x S*, [0, L]) = {smooth maps fy : [0,b] x ST — [0, L]
such that f(0,6) =0, fo(b,0) = L},
6 being the angular coordinate on S'. More generally we could consider maps

of the form v o fy where v : [0, L] — M is any unit speed curve (not necessarily
a geodesic) and fy is a critical point for the map

EY, : Mapg([0,b] x S',R) — R. (33)

The cylinder [0, 00) x S! is diffeomorphic to the punctured unit disk D;(0) via
the map (u, ) — (r,0), where r = e~*. The metric h we choose on [0,b] x St is

ds* = e 2" (du® + db?) = dr* + r2df?, (34)

the metric pulled back via this diffeomorphism for the standard Euclidean metric
on the punctured disk.

Since the curvature of R vanishes, we can apply the Replacement Theorem
for arbitrarily large choice of p to conclude that there is a unique critical point
for (33) in Map,([0,4] x S*,[0,L]), and an elementary argument using Fourier
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analysis shows that it must be of the form fy(u,6) = ¢(u). Alternatively, one
could argue that there is a unique critical point for

Ff, - Mapq([0,0], [0, L]) — R,
b
ES, @) =7 [ (3 + @) e >du, (39)
0
where
Map,([0,8], [0, L]) = {smooth maps ¢ : [0,b] — [0, L]
such that ¢(0) = 0,¢(b) = L},

and if ¢ is this critical point, then fo(u,8) = ¢(u) must be the unique critical
point for Eih.

If we let p? = 5% + e?*|¢/(u)|?, the critical points for (35) are the solutions
to the Euler-Lagrange equation

i 2(0471)@ _
du (M du) 0, (36)

from which it follows, in agreement with (22), that
POV () = (87 + |0/ ())* 7' (u) = a, (37)

where a is a constant.
It is easiest to understand equation (37) when we set 5 = 0. Then it has the
explicit decaying exponential solutions

¢/(U) — ce—Qu(a—l)/(Qa—l)u — ce_k(a)“,

with ¢ = ¢’(0), and with rate constant

-1
20; — and 27! =aq. (38)

k(a) =2
We can then calculate the length of the curve,
b
L=L(¢) = [ ¢(wdu= e (39)
0

as well as the value of the function Ff; %

b 2ae
ngh(qs) _ 7T/O p2u(a—1) 2a (672u(a71)/(2a71)> du

e S R

20 — 1 200 — 1
b w2
— ﬂ_CQa/ e—2u(a—1)/(2a—1)du — - [1 _ e—kb]. (40)
0
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Eliminating c yields the relationship between the length of the geodesic and the
energy of the corresponding critical point for Eg s

WLQDLkQOé*l N k 2a—1
Eq 1 (fo) = Fo 1, (¢) = = Rpat wL? <1 — e—kb) . (41)
Since (d/du)(1 — e=k*) = ke=kv
1—e kb b
be kb < — = / e *du <b, whena<b. (42)
0
Moreover, if for some constant ¢,
b(a) < (aiiol)o’ where 0 < 0 < 1, (43)

then e™* — 1 as @ — 1. Thus given any € > 0, there is an ag > 1 such that if

a € (1, ap], then it follows from (41) that the unique critical point ¢, satisfies

w2 w2

a1 = F) p(da) < (1 +€)b2~a7,1-

As a — 1, ¢, approaches an affine function ¢; such that

ni?

Fu(en) = b

(44)

Here b/27 is the conformal parameter of the cylinder, and we see that we can
paramatrize a curve of given length L with arbitrarily small energy if we let the
conformal parameter go to infinity.

We expect similar phenomena when (32 is small but nonzero, and verify
this expectation with explicit estimates in the next few paragraphs. If we set
Y(u) = |¢'(u)|? and rewrite (37) as

(6% + €9 (u) "Dy (u) = a?,
then differentiation yields
(6% + )@V 4 2(a = 1)(62 + €29)** 3 (20(u) + ¢')e™ ) = 0.
This can be simplified to yield

A= Duw?
et (20— D)’

V() =

which is equivalent to equation (3.12) from [3] when 3% = 1. In particular,

A(a-1)
200 — 1

_ 4(a-1)

P(u) and  (u) < Plug)e 2a=t (WH0)

¥ (u) <
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when u > ug, which implies that

2(a—1)

¢ (u) < ¢ (ug)e” Za=t (¥7U0) - when u > ug. (45)

On the other hand, we can follow (3.16) of [3] and set

2
ﬁ —2u

o(w) = b(u) + s

A calculation yields the inequality,

4(a—1
v (u) > —%U(u) which implies that
/62 —2u _4(a—-1) (u—up)
= 0 - 5 W = Ug.
P(u) + e —1 16 > ap(ug)e” 2e=T 0 hen u > wu, (46)
a—
Thus

2
(a—1)
F(0) + D) > (o ) 2o T ),
200 — 1
and using Taylor’s theorem we conclude that

g

¢ (u) > ¢ (ug)e™ St (u—uo) _ \/ﬁeﬂl, when u > ug. (47)
If we set ug = 0, we can rewrite (45) and (47) as
¢'(0)e ™" — \/257_16_1‘ < ¢'(u) < ¢'(0)e ™. (48)

It follows from (37) that

2 a—1
o= (@ + @O0 =00 (14 555 )

If we set = ¢/(0), then

o (@=1)/(2a—1) 2
-1
cal/@al)x<1+ﬂ2> = c§x<1+a ﬂ),
x
and since z > c,

ﬁ—2<ﬁ2 = c<x(1+a_1ﬁ2> = c(l—a_152><x,

2 c? 200 — 1 ¢2

the last implication following from the inequality 1 —y < 1/(1+y) when y > 0.

Thus we find that g
a—1
1————2 ) <¢'(0) <ec.
c< 20[102>_gb(0)_c (49)
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The estimate (48) integrates to yield an estimate for L in terms of ¢,

%[1 —e R - ﬂfi_lp —e M <L< %[1 —e ), (50)

which when L is held fixed yields the estimate for c:

k 3 k
— < c< .
Ll—e_kb == (L+ \/2a1> 1—ekb (51)

From this we conclude that

< or <

[
ol
SIESS

(52)

o

To estimate EZ(f), where f(u,0) = v(é(u)
equality to conclude that

~—

, we use (45) and Holder’s in-

b
Ff(@ < 7T/ (ﬂ2e’2“ + C2ef4u(a71)/(2a71))o‘ p2(a—Du g,
0

1/« @

+e€

b «
< [7‘(/ (026—4u(a—1)/(2a_1)> eQ(a—l)udu
0

< {[F2(@)]"" + Frror}”,

where
1/«

b
ﬂ'/ ﬂ2a62au62(a1)udu] ,
0

the last step following from Holder’s inequality.
In view of (51) and the fact that

Error =

k 1
1 —e kb = be—kb’

we obtain the following lemma.

Thin Part Lemma. Suppose that a length L and a small constant ¢ > 0
are given. There is an ag € (1,00) such that when b > 0 is sufficiently large,
whenever a € [1,a9) and (3.0 satisfies the inequality ©3** < ¢/4, the EP-
minimizing parametrization of any curve of length L parametrized on [0,b] x S*
has («, 3)-energy < e.

In other words, we can parametrize a curve of any given length L so that it has
arbitrarily small a-energy when « is close to one. This fact (implicit in [3] and
described in [18] for harmonic maps) is one of the key tools for understanding
a-energy critical points in the space Map(X, M).

Moreover, if L is smaller than the distance from any point in M to its
cut locus and ~p,v; : S' — M are curves lying in sufficiently small normal
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coordinate neighborhoods of points p and ¢ in M such that d(p, q) = L, then by
continuous dependence on boundary values in the Replacement Theorem, there
is a unique Eg—minimizing map

R’ :[0,0] x S* — M such that h/(0,t) = vo(t), K (b,t) =(t),

with energy satisfying the estimate of the Thin Part Lemma.

