Lectures on Differential Geometry
Math 240BC

John Douglas Moore
Department of Mathematics
University of California

Santa Barbara, CA, USA 93106
e-mail: moore@math.ucsb.edu

June 5, 2009



Preface

This is a set of lecture notes for the course Math 240BC given during the
Winter and Spring of 2009. The notes evolved as the course progressed and are
still somewhat rough, but we hope they are helpful. Starred sections represent
digressions are less central to the core subject matter of the course and can be
omitted on a first reading.

Our goal was to present the key ideas of Riemannian geometry up to the
generalized Gauss-Bonnet Theorem. The first chapter provides the foundational
results for Riemannian geometry. The second chapter provides an introduction
to de Rham cohomology, which provides prehaps the simplest introduction to
the notion of homology and cohomology that is so pervasive in modern geometry
and topology. In the third chapter we provide some of the basic theorem relating
the curvature to the topology of a Riemannian manifold—the idea here is to
develop some intuition for curvature. Finally in the fourth chapter we describe
Cartan’s method of moving frames and focus on its application to one of the
key theorems in Riemannian geometry, the generalized Gauss-Bonnet Theorem.

The last chapter is more advanced in nature and not usually treated in the
first-year differential geometry course. It provides an introduction to the theory
of characteristic classes, explaining how these could be generated by looking for
extensions of the generalized Gauss-Bonnet Theorem, and describes applications
of characteristic classes to the Atiyah-Singer Index Theorem and to the existence
of exotic differentiable structures on seven-spheres.



Contents

1 Riemannian geometry

2

1.1
1.2
1.3

1.4
1.5
1.6
1.7
1.8
1.9
1.10
1.11
1.12
1.13
1.14
1.15
1.16
1.17
1.18
1.19

Review of tangent and cotangent spaces . . . . .. ... .. ...
Riemannian metrics . . . . . . ... ... L oL
GeodesiCs . . ...
1.3.1 Smoothpaths . . .. ... .. ... ... ... ... ...
1.3.2 Piecewise smooth paths . . . . . ... .. ... ... ...
Hamilton’s principle . . . . . .. . ... ... ... ... ...,
The Levi-Civita connection . . . . . ... .. ... ... .....
First variationof J . . . . . . . . . ... ... L
Lorentz manifolds . . . . . . .. ... ... ... ... .......
The Riemann-Christoffel curvature tensor . . . . . . . ... ...
Curvature symmetries; sectional curvature . . . . . . . . .. ...
Gaussian curvature of surfaces . . . ... ... ... ... ....
Review of Lie groups . . . . . . . . . . . . o
Lie groups with biinvariant metrics . . . . . . ... ... ... ..
Grassmann manifolds . . . . . .. ... oL
The exponential map . . . . . . . .. .. .. ... ... ...,
The Gauss Lemma . . . . .. ... ... ... .. .........
Curvature in normal coordinates . . . .. ... .. ... .....
Riemannian manifolds as metric spaces . . . . . . .. .. ... ..
Completeness . . . . . . . . ...
Smooth closed geodesics . . . . . . ..o

Differential forms

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8

Tensor algebra . . . . . .. ... o oo
The exterior derivative . . . . . . . .. ... oL
Integration of differential forms . . . . . . . ... ... ... ...
Theorem of Stokes . . . . . . .. ... L
de Rham Cohomology . . . . . ... ... ... ... ......
Poincaré Lemma . . . . . . ... .. ...
Mayer-Vietoris Sequence . . . . . . .. .. ..o
Singular homology™ . . . . . . . .. ... ... ...
2.8.1 Definition of singular homology* . . . . .. ... ... ..
2.8.2 Singular cohomology™ . . . . ... ... .. ... ...

ii



2.8.3 Proof of the de Rham Theorem* . .. ... ... ..... 102

2.9 TheHodgestar . . . . . ... ... ... ... .. ... ... 106
2.10 The Hodge Laplacian . . . . . . ... ... ... ... ...... 112
2.11 The Hodge Theorem . . . . . . ... ... ... ... ...... 116
2.12 d and 4 in terms of moving frames . . . . .. ... ... ... 119
2.13 The rough Laplacian . . . . . . .. .. ... ... ... .... 122
2.14 The Weitzenbock formula . . . . .. .. ... ... ... ..... 123
2.15 Ricci curvature and Hodge theory . . . . . . . .. .. .. ... .. 125
2.16 The curvature operator and Hodge theory . . . . . . . ... ... 126
2.17 Proof of Gallot-Meyer Theorem™ . . . . . .. ... ... ..... 128
Curvature and topology 131
3.1 The Hadamard-Cartan Theorem . . . . ... ... ... ..... 131
3.2 Parallel transport along curves . . . . ... ..o 133
3.3 Geodesics and curvature . . . . ... ..o 134
3.4 Proof of the Hadamard-Cartan Theorem . . . . . .. .. .. ... 138
3.5 The fundamental group . . . . ... ... ... oL 140

3.5.1 Definition of the fundamental group . . . . ... ... .. 140

3.5.2 Homotopy lifting . . . . . ... ... .. L. 142

3.5.3 Universal covers . . . . .. .. ... ... .. ... 145
3.6 Uniqueness of simply connected space forms . . . . .. ... ... 147
3.7 Non simply connected space forms . . . . . ... ... ... ... 149
3.8 Second variation of action . . . . ... ... 0oL 151
3.9 Myers’ Theorem . . . . . ... ... .. .. ... ... .. .. 153
3.10 Synge’s Theorem . . . . . . . ... ... 155
Cartan’s method of moving frames 159
4.1 An easy method for calculating curvature . . . ... .. ... .. 159
4.2 The curvature of asurface . . . . . ... ... ... ... . ..., 163
4.3 The Gauss-Bonnet formula for surfaces. . . . . . ... ... ... 167
4.4 Application to hyperbolic geometry . . . . . . . . ... ... .. 171
4.5 Vector bundles . . . . . . ... Lo 177
4.6 Connections on vector bundles . . . . ... .. ... ... ... 179
4.7 Metric connections . . . . .. ... oL Lo 183
4.8 Curvature of connections . . . . . . . ... L 185
4.9 The pullback construction . . . . .. ... ... .. ... ..... 187
4.10 Classification of connections in complex line bundles . . . . . .. 189
4.11 Classification of U(1)-bundles™ . . . . . ... ... ... ..... 195
4.12 The Pfaffian . . . . . ... .. .. .. ... 196
4.13 The generalized Gauss-Bonnet Theorem . . . . . . ... ... .. 197

4.14 Proof of the generalized Gauss-Bonnet Theorem . . . . ... .. 200

iii



5 Characteristic classes 208

5.1 The Chern character . . . . . . .. ... ... ... ........ 208
5.2 Chernclasses . . . . . . . . . e 213
5.3 Examples of Chernclasses . . . . . .. .. ... ... ... ..., 215
5.4 Invariant polynomials . . . . . .. .. ... ... 0. 217
5.5 The universal bundle* . . . . . ... ... ... ... ... 220
5.6 The Clifford algebra . . . . .. ... ... . ... ... .. 225
5.7 Thespin group . . . . . . . . . . 232
5.8 Spin structures and spin connections . . . . . . . ... ... ... 235
5.9 The Dirac operator . . . . . .. ... ... L oL 240
5.10 The Atiyah-Singer Index Theorem . . . . .. ... .. ... ... 243
5.10.1 Index of the Dirac operator . . . . ... ... ... .... 243
5.10.2 Spin€ structures™ . . . . . ... ... 246
5.10.3 Dirac operators on general manifolds* . . . . ... .. .. 248
5.10.4 Topological invariants of four-manifolds™* . . . . . . . . .. 252

5.11 Exotic spheres™ . . . . . . . . ... 253
Bibliography 257



Chapter 1

Riemannian geometry

1.1 Review of tangent and cotangent spaces

We will assume some familiarity with the theory of smooth manifolds, as pre-
sented, for example, in the first four chapters of [5].

Suppose that M is a smooth manifold and p € M, and that F(p) denotes
the space of pairs (U, f) where U is an open subset of M containing p and
f : U — Ris a smooth function. If ¢ = (2!,...,2") : U — R" is a smooth
coordinate system on M with p € U, and (U, f) € F(p), we define

0

Oz (f)=Di(fod ") (o(p) ER,

p

where D; denotes differentiation with respect to the i-th component. We thereby
obtain an R-linear map

0
ozt

: F(p) — R,

p

called a directional derivative operator, which satisfies the Leibniz rule,

0 0 0
pys p(fg) = (W . (f)) 9(p) + f(p) (axi , (g)) ;
and in addition depends only on the “germ” of f at p,
f =g on some neighborhood of = 0 (f)= 0 (9)
=9 & P oz |, Oy v 9

The set of all linear combinations

> o )

=1




of these basis vectors comprises the tangent space to M at p and is denoted by

T,M. Thus for any given smooth coordinate system (x',...,2") on M, we have

a corresponding basis
< : )
1
ox » »
for the tangent space T, M.
The notation we have adopted makes it easy to see how the components (a*)
of a tangent vector transform under change of coordinates. If ¢ = (y*,...,y")

is a second smooth coordinate system on M, the new basis vectors are related
to the old by the chain rule,

0

,...,%

8337 Ozl

axa - where G (p) = Dila? 0w ((p)):

The disjoint union of all of the tangent spaces forms the tangent bundle
T™M = | {T,M :p € M},

which has a projection 7 : TM — M defined by 7(T,M) = p. If ¢ = (z!,...,2")
is a coordinate system on U C M, we can define a corresponding coordinate
system

é=(a',..., 2" 3" .. .,&d") on 7 NU)cCTM

by letting

=a'. (1.1)

"9 ) Y LA
a — =z'(p), z’ o —
j; oxI » Jz::l oxI »

For the various choices of charts (U, ¢), the corresponding charts (7~ 1(U), ¢)
form an atlas making T'M into a smooth manifold of dimension 2n, as you saw
in Math 240A.

The cotangent space to M at p is simply the dual space T,; M to T),M. Thus
an element of T, M is simply a linear map

a:T,M — R.
Corresponding to the basis

0

of T, M is the dual basis

(da:1|p, cel, dx”|p) , defined by dz'[, <aa




The elements of T;; M, called cotangent vectors, are just the linear combinations
of these basis vectors .

Z a;dz'|,

i=1

Once again, under change of coordinates the basis elements transform by the
chain rule,

i S 3yi i
dy'l, = Z 7 (p)da? |p.
j=1

An important example of cotangent vector is the differential of a function at
a point. If p e U and f : U — R is a smooth function, then the differential of
f at p is the element df|, € T M defined by df|[,(v) = v(f). If (z',...,2") is a
smooth coordinate system defined on U, then

df|, = Z axfi (p)dz*|p.
i=1

Just as we did for tangent spaces, we can take the disjoint union of all of
the cotangent spaces forms the cotangent bundle

T*M = | {T; M : p e M},

which has a projection 7 : TM — M defined by m(T, M) = p. If ¢ = (z*,...,2")
is a coordinate system on U C M, we can define a corresponding coordinate
system

o= (z...,2" p1,...,pn) on 7w H(U)CTM
by letting

N
xZaJ@

=1

n
=2'(p), Di Zajdxj|p = a;.
p j=1

For the various choices of charts (U, ¢), the corresponding charts (7~*(U), <;~5)
form an atlas making 7™M into a smooth manifold of dimension 2n.

We can generalize this construction and consider tensor products of tangent
and cotangent spaces. For example, the tensor product of the cotangent space
with itself, denoted by ®2T;M , is the linear space of bilinear maps

g:T,M xT,M — R.
If = (x!,...,2™) : U — R™ is a smooth coordinate system on M with p € U,
we can define
da'|, ® da’ |, : T,M x T,M — R
) = 61,07
P

9
oxk

0

by dﬂﬂp ® dxj‘p < v a1
v Ox!




Then , i
{dxz‘p®d$j|p:1§i§n’1§j§n}

is a basis for @*Ty M, and a typical element of ®*T* M can be written as

> gij(p)da], @ da’|,,

ij=1

where the g;;(p)’s are elements of R.

1.2 Riemannian metrics

Definition. Let M be a smooth manifold. A Riemannian metric on M is a
function which assigns to each p € M a (positive-definite) inner product (-,-),
on T,M which “varies smoothly” with p € M. A Riemannian manifold is a
pair (M, (-,)) consisting of a smooth manifold M together with a Riemannian
metric (-,-) on M.

Of course, we have to explain what we mean by “vary smoothly.” This is most
easily done in terms of local coordinates. If ¢ = (z!,...,2") : U — R" is a
smooth coordinate system on M, then for each choice of p € U, we can write

()= Z gij(p)dz'|, ® dz’|,.

7,j=1

We thus obtain functions g;; : U — R. To say that (-, ->p varies smoothly with
p simply means that the functions g;; are smooth. We call the functions g;; the
components of the metric.

Note that the functions g;; satisfy the symmetry condition g;; = g;; and the
condition that the matrix (g;;) be positive definite. We will sometimes write

(v = Z gijdr’ @ dx?.
i,j=1
If ¢ = (y*,...,y™) is a second smooth coordinate system on V C M, with
()lv = hydy' @ dy’,
i,j=1
it follows from the chain rule that, on U NV,
n
oy* oyt
Gij = Z h .

kl " "
xt dx)
k=1 92" 0




We will sometimes adopt the Einstein summation convention and leave out the
summation sign:

We remark in passing that this is how a “covariant tensor field of rank two”
transforms under change of coordinates.

Using a Riemannian metric, one can “lower the index” of a tangent vector
at p, producing a corresponding cotangent vector and vice versa. Indeed, if
v € T,M, we can construct a corresponding cotangent vector a, by the formla

ay(w) = (v, w)p.
In terms of components,

"0
if v:Za’ W’ , then «, = ng ad,’E
=1 P

1,5=1

Similarly, given a cotangent vector a € T; M we “raise the index” to obtain a
corresponding tangent vector v, € T, M. In terms of components,

)
p

if a—Zaldxh,, then vafzg j(’)l
x

,j=1

where (¢ (p)) is the matrix inverse to (¢;;(p)). Thus a Riemannian metric
transforms the differential df|, of a function to a tangent vector

)

0
grad(f Z g” 856J () oz’ »

3,7=1

called the gradient of f at p. Needless to say, in elementary several variable
calculus this raising and lowering of indices is done all the time using the usual
Euclidean dot product as Riemannian metric.

Example 1. Indeed, the simplest example of a Riemannian manifold is n-

dimensional Fuclidean space E™, which is simply R” together with its standard

rectangular cartesian coordinate system (x!,...,2"), and the Euclidean metric

(,Vp=de' @da' 4 - + da" @ da".
In this case, the components of the metric are simply
1, ifi=j
ij =0i; =14 ’
Jig = % {0, if i # 4.
We will often think of the Euclidean metric as being defined by the dot product,

n n ia n 9 n iy
<Z >—<;a Bxip>. ZbJ@p :;ab.

i=1 j=1

n

Z 8IJ




Example 2. Suppose that M is an n-dimensional smooth manifold and that
F: M — RY is a smooth imbedding. We can give RY the Euclidean metric
defined in the preceding example. For each choice of p € M, we can then define
an inner product (-,-), on T,M by

(v, w)p = Fiup(v) - Fip(w), for v,w € T,M.

Here F\, is the differential of F' at p defined in terms of a smooth coordinate
system ¢ = (x!,...,2") by the explicit formula

0

Clearly, (v, w), is symmetric, and it is positive definite because F' is an immer-

sion. Moreover,
0 0
p> dx* |, Oz |,

= Di(F o ¢~")(¢(p)) - Dj(F o 6~")(6(p)),

s0 gi;(p) depends smoothly on p. Thus the imbedding F' induces a Riemannian
metric (-,-) on M which we call the induced metric, and we write

() =F"(,)E

) = Di(Fo¢™")(é(p) € RY.

0

, —
J
» ox

91(p) = <£

It is an interesting fact that this construction includes all Riemannian manifolds.

Definition. Let (M,{(-,-)) be a Riemannian manifold, and suppose that EV
denotes RN with the Euclidean metric. An imbedding F': M — E¥ is said to
be isometric if {-,-) = F*(-,")g.

Nash’s Imbedding Theorem If (M, (-,-)) is any smooth Riemannian man-
ifold, there exists an isometric imbedding F : M — EX into some Euclidean
space.

This was regarded as a landmark theorem when it first appeared [28]. The
proof is difficult, involves subtle techniques from the theory of nonlinear partial
differential equations, and is beyond the scope of this course.

A special case of Example 2 consists of two-dimensional smooth manifolds
which are imbedded in E3. These are usually called smooth surfaces in E3
and are studied extensively in undergraduate courses in “curves and surfaces.”
This subject was extensively developed during the nineteenth century and was
summarized in 1887-96 in a monumental four-volume work, Lecons sur la théorie
générale des surfaces et les applications géométriques du calcul infinitésimal, by
Jean Gaston Darboux. Indeed, the theory of smooth surfaces in E3 still provides
much geometric intuition regarding Riemannian geometry of higher dimensions.



What kind of geometry does a Riemannian metric provide a smooth manifold
M? Well, to begin with, we can use a Riemannian metric to define the lengths
of tangent vectors. If v € T, M, we define the length of v by the formula

[oll = 4/ (v, v)p-

Second, we can use the Riemannian metric to define angles between vectors:
The angle 6 between two nonzero vectors v,w € T,M is the unique 6 € [0, 7]
such that

(v, w)p = [Jol[lwl| cos 6.

