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5.9

Let §= {7, {&}}. Determine whether each of the following is True or
False. Explain your answers.

(@) Zcs§ ()PesS (@ s (@) {Tes

Fill in the blanks in the following proof of Theorem 5.13(a).
THEOQREM:. Let A be a subset of U, Then 4 (U\4)=U.

Proof: Ifx e A (U\4), thenx e =
Since both A and U\A are subsets of U, in either case we have
. Thus - .
On the other hand, suppose that x « . Now
eitherx e dorx g 4. Ifx ¢ A, thenx € . In either case
xe . Hence o .

5.10 Fill in the blanks in the proof of the following theorem.

THEOREM: 4B iff AUB =8,

Proof: Suppose that A € B. Ifx € 4 U B, then x € 4 or
xe . Since 4 < B, in either case we have x € B. Thus
- . On the other hand, if x s
thenx € 4 U B, s0 c . Hence A wB=R .
Conversely, suppose that 4 W B =B, If x € 4, then x ¢
. ButduB=EFsoxe . Thus
j .

5.11 Fill in the blanks in the prodf of the following theorem.

5.12

5.13

5.14

THEOREM: 4 . B iff AnB=A.

Proof: Suppose that A T AB. Ifx € 4 N B, then clearly x € 4. Thus
A B € 4. On the other hand,

Thus 4 © A4 " B, and we conclude that 4 B = 4.
Conversely, suppose that A " B=4. Ifx € A4, then

Thus A B. ¢

Suppose you are to prove that set 4 is a subset of set B. Write a reasonable
beginning sentence for the proof, and indicate what you would have to
show in order to finish the proof.

Suppose you are to prove that sets 4 and B are disjoint. Write a reasonable
beginning sentence for the proof, and indicate what you would have to
show in order to finish the proof. ‘

Which statement(s) below would enable one to conclude that x & 4« B?

(a) xedandx e B. (b) xedorx e B.
(c) Ifxe 4, thenx e B, (d) Ifx ¢ 4, thenx e B.




6.2

6.3
6.4
6.5
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6.7
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6.10
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Mark each statement True or False. Justify each answer.

(a) If 87 is a partition of set S, then we can obtain a relation R on § by
defining xR y iff x and y are in the same piece of the partition.

(b) In any relation R on a set S, we always have xRx forallx € §.

(¢) IfRis arelation on S, then {y < §: ¥Rx} determines a partition of $.

(d) If @is a partition of Sand x € §, then x € 4 for some 4 & P

Using Definition 6.1, show that (2, @) = {{a}}.

- Using Definition 6.1, show that {a} x {a} = {{{a}}}.

Using Definition 6.1, find (2,3) M (3, 2).
Let 4 be any set and let B = . What can you conclude about Ax B? -
Let4d={a} and B={1,2,3}. Listall possible relations between A and B,

Letd = {a,b}.

(a) How many elements are in the set 4 x 4?
(b) How many possible relations are there on set 4?
(¢} How many possible relations are there on the set {a.b,c}?

Fill in the blanks in the proof of the following theorem. v
THEOREM: (4N B)xC=(AxCY(BxC)
Proof: Let (x,1) e (4" B)x C. Thenx e andy e
Sincex e AN B, xe and x € . Thus (x,y) €

and (x,y) - Hence (x,3) € (dx CYyn (B x (),
50 c .

On the other hand, suppose that (x, y) e . Then
{x,») € and {x,») € . Since (x,¥) e
AxC, xe and y e - Since (x,y) € BxC,

and . Thusx € 4 N B, s0 IS
and c .+

Prove or give a counterexample.

(8) AxB=RBxA _

(b) AUB)xC=UAxC)UBxC)

(©) UxB)N(CxD)y=AnC)x(BND)
(d} UxBYyu(CxDYy=(4dUC)x(BuD)

Determine which of the three properties (reflexive, synmmetric, and transi-

tive) apply to each relation.

(2) LetR be the relation on N given by xR yiff x divides y. v%

(b} Let X'bea set and let R be the relation “” defined on subsets of X,

(c) Let § be the set of people in the school. Define' R on § by xRy iff
“x likes y.”
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Let A = R and define f: 4 — R as given below. In each case describe a
set A so that £ is injective on 4. Make A as large as possible.

@ fi) = x+3Y -5

(B) f(x) = |2x-1]

(©) fix) = sinx

Classify each function as injective, surjective, bijective, or none of these.

(a) f:N-—> Ndefinedby f(m)=n+3 %

(b) f:Z— Z defined by f(m)=n->5

(¢) /1R — R defined by f(x) =x —x %

(d) f:[1,00) — [0,) defined by f(x)= X —x

(€ F:N - Z definedby f(n)=n"—n

(€) F: 3, ) — [5,0) defined by f(x)=(x—3)+5

(8) f: N - Qdefined by f(m)=1/n

(a) Let S be the set of all circles in the plane. Define f: § — 10, o} by
F{C)=the area of C, for all C' € §. Is f mjective? Is f surjective?

(b) Let T be the set of all circles in the plane that are centered at the
origin. Define g: T — [0, ®) by g(C) = the area of C, forall C € 1.
Is g injective? Is g surjective?

Consider the following theorem:
The function f: R — R defined by f(x) = 5x + 3 is injective.
Indicate what, if anything, is wrong with each of the following “proofs.”
(2) Letx;, x, € K and suppose xy = Xa. Then 5x, = 5x; and 5x; + 3 =
Sx, + 3, 80 f(x1) = f(x2). Thus f is injective. ¢

(b) Letx), x; € R and suppose f{(x)) = f(x2). We must prove that x; = xa.
Now f(x) = 5% +3 and f(xz) = 3xp +3. Since x; = xp, we have 5x; +3
= 5%, + 3. It follows that 5x, = 5x, and x; =x,. Thus fis inj ective.

(c) Let x;, x» € R and suppose x; # xa. Then 35x; # 5x; and 5% + 3 #
Sx;+3, so f(x) # f(x2). It follows that x; = x, whenever f(x1) =

* f(x2), and f is injective.

(d} Let x,, x; € R and suppose f(x1) 7 f(x2). Thus 5x; +3 # 5x; +3 and
5x, % Sxp, 50 X1 # Xy, It follows that f(x;) = f(xz) only if x) = x;, and f
is injective. .

(e) We have f(1) =8 and f(2) = 13, s0 if x; # x5, then f(x)) # fx). It
follows that f is injective. .

(f) Letx), x; € R and suppose f(x)) = f{x2). Then 5x; +3 = 5x, +3 and
5x, = 5x,, 80 x; = X3. Thus f is injective.

In each part, find a function /: N - N that has the desired properties.

(a) surjective, but not injective
(b) injective, but not surjective
(c) neither surjective nor injective
(d) bijective
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