3 Energy loss in necks

Without assuming finiteness of 71 (M) and a bound on the Morse index, it is
almost certain that one could construct sequences of a-energy critical points
which lose energy in the necks in the limit as & — 1. (This is strongly suggested
by the constructions of Morse-Smale sequences for E presented in §4 of [18].)
However, under the assumption of finite 71 (M), the Replacement Lemma and
the Thin Part Lemma imply no loss of energy in necks for minimax sequences
corresponding to a given homology or cohomology constraint, as we next explain.

3.1 The Parker-Wolfson bubble tree

To analyze energy loss in necks, we must discuss the Parker-Wolfson bubble
tree [19] in more depth, following §1 of [18] to a large extent. Let ¥ be a closed
oriented surface of genus at least one. (We could apply the ensuing arguments
to a nonorientable closed surface by passing to the oriented double cover.) We
consider a sequence {(fim,wn )} of critical points for E,,, with m — oo such that
am =14+ (1/2)™, {w,,} is bounded, and f,, : ¥ — M has bounded energy and
bounded Morse index. Under these conditions, {(f,,wm)} has a subsequence
such that:

1. The sequence {wy,} converges to an element ws, € 7.

2. The sequence {fn,, : & — M} converges in C* for all k on compact subsets
of the complement of a finite subset {pi,...,p;} of “bubble points” in ¥
to a harmonic map fo, : ¥ — M. The Conformality Lemma in §3.3 will
show that the map f. is conformal, and hence a parametrized minimal
surface.

3. The energy densities e( f,,) converge as distributions to the energy density
e(fso) plus a sum of constant multiples of the Dirac delta function,

l
e(fm) - e(foo) + Zczd(pz)

4. The restrictions of f,, to a family of suitably rescaled disks centered near
each bubble point converge in a suitable sense to a finite family of minimal
two-spheres, as explained in more detail below.
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We normalize the Riemannian metric on M so that its sectional curvatures
are bounded above by one, and hence as explained in the proof of the Finiteness
Theorem, the energy of each nonconstant harmonic two-sphere is at least 4.
In particular, the energy c; lost at each bubble point is at least 4.

For each m, we divide the Riemann surface ¥ into several regions. First,
there is a base

ZO;'m =X- (Dl;m U---u Dl;m)7

where each D;.,, is a metric disk of small radius (which approaches zero as
m — o0o0) centered at the bubble point p; € X. Each disk D;,, is further
decomposed into a union Djm, = Af,, U B, where A}, is an annular neck
region and B, is a bubble region, a smaller disk which is centered at p;. As
explained in [18], we can arrange that the radius of D;.,, is < (constant)/m, the

radius of B/, is < (constant)/m?, and the integral of energy density

im

/ e(f)dA = Cr,
A

’
iym

where Cg is a renormalization constant, which we take to be < 27, small enough
to prevent bubbling in A}, .

We conformally expand D;.,, to a disk of unit radius with standard polar
coordinates (r,¢), noting that the expansion of Bj,, has radius going to zero

like 1/m?2. Given a ball B of radius 1/3 centered at some point along the circle
r = 1/2 in the expanded disk, we can apply the e-Regularity Theorem of § 2.1
(see (23)) or Main Estimate 3.2 in [21] to show that 7|df| < e; on B, where ¢; is
a constant that can be made arbitrarily small by suitable choice of normalizing
constant C'r. Thus r|df| < € at any point in the region 1/6 < r < 5/6. In
terms of the coordinates (u, ). where e™* = r, this estimate can be expressed

as
arN®  (or\’| . 5 1
l(@u) + <60> <e€, for — logg <u< —log t (53)

By a conformal expansion from the disk of radius 1/6 to the disk of radius 5/6
we can get a similar estimate on the region 1/30 < r < 5/6. Continuing in this
fashion we get an estimate on the entire annular region 2(radius of B;,,,) <r <
5/6. By a slight contraction of the neck, we can redefine neck and bubble so
that this estimate holds over the entire neck Aj,,.

Estimate (53) implies that we have a bound on the length of each curve
r = (constant), and thus we can ensure that each neck is mapped by f,, to a
small neighborhood of a smooth curve in M.

Let B;,;, be a disk with the same center as B, but with m times the radius
and let Aj.y = Diym — Biam. The disk B;.p, is then expanded to a disk of radius
m by means of the obvious conformal contraction T}y, : Dy, (0) — B, where
D,,,(0) is the disk of radius m in C. A subsequence of

gi;m:fmoTi;m:Dm(O)aM, m=1,2

g Ly e
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then converges uniformly in C* on compact subsets C, or on compact subsets
of C—{pi1,---,pi1;}, where {p;1,...,p;,,} is finite set of new bubble points,
to a harmonic map of bounded energy. The limit extends to a harmonic map
of the two-sphere, by the Sacks-Uhlenbeck removeable singularity theorem.

In the case where there are new bubble points {p;1,...,pi;,} in C = S? —
{oo}, the process can be repeated. Around each such bubble point p; ;, we
construct a small disk Dj; j.,,, which is further subdivided into an annular region
A; j.m and a smaller disk B; ., on which bubbling will occur. We construct a
conformal contraction T ;. : Dy, (0) — B j;m and a subsequence of

gi;j;m:,meTi,j;m:Dm(o)_)Ma m=12,...

will converge once again to a harmonic two-sphere with one or several punctures,
which can be filled in as before. For each f,, in the sequence, we may have
several [evel-one bubble regions B;.y,, each of which may contain several level-
two bubble regions B; j.;m, each of which may contain several level-three bubble
regions, and so forth. The process terminates after finitely many steps, yielding
what Parker and Wolfson call a bubble tree, the vertices being harmonic maps (a
base minimal surface f, and several minimal two-spheres) and the edges being
parametrized maps from the annular regions into M.

Some of the harmonic two-spheres obtained by this process may have zero
energy (all their energy bubbles away) in which case they are called ghost bub-
bles, but ghost bubbles always have at least one bubble point in addition to oo.
Moreover, if a ghost bubble has only bubble point in addition to co, it can be
eliminated and the two adjoining annuli can be amalgamated into one. This
might be done many times, depending on our choice of renormalization con-
stant. We assume that this process of amalgamation has been carried through,
so each ghost bubble has at least two bubble points in addition to oco.

When the process is completed, we find that X is a disjoint union of the base
Yo.m, annular regions A;, . ;..m, also called necks, and bubble regions with
disks around bubble points of higher level deleted,

Bi, ... igzm — U Di,....i.jim- (54)
j

The annular regions and the regions (54) corresponding to ghost bubbles com-
prise the thin part of the map f,,, while the base and the regions (54) corre-
sponding to nonconstant harmonic two-spheres make up the thick part. Har-
monic two-spheres at the end of the bubble tree always have energy at least
4. Thus a bound on the energy gives a bound on the number of leaves in the
bubble tree, and hence a bound on the total number of edges in the bubble tree.

Since the bubble tree is finite, after passing to a subsequence, we can arrange
that each level k, each of the sequences

Giy,...i;m = fm o Til,...,ik;m : Dm(o) — M, m=1,2,... (55)

converges uniformly on compact subsets of C minus a finite number of points
to a limiting harmonic two-sphere g;, .. ;.. Similarly, if

T/ :D1(0) = Dyy...igsm

01,0tk

27



is the obvious conformal dilation, we can study the maps

hy, inim :meTill,...,ik;m : D1(0) — M, m=1,2,..., (56)

which we call the neck maps. We will show that suitable reparametrizations of
these maps converge to geodesics.

3.2 Proof of no energy loss

Our goal now is to study the neck maps. Thus given a choice of multi-index
(i1,...,1), we consider the restrictions of f to the corresponding annulus A,, =
Aiy,.inm- On the disk D, = A,, U B,,, where B, = B;, . ;,.m is the cor-
responding bubble region, we use the polar coordinates (r,6) centered at the
bubble point, and the related coordinates (u,8), where u = —logr + ¢, so that
the boundary 9D,, corresponds to r = 0. Moreover, we use the flat metric,

ds* = dr* +r?do* = e~ (du® + db?).