Third, one can use the Riemannian metric to define lengths of curves. Suppose
that v : [a,b] — M is a smooth curve with velocity vector

" dxt 9
/ — -
() = — dt Ox’

1=

S Tv(t)Ma for t € [Cl, b]
y(t)

Then the length of 7 is given by the integral

b
Liy) = / SO )yt

We can also write this in local coordinates as

Note that if F': M — E¥ is an isometric imbedding, then L(y) = L(F o).
Thus the lengths of a curve on a smooth surface in E? is just the length of the
corresponding curve in E3. Since any Riemannian manifold can be isometrically
imbedded in some EV, one might be tempted to try to study the Riemannian
geometry of M via the Euclidean geometry of the ambient Euclidean space.
However, this is not necessarily an efficient approach, since sometimes the iso-
metric imbedding is quite difficult to construct.

Example 3. Suppose that H? = {(z,y) € R? : y > 0}, with Riemannian metric
1
() = ?(daj ® dz + dy ® dy).

A celebrated theorem of David Hilbert states that (H?2,(-,-)) has no isometric
imbedding in E3 and although isometric imbeddings in Euclidean spaces of
higher dimension can be constructed, none of them is easy to describe. The
Riemannian manifold (H?, (-,-)) is called the Poincaré upper half-plane, and
figures prominently in the theory of Riemann surfaces.



1.3 Geodesics

Our first goal is to generalize concepts from Euclidean geometry to Riemannian
geometry. One of principal concepts in Euclidean geometry is the notion of
straight line. What is the analog of this concept in Riemannian geometry? One
candidate would be the curve between two points in a Riemannian manifold
which has shortest length (if such a curve exists).

1.3.1 Smooth paths

Suppose that p and ¢ are points in the Riemannian manifold (M, (-, -)). If a and
b are real numbers with a < b, we let

Qfa,p)(M;p, q) = { smooth paths v : [a,b] — M : ~y(a) = p,7(b) = q}.

We can define two functions L, J : Q5 (M;p,q) — R by

b b
o) = [ OOl 100 =5 [ (60 O

Although our goal is to understand the length L, it is often convenient to study
this by means of the closely related action J. Notice that L is invariant under
reparametrization of 7, so once we find a single curve which minimizes L we have
an infinite-dimensional family. This, together with the fact that the formula for
L contains a troublesome radical in the integrand, make J far easier to work
with than L.

It is convenient to regard J as a smooth function on the “infinite-dimensional”
manifold Qp, 5 (M;p, q). At first, we use the notion of infinite-dimensional man-
ifold somewhat informally, but later we will return to make the notion precise.

Proposition 1. [L(7)]? < 2(b— a)J(y). Moreover, equality holds if and only
if (' (t)7'(t)) is constant if and only if v has constant speed.

Proof: We use the Cauchy-Schwarz inequality:
b 2
L) = V V(W'(t)ﬁ’(t»dt]
a

b b
évmuﬂwmm@=Mwmwum

Equality holds if and only if the functions (y/(t),7/(¢)) and 1 are linearly de-
pendent, that is, if and only if v has constant speed.

Proposition 2. Suppose that M has dimension at least two. An element
v € Qo) (M;p,q) minimizes J if and only if it minimizes L and has constant
speed.



Sketch of proof: One direction is easy. Suppose that v has constant speed and
minimizes L. Then, if X € Q, 4(M;p, q),

2(b—a)J(v) = [L(* < [LV]? < 2(b—a)J(N),

and hence J(v) < J(\).

We will only sketch the proof of the other direction for now; later a complete
proof will be available. Suppose that v minimizes J, but does not minimize L,
so there is A € Q such that L(\) < L(vy). Approximate A by an immersion A;
such that L(\1) < L(v); this is possible by a special case of an approximation
theorem due to Whitney (see [15], page 27). Since the derivative \| is never
zero, the function s(t) defined by

s(t) = / N (1) dt

is invertible and A\; can be reparametrized by arc length. It follows that we can
find an element of Ay : [a, b] — M which is a reparametrization of A\, of constant
speed. But then

2(b—a)J(A2) = [L(\)]* = [L(A)]? < [LOP* < 2(b - a) T (),

a contradiction since v was supposed to minimize J. Hence v must in fact
minimize L. By a similar argument, one shows that if v minimizes J, it must
have constant speed.

The preceding propositions motivate use of the function J : Q4 4 (M;p,q) — R
instead of L. We want to develop enough of the calculus on the “infinite-
dimensional manifold” €, ;) (M;p,q) to enable us to find the critical points of
J. To start with, we need the notion of a smooth curve

a:(—e¢€) — Qup(M;p,q) suchthat &(0) =1,

where + is a given element of (2.

We would like to define smooth charts on the path space Q4,4 (M;p, q), but
for now a simpler approach will suffice. We will say that a variation of v is a
map

a:(—ee€) = Qqap(M;p,q)

such that @(0) = v and if

a:(—€€) x [a,b] = M is defined by «a(s,t) = a(s)(t),
then « is smooth.
Definition. An element v € Q, j(M;p, q) is a critical point for J if

d
T (J(a(s))) =0, for every variation & of . (1.3)
s=0

10



Definition. An element v € Q4 4)(M;p, q) is called a geodesic if it is a critical
point for J.

Thus the geodesics are the candidates for curves of shortest length from p to ¢,
that is candidates for the notion of straight line in Riemannian geometry.

We would like to be able to determine the geodesics in Riemannian manifolds.
It is easiest to do this for the case of a Riemannian manifold (M, (-,-)) that
has been provided with an isometric imbedding in E¥. Thus we imagine that
M C EV and thus each tangent space T, M can be regarded as a linear subspace
of RY. Moreover,

(w,w)p =v-w, for v,weT,MC EN,
where the dot on the right is the dot product in EV. If
a: (—€6€) = Q) (M;p,q)
is a variation of an element v € Q[a’b] (M;p,q), with corresponding map

a:(—ee€) x[a,b] = M CEVN,

then
d _ d |1 [boa Ha
ds (J<Oé($))) o = % [2 /a a(s,t) . at(s’t)dt‘| .
b 62OL 8a b 8206 aa
= a asat (S7t) ' E(S,t)dt Y = Y asat (Oat) : E((Lt)dt,

where « is regarded as an EV-valued function. If we integrate by parts, and use

the fact that 5 5
o lo"
<O,b) —0— E(O,a)7

0s
we find that

d

b o 20[ b
Suae) == [ Son- Taona=- [V v oa 1

where V(t) = (0a/0s)(0,t) is called the variation field of the variation field a.
Note that V(t) can be an arbitrary smooth EV-valued function such that

V(a) =0, V(b)=0, V(t)€TyyM, foralltcla,b],
that is, V' can be an arbitrary element of the “tangent space”

T,Q = { smooth maps V : [a,b] — EV
such that V(a) =0=V(b),V(t) € Ty4)M for t € [a,b] }.

11



We can define a linear map dJ(v) : T,© — R by

W) == [ VO W)= 5 Ua)|

s=0

for any variation & with variation field V. We think of d.J () as the differential
of J at 7.

IfdJ(v)(V) = 0forall V € T,Q, then 7" (t) must be perpendicular to T’ M
for all ¢ € [a,b]. In other words, ~ : [a,b] — M is a geodesic if and only if

(') =0, forallte[a,b], (1.5)

where (v”(t))" denotes the orthogonal projection of v (t) into Ty4yM. To see
this rigorously, we choose a smooth function 7 : [a,b] — R such that

n(a)=0=n(), n>0 on (a,b),

and set
T

V(t) =nt) (v"(#)
which is clearly an element of T.,Q2. Then dJ(y)(V) = 0 implies that

L%mmmeMWW—L%mmeme_a

Since the integrand is nonnegative it must vanish identically, and (1.5) must
indeed hold.

We have thus obtained a simple equation (1.5) which characterizes geodesics
in a submanifold M of EV. The geodesic equation is a generalization of the
simplest second-order linear ordinary differential equation, the equation of a
particle moving with zero acceleration in Euclidean space, which asks for a
vector-valued function

v:(a,b) — EN  such that  ~"(t) =0.

Its solutions are the constant speed straight lines. The simplest way to make
this differential equation nonlinear is to consider an imbedded submanifold M
of EV with the induced Riemannian metric, and ask for a function

v:(a,b) — M C EN such that (M’(t))T =0.

In simple terms, we are asking for the curves which are as straight as possible
subject to the constraint that they lie within M.

Example. Suppose that
M=8"={( ..., 2" e B @)+ + (2"TH)2 =1}

Let e; and es be two unit-length vectors in S™ which are perpendicular to each
other and define the unit-speed great circle v : [a,b] — S™ by

~(t) = coste; + sintes.

12



Then a direct calculation shows that
7" (t) = —coste; — sintey = —~(t).

Hence (v”(t))" = 0 and v is a geodesic on S™. We will see later that all geodesics
on S™ are obtained in this manner.

1.3.2 Piecewise smooth paths

Instead of smooth paths, we could have followed Milnor [25], §11, and considered
the space of piecewise smooth maps,

Q[ayb](M;p, q) = { piecewise smooth paths v : [a,b] — M : v(a) = p,v(b) = q}.

By piecewise smooth, we mean -y is continuous and there exist tg < t; < -+ <ty
with tg = a and ty = b such that 7|[t;_1,t;] is smooth for 1 < < N. In this a
variation of v is a map

a:(—e€) = Quiy(M;p,q)
such that @(0) = v and if
a:(—e€) x [a,b] > M is defined by «af(s,t) = a(s)(t),
then there exist tg < t; < --- < ty with tg = a and ty = b such that
al(—e,€) X [ti—1,t;]

is smooth for 1 < i < N. As before, we find that

b 92
0« e
= [ ——(0,t)- =—(0,t)dt
. \/a 888t(07 ) at (03 ) )

but now the integration by parts is more complicated because 4/(t) is not con-
tinuous at ty,...,tx_1. If we let

d .
@)

Y — T / Iy — 7 !
7Y (ti-) = lim A1), A (tit) = lim ~'(2),

a short calculation shows that (1.4) becomes

d b N-1
HUGE| = [V Ve () 7 ),

whenever & is any variation of v with variation field V. If

AIV) = L (@) =0

s=0
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for all variation fields V' in the tangent space

T2 = { piecewise smooth maps V : [a,b] — EV
such that V(a) = 0=V (b),V(t) € Tyy)M for t € [a,b] },

it follows that 7/ (t;+) = +/(t;—) for every i and (y"(t))' = 0. Thus critical
points on the more general space of piecewise smooth paths are also smooth
geodesics.

Exercise I. Suppose that M? is the right circular cylinder defined by the equa-
tion 22 + 42 = 1 in E3. Show that for each choice of real numbers a and b the

curve
cos(at)

v:R— M? CE? defined by 7,(t) = | sin(at)
bt

is a geodesic.

1.4 Hamilton’s principle

Of course, we would like a formula for geodesics that does not depend upon
the existence of an isometric imbedding. To derive such a formula, it is conve-
nient to regard the action J in a more general context, namely that of classical
mechanics.

Definition. A simple mechanical system is a triple (M, (-,-), ¢), where (M, (-, -))
is a Riemannian manifold and ¢ : M — R is a smooth function.

We call M the configuration space of the simple mechanical system. If v :
[a,b] — M represents the motion of the system,

1
5(7’(7&),7'(1?)) = (kinetic energy at time t),
@(y(t)) = (potential energy at time ¢).

Example 1. If a planet of mass m is moving around a star of mass M with
M >> m, the star assumed to be stationary, we might take

M = RS - {(05070)}7
() =m(de @ dz + dy @ dy + dz @ dz),

—-GM
o(x,y,2) = i

/a:2+y2+z2.

Here G is the gravitational constant. Sir Isaac Newton derived Kepler’s three
laws from this simple mechanical system.

14



Example 2. To construct an interesting example in which the configuration
space M is not Euclidean space, we take M = SO(3), the group of real orthogo-
nal 3 x 3 matrices of determinant one, regarded as the space of “configurations”
of a rigid body B in R?® which has its center of mass located at the origin. We
want to describe the motion of the rigid body as a path v : [a,0] — M. If pis a
point in the rigid body with coordinates (z!, 2?2, 2?) at time ¢ = 0, we suppose
that the coordinates of this point at time ¢ will be

ol ai(t) aia(t) ais(t)
y(t) | 22|, where v(t) = | a21(t) aga(t) ags(t) | € SO(3),
z? azi(t) as2(t) ass(t)

and v(0) = I, the identity matrix. Then the velocity v(¢) of the particle p at

time t will be ‘
@ Yy ()

ot) =) |2 | = [ Ti_ abi(t)a | |
x’ Yooy abi(t)a

and hence
3

v(t) - v(t) = Z api(t)ay, (t)z'a’.

i\j,k=1

Suppose now that p(x!, 22, 23) is the density of matter at (!, 22, 23) within the
rigid body. Then the total kinetic energy within the rigid body at time ¢ will
be given by the expression

K= 5 Z (/B p(:cl,xz,xg)xi:cjd:cldxzdx?’) ay; (t)aj; ().
id.k
We can rewrite this as
1 / / 1.2 3y ijg.17.27 3
K= 3 Zcijaki(t)akj(t), where cij = | plz, 2%, x°)c'e! do dada”,
idik B
and define a Riemannian metric (-,-) on M = SO(3) by
(/0,7 (8) =D eijaii(t)a; (2).
id.k

Then once again (1/2)(y'(t),~'(t)) represents the kinetic energy, this time of the
rigid body B when its motion is represented by the curve v : (a,b) — M. We
remark that the constants

Iij = Trace(cij)éij — Cij

are called the moments of inertia of the rigid body.
A smooth function ¢ : SO(3) — R can represent the potential energy for
the rigid body. In classical mechanics books, the motion of a top is described

15



by means of a simple mechanical system which has configuration space SO(3)
with a suitable left-invariant metric and potential ¢. Applied to the rotating
earth, the same equations explain the precession of the equinoxes, according to
which the axis of the earth traverses a circle in the celestial sphere once every
26,000 years.

In Lagrangian mechanics, the equations of motion for a simple mechanical sys-
tem are derived from a variational principle. The key step is to define the
Lagrangian to be the kinetic energy minus the potential energy. More pre-
cisely, for a simple mechanical system (M, (-,-), ®), we define the Lagrangian
L:TM — R by

£(0) = 50, 0) ~ 6 (v)),

where m : TM — M is the usual projection. We can then define the action
J: Qay(M;p,q) — R by

As before, we say that v €  is a critical point for J if (1.3) holds. We can than
formulate Lagrangian classical mechanics as follows:

Hamilton’s principle. If vy represents the motion of a simple mechanical
system, then ~y is a critical point for J.

Thus the problem of finding curves from p to ¢ of shortest length is put into a
somewhat broader context.

It can be shown that if v € Q4 (M;p,q) is a critical point for J and
[c,d] C [a,b], then the restriction of 4 to [c,d] is also a critical point for J,
this time on the space Q. 4 (M;7,s), where r = v(c) and s = (d). Thus we
can assume that v([a,b]) C U, where (U, z!,...,2") is a coordinate system on
M, and we can express £ in terms of the coordinates (z!,..., 2", @!,... 4") on
71 (U) described by (1.1). If

() = (' (t),...,2"(t)), and ~'(t) = (x'(t),...,2"(t),2'(t),...,3"(t)),
then
LG () =Lz (t),...,z"(t), 2 (t),...,5"(1)).

Theorem 1. A point v € Q44 (M;p,q) is a critical point for the action J <
its coordinate functions satisfy the FEuler-Lagrange equations

oL d (oL
ozt dt <6a’:i) =0 (1.6)

Proof: We prove only the implication =, and leave the other half (which is quite
a bit easier) as an exercise. We make the assumption that v([a,d]) C U, where
U is the domain of local coordinates as described above.
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For 1 <i < n, let ¥ : [a,b] — R be a smooth function such that 1¢(a) =
0 = +*(b), and define a variation

a:(—e€)x[a,b] = U by a(s,t)=(z'(t) + s (t),..., 2" (t) + s¢"(t)).
Let ¢ (t) = (d/dt)(¢")(t). Then
/ c( ) S, () + s (L), ),

so it follows from the chain rule that

4@ / [W (0,000 + 5 (0. 80)5 ) ar

Since ¢*(a) = 0 = ¢"(b),

‘S d (AL 0L g '
oz/(l;ﬁ@xlzp)dt:/zdt( )w t—i—/a i,
and hence
d 7 (2
e / [wﬁ‘<w34

Thus if v is a critical point for J, we must have

d (oL\]
0_/ [axz dt(@x”)]wdt’

for every choice of smooth functions #(¢). In particular, if n : [a,b] — R is a
smooth function such that

77(‘1) =0= n(b)a n>0 on (aab)a

and we set

v =nto) |

0.4 - 4 (gRE0.sm))|.

b oL d [(aL\]?
/a n(t) [axi T dt (axﬂ =0

Since the integrand is nonnegative, it must vanish identically and hence (1.6)
must hold.

then

For a simple mechanical system, the Euler-Lagrange equations yield a derivation
of Newton’s second law of motion. Indeed, if

= Zn: gijdx'da?

ij=1
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AT

1 1 1 n
£O/(0) = 3 3 oulahs a4 = ol ..a")
Hence
oc 1 - agjk_]k 0
axi_iz dri Bzt
7,k=1
d 6£ - o 8gij,j_k n o
817’ Zg” T (aw) _jél azk " +;9”x ’

where #/ = d?z7 /dt?>. Thus the Euler-Lagrange equations become

agl - 3gk 8¢>
2%“2 it =5 30 kit - 28

G k= 1 Gk=1

or

agz] agik agjk ik 8(;5
Zg”x T3 Z (8xk dxi  dx P = Coxt
We multiply through by the matrix (¢%/) which is inverse to (g;;) to obtain

#! +j%::1 Zg“ax“ (1.7)

where
— i (99ij | Ogir g
Tt = li ! A ) 1.8
* ;g <5':c’C + dxi  Oxt (1.8)
The expressions F are called the Christoffel symbols. Note that if (z*,...,2")

are rectangular carteswn coordinates in Euclidean space, the Christoffel symbols
vanish.
We can interpret the two sides of (1.7) as follows:

n

it + Z Fékj:j:tk = (acceleration)’,

k=1
E lz (force per unit mass)".

Hence equation (1.7) is just the statement of Newton’s second law, force equals
mass times acceleration, for simple mechanical systems.
In the case where ¢ = 0, we obtain the differential equations for geodesics,

i+ Z I ka:J (1.9)

J,k=1
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where the F;k’s are the Christoffel symbols.

Example. In the case of Euclidean space E™ with the standard Euclidean
metric, g;; = d;;, the Christoffel symbols vanish and the equations for geodesics
become

d*z’
a2
The solutions are _ _ _
' =a't + b,
the straight lines parametrized with constant speed.

Note that the Euler-Lagrange equations can be written as follows:

da' _ .l

dt ) 1.10)
dit n I ik n 1i O¢ (
G =~ e DY =300 9" g

This is a first-order system in canonical form, and hence it follows from the
fundamental existence and uniqueness theorem from the theory of ordinary dif-
ferential equations ([5], Chapter IV, §4) that given an element v € T, M, there
is a unique solution to this system, defined for ¢ € (—¢, €) for some € > 0, which
satisfies the initial conditions

In the special case where ¢ = 0, we can restate this as:

Theorem 2. Given p € M and v € T,M, there is a unique geodesic 7 :
(—€,€) — M for some € > 0 such that v(0) = p and +'(0) = v.

Exercise II. Consider the upper half-plane H? = {(z,y) € R? : y > 0}, with
Riemannian metric

1
()= ?(dﬂs ® dx + dy ® dy),
the so-called Poincaré upper half plane.
a. Calculate the Christoffel symbols I‘fj.
b. Write down the equations for the geodesics, obtaining two equations
&z _ &y _
ez 7 di2
c. Assume that y = y(z) and eliminate ¢ from these two equations by using the
relation )
Py _d (@) dy (@) g
dt2  dt \dx dt) da® \dt dx dt?”

Solve the resulting differential equation to determine the paths traced by the
geodesics in the Poincaré upper half plane.
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1.5 The Levi-Civita connection

In modern differential geometry, the Christoffel symbols Ffj are regarded as the
components of a connection. We now describe how that goes.

You may recall from Math 240A that a smooth vector field on the manifold
M is a smooth map

X:M —TM suchthat 7oX =idjy,
where 7 : TM — M is the usual projection, or equivalently a smooth map
X:M —TM suchthat X(p) € T,M.

The restriction of a vector field to the domain U of a smooth coordinate system
(x',...,2™) can be written as

"9 )
X‘U: E ‘]“@, where fl U — R.
i=1

If we evaluate at a given point p € U this specializes to

0

- -
Bxp

X(p) = Zfi(p)

A vector field X can be regarded as a first-order differential operator. Thus, if
g : M — R is a smooth function, we can operate on g by X, thereby obtaining
a new smooth function Xg: M — R by (Xg)(p) = X(p)(9).

We let X' (M) denote the space of all smooth vector fields on M. It can
be regarded as a real vector space or as an F(M)-module, where F(M) is
the space of all smooth real-valued functions on M, where the multiplication
F(M) x X(M) — X(M) is defined by (fX)(p) = [() X (p).

Definition. A connection on the tangent bundle T'M is an operator
V:XM)x X(M) — X(M)
that satisfies the following axioms (where we write VxY for V(X,Y):
VixtgvZ = fVxZ+gVyZ, (1.11)
VAUX +9Y) = (ZNX + [V2X + (Zg)Y +gVaY,  (112)
for f,g € F(M) and XY, Z € X(M).

Note that (4.19) is the usual “Leibniz rule” for differentiation. We often call
VxY the covariant derivative of Y in the direction of X.

Lemma 1. Any connection V is local; that is, if U is an open subset of M,

XU=0 = (VxY)[U=0 and (VyX)|U =0,
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for any Y € X(M).

Proof: Let p be a point of U and choose a smooth function f : M — R such
that f =0 on a neighborhood of p and f =1 outside U. Then

X\ U=0=fX=X.
Hence
(VxY)(p) = VixY(p) = f(p)(VxY)(p) =0,
(VyX)(p) = Vy (fX)(p) = f()(VyX)(p) + (Y [)(p) X (p) = 0.

Since p was an arbitrary point of U, we conclude that (VxY)|U = 0 and
(VyX)|U = 0.

This lemma implies that if U is an arbitrary open subset of M a connection V
on T'M will restrict to a unique well-defined connection V on TU.

Thus we can restrict to the domain U of a local coordinate system (x!,. .., ™)
and define the components Ffj : U — R of the connection by

n

Va/axf ﬁ Z ij 890’“
Then if X and Y are smooth vector fields on U, say
"0 "0
X - v - Y - J —
;f oxt’ ;g Oxi’

we can use the connection axioms and the components of the connection to
calculate VxY:

VxY = z; z::fﬂ +ZkaJ aii' (1.13)

Lemma 2. (VxY)(p) depends only on X (p) and on the values of Y along some
curve tangent to X (p).

Proof: This follows immediately from (1.13).

Because of the previous lemma, we can V,X € T,M, whenever v € T, M and
X is a vector field defined along some curve tangent to v at p, by setting

VX = (Vi X)(p),

for any choice of extensions V of v and X of X. In particular, if ~ : [a,b] —
M is a smooth curve, we can define the vector field V..« along 7. Recall
that we define the Lie bracket of two vector fields X and Y by [X,Y](f) =
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XY(f)—Y(X(f)). If X and Y are smooth vector fields on the domain U of
local corrdinates (zt,...,z"), say

X:;f%a Y_]Z::l'97@7

then

g 9~ Lof D
[X.¥]= Z ! Ozt Oxd Z OxI Ozt

4,j=1 4,j=1
Fundamental Theorem of Riemannian Geometry. If (M, (-,-)) is a Rie-
mannian manifold, there is a unique connection on T'M such that
1. V is symmetric, that is, VxY — Vy X = [X,Y], for X,Y € X(M),
2. V is metric, that is, XY, Z) = (VxY,Z)+(Y,Vx Z), for X,Y,Z € X(M).

This connection is called the Levi- Civita connection of the Riemannian manifold
(M, ().

To prove the theorem we express the two conditions in terms of local coordinates
(x',...,2") defined on an open subset U of M. In terms of the components of
V, defined by the formula

n

Voot 78 > Z Z’Ja o (1.14)
the first condition becomes
o 0
k k .
Fij = Fji, since [3xi’8aﬂ} =

Thus the F’“ ’s are symmetric in the lower pair of indices. If we write

= z”: gijdmi ® dx’,

i,j=1

then the second condition yields

dg; 0 /9 0 o 0 B )
Dk~ Dk <8x“8aﬂ> <V3/3”” o2 Oz J>+<8xi’va/8xk8x1>

i o 0 - -
:<ZF§ci3xl’3zJ’> < Zrkaaz>:l_zlgljrgci+l_zlgﬂrgﬁj‘

=1

In fact, the second condition is equivalent to

895; = Zgljrgci + Zgilﬂq (1.15)
=1 =1
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We can permute the indices in (1.15), obtaining

n

99jk Z ! Z

E - lkl“ + gﬂI‘tk. (116)
and

Ogi - -

O = E — lz ]k + ; - gle]z' (117)

Subtracting (1.15) from the sum of (1.16) and (1.17), and using the symmetry
of I‘éj in the lower indices, yields

8gjk Ogri 8gij = l
0zt | Dad | Oak QZQMFU'

Thus if we let (¢/) denote the matrix inverse to g;;), we find that

n

1 i (09 . 09 Ogjk
[ li J . J
Fij = 2 Zlg <8xk T o0 oai ) (1.18)

=

which is exactly the formula (1.8) we obtained before by means of Hamilton’s
principle.

This proves uniqueness of the connection which is both symmetric and met-
ric. For existence, we define the connection locally by (1.14), where the Féj’s are
defined by (1.18) and check that the resulting connection is both symmetric and
metric. (Note that by uniqueness, the locally defined connections fit together
on overlaps.)

In the special case where the Riemannian manifolds is Euclidean space EYN
the Levi-Civita connection is easy to describe. In this case, we have global
rectangular cartesian coordinates (x!,...,2") on EV and any vector field Y on
EV can be written as

N
9 ,
Y = Zfl Eres where fi:EN - R.

i=1

In this case, the Levi-Civita connection V¥ has components I'}; = 0, and there-
fore the operator V¥ satisfies the formula

al )
Ey _ iy 9
vEY =3
1=1
It is easy to check that this connection which is symmetric and metric for the
Fuclidean metric.

If M is an imbedded submanifold of EV with the induced metric, then one
can define a connection V : X(M) x X(M) — X (M) by

(VxY)(p) = (VRY ()"
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where (-) T is the orthogonal projection into the tangent space. (Use Lemma 5.2
to justify this formula.) It is a straightforward exercise to show that V is
symmetric and metric for the induced connection, and hence V is the Levi-
Civita connection for M. Note that if 7 : [a,b] — M is a smooth curve, then

(Vy)(E) = (")),

so a smooth curve in M C EV is a geodesic if and only if Vo' = 0. If we want
to develop the subject independent of Nash’s imbedding theorem, we can make
the

Definition. If (M, (-,-)) is a Riemannian manifold, a smooth path v : [a,b] —
M is a geodesic if it satisfies the equation V4" = 0, where V is the Levi-Civita
connection.

In terms of local coordinates, if

n
y=y 42 2,

i=1
then a straightforward calculation yields

n

d?(z? O'y d(z? 07 Yd(zFoy)| O
= F -, 1.1
V'Y’y 7:21 jkzl dt 8xl ( 9)

This reduces to the equation (1.9) we obtained before from Hamilton’s principle.
Note that

d
@W,ﬂ =) =2V, 9) =0,

so geodesics automatically have constant speed.

More generally, if v : [a,b] — M is a smooth curve, we call V.’ the accel-
eration of 4. Thus if (M, (-,-), ) is a simple mechanical system, its equations
of motion can be written as

Vo' = —grad(¢), (1.20)
where in local coordinates, grad(¢) = Y ¢/*(0V /0z*)(8/0z7).

1.6 First variation of J

Now that we have the notion of connection available, it might be helpful to
review the argument that the function

1 b
T QU (M;p.),— R defined by () = ¢ / ()7 (1))t
a

has geodesics as its critical points, and recast the argument in a form that is
independent of choice of isometric imbedding.
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In fact, the argument we gave before goes through with only one minor
change, namely given a variation

a:(—ee) — Q with corresponding « : (—e,€) X [a,b] — M,

we must make sense of the partial derivatives

da da
0s’ ot 7

since we can no longer regard « as a vector valued function.
But these is a simple remedy. We look at the first partial derivatives as maps

o o (—€,€) X [a,b] = TM

ds’ ot
such that mo (gj) =q, 7O (%?) = q.

In terms of local coordinates, these maps are defined by

(5) =3 2o 2

=1

a(st)

(Gr) =2 22 o

i=1

a(s,t) '

We define higher order derivatives via the Levi-Civita connection. Thus for
example, in terms of local coordinates, we set

)
(03

da " 92(xF o @) N dxtoa)d(ztoa)| O
Voros (375) a kzzjl 0s0t * Z (Tij 0 ) 0Os ot ok

ij=1
thereby obtaining a map

Ooa

Vasos ((%> i (—€,€) x [a,b] — TM such that 7o Vy, s, (%ﬁ:) =a.

Similarly, we define

oo Oa
Voot (&) ; Voot <83> ;

and so forth. In short, we replace higher order derivatives by covariant deriva-
tives using the Levi-Civita connection for the Riemmannian metric.
The properties of the Levi-Civita connection imply that

Oa Oa
Vayas <8t) = Voot (85)
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and

0 [0a daN _ /o da) da\  [oa o Oa
ot \os ot/ \ "\ 9s ) ot ds’ O\ o ) /-

With these preparations out of the way, we can now proceed as before and
let

a: (767 6) - Q[a,b] (M,p, q)
be a smooth path with @(0) =~ and

Jda
% 0.0 =v)

where V is an element of the tangent space

T, = { smooth maps V : [a,b] — T M
such that m oV (t) = ~v(¢t) for ¢ € [a,b], and V(a) =0=V(b) }.

Then just as before,

d%(J(a(s))) - d% [; /ab<‘2;‘(5,t),8£(8,t)dt>] B
_ /ab <Va/as (88?) (O,t),%cz(o,t)>dt
:/ab Voo ‘1‘;‘ 0,6, 2%0,0) ) at
—/b {8 8O‘<(o ) 6<O;?0)t)><§;(0 t)>V da
— ). Lot \os ot a9s 8/8tat(0’t)>]dt'
Since %(Ovb)zoz%(o,a)’
we obtain
t 4 (s(@(s) =] V() (T O,

We call this the first variation of J in the direction of V', and write

b
dJ(v)(V) = —/ (V(1), (Vy)(®))dt. (1.21)

A critical point for J is a point v € Q4 4)(M;p,q) at which dJ(vy) = 0, and
the above argument shows that the critical points for J are exactly the geodesics
for the Riemannian manifold (M, (-, -)).

Of course, we could modify the above derivation to determine the first vari-
ation of the action

1

b b
10 =3 [ Gox @ - [ st
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for a simple mechanical system (M, (-,-), ®). We would find after a short calcu-
lation that

b b
AI()(V) = / (V (), (') (1))t — / 46 (V) ((t)dt
b
—— [ 0.0 - mad @) (o)) .

Once again, the critical points would be solutions to Newton’s equation (1.20).

1.7 Lorentz manifolds

The notion of Riemmannian manifold has a generalization which is extremely
useful in Einstein’s theory of general relativity, as described for example is the
standard texts [27] or [35].

Definition. Let M be a smooth manifold. A pseudo-Riemannian metric on M
is a function which assigns to each p € M a nondegenerate symmetric bilinear
map

(-, -)p T,M xTy,M — R

which which varies smoothly with p € M. As before , varying smoothly with
p € M means that if ¢ = (z!,...,2™) : U — R" is a smooth coordinate system
on M, then for p € U,

<'1 '>p = Z gm(p)ddfl|p ® dxj|pa

ij=1

where the functions g;; : U — R are smooth. The conditions that (-,-) be
symmetric and nondegenerate are expressed in terms of the matrix (g;;) by
saying that (g;;) is a symmetric matrix and has nonzero determinant.

It follows from linear algebra that for any choice of p € M, local coordinates
(x',...,2™) can be chosen so that

a0 = (" 0 ),

where I, and I;xq are p x p and ¢ X ¢ identity matrices with p +¢ = n. The
pair (p, q) is called the signature of the pseudo-Riemannian metric.

Note that a pseudo-Riemannian metric of signature (0,n) is just a Rieman-
nian metric. A pseudo-Riemannian metric of signature (1,n — 1) is called a
Lorentz metric.

A pseudo-Riemannian manifold is a pair (M, (-,-)) where M is a smooth
manifold and (-,-) is a pseudo-Riemannian metric on M. Similarly, a Lorentz
manifold is a pair (M, (-, -)) where M is a smooth manifold and (-, -) is a Lorentz
metric on M.
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Example. Let R"! be given coordinates (t,z!,...,2"), with ¢ being regarded
as time and (2%, ..., 2") being regarded as Euclidean coordinates in space, and
consider the Lorentz metric

n
() =—cdt@dt+ Y da’ @ da,
i=1
where the constant c is regarded as the speed of light. When endowed with this
metric, R**! is called Minkowski space-time and is denoted by L"t!. Four-
dimensional Minkowski space-time is the arena for special relativity.

The arena for general relativity is a more general four-dimensional Lorentz man-
ifold (M, {(-,-)), also called space-time. In the case of general relativity, the
components g;; of the metric are regarded as potentials for the gravitational
forces.

In either case, points of space-time can be thought of as events that happen
at a given place in space and at a given time. The trajectory of a moving particle
can be regarded as curve of events, called its world line.

If p is an event in a Lorentz manifold (M, (-,-)), the tangent space T,M
inherits a Lorentz inner product

()t TyM x T,M — R.
We say that an element v € T, M is
1. timelike if (v,v) <0,
2. spacelike if (v,v) > 0, and
3. lightlike if (v,v) = 0.

A parametrized curve 7 : [a,b] — M into a Lorentz manifold (M, (-,-)) is
said to be timelike if 4/ (u) is timelike for all u € [a,b]. If a parametrized curve
v : [a,b] — M represents the world line of a massive object, it is timelike and
the integral

b
L) =3 [ Vo e (122)

is the elapsed time measured by a clock moving along the world line . We call
L(Jgamma) the proper time of .

The Twin Paradox. The fact that elapsed time is measured by the integral
(1.22) has counterintuitive consequences. Suppose that v : [a,b] — L% is a
timelike curve in four-dimensional Minkowski space-time, parametrized so that
(1) = (82t (1), 2°(1), 2° (1))
Then
0 > dat 0 AN
") = — i /(¢ ")) = — 2

V) =5 +> o s (V.1 0+; o)

i=1
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and hence

b1 5 /dri\? b 1 s [ drt 2
a a i=1

i=1

Thus if a clock is at rest with respect to the coordinates, that is dz’/dt = 0, it
will measure the time interval b — a, while if it is in motion it will measure a
somewhat shorter time interval. This failure of clocks to synchronize is what is
called the twin paradox.