(If the genus of ¥ is at least two, this is only an approximation to the restriction
of the metric of X to the disk, but the approximation becomes better and better
as m — 00.) The annulus A,, is described by the inequalities

0<u<by,, where b, — 0.

In terms of the (u, §) coordinates, the neck maps (56) will be considered as maps
on the cylinder
h., = hj, 0,by] x S — M.

R P

Estimate (53) implies that (after possibly contracting [0,b,,] slightly) the
curve hl, ({t} x S1) is contained in an mej-neighborhood of some point in M, for
each t € [0,b,,]. Moreover, (53) also implies that cylindrical regions [a, b] x S*
of given length ¢ = b — a lying within the neck, h’, ([a,b] x S!) is contained in
an cey /2-neighborhood of some point p € M. Thus for a fixed choice of m, we
can consider subintervals

[a,b] C [0, by] such that ! ([a,b] x S*) € B(p, p),
for some point p € M and some radius p satisfying the inequality

p < min(7/(2k), (distance from p to its cut locus)),

where k2 is an upper bound for the sectional curvature on M. This allows us

to use the Replacement Theorem from §2.2.
Choose N so that b,,/N < ¢ and divide the interval [0, b,,] into N subinter-
vals
[0, by /N, [bin/N, 2, /N1, ..., [(N = 1)by /N, by ].
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It follows from continuous dependence upon boundary conditions, that for any
€ > 0 there exists § > 0 such that

o ({(k = 1)byn /N} x 8) C Bs(p) and  hy, ({kbn /N} x S') C Bs(q)
= Al ([(k—1)by/N,kb,,/N] x S*) C B(C,e) = {p € M :d(p,C) < e},

where C' is a geodesic arc in M, and d is the distance function defined by the
Riemannian metric on M. We can apply the same argument to the intervals

(-5

to conclude that h], approximates a broken geodesic path C,,.

The approximation becomes better and better the further one stays from the
ends of the neck because of exponential decay of dh!, /060 on the interior of the
neck. Indeed, after translation, a portion of given length, say [—10, 10] x S1, will
get taken to smaller and smaller normal coordinate neighborhoods of a point
p € M as a« — 1. In terms of Fermi coordinates along C,,, the equation for
a-harmonic maps on [—10,10] x S,

D (on,\ D (on,\ o LW, & Lo,
(52) + 5 () =t~ 1 [ potons G + 210w

ou \ du a0 \ 00 du a0 |’
(57)
where p? = (1 + |dh.,|?), more and more closely approximates the standard
equation for harmonic maps in Euclidean space

92h,, N 02h,,
ou? 002

The latter equation can be be solved by separation of variables and Fourier
series, the solutions being

=0.

iLm(u, 9) = agy + bou
+ Z [a,, cosh nu cos n + b, sinh nu cos né

n

+ ¢, coshnusinnf + d,, sinh nusinnf] ,

the vectors a,, b,, ¢, and d,, being determined by the boundary conditions
h|{—10} x S* and h|{10} x S*. Except for the linear terms all the terms in the
sum exhibit exponential decay on the interior of the interval [—10,10]. Since
the solution to (57) with given boundary conditions depends smoothly on « as
a — 1, the same must be true for h},.

The angles between successive geodesic segments must go to zero as b,,, — 00,
because otherwise a-energy could be decreased by making the angles smaller,
so C,, approaches a geodesic which extends the full length of the neck. (An
alternative approach to this convergence to a geodesic is presented in [3].) In-
ductive application of the Replacement Theorem shows that there is only one

29



a-harmonic map which takes on the given boundary values and lies in a given
e-tube about C,,, and it must have less a,,-energy than any other map in the
given e-tube. We can get an upper bound on the a-energy by comparing with a
map of the annulus that maps small annular bands near the boundary to disks
and the remainder of the annulus to a parametrization of part of the curve C,,.
Thus the Thin Part Lemma from §2.3 shows that all we need is a bound on
the length of C), to show that the total energy within the neck goes to zero as
Oy, — 1.

To get the needed estimate on the length, we need to make the assumption
that M has finite fundamental group. This allows us to apply an estimate of
Gromov (the theorem of §1.4 in [7]) relating Morse index to length of geodesics.
Gromov was interested in understanding the rate of growth of the number of
geodesics of length < L between two points in a Riemannian manifold as the
bound L is increased. To this end, he proved that the Morse index of a geodesic
grows at least linearly with length, that is, if 7 is a smooth closed geodesic,

(Length of v) < (constant)(Morse index of 7). (58)

Since the Morse index of a minimax sequence corresponding to a homology or
cohomology constraint is bounded, this estimate gives a bound on length L of
any neck, finishing the proof that no energy is lost in necks in the limit.
Finally, we reparametrize the neck region once again, and define
hih...:ik;m : [0, 1] X Sl — M by hil),,_%;m(t,&) = h;l tbm,9).
(59)
When estimate (43) holds, and hence e=** — 1, the preceding argument shows
that each sequence m — h;, . 4,.m converges uniformly in C* on compact sub-
sets to a geodesic 7, ... ¢ [0,1] — M, which may be constant. Moreover,
Vi1 .....ir (1) lies in the image of the minimal two-sphere g;,, ., : 5% — M, while
Vi ....ix (0) lies in the image of g;, .. i, _, if & > 1, or in the image of foo : ¥ — M
if k=1.

,...,lk;m(

Definition. A sequence of bubble disks {B;, . ;..m} is essential if the corre-
sponding sequence of rescaled maps gi, ,... i,.m described in the previous section
converge to a nonconstant harmonic two-sphere g;, ... ;, ; otherwise, it is inessen-
tial. Thus the inessential bubble disks converge to ghost bubbles.

Remark. Given any disk D;, . ;. .m in the above construction, we can we can
consider all essential bubble disks By, ..., By, contained within it. We then

have a family
l

m— Eil,...,ik;m = Dil,.“,ik;m - U B;m
i=1
of planar domains possesses a reparametrization which converges to a tree of
geodesics which connect nonconstant harmonic two-spheres or nonconstant har-
monic two-spheres to the base. This tree is very nicely described at the end of
§1 of [18]. As m — oo the disks B;,, contract to points.
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A bound on the a-energy yields a bound on the number of bubbles as well
as the level of any bubble.

3.3 Conformality of the base

Once we know that no energy is lost in the necks, we obtain the estimate (11)
for fo and the essential bubble two-spheres. Moreover, we can check that the
base fo : 2 — M is indeed a parametrized minimal surface:

Conformality Lemma. The map fo : ¥ — M is conformal with respect to
the limit conformal structure wy.

Proof: Since (fy,,wnm) is a critical points for
E,,, :Map(X, M) x Mety(X) — R,

it must be the case that
d
g Palf (hap(1))) =0, (60)
t=0

whenever t — (hqp(t)) is a variation through constant curvature metrics of total
area one on X such that (hqep(0)) = (hap) represents the conformal class wy,. In
fact the variation needs only to be tangent to the space of constant curvature
metrics of total area one. Thus, if we choose isothermal parameter z = x1 +izs
for the initial metric, we can consider a metric variation of the form

hap(t) = N20ap + thay,  a,b=1,2, (61)
A? being a positive smooth function, where as shown in [24] (see also §5 of [12]),
}'Lll + ilgg = 0, and (illl — ihlg)dZQ

is a holomorphic quadratic differential on X.
Carrying out the differentiation on the left-hand side of (60) yields

B (ha(9)

t=0

d of o0
=5 Lo S Gvioee| (g g,

> dmldmg, (62)
where (h?) is the matrix inverse to (hqp) and h = det(hqp). Since dh/dt(0) = 0,

d Vhh'' V/hh'? — )2 hos  —hia
dt \Whh?' Vhh?)| _ —ha1 hu )
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Thus we find that
< af 8f> dxldxg

d ab
%; dt Vi o \Ozq Oxy

A A Y (A e
- )\2 3331’633‘1 81‘2 8332 )\2 81‘1783}2 ! 2

; .- aof of
= _FRB I:(hll +’Lh12) <8,2” az>:| dridzs.

Substitution into (62) yields

& Bl (1))

«
== | A+1df[*)* "¢dA
g 2/E<+|f|> oA,
where gZ):—FRe {(hu%—i/’zlz) <g£,g£>} (63)

Note that the measure ¢dA is absolutely continuous with respect to (1/2)|df |>dA,
and hence

hm 5/(1+|df| ) 1¢mdA— hm %/ (1+|df|2)a71¢mdf4

Zoim

e / (14 |df ) fndA,

Ligim

the last sum being taken over all bubble regions in the bubble tree. Taking the
limits on the right we obtain

fim 5 [ (14 1)
_5/ Re |:(h11+2h12>< 02 5 az >:| dA
a 1 yeeest a T genesl
+Z / [h11+zh12)<gaz k| gaz’kﬂdA.

All the limits in the sum vanish because the bubble harmonic two-spheres are
all conformal. Thus (60) implies that

%/ZRe {(hu + z‘hu) <ag:7 85:‘) >] dA =0

Thus the Hopf differential

Ofso Ofs 2
< 0z’ 0z >dz ’

a holomorphic quadratic differential, is perpendicular with respect to the natural
inner product to all holomorphic quadratic differentials, and this implies that
it vanishes. It is well-known that vanishing of the Hopf differential of f., is
equivalent to conformality, so the lemma is proven.
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3.4 Gromov’s estimate and a-harmonic tori

As Gromov points out in [7], his estimate (58) relating Morse index to length
can be used with the Morse theory of the action function (1) to provide a lower
bound on the number of smooth closed geodesics with energy less than a given
bound in a compact manifold M with finite fundamental group and generic
Riemannian metric. Indeed, if v is a constant speed smooth closed geodesic, of
Morse index < A, (58) implies that J(v) < cA\?, where ¢ is a constant. Thus if
we let
Map(S', M)* = { € Map(S", M) : J(y) < a},

then
(Morse index of the geodesic v) <A = v & Map(S*', M)Mz7
and hence
HY(Map(S", M), Map(S*, M) :Z) =0, for v> A

Thus it follows from the Morse inequalities that for generic choice of metric on
M,

“w
(the number of geodesics of energy < cu?) > Z H*Map(S*, M); Q)
A=0
(64)
To understand any theory, it is helpful to have a nontrivial example in mind.
If M is a simply connected four-dimensional manifold, it has cup length two. If,
in addition, M is rationally hyperbolic (see [4] for the definition), a theorem of
Vigué-Poirrier [27] implies that the right-hand side of (64) grows exponentially
with p and the hence the number of smooth closed geodesics in a generic metric
on M with length < L grows exponentially with L. Many nonsingular algebraic
surfaces are rationally hyperbolic, including the K-3 surface and any nonsingular
algebraic surface of general type.
The same reasoning applies to Map(7?, M), which can be regarded as an
iterated free loop space,

Map(T?, M) = Map(S"*, Map(S*, M)),

its cohomology being computable via Sullivan’s theory of minimal models. In-
deed, the fibration

b1t Map(T27M) - Map(Sl, M), f =, where PY(t) = f(t,O)
possess a section (or right inverse)
81t Map(Sl,M) _>Map(T27M)a v f,  where f(t1,t2) = v(t1).

This implies that the cohomology of Map(S*, M) pulls back injectively via p}
to a direct summand of the cohomology of Map(T?, M). Thus if M is simply
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connected, rationally hyperbolic and has cup length two, we have exponential

growth of
o

> HMMap(T?, M); Q),

A=0
as well as exponential growth in the number of I'-orbits of cohomology classes,
where I is the mapping class group. Thus, for example, Morse theory on Banach
manifolds implies that the number of critical points for a generic perturbation
E' : M) (2, M) — R grow exponentially with energy, when M = RP? xRP? x
(K-3 surface).

This begs the question: Which minimax constraints for H*(Map(X, M)) are

realized without bubbling, which prevent degeneration of conformal structure,
and so forth?

4 The Scaling Theorem

4.1 Statement of the Scaling Theorem

To see how dilations influence the a-energy, consider a map from the e-disk,
f:D.— RN where D.={(z,y) € R?: 2% 49> <},

which takes the boundary 9D, to a point. We can expand this to a map on the
unit disk,

fe:Dl_’RN7 fe(‘rvy):f(exvey)'
Note that

o) = ddflenepl. [ @ Podedy = @00 [ japedady,
Dy D,

and hence
1 2(a—1)
[ areeaoay= (1) [ ooy (65)
D. € D,

It follows from (65) that as a nonconstant map from the disk f : D; — R¥ is
rescaled to a disk of radius €, with e — 0, the highest order term in the a-energy
increases like

(1/6)2(0471) _ 672(a71)10ge as a — 1.
Thus if we were to let @ — 1 and €(or) — 0 in such a way that

co
-1

—loge(a) = or e(a)=e /@D
a

where ¢ is a positive constant, we would find that the a-energy in the rescaled
ball would remain approximately constant. We can conclude that if the a-energy
is bounded as @ — 1,

—loge(a) <

T for some positive constant cg. (66)
o —
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Note that (—log€)/2m can be regarded as the conformal invariant of the annulus
Dy, — D..

We can apply this observation to maps f : D, — M, where M is isometrically
imbedded in RY. Of course, there is no reason in general that the radius of a
disk on which a bubble is supported should go to zero like e~¢/(®=1) gince
supporting on a smaller disk always requires more a-energy. However, when
there is a positive lower bound on the distance between base and bubbles (13),
such as when we consider the function E, on N = M@ (T2 M)Fo_ it takes
some energy to construct an a-energy parametrization of a geodesic connecting
bubble to base, and this enables us to obtain a somewhat weaker estimate on
the rate of growth of energy density within bubbles as o — 1, an estimate which
is sufficient for our projected applications.

Suppose that M has finite fundamental group, and we are given a sequence
{(fm,wm)} of (am,wn)-harmonic maps of bounded Morse index, with w,, con-
verging to some element w € 7. Recall that after passing to a subsequence we
can arrange the following: First, the restrictions of f,, to ¥ minus the bub-
ble points converges to a base conformal ws.-harmonic map f,, : ¥ — M. In
addition, we have sequences of bubble regions

Bi, ..izm at level k of radius 74, . iim,

the radius being measured with respect to the canonical constant curvature
metric of total area one on ¥. For each multi-index (i1, ..., %), the restrictions
of fm to B, .. i.m can be rescaled to maps g¢;,, . i..m on disks of radius m
(as described in (55)) which converge on the complement of a finite number of
points to a harmonic two-sphere bubble g;, . ;.. Each bubble region B;, . i, .m
lies in a larger disk

Dy, .. iwm at level k of radius  s;; . 4,im.

the difference A;, . i.;m = Di, .. ix;m — Biy,.. ix;m being one of the necks.
Finally, the restrictions of f,, to A; . i..m can be reparametrized to maps
Riy....ip:m on [0,1] x ST (described in (59)) which converge to geodesics Vi, . i,
in M, the endpoints lying in either the base or one of the bubbles. We have
convergence to what Chen and Tian [3] call a harmonic map from a stratified
Riemann surface.