Equation (1.23 ) states that in Minkowski space-time, straight lines maximize
L among all timelike world lines from an event p to an event q. When given
an affine parametrization such curves have zero acceleration. One might hope
that in general relativity, the world line of a massive body, not subject to any
forces other than gravity, would also maximize L, and if it was appropriately
parametrized, would have zero acceleration in terms of the Lorentz metric (-, -).
Just as in the Riemannian case, it is easier to describe the critical point behavior
of the closely related action

1

b
T (M :p.q) ~ R, defined by J(3) = / ( (£), 7 (1)) dt.

The critical points of J are called geodesics.

How does one determine the geodesics in a Lorentz manifold? Fortunately,
the fundamental theorem of Riemannian geometry generalizes immediately to
pseudo-Riemannian metrics;

Fundamental Theorem of pseudo-Riemannian Geometry. If (-,-) is a
pesudo-Riemannian metric on a smooth manifold M, there is a unique connec-
tion on T'M such that

1. V is symmetric, that is, VxY — Vy X = [X,Y], for X,Y € X(M),
2. V is metric, that is, XY, Z) = (VxY,Z)+(Y,VxZ), for X,Y,Z € X(M).

The proof is identical to the proof we gave before. Moreover, just as before,
we can define the Christoffel symbols for local coordinates, and they are given
by exactly the same formula (1.18). Finally, by the first variation formula, one
shows that a smooth parametrized curve « : [a,b] — M is a geodesics if and
only if it satisfies the equation V. ' = 0.

As described in more detail in [35], there are two main components to gen-
eral relativity: The Einstein field equations describe how the distribution of
matter in the universe determines a Lorentz metric on space-time, while time-
like geodesics are exactly the world lines of massive objects which are subjected
to no forces other than gravity. Lightlike geodesics are the trajectories of light
rays.
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1.8 The Riemann-Christoffel curvature tensor

Let (M, (-, -)) be a Riemannian manifold (or more generally a pseudo-Riemannian
manifold) with Levi-Civita connection V. If X (M) denotes the space of smooth
vector fields on M, we define

R:X(M) x X(M) x X(M) — X(M)
by
R(X,Y)Z =VxVyZ —VyVxZ -V xy|Z.
We call R the Riemann-Christoffel curvature tensor of (M, (-,-)).

Proposition 1. The operator R is multilinear over functions, that is,

R(fX,Y)Z = R(X,fY)Z = R(X,Y)fZ = fR(X,Y)Z.

Proof: We prove only the equality R(X,Y)fZ = fR(X,Y)Z, leaving the others

as easy exercises:

R(X,Y)fZ=VxVy(fZ) = VyVx(fZ) - Vixy|(fZ)
=Vx((Y)Z+ fVyZ)=Vy(X)Z+ fVxZ) - [X.Y(f)Z — [Vxy)(2)
=XY()Z+ (Y )VxZ+ (Xf)VyZ + fVxVyZ
-YX(f)Z - (Xf)VyZ - (Y)VxZ - fVyVyZ
=X, YI(f)Z - fVixy)(Z)
= f(VxVyZ —-VyVxZ — V[X,y]Z) = fR(X,Y)Z.

Since the connection V can be localized by Lemma 5.1, so can the curvature;
that is, if U is an open subset of M, (R(X,Y)Z)|U depends only X|U, Y|U
and Z|U. Thus the curvature tensor is determined in local coordinates by its
component functions R,ﬁj i - U — R, defined by the equations

9 0N 8 ., 0
R (mm) aaF = 2 Rin gt

=1

Proposition 2. The components Réjk of the Riemann-Christoffel curvature
tensor are determined from the Christoffel symbols Fé . by the equations

a a n n

! _ l l ! m l m

R, = or (TSk) — 97 (Tig) + E B E Lo Uik
m=1 m=1

The proof is a straightforward computation.

The simplest example of course is Euclidean space EV. In this case, the metric
coefficients (g;; are constant, and hence it follows from (1.18) that the Christoffel
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symbols Ffj = 0. Thus it follows from Proposition 8.2 that the curvature tensor
R is identically zero. Recall that in this case, the Levi-Civita connection V¥ on
EY is given by the simple formula

AN N D
VX (Z}f (%i) = §X<f’> o

It is often easy to calculate the curvature of submanifolds on EY with the
induced Riemannian metric by means of the so-called Gauss equation, as we
now explain. Thus suppose that ¢ : M — E¥ is an imbedding and agree to
identify p € M with «(p) € EY and v € T,M with its image t,(v) € T,EN. If
p € M and v € T,EV, we let

v=v' +vt, where v' € T,M and vJ‘J_TpM.

Thus ()T is the orthogonal projection into the tangent space and (-)* is the
orthogonal projection into the normal space, the orthogonal complement to the
tangent space. We have already noted we can define the Levi-Civita connection
V:iX(M)x X(M)— X(M) by the formula

(VxY)(p) = (VRY(p)".

If we let X+ (M) denote the space of vector fields in EV which are defined at
points of M and are perpendicular to M, then we can define

a: X(M)x X(M)— XxH(M) by ofX,Y)=(VEY ()"
We call « the second fundamental form of M in EN.
Proposition 3. The second fundamental form satisfies the identities:

a(fX,)Y)=a(X, fY) = fa(X,Y), oX,Y)=aY,X).

Indeed,
OZ(fX, Y) = (V?XY)J_ = f(VEV(Y)J_ = fa(va)v

a(X, fY) = (VE)(fY)" = (XY + fVEY)" = fa(X,Y),

so « is bilinear over functions. It therefore suffices to establish a(X,Y) =
a(Y, X) in the case where [X,Y] = 0, but in this case

a(X,Y) —aY,X) = (VEY - VE£X)*t =0.
There is some special terminology that is used in the case where v : (a,b) —

M C EV is a unit speed curve. In this case, we say that the acceleration
7"(t) € Ty)EN is the curvature of ~, while

(') = (V)(t) = (geodesic curvature of 7 at t),
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(Y'(t)F = a(y/(t),7'(t)) = (normal curvature of ~ at t).

Thus if x € T, M is a unit length vector, a(x, x) can be interpreted as the normal
curvature of some curve tangent to x at p.

Gauss Theorem. The curvature tensor R of a submanifold M C E¥ is given
by the Gauss equation

(RIX, Y)W, Z) = a(X,Z) - a(Y,W) — (X, W) - (Y, Z), (1.24)

where X, Y, Z and W are elements of X' (M), and the dot on the right denotes
the Euclidean metric in the ambient space EV.

Proof: Since Euclidean space has zero curvature,
VEVEW — VEVEW — Vi W =0,
and hence
0= (VRVEW)-Z = (V¥VEW) - Z =Vixy /W - Z
= X(VyW-2) = VyW -VYZ - Y(VRW - Z) + VEW - V§Z - Vi)W - Z

=X(VyW,Z) —(VyW,VxZ) —a(Y, W) a(X, Z)
—Y(VxW,2) = (VxW,VyZ) — a(X, W) - Y, Z) = (VIx y]W, Z).

Thus we find that

0=(VxVyW,Z) —a(Y,W) - a(X, W)
—(Vy VW, Z) + (X, W) - a(Y, W) = (Vix W, Z).

This yields
(VxVyW —=VyVxW -Vix y)\W,Z) = a(Y,W)-a(X, W) —a(X,W)-a(Y, W),
which is exactly (1.24).

For example, we can consider the sphere of radius a about the origin in En*1!:
S"(a) = {(z*,..., 2" ) e E"M (@) - 4 (2" T2 = a?).
If v: (—e,€) — S™ C E"H is a unit speed great circle, say
~v(t) = acos((1/a)t)e; + asin((1/a)t)es,

where (e, ey) are orthonormal vectors located at the origin in E"*!, then a
direct calculation shows that

F1(8) = ~ NG (D),
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where N(p) is the outward pointing unit normal to S™(a) at the point p € S™(a).
Thus the second fundamental form of S”(a) in E"*? satisfies

1
a(z,z) = faN(p), for all unit length x € T,S™(a).

If x does not have unit length, then
x 1 1

a|l—, 7| =—-Np) = oalz,z)=——(z,2)N(p).
(II@" lel) a

By polarization, we obtain

alz,y) = 7<z,y>N(p), for all z,y € T,S™(a).

Thus substitution into the Gauss equation yields

(B, s) = (e ANG)) - (SN )

Thus we finally obtain a formula for the curvature of S"(a):

(R(z,y)w, 2) = —

— ({2, 2){y, w) = (2, w){y, 2))-

In a similar fashion, one can sometimes calculate the curvature of spacelike
hypersurfaces in Minkowski space-time. The metric coefficients for Minkowski
space time L"t! are constant, so once again I‘fj = 0 and the curvature of

Minkowski space-time is zero. In this case, the Levi-Civita connection V7’ is
defined by

( +Zf1 ) f°> 2 X <f1>axz

Suppose that M is an n-dimensional manifold and ¢ : M — L"*! is an
imbedding. We say that «(M) is a spacelike hypersurface if the standard Lorentz
metric on L™ induces a positive-definite Riemannian metric on M. For sim-
plicity, let us set the speed of light ¢ = 1 so that the Lorentz metric on L™ is
simply

n
(o =—dt®@dt+Y do' @da’.
i=1
Just as in the case where the ambient space is Euclidean space, we find that
the Levi-Civita connection V : X (M) x X(M) — X (M) on TM is given by the

formula

(VxY)(p) = (VXY ()",
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where (-) T is the orthogonal projection into the tangent space. If we let X'+ (M)
denote the vector field in LY which are defined at points of M and are perpen-
dicular to M, we can define the second fundamental form of M in L1 by

a:X(M)x X(M) — XH(M) by a(X,Y)=(VEY ()"

where (-)* is the orthogonal projection to the orthogonal complement to the
tangent space. Moreover, the curvature of the spacelike hypersurface is given
by the Gauss equation

<R(X, Y)VV’ Z> = <a(X7 Z)7 a(Y7 W)>L - <O‘(X7 W)? a(Yv Z))La (1'25)

where X, Y, Z and W are elements of X (M).
As a key example, we can set

H"(a) = {(¢t, 2" ..., 2") e L™ 2 — (212 — ... — (2™)? = a?, t > 0},

the set of future-pointed unit timelike vectors situated at the origin in L"*!.
Clearly H"(a) is an imbedded submanifold of L"*! and we claim that the in-
duced metric on H"(a) is positive-definite.

To prove this, we could consider (z!,...,2") as global coordinates on H"(a),
so that
t = \/a2 I (x1)2 oo (xn)Q.
Then N o
dt = Zi:l a'da’ )
\/aQ + (212 — - 4 (2n)2

and the induced metric on H"(a) is

 Yaladdda’ @ dad
a? + (.’L’l)2 — 4 (SL’”)

<.’.> =

5 +de' @dz' + - + da™ ® da™.

Thus

5 Soatad

Ya2 4 (x1)2 — ...+ (xn)2’
and from this expression we immediately see that the induced metric on H"(a)
is indeed positive-definite.

Of course, H"(a) is nothing other than the upper sheet of a hyperboloid of
two sheets. Suppose that p € H"(a), that ey is a future-pointing unit length
timelike vector such that p = aeg and II is a two-dimensional plane that passes
through the origin and contains ey. Using elementary linear algebra, II must
also contain a unit length spacelike vector e; such that (eg,e1);, = 0. Then the
smooth curve

gij =

v:(—€,¢6) > H"(a) defined by ~(t) = acosh(t/a)ey + asinh(t/a)e;
is spacelike and direct calculation shows that

(/(t),7'(t)) L = —(sinh(t/a))* + (cosh(t/a))* = 1.
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Moreover,
" 1 . 1
~'(t) = g(cosh(t/a)eo + sinh(¢/a)e;) = ;N(’y(t)),
where N(p) is the unit normal to H"(a) at p. Thus

(Vo)1) = (4" ()" =0,

so v is a geodesic and

a(y'(1),7'(t) = (V' (#)* = éN(v(t))-

Note that we can construct a unit speed geodesic v in M as above with y(0) = p
for any p € H"(a) and +/(0) = ey for any unit length e; € T,H"(a).

Thus just as in the case of the sphere, we can use the Gauss equation (1.25)
to determine the curvature of H"(a). Thus the second fundamental form of
H"(a) in L™ *! satisfies

1
alz,z) = —ENQ)), for all unit length x € T,H"(a),

where N(p) is the future-pointing unit normal to M. If x does not have unit
length, then

X €T 1 1
! (HIEH ||a:|> =-N{p) = az,2)=_(z,2)NQp).

a

By polarization, we obtain

1
(z,y)N(p), for all z,y € T,N"(a).

O‘(‘T7y) = E

Thus substitution into the Gauss equation yields

(weye) = (2N ) - (Lo oNe)
- (SN (S ane)

a
Since N(p) is timelike and hence (N(p), N(p))r, = —1, we finally obtain a for-
mula for the curvature of S™(a):

(R(z,y)w, 2) = %(<x,2><y7w> — (=, w)(y, 2))-

The Riemannian manifold H"(a) is called hyperbolic space, and its geome-
try is called hyperbolic geometry. We have constructed a model for hyperbolic
geometry, the upper sheet of the hyperboloid of two sheets in L.”*!, and have
seen that the geodesics in this model are just the intersections with two-planes
passing through the origin in L"*1.
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1.9 Curvature symmetries; sectional curvature

The Riemann-Christoffel curvature tensor is the basic local invariant of a pseudo-
Riemannian manifold. If M has dimension n, one would expect R to have n*

independent components Rﬁjk, but the number of independent components is

cut down considerably because of the curvature symmetries:

Proposition 1. The curvature tensor R of a pseudo-Riemannian manifold
(M, (-,-)) satisfies the identities:

1. R(X,Y) = ~R(Y,X),
2. RX,Y)YZ+R(Y,Z) X +R(Z,X)Y =0,
3. (R(X, Y)W, Z) = —(R(X,Y)Z, W), and
1. (R(X,Y)W,Z) = ~(R(W, 2)X,Y).
Remark 1. If we assumed the Nash imbedding theorem (in the Riemannian

case), we could derive these identities immediately from the Gauss equation
(1.24).

Remark 2. We can write the above curvature symmetries in terms of the
components Rijk of the curvature tensor. Actually, it is easier to express these
symmetries if we lower the index and write

n
!
Riji, = E Gip B -
p=1

This lowering of the index into the third position is consistent with regarding
the R;ji.’s as the components of the map

R:T,M xT,M xT,M xT,M - R by R(X,Y,Z,W)=(R(X,Y)W,Z).
In terms of these components, the curvature symmetries are

Rijix = —Rjar, Rijik + Bjri + Riay = 0,
Rijik = —Rijri,  Rijik = Rikij-

Proof of proposition: Note first that since R is a tensor, we can assume without
loss of generality that all brackets of X, Y, Z and W are zero. Then
R(X,Y)=VxVy —VyVx =—(VyVx —VxVy)=-R(Y, X),
establishing the first identity. Next,
R(X,Y)Z+R(Y,Z) X+ R(Z, X)Y =VxVyZ -VyVxZ

+VyVzX —VzVy X +VVxY - VxVzY
=Vx(VyZ-VzY)+Vy(VzX —VxZ)+Vz(VxY —VyX) =0,
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the last equality holding because V is symmetric. For the third identity, we
calculate

<R(X7Y)Z7 Z> = <vaYZa Z> - <VYVX27 Z>
=X(VvZ,Z)—(VyZ,NxZ)—-Y(VxZ,Z)+ (VxZ Ny Z)

= %XY(Z, Z) — %YX(Z, Z) = %[X, Y|Z, Z) =0.

Hence the symmetric part of the bilinear form

W, Z) = (R(X, Y)W, Z)

is zero, from which the third identity follows. Finally, it follows from the first
and second identities that

(RX, Y)W, Z) = —(R(Y, X)W, Z) = (R(X, W)Y, Z) + (R(W,Y) X, Z),
and from the third and second that
(RIX, Y)W, Z) = —(R(X,Y)Z,W) = (R(Y, Z)X,W) + (R(Z, X)Y,W).
Adding the last two expressions yields
2R(X, Y)W, Z) = (R(X, W)Y, Z)
+(RW,Y)X, Z) + (R(Y, 2)X,W) + (R(Z, X)Y,W). (1.26)
Exchanging the pair (X,Y) with (W, Z) yields
2(R(W, Z)X,Y) = (R(W, X)Z,Y)
+(R(X, Z)W,Y) + (R(Z, Y)W, X) + (R(Y,W)Z,X). (1.27)

Each term on the right of (4.29) equals one of the terms on the right of (1.27),
S0
(R(X,Y)W, Z) = (ROW, 2)X,Y),

finishing the proof of the proposition.

Proposition 2. Let
R,S:T,M xTyM xT,M xT,M — R
be two quadrilinear functions which satisfy the curvature symmetries. If
R(z,y,z,y) = S(z,y,x,y), forallz,yeT,M,
then R=S.
Proof: Let T'= R — S. Then T satisfies the curvature symmetries and

T(x,y,x,y) = 07 for all T,y € TPM
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Hence

0=T(z,y+zz,y+2)
=T(z,y,z,y) + T(z,y,z,2) + T(x, z,z,y) + T(z, 2, z, 2)
=2T(x,y,x, 2),

so T(x,y,x,z) = 0. Similarly,
0=T(x+ z,y, 2+ z,w) = T(z,y,z,w) + T(z,y, z,w),
0=T(x+w,y,z,z+w)=T(z,y,z,w) + T(w,y, z,x).
Finally,
0=2T(z,y,z,w)+T(z,y,z,w) + T(w,y, z,x)
=2T(z,y,z,w) — T(y,z,z,w) — T(z,y,z,w) = 3T(x,y, z,w).
SoT =0and R=S.