Scaling Theorem. Let M be a compact Riemannian manifold which satis-
fies the condition that all sectional curvatures are < 1, and let ¥ be a closed
surfaces of genus g > 1. Suppose that {(fm,wm)} is a sequence of (m,wn )-
harmonic maps. Let m — B;, . i, .m be a sequence of bubble disks of radius
Tiy,...ip;m and m— Ay .n is the corresponding sequence of necks such that
the reparametrizations of f,, on the A;, . ;. .m’s converge to a geodesic v, ... i,
of nonzero length L;, ;. . If 0 =1/20y,,

limsup {— [log(7i, .. ix:m) —108(8iy,.igsm)] (m — 1)} < erliyay,  (67)
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for 1 < a < ay, where ¢; is a positive constant depending on oy and an upper
bound E, on the ag-energy of the restriction of f,, to B;, . i..m. Similarly,

liminf {— [log(r,, . ix:m) —10g(Si,,...ipm)] (@m — 1)7} > caLiy 4y, (68)

where co is a positive constant depending on a lower bound on energy of the
bubble.

Note that (¢« — 1) ~ vJa—1. We emphasize that in accordance with the
discussion in the Prologue, we have rescaled the metric of M so that all harmonic
two-spheres, and hence all bubbles, have energy at least 4.

For bubbles at level one we can regard (67) and (68) as stating that eventu-

ally,
exp 702 <r; < exp 761
(Cl 1)0’ = lyym > ( 1)0. )

where L is the length of the geodesic between base and bubble.

Recall that the sequence of bubble disks {B;, .. i.:m} is essential if g;, . i,
is a nonconstant harmonic two-sphere. Suppose that hypothesis (13) is satisfied
for some union A of components of M(X, M), and that the sequence {(fin,wm)}
is chosen to lie in A, so that when energy is bounded by Fjy, there is a lower
bound Ly between minimal distance Ly from base minimal surfaces of genus
at least one to minimal two-spheres. A bound F; on the a-energy gives a
bound on the number of edges in the bubble tree and a bound k on the level
of an essential sequence of bubble disks. Moreover, any essential bubble disk
B;, . i.m of level k is contained in a bubble disk B, .i;m of level j, with
1 < j <k, such that the corresponding annulus Ail,...z‘j;m parametrizes a curve
of length at least Ly, where L1 = Lg/k. The corresponding hiy,..i;:m’s will then
approach a parametrization of a curve C of length > L, as described in § 3.2.

Remark. The proof will show that we can take the constants in (67) and (68)
to approach each other. Indeed, if «y is sufficiently close to one, we could take
the constants to be

NZ3 N3
V2Eoos’ V2E,
where the ag-energy of the restriction of f,, to B;, . i, .m is bounded above by

E,p, the usual energy of this restriction is bounded below by Ej and € > 0
approaches zero and «g approaches one.

Cc1 = (1 — 6) Cy = (1 + E) (69)

4.2 The model space for a single bubble

The proof is best understood by introducing a model for bubbling. It is helpful
to first consider the case of a single bubble. Thus we imagine that a single
bubble two-sphere forms, and consider a space of maps f from ¥ to M that can
serve to approximate a sequence of critical points for E, as a — 1 in this case.
Let p be a point in M and divide ¥ into three pieces:
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1. a base X9 = X — D.(p), where D.(p) is a disk of radius € about p,
2. a smaller concentric disk D, (p) called the bubble, and
3. an annulus N = D.(p) — D,(p) called the neck.

As before, we imagine that the disk D.(p) is given the standard flat metric
ds® = da® + dy* = dr® 4 r2d6* = e~ (du® + d6?),

where (r,0) are the usual polar coordinates and r = e~ ™.

Definition. We let Map,, . (3, M) denote the subspace of Map (3, M) consist-
ing of the smooth maps f : ¥ — M which satisfy the following conditions:

1. f takes the circles 0D.(p) and 9D, (p) to points, and

2. f|N is independent of 6, of the form f(u,8) =~ o ¢(u), where v : [0, L] —
M is a unit-speed curve of length L, and

(b : [_ log € — log 7]] - [Oa L]

is the unique critical point for the function

—logn
Fa(d) = / e e (70)
—loge

considered in § 2.3.

Of course, we can regard Map,, . (3, M) as a smooth infinite-dimensional man-
ifold when the completion is with respect to a suitable Sobolev norm. Closely
related is the smooth manifold

Map, ,,, (£, M) = {(f,p,n) € Map(X, M) x M x (0,n0)
f e Mapp,e,n(E,M)}. (71)

which allows the bubble point p and the parameter n to vary. The previous
space Map,, . (¥, M) can be regarded as the fiber over (p,n) of a continuous
map

7 : Map, ,, (3, M) — M x (0,10),

the projection on the last two factors. We will apply the models in these spaces
in three main cases:

Case I. A single bubble forms. If the single bubble forms at the point p € X,
we have a single sequence of bubble disks By.,, centered at p, a single sequence
of neck regions Ay, and a single sequence of rescaled maps gi,m : D (0) — M
which converges uniformly on compact subsets of C to a harmonic two-sphere.
In this case, we can set

€m = S1.m = (radius of Ay, U B1.n),  Nm = T1,m = m(radius of By,y,).
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When m is sufficiently large, f,, will closely approximate an element of the
space Map,, . . (%, M).

Case II. Several bubbles form. As we explain more fully later, the same
model can be adapted to apply to the case in which several bubbles are forming,
by setting

€ = Siy,. .. inm N ="Ti1,igm-

In this case, the restriction of f,, to D, may approach a tree consisting of
minimal two spheres connected by geodesics, while the restriction of f,, to
> — D, may approach a base minimal surface connected to minimal two-spheres
by geodesics.

Case III. The neck is contracted to have given length. In either of the
previous cases, we can make the bubble region larger so that the restriction
of f,, to the annular region, when properly rescaled, approaches a curve of a
given fixed length, the length being less than the distance from any point to its
conjugate locus. We will return to consider this case in § 5.

In each of the three cases, we fix € > 0, and consider a family of maps depending
continuously on the parameter b,

be(0,00) = ¢(b) = (fo,p,n(b)) € Map,,, (5, M),
where 7(b) = e %, (72)

satisfying the additional conditions that

1. the restriction of each f; to the neck N is of the form f(u,8) =~ o ¢p(u),
where v is a fixed curve,

2. the restriction of each f; to Dy (p) is obtained from a fixed map g : D; —
M by rescaling, where D; is the unit disk.

The second condition means that there is a map

g: Dy — M, suchthat fy(z,y)=g(Z,7y), where {x - 77%7 . (73)
Yy=ny,

(Z,y) being the standard coordinates on the unit disk Dj.
We consider the effect on the energy of reparametrizations in which b, and
hence 1 = e~ P¢, are varied, thereby changing the size of the bubble region. Let

Ga(b) = Ean(folDe-re(p)),  Ha(b) = Ean(fol(De(p) — De-ve(p)))-

It should be intuitively clear that as b increases, G, increases while H,, decreases.
Our goal is to show that when b is sufficiently small, the derivative of H,
dominates and we can decrease energy by increasing b. Conversely, when b is
sufficiently large, the derivative of G, dominates, and we can decrease energy
by making b smaller.
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4.3 Estimates when =0

The needed estimates are easiest to understand if we introduce an additional
parameter 3, and consider the family of functions

1
B2 =5 [ (5 + larfp)aa

just as we did in §2.3, and let 8 — 0. The parameter § appears when making

a change of scale and expanding the disk D.(p) = N U D, (p) to a disk of unit
radius, and replacing f, by f;, where

o~ T = €z,

fo(z,y) = f3(2,9), where o

Yy = €7.

Although the ordinary energy would be invariant under such a rescaling, the
a-energy is not, and in fact

<2
1 1 dfs
! / (1 + |dfo[2)dzdy = / (1 + 145l

D. 2 D1 €

5 )*e2didy

1 ~ 1 -
_ S s
= W /[)1 (62 + |dfg|2)adl'dy = manﬁ(fE%
where 3 = € and h = dz? + dg>.
To simplify notation, we drop the tilde, and obtain a new family of maps
be (l,00) +— f» € Map(D;(0), M).
Our goal is to minimize G2 (b) + H?(b), where
GAb) = B, (folDe-0(0)),  HE() = B, (fulN), (74)
where h is the standard flat metric on D; and we have replaced the old N with
N = D1(0) — D.-+(0).

In this section, we describe the needed estimates in the limiting case in which
B — 0. We assume that the restriction of f, to N is a critical point for the
a~energy with Dirichlet boundary conditions for each choice of b.

Recall from §2.3 that since f(u,0) =~ o ¢(u) on N,

b
ESu(IN) = FS,(0) = [ 16/ (wPeee i,
0

and there is a unique critical point ¢ to the functional Fg’h which satisfies the
end point conditions ¢(0) = 0 and ¢(b) = L. This critical point is given by the
formula

¢ (u) = ce R = ce~Rla—)u/(2a=1) where c is a constant,
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the constant being determined by the end point conditions. Indeed, it follows
from (39) that the relationship between b and ¢ (for given choices of « and L)
is given by

k

c=pud) = Lm, where p/(b) < 0 and blirgo w(b) = kL. (75)
From (41), we conclude that
3 2a-1
Hg(b) = Eg,h(fb|N) =nL* <1ekb) . (76)

On the other hand, we can consider the energy within D, (0), where for the
rescaled map, we take = e~®. Note that it follows from (73) that dg = ndf,
and hence

Ga(b) = Eg 1 (fs] De1(0))

1 /127 2 1 o(a—1)p 2
=2() [ lagedzag = g [ jageazag. ()
77 D1 Dl

To see that there is a unique value of b which minimizes the sum
Eg w(fo| De(p)) = Go.(b) + HZ(b),

we first note that )

G0 = 5 [ ldgldady.
2D1

Moreover,
ngz 2(a—1)b 200 j= 15
o () =(a—1)e |dg|**dzdy > 0,
Dy
d2 0
C’;a (b) = 2(a — 1)%e2la— 1P / |dg|**dzdy > 0,
db Dy

so GY (b) is bounded below by a positive constant, strictly increasing and concave
up. On the other hand,

2(a—1) 2a-1 20—1
- 2(a—1)
0 _ 2 200—1 20
as b — oo, and H?(b) — oo as b — 0. Moreover, since
i 1—e k0 "
db k N ’
we see that
dH,, —kb_72 k 2
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d*H?
db?

B N k 2a+1

so H)(b) is strictly decreasing and concave up. Thus
QEg

db?

E2(b) = GO(b) + H2(b) satisfies (b) >0,

and hence EY can have at most one local minimum, and any such minimum

must be a global minimum. Such a minimum can occur only if

dG°, dH?

or equivalently,

2a
(o — 1)@= 1)b /D |dg|*“dzdy = (200 — 1)e~ o[> (1_12kb> . (79

If we choose a small enough, there will in fact be a unique solution to (79) for
a given choice of L.

We want to give estimates on the choice of b which achieves this minimum.
To do this, we first note that

zef0,b] = eM<(2) <1,

S0 L kb b
eMh< ——— = [ ez <. (80)
k
0
Tt therefore follows from (79) that
a— Q J= 15 - «@ 1
(o — 1)@= 1b /D dg|**dzdy > (20 — 1)e *onL? T2 (81)
1

which in turn implies that when a < ag,

L2 1
(a — 1)b** > Lbe*mkb, where Eg,p = 5/ |dg|**° dzdj.
o, D,

Since b < (constant)(a — 1)~7, for o € (0,1) implies that e 22k — 1 as a — 1,
we conclude that

b> _al where cp=(1—¢) T v (82)
~ (= 1)1/2e” 2FE a0, ’

for 1 < a < ag. (Here we use the fact that 0 < x < 1 implies that /2> > 21/2))
Thus
e’ <ex 7_01[/
=~ exXp (CY — 1)1/2a )
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the estimate needed for the first estimate of the Scaling Theorem when g = 0.
A lower bound on the radius of the bubble region can be obtained in a similar
fashion. It follows from (79) and (80) that

2akb

(o — 1)e2la—Lb /D |dg|**dzdy < (20 — 1)e_kb7rL2aebT. (83)

2(a—1)b _ 6(2o¢71)l€b

and since e , we conclude that

1 1
2@ < (2q— VL2 ——F h E:—/ 2dzdy
b** < 2a— ) o~ 1By where B = o . |dg|*dzdy,
or
C2L T 1/2(10
S la—1iz where ¢y =(1+¢) (2Eb> ; (84)

for 1 < a < ag. (Here we use the fact that 0 < = < 1 implies that z'/2* <
/2@ ) This gives the second estimate of the Scaling Theorem when § = 0.

4.4 The first estimate in the general case

Once one has the estimate (82) for the case 8 = 0, a similar estimate can
be obtained by approximation when 3 > 0 is sufficiently small. This can be
achieved by a relatively straightforward, if somewhat lengthy, application of
Taylor’s theorem. As in the preceding sections, we consider a family of rescaled
maps,

be(l,00) = fp € Map(D1(0), M),

and we seek to establish estimates for the functions

G20) = B (Al Der(0)) and  HL(D) = B, (hIN),
where N = D1(0) — D,-+(0), and now 3 is nonzero. Our strategy is to show
that unless the first estimate (67) of the Scaling Theorem holds,

dG? dH?
S (b) < == (b).

In other words, we show that the sum can be decreased by increasing b, unless
b satisfies (84) when « is sufficiently close to one.

As far as the restriction to the bubble region goes, we need to estimate the
derivative of

1 o0 _ S
GP(b) = 5(32(& 1>b/D (e=2°3% + |dg|*)*dzdy. (85)
1

We quickly verify that

dGe
db

(b) = (a = 1)GL(b)

—ace @) [ (Mg g gy dady, (80
Dy
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and hence
dG?

db

where GB(b) is the (a, 3)-energy of the bubble.
We also need to consider the effect of varying b on

(b) < 2(a = 1)GR (D), (87)

b
HA0) = [ (3% 4 ol ) v, (58)
0
where ¢/ (u) is the function determined implicitly by
(e7246% + ¢, (w))* 1l (u) = ae~ 27D, (89)

a being the constant chosen so that

b
/ ¢ (u)du = L, where L is a given constant. (90)
0

Thus

dHE(b)  d
b = gpa(d)b),

b
where h(a,b) = 77/ (526*% + ¢;(U)2)a62(0‘71)”du,
0

and a(b) is determined implicitly by the constraint

b
/ ¢! (u)du = L. (91)
0
The condition dL = 0 implies that

da _ M, where e(u) = aa(ia (u). (92)

db fob ' (u)du

We calculate
dHp d b ’oN2 2u 2\a 2

o —2u a, 2(a—1)u
a2 <7r/0<¢a<u> ey udy

—r [(d);(b)z n 6721;52)(162(&71)1;}

+

b

/ Za((bfl(u)Q—I-6_2“B2)0‘_1¢g(u)€'(u)62(°‘_1)“du] {db} . (93)
0

where da/db is given by (92). It follows from (89) that

b b
/ 20, (u)? + €24 32) 1 (w)e () @Dy — / 2a0e' (W)du,  (94)
0 0
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and hence using (92), we can simplify (93) to

ag

2 = [(0,(0)? + e72%)7 270! — 2009, (b). (95)

The idea is to regard each of the terms in (95) as a perturbation of the corre-
sponding expression for the case where g = 0.