This proposition shows that the curvature is completely determined by the sec-
tional curvatures, defined as follows:

Definition. Suppose that o is a two-dimensional subspace of T, M such that
the restriction of (-,-) to o is nondegenerate. Then the sectional curvature of o

® (R(z,y)y, x)
(z,2)(y,y) — (x,y)%’

whenever (x,y) is a basis for o. The curvature symmetries imply that K (o) is
independent of the choice of basis.

K(o) =

Recall our key three examples, the so-called spaces of constant curvature:

If M =E", then K (o) =0 for all two-planes ¢ C T, M.
If M =S"(a), then K (o) = 1/a*for all two-planes o C T, M.
If M = H"(a), then K (o) = —1/a? for all two-planes o C T, M.

The spaces of constant curvature are the most symmetric Riemannian manifolds
possible.

Definition. If (M, (-,-)) is a pseudo-Riemannian manifold, a diffeomorphism
¢: M — M is said to be an isometry if

((4)p(v), (Ps)p(w)) = (v,w), forallv,weT,M andallpe M. (1.28)
Of course, we can rewrite (1.28) as ¢*(-,-) = (-, -), where

¢ (v, w) = ((¢x)p(v); (d)p(w)),  for v,w € T, M.
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Note that the orthogonal group O(n + 1) acts as a group of isometries on
S™(a). In this case, we have an isometry group of dimension (1/2)n(n + 1).
Similarly, the group of isometries of E™, the group of Euclidean motions, is a
Lie group of dimension (1/2)n(n + 1). The group of isometries on H"(a) also
has dimension (1/2)n(n + 1); it is called the Lorentz group.

In each of the three cases there is an isometry ¢ which takes any point p of
M to any other point ¢ and any orthonormal basis of T}, M to any orthonormal
basis of T,M. This allows us to construct non-Euclidean geometries for S"(a)
and H"(a) which are quite similar to Euclidean geometry. In the case of H"(a)
all the postulates of Euclidean geometry are satisfied except for the parallel
postulate.

1.10 Gaussian curvature of surfaces

We now make contact with the theory of surfaces in E? as described in un-
dergraduate texts such as [29]. If (M, (,-)) is a two-dimensional Riemannian
manifold, then there is only one two-plane at each point p, namely 7,M. In
this case, we can define a smooth function K : M — R by

K(p) = K(T,M) = (sectional curvature of T,M).

The function K is called the Gaussian curvature of M.

An important special case is that of a two-dimensional smooth surface M?
imbedded in R3, with M? given the induced Riemannian metric. We assume
that it is possible to choose a smooth unit normal N to M,

N: M? —S? with N(p) perpendicular to T,M.

Such a choice of unit normal determines an orientation of M?2.

If N, M is the orthogonal complement to Tp M, then the second fundamental
form o : T, M x T, M — NpM determined a symmetric bilinear form h : T, M x
T,M — R by the formula

h(l’,y) :Oé(fﬂ,y)N(p), for x,yeTva

which is also called the second fundamental form in the theory of surfaces.
Recall that if (2!, 2?) is a smooth coordinate system on M, we can define
the components of the induced Riemannian metric on M? by the formulae

o 0 .
gij:<8$i’al‘j>’ for i,j=1,2.
If F: M? — E3 is the imbedding than the components of the induced Rieman-

nian metric (also called the first fundamental form) are given by the formula

__oF oF
997 9ut " ai
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Similarly, we can define the components of the second fundamental form by

g 0 .
hlj—h(axl7ax]>7 for 1,3—1,2.

These components can be found by the explicit formula

0 O*F
_ E . — .
hij = <v6/8wi 89&) N= 0zt 0xI
Let 9 5
XY= Y=g

Then it follows from the definition of Gaussian curvature and the Gauss equation
that

(RX,Y)Y, X)
<X, X><Y7 Y> - <X, Y>2
a(X, X)) aY)Y) —a(X,Y) a(X,Y)
<X7X><Y5Y> - <X7Y>2

K =

hll h12

_ hirthgg —hiy  |har hag
g11922 — 9%2 g11 912 '

921 g22

Example. Let us consider the catenoid, the submanifold of R3 defined by the

equation
r = /22 + y? = cosh z,

where (r,0,z) are cylindrical coordinates. This is obtained by rotating the
catenary around the z-axis. As parametrization, we can take M? = R x S* and

coshu cosv
F:RxS'—S by x(u,v)=| coshusinv
u

Here v is the coordinate on S! which is just the quotient group R/Z , where Z
is the cyclic group generated by 27w. Then

OF sinh u cos v P — coshusinv
—_— = sinh u sin v and — = cosh u cosv ,
ou 1 v 0

and hence the coefficients of the first fundamental form in this case are

g1 =1+ sinh? u = cosh? u, g12=0, and g9 = cosh? u.
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The induced Riemannian metric (or first fundamental form) in this case is
(-,) = cosh® u(du ® du + dv ® dv).

To find a unit normal, we first calculate

OF OF i sinhwcosv —coshusinv — cosh u cosv
M X i j sinhwsinv coshucosv | = | —coshusinv

U v .
k 1 0 cosh u sinh u

Thus a unit normal to S can be given by the formula

oF o oF 1 —cosv
N=_0u’_ 0v_ _ —sinwv

OF B—F‘ cosh u .

ou v sinh

To calculate the second fundamental form, we need the second order partial
derivatives,

92F coshu cos v 92F — .smh usin v
— = coshusinv |, = sinh u cosv ,
Ou? 0 Oudv 0
and
9%x —coshucosv
502 = —coshusinwv
v 0
These give the coefficients of the second fundamental form
0*F O*F
hiyp=— -N=1 hio = hoy = N =0,
n=55 ) 12 21 = 5
and 52
F
hoo = ‘N=-1
2= 55
-1
~ (coshu)t’

Exercise III. Consider the torus M? = S* x S! with imbedding

(2 4 cosu) cosv
F:U—S by x(u,v)=|[ (24 cosu)sinv |,
sinu

where u and v are the angular coordinates on the two S* factors, with u+27 = u,
v+ 21T = 0.

a. Calculate the components g;; of the induced Riemannian metric on M 2,

b. Calculate a continuously varying unit normal N and the components h;; of
the second fundamental form of M2

c. Determine the Gaussian curvature K.
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1.11 Review of Lie groups

In addition to the spaces of constant curvature, there is another class of man-
ifolds for which the geodesics and curvature can be computed relatively easily,
the compact Lie groups with biinvariant Riemannian metrics. Before discussing
this class of examples, we provide a brief review of Lie groups and Lie algebras,
following Chapters 3 and 4 of [5].

Suppose now that G is a Lie group and o € G. We can then define the left
translation by o,

L,:G—G by Ls(1t)=o0r,

a map which is clearly a diffeomorphism. Similarly, we can define right transla-
tion
R,:G—G by R,(r)=ro.

A vector field X on G is said to be left invariant if (Ly).(X) = X for all o € G,
where

(Lo)o(X)(f) = X(f o Ly) o L.

A straightforward calculation shows that if X and Y are left invariant vector
fields on G, then so is their bracket [X,Y]. (See Theorem 7.9 in Chapter 4 of
[5].) Thus the space

g={XeX(G): (Ly)+(X)=Xforalloe G}
is closed under Lie bracket, and the real bilinear map
[,]:exg—g
is skew-symmetric (that is, [X,Y] = —[Y, X]), and satisfies the Jacobi identity
(X, [V, 2l + [V, [Z, X]] + [2,[X, Y]] = 0.

Thus g is a Lie algebra and we call it the Lie algebra of G. If e is the identity
of the Lie group, restriction to T.G yields an isomorphism « : g — T.G. The
inverse 8 : T.G — g is defined by G(v)(0) = (Lo )« (v).

The most important examples of Lie groups are the general linear group

GL(n,R) = { n x n matrices A with real entries : det A # 0},
and its subgroups. For 1 < 4,5 < n, we can define coordinates

x; :GL(n,R) - R by m;((az)) = a?.

Of course, these are just the rectangular cartesian coordinates on an ambient
Euclidean space in which GL(n,R) sits as an open subset. If X = (z7) €
GL(n,R), left translation by X is a linear map, so is its own differential. Thus

n
_ $iak 0
- z: k25 gt
J

,,k=1

(Lx)- Z % o’

i,j=1
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If we allow X to vary over GL(n,R) we obtain a left invariant vector field
)
_ i,k
Xa= A Z ERIPY
1,5,k=1 J

which is defined on GL(n,R). It is the unique left invariant vector field on
GL(n,R) which satisfies the condition

Xa(I)= Y dj o |

Z,
i,5=1 Jr

where T is the identity matrix, the identity of the Lie group GL(n,R). Every
left invariant vector field on GL(n,R) is obtained in this way, for some choice
of n X n matrix A = (az) A direct calculation yields

[XA, XB] = X[A,B]a where [A, B] = AB — BA, (1.29)

which gives an alternate proof that left invariant vector fields are closed under
Lie brackets in this case. Thus the Lie algebra of GL(n,R) is isomorphic to

gl(n,R) 2 T;G = { n x n matrices A with real entries },

with the usual bracket of matrices as Lie bracket.
Exercise IV. Prove equation (1.29).

For a general Lie group G, if X € g, the integral curve 0x for X such that
0x (0) = e satisfies the identity Ox(s+1t) = 0x(s)-0x(t) because the derivatives
at t = 0 for fixed s are the same. From this fact, one easily concludes that €x
extends to a Lie group homomorphism

Hle—>G.

We call 6x the one-parameter group which corresponds to X € g. Since the
vector field X is left invariant, the curve

t— La(ex(t)) = O'ex(t) = R@X(t)(a')

is the integral curve for X which passes through o at ¢ = 0, and therefore the
one-parameter group of diffeomorphisms on G corresponding to X € g is

¢ = R@X(t), for t € R.

In the case where G = GL(n,R) the one-parameter groups are easy to
describe. In this case, if A € gl(n,R), we claim that the corresponding one-
parameter group is

1

3 43
it A

1
Oa(t) = =T +tA+ 51t2A2 +
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Indeed, it follows from the identity

%(etA) — AetA — etAA

that 64 is an integral curve for the left invariant vector field determined by A
and that 6’,(0) = A.

If G is a Lie subgroup of GL(n,R), then its left invariant vector fields are
defined by taking elements of T7G C T;GL(n,R) and spreading them out over
G by left translations of G. Thus the left invariant vector fields on G are just
the restrictions of the elements of gl(n,R) which are tangent to G.

We can use the one-parameter groups to determine which elements of gl(n, R)
are tangent to G at I. Consider, for example, the orthogonal group,

O(n) ={A € GL(n,R): ATA =T},
where (-)7 denotes transpose. Its Lie algebra is
o(n) ={Acgl(nR):e €O(n) for allt € R }.
Differentiating the equation
(@MTetA =T yields ()T ATetA 1 (et4)T AetA = 0,

and evaluating at ¢ = 0 yields a formula for the Lie algebra of the orthogonal

group,
o(n) ={A € gl(n,R): AT + A =0},

the Lie algebra of skew-symmetric matrices.
The complex general linear group,

GL(n,C) = { n x n matrices A with complex entries : det A # 0},
is also frequently encountered, and its Lie algebra is
gl(n,C) 2 T.G = { n x n matrices A with complex entries },

with the usual bracket of matrices as Lie bracket. It can be regarded as a Lie
subgroup of GL(2n,R). The unitary group is

Un)={Ae€GL(n,C): ATA=1},
and its Lie algebra is
u(n) ={A cgl(n,C): AT + A =0},

the Lie algebra of skew-Hermitian matrices.
With these basic ideas it should be easy to calculate the Lie algebras of most
other commonly encountered Lie groups.
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If G and H are Lie groups and h : G — H is a Lie group homomorphism,
we can define a map

heig—b by hi(X)=B[(h)e(X(e)):

One can check that this is a Lie algebra homomorphism; see Corollary 7.10 in
Chapter 4 of [5]. This gives rise to a “covariant functor” from the category of
Lie groups and Lie group homomorphisms to the category of Lie algebras and
Lie algebra homomorphisms. A somewhat deeper theorem shows that for any
Lie algebra g there is a unique simply connected Lie group G with Lie algebra
g. This correspondence between Lie groups and Lie algebras often reduces
problems regarding Lie groups to Lie algebras, which are much simpler objects
that can be studied via techniques of linear algebra.

1.12 Lie groups with biinvariant metrics

Definition. Suppose that G is a Lie group. A pseudo-Riemannian metric on G
is biinvariant if the diffeomorphisms L, and R, are isometries for every o € G.

Example 1. For can define a Riemannian metric on GL(n,R) by

n
()= da}®dal. (1.30)
ij=1
This is just the Euclidean metric that GL(n,R) inherits as an open subset of
E"”. The metric on GL(n,R) is not biinvariant, but we claim that the metric
it induces on the subgroup O(n) is biinvariant.

To prove this, it suffices to show that the metric (1.30) is invariant under L 4
and Ra, when A € O(n). If A= (a%) € O(n) and B = (b}) € GL(n,R), then

n

() 0 La)(B) = 2i(AB) = 3 aj(A)zk(B) = Y ajat(B),
k=1 k=1
so that

LZ(I;) = x; oLy = Zazxf
k=1
It follows that N
L*A(d:c;-) = Z a};d:c?,
k=1

and hence

n

Ly(,) = Y Lalde}) @ L (da)

i,7=1
n n
_ aid k Zd l _ i 1 d k d l
= k .’I,‘j ®0,l LUJ = (akal) .'L'j ® x]
4,7,k 1=1 4,7,k 1=1
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Since ATA=1,%"  ala} = d;, and hence

Ly(,) = > budal @ dal = ().
7.k, =1

By a quite similar computation, one shows that
R:k4<7 > = <'7 '>7 for A € O(n)

Hence the Riemannian metric defined by (1.30) is indeed invariant under right
and left translations by elements of the compact group O(n). Thus (1.30) in-
duces a biinvariant Riemannian metric on O(n), as claimed. Note that if we
identify T;O(n) with the Lie algebra o(n) of skew-symmetric matrices, this Rie-
mannian metric is given by

(X,Y) = Trace(X'Y), for X,Y €o(n).

Example 2. The unitary group U(n) is an imbedded subgroup of GL(2n,R)
which lies inside O(n), and hence if (-, ) g is the Euclidean metric induced on
GL(2n,R),

Ly(,Yg=(,)g =R4Y{(,)g, for AeU(n).

Thus the Euclidean metric on GL(2n,R) induces a biinvariant Riemannian met-
ric on U(n). If we identify T7U(n) with the Lie algebra u(n) of skew-Hermitian
matrices, one can check that this Riemannian metric is given by

(X,Y) = 2Re (Trace(X"Y)), for X,Y €u(n). (1.31)
Remark. Once we have integration at our disposal, we will be able to prove
that any compact Lie group has a biinvariant Riemannian metric. (See § 2.3.)

Proposition 1. Suppose that G is a Lie group with a biinvariant pseudo-
Riemannian metric (-,-). Then

1. geodesics passing through the identity e € G are just the one-parameter
subgroups of G,

2. the Levi-Civita connection on TG is defined by

1
VxY = i[X’YL for X,Y € g,

3. the curvature tensor is given by

(R(X, Y)W, Z) = i([x, Y],[Z,W]), for X,Y,Z,Weg  (1.32)
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Before proving this, we need to some facts about the Lie bracket that are proven
in [5]. Recall that if X is a vector field on a smooth manifold M with one-
parameter group of local diffeomorphisms {¢; : ¢t € R} and Y is a second smooth
vector field on M, then the Lie bracket [X,Y] is determined by the formula

XYI0) =~ 5 (@00 (1.3)

(See the discussion surrounding Theorem 7.8 in Chapter 4 of [5].)

Definition. A vector field X on a pseudo-Riemannian manifold (M, (-, -)) is said
to be Killing if its one-parameter group of local diffeomorphisms {¢; : t € R}
consists of isometries.

The formula (1.33) for the Lie bracket has the following consequence needed in
the proof of the theorem:

Lemma 2. If X is a Killing field, then
(VyX,Z)+({Y,VzX)=0, forY,Z e X(M).

Proof: Note first that if X is fixed
(VyX,Z)(p) and (X,VyZ)(p)

depend only on X (p) and Y (p). Thus we can assume without loss of general-
ity that (Y, Z) is constant. Then, since X is Killing, ((¢:)«(Y), (¢¢)«(2))) is

constant, and
d
Z)+ (Y, — «(Z
_z)+ (v e )

= —([X,Y],Z2) — (Y, [X, Z]).

d
0= ( 4 (0.1

On the other hand, since V is the Levi-Civita connection,
0=X(Y,Z2)=(VxY,Z)+(Y,VxZ).
Adding the last two equations yields the statement of the lemma.

Application. If X is a Killing field on the pseudo-Riemannian manifold (M, (-, -))
and v : (a,b) — M is a geodesic, then since (Vy X,Y) =0,

d
%<7/’X> = <V’Y”7/7X> + <7,7VV’X> =0.

Thus (7', X) is constant along the geodesic. This often gives very useful con-
straints on geodesic flow.