For estimating the first of these expressions, we can regard ¢/ (u)? + e~2%32
as a small perturbation of ¢/ (u)?. It follows from Taylor’s theorem that if
l<a<2,xz>0and ¢ >0,

2 <(z+()* <z 1+a;+§a(a—1); . (96)
Tt then follows from (96) that
(b:l(b)QaeQ(a—l)b < [(¢;(b)2 n e—2bﬂ2)a62(a—1)b}
6_2bﬁ2 1

6_4bﬁ4
< d):l(b)ZaeQ(oc—l)b (1 +a + 50&(0[ _ 1) ) )

AW AW

Applying (45) and (49) then yields
[(¢;(b)2 n 672%2)%2(0471)1;}

—2b 2
< q20/(2a=1) = kb <1+a6 p= 1

B ef4bﬂ4
o 00) +§a(a 1)>, (97)

¢, (0)?
giving an estimate for the first term in (95).
On the other hand, the second term can be estimated directly by (49):

2aa (al/(%‘_l)(l —€)e M — \/25716_b> < 2aa¢)(b),
a—1 32
Where € = mm (98)
We can substitute (97) and (98) into H, g to obtain the result:
dHa 3 ) kb 6_2bﬁ2 1 6_4bﬁ4
2 (b) < 1 - —1)=—=
TR {e togm T Ve
—2a((1- —’Cb—ﬁ—bﬂ. 99
“ <( A (99)
where 2
200—1 _ _a—1
c =a and €= 12
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Finally, it follows from (90), (48) and (49) that

1— —kb 1— —kb
/as du</¢> ekt < ¢/ (0) T — < e —,

which implies that
Lk
c>

T 1 — ek

Thus it follows from (99) that

dHP w Lk O\
- @ > — - [ —
7 () > (2a—1)e <1 — e—kb) (1 — Error)

2c
> (20— 1)e ™k (i) (1 — Error), (100)

where the error term is small as long as (/¢ is sufficiently small.
It follows from (87) and (100) that

dG?s dHP
TS

2c
(b) <2(a—1)GE(b) — (2a — 1)~k (i) (1 — Error),

and hence the sum on the left is negative unless

2(a — 1)GP(b) > (200 — 1)e*? (i)m (1 — Error),

or by (85),
(O[ _ 1)62(a—1)b/ (e—2bﬁ2 + |dg|2)ad5cdgj
Dy
L 20
> (20— 1)e ™k (b) (1 — Error). (101)

We now proceed as in the case § = 0, using (101) instead of (81). We conclude
as in the preceding section that if (67) does not hold, then
dG8  dH?
db db

whenever « is sufficiently close to one, under the assumption that we can choose
B/c to be arbitrarily small.

4.5 The lower bound on radius in the general case

Our goal in this case is to show that

dGs dH?
7 (b) > A (d).
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unless b satisfies the second estimate (68) of the Scaling Theorem.
To get an estimate for the derivative of G2, we let h = sup(|df|?,1) and let
A be the subset of D; on which A > 1. Then

/D (6% 4 |dg|?)* dzdy

<B= / (e72*3% + 1) tdzdy + / (e72°3% + |dg|?)dzdy.
Di—A A

Thus it follows from (86) that
dG?
db

the last term going to zero as 32 — 0, since boundedness of energy implies that
e2(@=Db is hounded, for reasons described at the beginning of §4.1.
To estimate the derivative of H?, we use (95),

dH?
db

and once again regard each term as a perturbation of the corresponding expres-
sion for the case where 5 = 0.
We note first that

(¢;(b)2 + 672b62)a62(o¢71)b > ¢:l(b)2ae2(o¢71)b'
Applying (47) and (49) then yields

() > 2(a — DGL(B) — (20)e@ (5% >")B, (102)

— [(64 ()2 + e722)e2 D] — 2004/, (b), (103)

/ - a, 2(a—1) / — _ ﬁ —
[(¢a(b)2 te 2b/62) 62 1 b] > ¢a(0)6 kb me b
« a—1 ﬂQ / —kb ﬂ —u
> C2 (1 — ey — 1C2> <¢a(0)€ — \/ﬁe ) s (104)

giving an estimate for the first term in (103). Note that the error term is small
if both 3/c and Be? are small.
On the other hand, the second term can be estimated directly by (49):

20!, (b) < 2ac. (105)
We can substitute (104) and (105) into H, g to obtain the result:

dZZ”H (b) > > [(1 _azl 62) (qﬁfl(O)e_kb — 76 ) — 2ae_kb} .

200—1¢2 V2a —1
(106)
Finally, it follows from (90), (48) and (49) that
b b X 3
L — / d > / —-Kkuw _ 7 o -u d
/0 ¢ (u)du > ; (ce me ) u
1-— e_kb ﬁ b
> - 1—eb),
=% V2a — 1( <)
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which implies that

p —b k

Thus it follows from (106) that

ng _ Lk(1 + Error 2o

LO1+E 20
< (20— 1) ((bj_kbrror)> . (107)

where the error term is small as long as § and (/¢ are sufficiently small.
It follows from (102) and (107) that

dGg# dHP
[e3 b (e}
db (®) db

(b) = 2(a = 1)GL(b) — (2a)e* V(5% ) B

_ L (1 + Error 2o
— (20[ - 1)6 kb <(be_kb)> )

and hence the sum on the left is positive unless

2(a — l)Gg(b) — (2a)62(a_1)b(ﬁ26_2b)3

_ L (1 + Error 2o
< (2a - 1)6 kb <(b€_kb)> )

or by (85),

(o — 1)62(0571)17/ (e723% + |dg|?)*dzdy — Error
Dy

LO1+E 20
< (2a—1)e ((bj_kbrror)> . (108)

both error terms being small if 5 and §/c are sufficiently small.
We now proceed as in the case f = 0, using (108) instead of (83). We
conclude as in the preceding section that if (68) does not hold, then

dG% | dH}
db " db

>0

whenever « is sufficiently close to one, under the assumption that we can choose
0 and (/c to be arbitrarily small.

4.6 Proof of the Scaling Theorem

Case I: only one bubble forms. We now compare the models of the previous
sections with a sequence {(fm,wm)} of critical points for F,, as described in
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§3.1, under the assumption that only one bubble forms. In this case, we have
a single sequence of bubble disks {B,,} and a single sequence of necks {4,,}.
The rescalings g,,, and h,, of the restrictions of f,, to B,, and A,, converge to
a limit harmonic two sphere g : S? — M and a cylinder parametrization

h=~om:[0,1] x S' — [0,1] — M

of a geodesic v. Our assumption is that the geodesic v has length bounded
below by L = Ly in accordance with (13).

To apply the model of §4.2, we have to describe what corresponds to the disk
of radius € and the smaller concentric disk of radius . We choose 1 to be the
radius of the bubble region B,,, but have some freedom of choice of € because
of the nonzero length of the curves connecting bubbles to base. We recall that
after rescaling to a unit disk, 8 = €, the radius of the outer disk in the model.
If r,, is the radius of B,, and s,, is the radius of D,, = A,, U B,,,, we can let

€ =exp (Clogrm + (1 — () logsm), (109)

where ¢ > 0 is very close to zero. The length of the curve parametrized by the
corresponding annular region approaches (1 — ()L as o — 1.

The point is that this allows us to take 8 and 3/c small, as needed in the
estimates in §4.4 and §4.5. indeed,

by, = —[logry, —logs,] = 0B=€e= Sme~Stm
which becomes arbitrarily small as b,,, — oo. Moreover, if follows from (52) that

é < b3 < b, e P
¢ (1-9L 7 1-QL
Thus 8 and (/¢ can indeed be taken to be arbitrarily small when « is close to

one. (One might need to change the € in (69) to account for the shortening of
the curve parametrized by the annulus.) Thus we can indeed ensure that

—0 as b— oo.

dG8  dH?
db * db
unless the estimate (67) of the Scaling Theorem is satisfied.
In particular, if p is the bubble point, we can arrange that f,, is close to
an element f;, of Map, ., (2, M) where e is given by (109) and n = r,,, in the
following sense:

<0

1. the restriction of f, D, (p) is L3 close to f/,, and

2. the restriction of f,, to De(p)— Dy (p) is C° and L3“ close to a parametriza-
tion (as discussed in §2.3) of a smooth curve C of length at least L/2.