We now turn to the proof of Theorem 1: First note that since the metric (-, -)
is left invariant,
X, Yeg = (X,Y) Iisconstant.
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Since the metric is right invariant, each Ry, (;) is an isometry, and hence X is a
Killing field. Thus

(VyX,Z)+(VzX,Y)=0, for X,Y,Z€g.

In particular,
1
(VxX,Y)=—(VyX,X) = —§Y<X,X> =0.

Thus Vx X =0 for X € g and the integral curves of X must be geodesics.
Next note that

0=Vxiv(X+Y)=VxX+VxY +VyX+VyY =VxY +VyX.
Averaging the equations
VxY +VyX =0, VxY - VyX = [X,Y]

yields the second assertion of the proposition.
Finally, if X,Y, Z € g, use of the Jacobi identity yields

R(X,Y)Z =VxVyZ —VyVxZ —Vxy|Z
1 1

= (X2 - v (X, Z) -

On the other hand, if X,Y, Z € g,

1

[[Xv Y]v Z] - 74[[Xa YLZ]

1
2

0= 2X(V, Z) = 2(VxY, Z) + 2(Y,Vx Z) = ([X, Y], Z) + (V. [X, Z]).
Thus we conclude that
1 1
finishing the proof of the third assertion.

Remark. If G is a Lie group with a biinvariant pseudo-Riemannian metric, the
map

v:G — G defined by v(o)=o0"1,

is an isometry. Indeed, it is immediate that (v,). = —id is an isometry, and the
identity
v=Rs,-10v0L 1

shows that (v.), is an isometry for each ¢ € G. Thus v is an isometry of
G which reverses geodesics through the identity e. More generally, the map
I, = Ls,-1 0ovo L, is an isometry which reverses geodesics through o

A Riemannian symmetric space is a Riemannian manifold (M, (-,-)) such
that for each p € M there is an isometry I, : M — M which reverses geodesics
through p. Examples include not just the Lie groups with biinvariant Rieman-
nian metrics and the spaces of constant curvature, but many other important
examples, including the Grassmann manifolds to be described in the next sec-
tion.
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1.13 Grassmann manifolds

If G is a compact Lie group with biinvariant Riemannian metric (-,-), certain
submanifolds M C G inherit Riemannian metrics for which geodesics and cur-
vature can be easily computed. These include the complex projective space with
its “Fubini-Study” metric, a space which occurs in algebraic geometry and other
contexts.

To explain these examples, we assume as known the basic theory of homo-
geneous spaces. As described in Chapter 4, §9 of [5], if G is a Lie group and H
is a compact subgroup, the homogeneous space of left cosets G/H is a smooth
manifold and the projection 7 : G — G/H is a smooth submersion. Moreover,
the map G x G/H — G/H, defined by (o,7H) — o7H, is smooth.

Suppose now that H is a compact subgroup of G and that s : G — G is a
group homomorphism such that:

1. s2=1id, and
2. H={oceG:s(o)=0}.

Given such a triple (G, H, s), the group homomorphism s induces a Lie algebra
homomorphism s, : g — g such that s? = id. We let

h={Xecg:s.(X)=X}, p={Xeg:s(X)=—X}

Moreover, g = h @ p is a direct sum decomposition, and the fact that s, is a Lie
algebra homomorphism implies that

5,6] b, [h,p] Sp, [p,p] CHh.

Finally, note that b is the Lie algebra of H and hence is isomorphic to the
tangent space to H at the identity e, while p is the tangent space to G/K at
eK.

Under these conditions we can define a map

f:G/H — G defined by f(ocH)=o0s(c™").

Indeed, if h € H then f(och) = chs(h™'o™!) = os(c71), so f is a well-defined
map on the homogeneous space G/H. Moreover,

os(cH=7s(r7") & r1lo=s(r"to) & 1 locH,
so f is injective. Finally, one checks that

Xecp = tesle™)

is a one-parameter group and checking the derivative at ¢ = 0 shows that
s(e7tX) = e!X and hence f(e!*) = e2*X. Moreover,

f(oeX) = oe'*s(e7)s(07!) = Ly 0 Ry—1 (). (1.34)
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From these facts it follows that f is a one-to-one immersion from G/H into G,
and hence an imbedding which exhibits G/H as an imbedded submanifold of
G.
We can therefore define an induced Riemannian metric (-,-)q/z = f*(,")a
such that
(X, Y)o/m =4X,Y)q, for X,Y ep. (1.35)

Since L, o R,-1 is an isometry, the geodesics in the induced submanifold metric
on G/H are just the curves t — f(oe'X). It follows that G acts as a group of
isometries on G/H when G/H is given the induced metric.

We mention two examples:

Example 1. Suppose G = O(n) and s is conjugation with the element

I,,= (_%XP IOX > , where p+q=n.
axq
Thus
s(A) =1, AL, 4, for A€ O(n),

and it is easily verified that s preserves the biinvariant metric and is a group
homomorphism. In this case H = O(p) x O(q) and the quotient O(n)/O(p) x
O(q) is the Grassmann manifold of real p-planes in n-space.

Example 2. Suppose G = U(n) and s is conjugation with the element

-1 0

I,,= pxp >, where p+q=n.
e ( 0 Igxq

In this case H = U(p) x U(q) and the quotient U(n)/U(p) x U(q) is the Grass-

mann manifold of complex p-planes in n-space. The special case U(n)/U(1) x

U(n—1) of complex one-dimensional subspaces of U(n) is also known as complex

projective space CP" 1,

Theorem. Given a triple (G, H, s) satisfying the above conditions, the curva-
ture of f(G//H is given by the formula

(RIX, Y)W, Z) =4(X,Y],[2,W]), for X,Y,Z,W € T.x(G/H) = p.

Sketch of proof: The curvature formula follows from the Gauss equation for a
submanifold M of a Riemannian manifold (N, (-,-)), when M is given the in-
duced submanifold metric. To prove such an equation one follows the discussion
already given in §1.8, except that we replace the ambient Euclidean space EY
with a general Riemannian manifold (N, (-, -}).

Thus if pe M C N and v € T,N, we let

v=v' 4o, where UTET],M and UJ‘J_TI)M,
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()T and (-)* being the orthogonal projection into the tangent space and normal
space. The Levi-Civita connection VM on M is then defined by the formula

(VEY)(p) = (VXY (p) ",

where VIV is the Levi-Civita connection on N. If we let X*(M) denote the
vector fields in N which are defined at points of M and are perpendicular to
M, then we can define the second fundamental form

a:X(M)x X(M) — X+ (M) by oX,Y)=(VEV(p)™*.
As before, it satisfied the identities:
a(fX,Y)=a(X, fY) = fa(X)Y), aX,)Y)=a,X).
If v : (a,b) — M C E¥ is a unit speed curve, we call (V,IY\H/) the geodesic
curvature of v in IV, while

.
(VAA") " = VA4 = (geodesic curvature of v in M),

(VJW\H')J' = a(v,7") = (normal curvature of 7).

Under these circumstances, one can show that the curvature tensor RM of
M C EV is given by the Gauss equation

(RM (X, Y)W, Z) = (RN (X, Y)W, Z)+(a(X, Z), a(Y, W)~ (a(X, W), (Y, Z)),

(1.36)
whenever X, Y, Z and W are elements of X' (M). The proof of (1.36) is identical
to the proof of the Gauss equation we gave before in §1.8.

In our application, since geodesics in f(G/H) are geodesics in the ambient
manifold G, « = 0 and the theorem follows directly from (1.36), together with
(1.32) and the fact that the differential of the map f : G/H — G multiplies
every element of p = Tox (G/H) by two.

Example. We consider the special case in which G = U(n) and s is conjugation

with
1 0
L= )
bt ( 0 f(n—l)x(n—l))

so that the fixed point set of the automorphism s is H = U(1) x U(n — 1) and
G/H =Cp"1.
Recall that the Lie algebra u(n) divides into a direct sum u(n) = hep, where

h={Xecg:s.(X)=X}, p={Xeg:s(X)=—X}

where b is the Lie algebra of U(1) x U(n — 1). We consider two elements

0 —& - =& 0 =02 =+ =M
x=|& O 0 e oy 00
& 0 0 N 0 0
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of p, and determine their Lie bracket [X,Y] € .
It is easier to do this by carrying out the multiplication in matrix terms. To
simplify notation, we write

T =T
X:<2 g) and Y:(g g) (1.37)

_ (€ 0 _(-7"¢ 0
XY‘( 0 —&F)’ YX‘( 0 —nsT)

so that

and - r
—&M+n'e 0 )
X, Y= _ o |-
[ ] ( 0 _gnT +77§T
We next use the formula for the curvature of G/H to show that the sectional
curvatures K (o) for CP"~! satisfy the inequalities a? < K (o) < 4a? for some
a? > 0. As inner product on T;U(n), we use

1 _
(A,B) = iRe (Trace(A"B)), for A, B € u(n).

This differs by a factor of fg)ur from the Riemannian metric induced by the
natural imbedding into E?*™” but with the rescaled metric

(X,Y) =Re(¢"7),
when X and Y are given by (1.37). To simplify the calculations, assume that
(X,X)=(Y,Y)=1, and (X,Y)=0.

Then -
P =m>=1 and ¢'n=—n"¢,

the latter since 77 is purely imaginary. Then

(X, Y], [X,Y])
o (-TTERES 0 ke 0
= 5Trace ( 0 —qeT gnT> ( 0 —&nT + 77§T>
= 1Trace (4 |Im(£Tﬁ)|2 y >
9 0

(=0T + &™) (—=&n™ + 7¢T)
= 2[tm ()| + 1¢]'n)? + [Tm(¢" )|
= [¢]In[* + 3 [Tm(¢77)

The last expression ranges between 1 and 4, and it follows from the Cauchy-
Schwarz inequality that it achieves its maximum when 7 = ¢£. Thus if o is the
two-plane spanned by X and Y,

A(X, Y], [X, YT)
<X,X><Y, Y> - <X7 Y>

| 2

K(o) =

5 =4 [lellnl? + 3| 1m(e™) "]
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lies in the interval [4,16], achieving both extreme values when n — 1 > 2.

The Riemannian metric we have defined on G/H = CP"~! is called the Fubini-
Study metric. It occurs frequently in algebraic geometry.

1.14 The exponential map

Our next goal is to develop a system of local coordinates centered at a given
point p in a Riemannian manifold which are as Euclidean as possible.

Proposition 1. Suppose that (M, (-,-)) is a pseudo-Riemannian manifold and
p € M. Then there is an open neighborhood V of 0 in T, M such that ifv € T, M
the unique geodesic vy, in M which satisfies the initial conditions 7y,(0) = p and
~,,(0) = v is defined on the interval [0, 1].

Proof: According to ODE theory applied to the second-order system of differ-

ential equations
n

A%zt o dad
- I, ——daFdt =0
dt2 +j;1 T ’

there is a neighborhood W of 0 in T,M and an € > 0 such that the geodesic
~Yw is defined on [0,¢] for all w € W. Let V = eW. Thenifv € V, v = ew
for some w € W, and since 7, (t) = v (€t), v, is defined on [0, 1], proving the
proposition.

Definition. Define the exponential map
exp,V — M by exp,(v)=7,(1).
Remark. Note that if G = O(n) with the standard biinvariant metric (-, -)
which we constructed in §1.12,
exp; A = e, for A € T;0(n).
This explains the origin of the term “exponential map.”

Note that if v € V, ¢t + exp,(tv) is a geodesic (because exp,(tv) = 74 (1) =
74 (t)), and hence exp,, takes straight line segments through the origin in 7}, M
to geodesic segments through p in M.

Proposition 2. There is an open neighborhood U of 0 in T, M which exp,
maps diffeomorphically onto an open neighborhood U of p in M.

Proof: By the inverse function theorem, it will suffice to show that
(expy))o : To(T, M) — T,M
is an isomorphism. We identify Ty (T,M) with T,M. If v € T, M, define

A R—=T,M by A\ (t)=tv.
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Then A (0) = v and
((expp)s)o(v) = ((exp,)+)o(X, (0)) = (exp,) 0 Av)'(0)

= L (exp ()

t=0

so ((expy,)s)o is indeed an isomorphism.

It will sometimes be useful to have a stronger version of the above proposition,
proven by the same method, but making use of the map

exp : (neighborhood of 0-section in TM) — M x M,

defined by
exp(v) = (p,exp,(v)), forveT,M.

Proposition 3. Given a point py € M there is an open neighborhood W
of the zero vector 0 of T, M which exp maps diffeomorphically onto an open
neighborhood W of (pg,po) in M x M.

Proof: If 0 denotes the zero vector in T}, M, it suffices to show that
(exp,)o : To(TM) — T(Pmpo)(M x M)

is an isomorphism. Since both vector spaces have the same dimension it suffices
to show that (exp,)o is an epimorphism. Let

m M x M — M, o Mx M — M

denote the projections on the first and second factors, respectively. Then 7; o
exp : TM — M is the bundle projection TM — M and hence ((71 0 exp)s)o is
an epimorphism. On the other hand, the composition

exp

Tpo M CTM 2 M ox M 22 M

is just exp,, and hence ((m2 0 exp).)o is an epimorphism by the previous propo-
sition. Hence (exp,)o is indeed an epimorphism as claimed.

Corollary 4. Suppose that (M, (-,-)) is a Riemannian manifold and py € M.
Then there is an open neighborhood U of py and an € > ( such that exp, maps

{veT,M: (v,v) < €}
diffeomorphically onto an open subset of M for all p € U.
If (M,{(--)) is a Riemannian manifold and p € M. If we choose a basis

(e1,...,ey,) for T,M, orthonormal with respect to the inner product (--- ,-)p,

we can define “Euclidean” coordinates (i1, ...,4") on T,M by

n
Pv)=d & v= Zaiei.
il
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If U is an open neighborhood of p € M such that exp, maps an open neighbor-
hood U of 0 € T, M diffeomorphically onto U, we can define coordinates

(z',...,2"): U - R" by a:ioexpp:ii.

The coordinate (z!,...,2") are called Riemannian normal coordinates on M
centered at p, or simply normal coordinates. These normal coordinates are the
coordinates which are as Euclidean as possible near p.

Suppose that in terms of the normal coordinates

<-’ > —_ Z gijdilii ® de.

i,j=1

It is interesting to determine the Taylor series expansion of the g;;’s in normal
coordinates. Of course, we have g;;(p) = J;;.

To evaluate the first order derivatives, we note that whenever a
constants, the curve « defined by

1

n
, ..., a" are

z'o ~v(t) = a‘t
is a geodesic in M by definition of the exponential map. Thus the functions
' = z' oy must satisfy the geodesic equation
n
i+ > Thitel =0,
i,j=1
Substitution into this equation yields
n
Z Ffj(p)alaj =0.
i,j=1

Since this holds for all choices of the constants (a',...,a™) we conclude that
I¥;(p) = 0. It then follows from (1.15) that

99ij , \ _

Later we will see that the Taylor series for the Riemannian metric in normal
coordinates centered at p is given by

1 n
Gij = 0ij — 3 Z Rikjl(p)askxl + (higher order terms).
k=1

This formula gives a very explicit formula for how much the Riemannian metric
differs from the Euclidean metric near a given point p. Before proving this, we
will need the so-called Gauss lemma.
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1.15 The Gauss Lemma

We now suppose that (z!,...,2") are normal coordinates centered at a point p
in a Riemannian manifold (M, (-,-)), and defined on an open neighborhood U
of p. We can then define a radial function

r:U—=R by r=+/(z1)2+ -+ (z")2,

and a radial vector field S on U — {p} by

Lemma 1. [E;;,S] = 0.

Proof: This can be verified by direct calculation. For a more conceptual ar-
gument, one can note that the one-parameter group of local diffeomorphisms
{¢¢ : t € R} on U induced by E;; consists of rotations in terms of the normal
coordinates, so (¢¢)«(R) = R, so

d
[Eij, B] = — - ((9)«(R))| =0
t=0
Lemma 2. If V is the Levi-Civita connection on M, then VgS = 0.

Proof: If (a¥,...,a") are real numbers such that > (a%)? = 1, then the curve v
defined by

2 (y(t) = a't

is an integral curve for S. On the other hand,

v(t) = exp, (Za t By

i=1

)

and hence 7 is a geodesic. We conclude that all integral curves for S are geodesics
and hence Vg5 = 0.

Lemma 3. (S,5) = 1.
Proof: If 7 is as in the preceding lemma,

&0 (0,7 (1) = 27 (0,7/(8)) =0,

96



so '(t) must have constant length. But

so we conclude that (S, S) = 1.
Lemma 4. (S, E;;) =0.
Proof: We calculate the derivative of (S, E;;) in the radial direction:

S(S, Eij> = (VgS, Eij> + (S, VsEij> = (S, VsEij>

1
=(S,Vg,S) = 5Eij<5, S)=0.
Thus (S, E;;) is constant along the geodesic rays emanating from p. let || X| =
(X, X). Then as («!,...,2") — (0,...0),
(S, Eig)| < IS B3l = [ B35l — O.
If follows that the constant (S, E;;) must be zero.
Before proving the next lemma, we observe that
S(r) =1, E;;(r)=0.

These fact can be verified by direct computation.

Lemma 5. dr = (S,-); in other words, dr(X) = (S,X), whenever X is a
smooth vector field on U — {p}.

Proof: It clearly suffices to prove this when either X = S or X = FEj;. In the
first case,

dr(S)=S(r)=1=(S,9),

while in the second,

dT(Eij) = Ei'(’l“) =0= <S, E”>

Remark. It is Lemma 4 which is often called the Gauss Lemma.

1.16 Curvature in normal coordinates

Our next goal is to prove the following theorem, which explains how the curva-
ture of a Riemannian manifold (M, (-, -)) measures deviation from the Euclidean
metric.
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Taylor Series Theorem. The Taylor series for the Riemannian metric (g;;)
normal coordinates centered at a point p is given by

1 n
gij = 0ij — 3 Z R,-kjl(p)xkxl + (higher order terms).
k=1

To prove this, we make use of “constant extensions” of vectors in T, M, relative
to the normal coordinates (z!,...,2™). Suppose that w € T,M and

n

w=3d

i=1
Then the constant extension of w is the vector field

n

.0
W = at—.
2w

Since there is a genuine constant vector field in 7, M which is exp,-related to
W, W depends only on w, not on the choice of normal coordinates.
We define a quadrilinear map

0
ozt

p

G:T,M xT,M xT,M xT,M — R

as follows:
G(aj? y7 Z’ w) = XY<Z7 W> (p)7

where X, Y, Z and W and the constant extensions of x, y, z and w. Thus the
components of G will be the second order derivatives of the metric tensor.

Lemma. The quadralinear form G satisfies the following symmetries:

1. G(z,y,z,w) = Gy, z, z,w),

2. G(z,y,z,w) = G(z,y,w, z),

3. G(z,x,x,z) =0,

4. G(z,z,2z,y) =0,

5 G(z,y,z,w) = G(z,w,z,y), and

6. G(z,y,z,w) + G(z, z,w,y) + G(z,w,y,z) = 0.

Proof: The second of these identities is immediate and the first follows from
equality of mixed partials. The other identities require more work.
For the identity G(w,w,w,w) = 0, we let W = 3" a*(0/02%); then the curve
~ defined by
z'(y(t)) = a't
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is an integral curve for W such that y(0) = p. It is also a constant speed geodesic

and hence
WW(W,W)(p) = 0.

We next check that G(w, w,w, z) = 0. It clearly suffices to prove this when z
is unit length and perpendicular to a unit length w. We can choose our normal
coordinates so that

0 0

S YT

We consider the curve v in M defined by
zloqy(t) =t, zioy(t) =0, fori>1.

Along v we have W = S and Z = (1/2!)E12, so it follows from Lemma 12.4
that (W, Z) = 0 along +, and hence

WW{(W, Z)(p) = 0.
it follows from the first two symmetries that whenever u,v € T,M and t € R,
0=G(u+tv,u+tv,u+ tv,u — tv)
= t3(something) + t*[G (v, v, u, u) — G(u,u, v, v)] + t(something).
Since this identity must hold for all ¢, the coefficient of t> must be zero, so
G(u,u,v,v) = G(v,v,u,u),

which yields the fifth symmetry.
To obtain the final identity, we let

V1, V2, V3, V4 ETpM and t1,ta,t3,14 ER,
and note that
G (Z tivi, thvj, Z tkvk, Z tlvl) =0.

The coefficient of ttot3t, must vanish, and hence

Z G (Vo(1), Vo (2), Vo(3)s Vo(a)) = 0.

o€Sy

This, together with the earlier symmetries, yields the last symmetry.

)

Now we let

0

Y
pax

0

e
pﬁx

0

, —
J
» ox

1o}
=G L
9ij,kl <8l‘k
Lemma . Ry, (p) = Gijik — Gik,1j-
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Proof: Since the Christoffel symbols Ffj vanish at p, it follows that

9 19 {391]' Ogu 39jk]()

5 TP = 555 | 50k + 907 ~ 0l

2 T P) =555 155+ 50 ~ ol

and hence we conclude from Proposition 2 from §1.8 that

0 L (p) = 10 [8911 Ogik agik]( )

Rijie(p) =

1[ &gy g n O gik %gi )
2 | Oziozk  Oxidx!  Oxi0x!  OxIidzk
= 7 9jl,ik T ik,jl — Gjk,il — Gil,jk] = Gik,jl — Gil jk,
3 o+ |
the last step following from the third symmetry of G.

From the last two lemmas, we now conclude that

Rirji(p) + Rijr(p) = Girjk — Yijik + Giktj — Gijik = —3Gij k-
We therefore conclude that

8zgiv 1
axka;l (p) = *g[Rika(P) + Riji(p)]-

Substitution into the Taylor expansion

n

1 82gij
9ij = 0ij + 2 ] Ozkozt

s

(p)z*z! 4 (higher order terms)

now yields the Taylor Series Theorem.

1.17 Riemannian manifolds as metric spaces

We can use the normal coordinates constructed in the previous sections to es-
tablish the following important result:

Local Minimization Theorem. Suppose that (M™,(-,-)) is a Riemannian
manifold and that U is an open ball of radius ¢ > 0 centered at 0 € T, M which
exp,, maps diffeomorphically onto an open neighborhood U of p in M. Suppose
that v € U and that ~ : [0,1] — M is the geodesic defined by ~(t) = exp,,(tv).
Let ¢ = exp,(v). If X : [0,1] — M is any smooth curve with A\(0) = p and
A1) = g, then

1. L(\) > L(v), with equality holding only if \ is a reparametrization of -,
and

2. J(A\) > J(v), with equality holding only if A = ~.
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To prove the first of these assertions, we use normal coordinates (z?,...,z")
defined on U. Note that L(vy) = r(g). Suppose that A : [0,1] — M is any
smooth curve with A(0) = p and A(1) = q.

Case I. Suppose that A does not leave U. Then

MM5£¢W®W@W=AHMwﬁzA@%meW
2/0 dr(N (£))dt = (r o (1) — (r o N)(0) = L(~).

Moreover, equality holds only if A'(¢) is a nonnegative multiple of R(A(t)) which
holds only if A is a reparametrization of ~.

Case II. Suppose that A leaves U at some time tg € (0,1). Then

MM;A¢W@W@W>AWWWW2£@%MW@W

> / " dr(V(1)dt = (1o N (ko) — (1o A)(0) = € > L(y).
0

The second assertion is proven in a similar fashion.

If (M, (-,-)) is a Riemannian manifold, we can define a distance function
d:MxM—R
by setting
d(p,q) = inf{ L() such that v : [0,1] — M is a smooth path
with v(0) = p and y(1) = ¢ }.
Then the previous theorem shos that d(p,¢) = 0 implies that p = ¢q. Hence
L. d(p,q)
2. d(p,q) = d(q,p), and
3. d(p,r) < d(p,q) +d(g,7).

Thus (M, d) is a metric space. It is relatively straightforward to show that the
metric topology on M agrees with the usual topology of M.

> 0, with equality holding if and only if p = g,

Definition. If p and ¢ are points in a Riemannian manifold M, a minimal
geodesic from p to q is a geodesic v : [a,b] — M such that

v(a) =p, ~(b)=q and L(y)=d(p,q).
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An open set U C M is said to be geodesically convex if whenever p and ¢ are
elements of U, there is a unique minimal geodesic from p to ¢ and moreover,
that minimal geodesic lies entirely within U.

Geodesic Convexity Theorem. Suppose that (M™,(-,-}) is a Riemannian
manifold. Then M has an open cover by geodesically convex open sets.

A proof could be constructed based upon the preceding arguments, but we omit
the details. (One proof is outlined in Problem 6.4 from [20].)

1.18 Completeness

We return now to the variational problem with which we started this chapter.
Given two points p and ¢ in a Riemannian manifold M, does there exist a
minimal geodesic from p to ¢7 For this variational problem to have a solution
we need an hypothesis on the Riemannian metric.

Definition. A pseudo-Riemannian manifold (M, (-, -) is said to be geodesically
complete if geodesics in M can be extended indefinitely without running off
the manifold. Equivalently, (M, (-, ) is geodesically complete if exp,, is globally
defined for all p € M.

Examples: The spaces of constant curvature E™, S™(a) and H"(a) are all
geodesically complete, as are the compact Lie groups with biinvariant metrics
and the Grassmann manifolds. On the other hand, nonempty proper open
subsets of any of these spaces are not geodesically complete.

Minimal Geodesic Theorem I. Suppose that (M™,{(-,-)) is connected and
geodesically complete. Then any two points p and ¢ of M can be connected by
a minimal geodesic.

The idea behind the proof is extremely simple. Given p € M, the geodesic
completeness assumption implies that exp,, is globally defined. Let a = d(p,q),
then we should have g = exp,,(bv), where v is a unit length vector in T, M which
“points in the direction” of q.

More precisely, let B, be a closed ball of radius € centered at 0 in Tp,M, and
suppose that B, is contained in a an open set which is mapped diffeomorphically
by exp,, onto an open neighborhood of p in M. Let S, be the boundary of B,

and let S be the image of S under exp,. Since S is a compact subset of M there
is a point m € S of minimal distance from ¢q. We can write m = exp,,(ev) for
some unit length v € T, M. Finally, we define

v :[0,a] = M by ~(t) = exp,(tv).

Then ~ is a candidate for the minimal geodesic from p to gq.
To finish the proof, we need to show that v(a) = ¢. It will suffice to show
that

d(y(t),q) = a—t, (1.38)
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for all t € [0,a]. Note that d(y(t),q) > a — t, because if d(y(t),q) < a — t, then

d(p,q) < d(p,7(t)) +d(y(t),q) <t+(a—1) =a.
Moreover, if (1.38) holds for ¢ € [0, a], it also holds for all ¢ € [0, to], because if
t € [0, tg], then
We let
to = sup{t € [0,a] : d(¥(t),q) = a — t},
and note that d(v(to),q) = a — to by continuity. We will show that:
1. tg > ¢, and

2. 0 < tg < a leads to a contradiction.

To establish the first of these assertions, we note that by the Theorem from
§1.17,

d(p,q) = inf{d(p,r) + d(r,q) : v € S} = e+ inf{d(r,q) : r € S} = e + d(m,q),

and hence a = e + d(m, q) = € + d(v(e€), q).
To prove the second assertion, we construct a sphere S about () as we
did for p, and let m be the point on S of minimal distance from ¢. Then

d(v(to),q) = inf{d(v(to),r) + d(r,q) : v € S} = e + d(m, q),
and hence
a—ty=€e+d(m,q), so a— (to+¢€) =d(m,q).
Note that d(p,m) > to + € because otherwise

d(p,q) <d(p,m)+d(m,q) <to+e+a— (to +¢€) =a,

so the broken geodesic from p to y(tp) to m has length tg + € = d(p,m). If
the broken geodesic had a corner it could be shortened by rounding off the
corner. Hence m must lie on the image of «, so v(to + €) = m, contradicting the
maximality of ¢g.

It follows that to = a, d(v(a),q) = 0 and ~y(a) = g, finishing the proof of the
theorem.

For a Riemannian manifold, we also have a notion of completeness in terms of
metric spaces. Fortunately, the two notions of completeness coincide:

Hopf-Rinow Theorem. Suppose that (M",(-,-)) is a connected Riemannian
manifold. Then (M,d) is complete as a metric space if and only if (M, (-,-) is
geodesically complete.

To prove this theorem, suppose first that (M™,(-,-)) is complete as a metric
space but not geodesically complete. Then there is some unit speed geodesic
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v :[0,b) — M which extends to no interval [0,b + d) for § > 0. Let (¢;) be a
sequence from [0,b) such that ¢; — b. If p; = y(t;), then d(p;,p;) < [t; — t;],
so (p;) is a Cauchy sequence in (M,d). Let pg be the limit of (p;). Then by
Corollary 4 from §1.14, we see that there is some fixed € > 0 such that exp,, (v) is
defined for all |v| < € when i is sufficiently large. This implies vy can be extended
a distance € beyond p; when 1 is sufficiently large, yielding a contradiction.

Thus we need only show that when (M, (-, ) is geodesically complete, (M, d)
is complete as a metric space. Let p be a fixed point in M and (g;) a Cauchy
sequence in (M,d). We need to show that (g;) converges to a point ¢ € M.
We can assume that d(g;,q;) < € for some € > 0, and let K = d(p,¢q:1). Then
d(p,qi) < K + € for all i, and hence ¢; = exp,(v;) where [[v]| < K +e Tt
follows that (v;) has a convergent subsequence, which converges to some point
v € T,M. Then q = exp,(v) is a limit of the Cauchy sequence (g;), and (M, d)
is indeed a complete metric space.

1.19 Smooth closed geodesics

If we are willing to strengthen completeness to compactness, we can give an-
other proof of the Minimal Geodesic Theorem, which is quite intuitive and
illustrates techniques that are commonly used for calculus of variations prob-
lems. Moreover, this approach is easily modified to give a proof that a compact
Riemannian manifold which is not simply connected must possess a nonconstant
smooth closed geodesic.

Simplifying notation a little, we let

Q(M;p,q) = { smooth maps ~: [0,1] — M such that v(0) = p and v(1) =q }

and let Q(M;p,q)® = {y € QUM;p,q): J(7) < a}.

Assuming that M is compact, we can conclude that there is a § > 0 such
that any p and ¢ in M with d(p,q) < § are connected by a unique minimal
geodesic

Ypg 0 10,1] = M with  L(v,,4) = d(p, q).

Moreover, if § > 0 is sufficiently small, the ball of radius § about any point is
geodesically convex and 7, , depends smoothly on p and ¢. If v : [a,a+¢] — M
is a smooth path and

2
e<(2i7 then J(y) <a = L(v) < V2ae <.
a

as we see from (1.2).
Choose N € N such that 1/N < ¢, and if v € Q(M;p, q)%, let p; = v(i/N),
for 0 <4 < N. Then « is approximated by the map 7 : [0,1] — M such that

_ (i— 1)+t i—1 i
V(t):’}/piflpqz (N s for te T7N .

64



Thus 4 lies in the space of “broken geodesics,”
BGN(M;p,q) = { maps 7 : [0,1] — M such that
SR
vl [ZN, Jif} is a constant speed geodesic },
and Q(M;p,q)* is approximated by
BGn(M;p,q)" ={y € BGn(M;p,q) : J(7) < a}.

Suppose that v is an element of BGn(M;p,q)*. Then if

] /2 —
pi=7 (;{]) s then d(piflapi) S Na < 2ae < 67

so 7y is completely determined by
(posp1,---,Pis---,PN), Where po=p, py=gq.
Thus we have an injection

N-1
j:BGN(M;p,q)* > M X M x---x M,

=6 (8)-o ()

We also have a map r : Q(M;p,q)* — BGn(M;p,q)* defined as follows: If
v € Q(M;p,q)%, let r(y) be the broken geodesic from

¢ 1 ¢ t N-1 ¢
o — o -+ to 1= —_— O q.
P=Potopr =7\ 7% PN-1=7 N q

We can regard r(v) as the closest approximation to 7 in the space of broken
geodesics.

Minimal Geodesic Theorem II. Suppose that (M™,(-,-)) is a compact con-
nected Riemannian manifold. Then any two points p and q of M can be con-
nected by a minimal geodesic.

To prove this, let
p=inf{J(y) : v € QM;p,q)}.

Choose a > p, so that Q(M;p, ¢)* is nonempty, and let (y;) be a sequence in
Q(M;p,q)* such that J(v;) — p. Let 4; = r(v;), the corresponding broken
geodesic from

1 N -1
D = poj to p1; =7 ~ to -+ to pv-1); =7 N to g,
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and note that J(%;) < J(v;).

Since M is compact, we can choose a subsequence (j) such that (p;;,) con-
verges to some point p; € M for each i. Hence a subsequence of (7;) converges
to an element ¥ € BG N (M;p, q)*. Moreover,

J(7;) < limj oo J (5;) < limyjooJ(7;) = p.

The curve 4 must be of constant speed, because otherwise we could decrease J
be reparametrizing 4. Hence 4 must also minimize length L on BGy(M;p, q)°.

Finally, 4 cannot have any corners, because if it did, we could decrease
length by rounding corners. (This follows from the first variation formula for
piecewise smooth curves given in §1.3.2.) We conclude that 4 : [0,1] — M is a
smooth geodesic with L(¥) = d(p, q), that is, ¥ is a minimal geodesic from p to
q, finishing the proof of the theorem.

Remark. Note that BGy(M;p,q)® can be regarded as a finite-dimensional
manifold which approximates the infinite-dimensional space Q(M;p,q)®. This
is a powerful idea which Marston Morse used in his critical point theory for
geodesics. (See [25] for a thorough working out of this approach.)

Although the preceding theorem is weaker than the one presented in the previous
section, the technique of proof can be extended to other contexts. We say that
two smooth curves

71:51—>M and 72:5’1—>M
are freely homotopic if there is a continuous path
:[0,1] x S — M such that T(0,t) =~ (t) and T(1,t) = a(t).

We say that M is simply connected if any smooth path v : S' — M is freely
homotopic to a constant path. Thus M is simply connected if and only if its
fundamental group, as defined in [14], is zero.

As before, we can approximate the space Map(S!, M) of smooth maps 7 :
S — M by a finite-dimensional space, where S' is regarded as the interval
[0,1] with the points 0 and 1 identified. This time the finite-dimensional space
is the space of “broken geodesics,”

BGN(S', M) = { maps 7 : [0,1] — M such that
v F—Nl’ ;7] is a constant speed geodesic and y(0) = (1) }.
Just as before, when a is sufficiently small, then
Map(S!, M)? = {y € Map($", M) : J(7) < a}
is approximated by

BGn(SY, M)* = {y € BGN(S', M) : J(v) < a}.
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Moreover, if p; = v(i/N), then v is completely determined by
(plap2a SRRy P 7PN)
Thus we have an injection

N
j:BGN(SY, M)* =M x M x---x M,

. 1 N-1
i(v) = (7 <N> oY <N> ,v(1)> :
We also have a map 7 : Map(S*, M)* — BGn(S*, M)* defined as follows: If

v € Map(S*, M)?, let r(v) be the broken geodesic from

Otopr=7(=) to--t o (P21 o oy = (1)
Y op1 =7 N Y O PN-1=7% N opn =7(1).