If {¢)s : s € R} is a smooth family of piecewise smooth diffeomorphisms of
> with g the identity, each 15 being continuous and smooth on each piece,

Y —Dc(p), De(p) — Dy(p) and Dy(p).
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Then s = 0 must be a critical point for the map s — E(f, o 1s). Assuming
that 1 does not satisfy the estimate of the Scaling Theorem, we claim that when
m is sufficiently large, we will construct such a family of diffeomorphisms such

that J
7(Eg(fmo'(/)s)) 7&0 (110)

ds <=0

Recall that since f/, o1, is an element of the model space Mapp’ﬁm(E, M),
the restriction of f}, to D¢(p) — Dy (p) is of the form f,(u,0) = yop(u) for some
diffeomorphism ¢ : [a,b] — [0, L]. We construct the family of diffeomorphisms
of ¥ by stipulating that the restriction of each ¥s to ¥ — D.(p) is the identity,
that 95| D, (p) is a rescaling which sends the disk of radius n about p to the
disk of radius e~°n, and that in terms of the coordinates (u,8) on D.(p), the
restriction of 95 to Dc(p) — De-s,(p) is of the form 9,(u,0) = ¢s(u), where
v o ¢s(u) is the parametrization which gives a critical point for the a-energy
with Dirichlet boundary conditions. With this choice of 1), it follows from § 4.4
that the model f], satisfies

d

a5 Ealfmowa))|  #0.

s=!
The nature of the convergence of f,, to the model f/, now implies that (110)
holds, finishing the proof of the Scaling Theorem in the case of one bubble.

Case II: the general case. Given a sequence {(fn,,wnm,)} with convergence
properties described in §4.1, we choose an outermost essential sequence of bubble
disks m +— B;, _i.:m, and choose a sequence m +— B, ;. .n with j < k such
that the corresponding hih.__ij;m’s approach a curve of length > Li, where
Ly = L/k. We let p be the center of By, . i m, let ri i;m be the radius of
Bi,....i;;m and let s, i..m be the radius of A;, . i ;.m U B, . . We apply
the model this time with n =7;, _ ; .m and

Lij5m
.7ij;
€ = exp (Clogril)“,ﬂ‘j;m +(1-=¢)log 51‘1,.4.7ij;m) )
with ¢ very close to zero. Of course, the restriction of f,, to D, may bubble
into several minimal two-spheres, some being ghosts, connected by geodesics.
Similarly, the restriction of f,,, to ¥ — D, may converge to a base connected by
geodesics to a collection of minimal two-spheres. Our use of the model focuses

on one neck at a time.
We can now repeat the argument of Case I with virtually no change.

5 Conclusion

5.1 Critical points for one bubble configurations

We now continue the discussion of the Prologue, and consider what the Scaling
Theorem says about the direct limit of the Morse-Witten complexes of

E : M®(T? M)Po - R (111)
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as a — 1, when the bound Ey on energy is chosen so small that at most one
bubble can form. We can achieve this by assuming that the supremum of the
sectional curvatures on M is one, and that

Ey < (minimum value of E on M®)(T? M)) + 8.

We might also consider more general cases in which ¥ is a surface of genus
> 1 and energy bounds prevent more than one bubble from forming. We ask
what the Scaling Theorem says about the asymptotic behavior of E,, (fm,wm)
as m — oo and a,, — 1, assuming that branched covers and degeneration of
conformal structure are avoided.

The f,,’s approximate elements of a model space which refines the one given
in § 4.2. For the refined model, we regard S? as the one-point compactification

of C, the new point being co, and let £ be the space consisting of triples
(f,7,9) € Map(X, M) x Map([0, 1], M) x Map(S5?, M)
which satisfy the following conditions:

1. v :[0,1] — M is a constant speed parametrization of a smooth curve from

7(0) to (1),
2. v(0) = f(p), for some p € 3, and
3. 7(1) = g(o0).

It is not difficult to show that £ is a smooth manifold when the spaces of maps
are completed with respect to suitable L} norms. Given choices of € and 7o,
rescaling of v defines a homotopy equivalence

heno : Map,, (X, M) — €, (112)

where Map, ,, (3, M) is defined by (71).
We can regard the sequence {(fm,wm)} as approaching an element

(foor 71,91, Wo0) € E X T,

where fo : ¥ — M is the base minimal surface obtained in the limit, g; is the
bubble two-sphere and - is the geodesic connecting base to bubble. It follows
from (44) that when « is sufficiently close to one,

2

20 - T < ez

On the other hand, it follows from the Scaling Theorem, together with the
estimates (69), that
b L T

a—1,/2E(g)

50



and hence
HO(b) ~ Ly/2(a — DrE(g)| < eHA ),
Thus we define the function F,, : £ x 7 — R by
Fa(f777g7w) = Eoz(f7 LU) + 2\/(0( - 1)J(’Y)7TE(9) + Eg(g)7 (113)

where J : Map([0, 1], M) — R is the action defined by

1
0 =35 [ e

We note that since there is no energy loss in necks, E?(g) approaches E(g) as
a — 1. A critical point for F, consists of critical points for E, and E? together
with a geodesic v which is orthogonal to these critical points at its end points.

Then the au,-energy of (fm,wm) is close to Fy, (fl ., YmsGm), where f] :
> — M is the map obtained from f,, by replacing the restriction of f,, to

D,,(p) by a disk minimizing a-energy. Thus

fl(Z = D (p)) = fml(E = Dm(p))

and f/ |Dy,(p) minimizes a energy subject to the boundary condition

f;n|8Dm(p) = fmm(Z - Dm(p))'

Indeed, it follows from the estimates given in §4.3 that for any given ¢ > 0, there
is an g € (1, 00) such that when a,, € (1, ag],

|Eoem(fmawm) = I, (f,/n,’ym,gm” <€k, (fmsWm)- (114)

We can regard (114) as stating the two functions E, and F, approach each
other asymptotically as o« — 1.

Note that as o — 1 the contribution of J(v) to F, goes to zero. Indeed,
formula (113) gives a quantitative refinement of the assertion that no energy is
lost in the neck.

5.2 Stretching part of one neck

Finally, we provide a slightly different version of the Scaling Theorem, which
allows us to focus on the stretching of part of one of the necks, ignoring the
structure of the remaining portion of the maps. Recall that the Scaling Theorem
implies that necks between bubbles stretch to infinite conformal length as o — 1.

The idea is to apply the argument for the Scaling Theorem to the third of the
three cases described in §4.2. Our goal is to study the restriction of a collection
of wy,-harmonic maps f,, : ¥ — M to annuli A,, C X of the form

Ap=D., —Dy,,

where

o1



1. D, is one of the disks D;, . ;. .m appearing in the bubble tree construc-
tion, and

2. Dy, contains B;, . i .m, and 7, is chosen so that the corresponding
rescaled maps of the annulus, h,, : [0,1] x S' — M, converge to a
parametrization of a curve of length L.

Thus the inner disk D, may parametrize a collection of bubbles connected
by annuli converging to geodesics, and the complement of the outer disk ¥ — D,
may parametrize not only the base in the Parker-Wolfson bubble tree, but also
several of the bubbles connected by annuli converging to geodesics. Our goal is
to understand the behavior of the function

¢:(0,00) — Mape,no (B, M), <(b)=(fo,p,n(d), n(b)= e_b€7

described in in the paragraph containing (72). We let

by, = —(log €, — log nyy)-

Neck Stretching Theorem. Suppose that M be a compact Riemannian
manifold, that ¥ is a closed surfaces of genus g > 1 and that {(fm,wm)} is a
sequence of (Qy,wpm )-harmonic maps from ¥ into M with w,, converging to a
limit conformal structure ws. If 0 = 1/2« and b, is defined as above, then

<0,

bon(Cty —1)7 > 1L = %(Eam,h(C(b))
bm

and

b (am —1)7 <L =

when «.,, is sufficiently close to one.

The proof is a straightforward modification of the proof given in §4 for the
Scaling Theorem.
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