Closed Geodesic Theorem. Suppose that (M",{(-,-)) is a compact connected
Riemannian manifold which is not simply connected. Then there is a noncon-
stant smooth closed geodesic in M which minimizes length among all noncon-
stant smooth closed curves in M™.

The proof is virtually identical to that for the Minimal Geodesic Theorem II
except for a minor change in notation. We note that since M is not simply
connected, the space

F = {y € Map(S*, M) : ~ is not freely homotopic to a constant }
is nonempty, and we let
p=inf{J(y) : v € F}.
Choose a > p, so that F* = {y € F : J(v) < a} is nonempty, and let (v,) be a
sequence in F* such that J(vy;) — p. Let 4; = r(v;), the corresponding broken
geodesic and from

1 N -1
png =7(0) topyy =7{ 5 ) to - to pv—n; =7 | —5— | torn; =),

and note that J(%;) < J(v;).

Since M is compact, we can choose a subsequence (j) such that (p;;, ) con-
verges to some point p; € M for each i. Hence a subsequence of (7;) converges
to an element ¥ € BG n (S, M)%. Moreover,

J(75) < limj oo J(75) < limjooJ(75) = po-
The curve 4 must be of constant speed, because otherwise we could decrease J
be reparametrizing 7. Hence 4 must also minimize length L on BGx(S*, M)°.

Finally, 4 cannot have any corners, because if it did, we could decrease
length by rounding corners. (This follows again from the first variation formula
for piecewise smooth curves given in §1.3.2.) We conclude that 7 : S' — M is a

smooth geodesic which is not constant since it cannot even be freely homotopic
to a constant.
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Chapter 2

Differential forms

2.1 Tensor algebra

The key advantage of differential forms over more general tensor fields is that
they pull back under smooth maps. In the next several sections, we explain how
this leads to one of the simplest ways of constructing a topological invariant of
smooth manifolds, namely the de Rham cohomology.

Recall that T;; M is the vector space of linear maps o : T, M — R. We define
the k-fold tensor product ®’“T;M to be the vector space of R-multilinear maps

k
¢:TyM x T,M x --- x T,M — R.

Thus ®1T; M is just the space of linear functionals on T}, M which is T}; M itself,
while by convention @°THM = R.
We can define a product on it as follows. If ¢ € ®kT;‘M and Y € ®ZT;M,
we define ¢ ® ¢ € @M T*M by
(@@ V) (V15 vy Vk11) = G(V1, - V)Y (Vkt 1, - -+ 5 Vtt)-

This multiplication is called the tensor product and is bilinear,
(ap+9) @Y =ap@Y+90Y, ¢ (@) +P)=ap@Y + oD,
as well as associative,
(PRY)Ow=9¢R (Y Rw).

Hence we can write ¢ ® ¥ ® w with no danger of confusion. The tensor product
makes the direct sum -
R Ty M =) @*TrM
i=0
into a graded algebra over R, called the tensor algebra of T); M.
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Proposition 1. If (z!,...,2") are smooth coordinates defined on an open
neighborhood of p € M, then

{dmi1|p®~--®dxik|p :1<i; <n,...,1<i <n}
is a basis for ®kT;‘M. Thus ®kT;M has dimension n*.
Sketch of proof: For linear independence, suppose that
Z @iy iy dz' |y @ -+ - @ da'™ |, = 0.
Then

0

0
e |

0=> ai.qpda’], @ @ dr'*|, (am
D
) 0 X 0
= Zail---ikdx21‘p ( > d.’L‘“"|p ( ) = Qjyeejp-
Oz » oIk »

To show that the elements span, suppose that ¢ € ®kT;M7 and show that

)

We let AFT, » M denote the space of skew-symmetric elements of ¢ € ®kT; M.
By skew-symmetric, we mean that the value of ¢ changes sign when two distinct
arguments are interchanged,

o= Zail...ikdxiﬂp ® - @dz'k,

where Zail-"ik =¢ (85"1

0

Ox'e

gy
p

O(V1,. ., Uiy 5, Ug) = —0(U1, ., g, UR),

whenever i # j.

This can be expressed in terms of the symmetric group Sy on k letters.
Recall that by definition, Sy is the group of bijections from the set {1,...,k}
onto itself, with composition being the group operation. We define a function

(i) —o(j)

sgn: Sy — {+1} by sgn(o)= H =

i<j

)

and check that it is a group homomorphism. We say that an element o € Sy, is
even if sgn(c) = 1, odd if sgn(oc) = —1. Then a multlinear map

k
¢:Ty,M x T,M % - x T,M — R

is skew-symmetric if

P(Vo(1)s -+ s Vo(k)) = (5gn0)P(v1, ... V),
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for all o € S}.
Note that AkT;M is a linear subspace of ®kT;M . We define a projection

Alt: @ Ty M — AFTYM

by
1
Alt((b)(vh s ,Uk) = E Z (Sgno)(vo(l)v s 7va(k))'

: o€Sk

It is a straightforward exercise to show that
Alt(Alt (¢ ® ¢) @ w) = Alt(¢p ® Y @ w) = Alt(¢ @ Alt(Y ® w). (2.1)

For details, one can check the argument for Lemma 6.6 of Chapter 5 in [5].
If ¢ € ATy M and ¢ € ATy M, we can define ¢ A € AP M by

(k+1)!

N =

Alt(op @ ).
This multiplication is called the wedge product. It is bilinear,
(ap+ ) AP =adp AN +oAY,  GA(a)+P)=ap A+ oAD,
skew-commutative
pAY=(=D)"png, for ¢eA'TyM and o € AT M,

and associative
(PAY)ANw =0 A (P Aw).

Only the last fact is nontrivial, and it follows rather quickly from identity (2.1).
This product makes the direct sum

* _ k%
ATy M =Y AT M
i=0
into a graded commutative algebra over R, called the exterior algebra of T; M.

Proposition 2. If (z!,...,2") are smooth coordinates defined on an open
neighborhood of p € M, then

{dxi1|p/\.../\dxik|p:1§i1 <idg < --- <k <n}
is a basis for ®kT;M. Thus ®’“T;M has dimension (2)

the proof is quite similar to that of Proposition 1.
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2.2 The exterior derivative

We now let A*T*M = [J{A*T; M}, a disjoint union. Just as in the case of
the tangent and cotangent bundles, A*T*M has a smooth manifold structure,
together with a projection 7 : A*T*M — M such that W(AkT;M) =p. We
can describe the coordinates for the smooth structure on A*T*M as follows: If
(x',...,2™) are smooth coordinates on an open set U C M, the corresponding
smooth coordinates on 7~ 1(U) are are the pullbacks of (x!,...,2") to 7~ 1(U),
together with the additional coordinates p;,...;, : 7 1(U) — R defined by

S o J1 Jk = s
Diy i E Ajy e A p Ao A TR | = a4y
J1<-<Jr

If U is an open subset of M, a differential k-form or a differential form
of degree k on U is a smooth map w : U — AkT;M such that 7 ow = idy.
Informally, we can say that a differential k-form on U is a function w which
assigns to each point p € U an element w(p) € AkT;M in such a way that w(p)
varies smoothly with p.

Let QF(U) denote the real vector space of differential k-forms on U. If
(U, (2, ...,2™)) is a smooth coordinate system on M, we can define

dz A Ada™ € QF(U) by (da™ Ao Ada™)(p) = dat |, Ao A dat,.
Then any element w € QF(U) can be written uniquely as a sum

w= Z fil...ikdmil/\~-~/\dmi’“,

i1 < <ig,

where f;,..;, : U — R is a smooth function. If w € Q*(U) and ¢ € Q'(U), then
we can define the wedge product w A ¢ € QFH(U) by

(WA D) (p) = w(p) A d(p)-
Note that if f € Q°(M) = F(M) and w € Q¥(M), then f Aw = fw.

Exterior Derivative Theorem. There is a unique collection of linear maps

of real vector spaces,
d: Q8 (M) — QFL(M),

which satisfy the following conditions:

1. If w is a k-form, the value dw(p) depends only on w and its derivatives at
.

2. If f is a smooth real-valued function regarded as a differential 0-form, d( f)
is the differential of f defined before.

3. dod=0.
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4. If w is a k-form and ¢ is an [-form, then
d(w A ¢) = (dw) A ¢+ (—1)Fw A (do).

We call d the exterior derivative.

We begin the proof of the theorem by establishing uniqueness. By property 1,
it suffices to prove uniqueness in the case where M = U, where U is the domain
of a local coordinate system (z!,...,z"). If w € QF(U), we can write

w= Y fieidz Ao Ndatt

11 <--<ig

where f;,...;, : U — R is a smooth function. Using linearity and the axiom for
products we now find that

do= Y d(fiida® Ao Adat*)

i <o <ip
= > dfii Nz A ANda D fid (da™ A A datt)
1< <tg 1< <ip

Using the axiom for products, the fact that d o d = 0 and induction, one shows
that A A
d(dxz1 A--e /\dx““) =0.

Hence
do= Y dfiy.i Ada" A Ada (2.2)
1< <ig

where dfi,...;, € QY(U) is the previously defined differential of a function. This
formula establishes uniqueness.

We next prove local existence, existence on U where U is the domain of
a local coordinate system (z!,...,2"). To do this, we can define dw by (2.2)
and check that it satisfies the axioms. The first two axioms are immediate. To
establish the last axiom, we use the easily proven formula

d(fg) = g(df) + f(dg).

Suppose that

w = Z fl—l.i.ikdm“ Ao Ade®™ and ¢ = Z gjl...jldmjl A Adadt,

i< <ip J1<-<gqi
Then

wA¢:Zfil..»ikgjl...jldxil /\.../\dxik /\dl.jl /\"'/\d.’L‘jl,
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and hence
AdwA @) =D d(firiyGjrgy) Ndx™ A Ada™ Ada?t A A dat
= Zgjl”'jldfil"'ik Adx™ Ao Ada™ AdzTt A A dat
+ 3 firindgy g Adat A Adatt Ada?t A A da?
=dw A ¢+ (—=1)Fw A do.

For the third axiom, we use the equality of mixed partial derivatives. First,
we note that if f € Q°(M), then

d:v A da?

d(df) =d af Z

Jj= 1

2 f . ,
= —— | dz' Nda? = 0.
Z [amlaaﬂ dzioz | *
In general, if w € QF(U), say
iy <<,

we find that

d(dw) = ( > dfiyi, Adatt A Admik>
i1 <--<ip
> dldfi,i )Adat A Adatt = Y dfs, g Ad(da® A Ada) = 0.

i1 <o <, i1 <o <,

This finishes the proof of local existence. To prove global existence, we
note that the locally defined exterior derivative operators must fit together on
overlaps due to uniqueness, and hence they fit together to form a globally defined
exterior derivative operator on M.

Example. The exterior derivative is actually an extension of the gradient,
divergence and curl operators one meets in several variable calculus. Thus
suppose that M = E? with the standard euclidean coordinates (z,y, z) and let

dx = dxi+ dyj + dzk, NdA = (dy Adz)i+ (dz Adzx)j+ (dz A dy)k,
where (i, j, k) is the usual orthonormal basis. If f € Q°(IE3) is a smooth function,

afd + a—fd + gdm = (gradient of f) - d

d,
F= dy 0z
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If = F - dx is an element of Q!(E?), where F is a vector field, say § =
Pdx + Qdy + Rdz, then

_[OR  9Q
do = <ay ag)dy/\dz
OP OR oQ 0P
+(az‘ax)d“d”<am‘ay>d“dy

= (curl of F) - NdA.
Finally, if w = F - NdA is an element of Q?(E?), say
w = Pdy ANdz + Qdy N dx + Rdz A dy,

then

<8P 0Q OR
dw =

N + Fy + 8z> dx A dy A dz = (divergence of F)dz A dy A dz.

The exterior derivative extends these familiar operations from calculus to ar-
bitrary smooth manifolds in such a way that they are “natural under smooth
maps.”

We now explain what we mean by natural under smooth maps. Suppose that
F: M — N is a smooth map. If p € M, the linear map

(F)p : T,M — Tpp) N

induces a linear map
Fy o AT N — AFTEM
By
Fy(@)(v1, -5 0x) = ((Fi)p(va), - -, (Fi)p(v))-

This in turn induces a linear map
F*QF(N) — QY(M) by F*(w)(p) = E; (w(F(p))).
If f € QO%M), we agree to let F*(f) = foF.
Proposition. The map F* preserves wedge products and exterior derivatives:
1. F*(wA0) = F*(w)ANF*(0).
2. d(F*(w)) = F*(dw).

We leave the proof of the first of these facts as an easy exercise. We first check
the second for the case of a function f € Q°(M). In this case, if v € T, M,

FH(df)(v) = df (F2)p(v)) = (F)p(v)(f)
=o(foF)=d(foF)(v) =dF"(f))(v).
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We next check in the case where N = U, the domain of a local coordinate

system (z1,...,2"). In this case,

w= Z Fiyein dz™ Ao A da™,
i< <ig
and | |
dw = Z dfuzk ANdx™ A\ --- ANdxtk.
< <ip

Using the first assertion of the proposition, we see that

Fo(dw) =Y F*(dfi..i,) AN F*(da") A+ A F*(dz™)
i <<l
= > d(fii o F)Ad(@" o F)A--- Ad(z™ o F). (2.3)

i < <ip

On the other hand,
o= Z (.fi1~-ikoF)d(zilOF)/\"'/\d(zikoF)a

i< <dp
SO
dF*w =Y d(fi,..i, o F) Ad(x™ o F) A--- ANd(a™ o F). (2.4)
1< <ip
Comparing (2.3) and (2.4) we see that F'* od = d o F"*, when N has a global
coordinate system.
Since the operators are local, F* od = d o F* on any smooth manifold M.

If w € Q¥(M) and Xy, ..., X} are smooth vector fields on M, we can define a
smooth function w(Xj,..., Xy) on M by

w(Xh s 7Xk)(p) = w(p)(Xl(p)a me - an(p))

Exercise V. Show that if X and Y are smooth vector fields on M and 0 €
QY(M) is a smooth one-form, then

dO(X,Y) = X(0(Y)) — Y(0(X)) — (X, Y]).

Hint: Use local coordinates.

2.3 Integration of differential forms

The way to think of differential forms of degree n is that they are integrands
for multiple integrals over n-dimensional oriented manifolds.

Two smooth charts (U, (z,...,2")) and V, (y!,...,y")) on an n-dimensional
smooth manifold M are said to be coherently oriented if

oyt
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where defined. We say that M is orientable if it possesses an atlas of coherently
oriented charts. Such an atlas is called an orientation for M. An oriented
smooth manifold is a smooth manifold together with a choice of orientation.
Suppose that M is a smooth manifold with orientation defined by the atlas
A of coherently oriented charts. A chart V,(y',...,y")) on M is said to be

positively oriented if
0y’
det A 0
e ( &UJ) > U,

where defined, for every chart (U, (z!,...,z")) in A.

Local integration of n-forms: Suppose that w is a smooth n-form with com-
pact support in an open subset U of a smooth n-dimensional oriented manifold
M. If ¢ = (x',...,2") are positively oriented coordinates on U, we can write

fdzt Adx® Ao Ada™.

We can then define the integral of w over U by the formula

/U“’ - /Rn(f 0 ¢~ V)dat - da™.

Thus to integrate an n-form over an oriented n-manifolds, we essentially we just
leave out the wedges and take the ordinary Riemann integral.

We need to check that this definition is independent of choice of positively
oriented smooth coordinates. To do this, note that if ¢ = (y%,...,y") is a
second positively oriented coordinate system on U, then

%

. " Oz .
i j
dz* = jE:I o dy’,

and hence

- O ox™ . )
La... n_ J Jn
dz* A+ ANdz™ = jgil j Eil ayin . ayie dy* A ANy
1= n=
Ox? ox™
- 7-~-7dy"(1)/\--~/\y”(")
ags:n 8y‘7(1) ayU(n)

ox! ox" n
= ;(sgna)m~-ayg(n)dy A Ady”.

Recall that if A = (a}) is an arbitrary n x n matrix,

det A = Z (sgna)ai(l) T ()
ocES,

and since the two coordinate systems are coherently oriented,

0 0y’
Y det Y

oxI oxI

i

dxl/\-u/\dx":det( )dyl/\---/\dy”: dyt Ao Ady™.
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Thus the two expressions for the integral of w over U will agree if and only if

0y’

det .
¢ (3xﬂ
But this is just the formula for change of variable in a multiple integral familiar
from several variable calculus. A proof can be found in any undergraduate text

on real analysis, such as Rudin [31], Theorem 9.32.
Local integration of differential forms has the usual linearity property:

/(01w1 + ciws) 201/ w1 +C2/ wa,
U U U

where ¢; and ¢y are constants and w; and wy are n-forms with compact support
within U.

/n(f°¢_1)d$1“-dm":/n(fow_l) )'dm1-~-dx”.
R R

Global integration of n-forms: Suppose now that w is a smooth n-form with
compact support on a smooth oriented n-dimensional manifold. Choose an open
covering {U, : a € A} such that each U, is the domain of a positively oriented
coordinate system, and let {1, : @ € A}be a partition of unity subordinate to
the open cover {U,, : « € A}. Then we can apply the preceding construction to
each differential form 1 ,w and define the integral of w over M by the formula

/Mw N Z /Ua Yas

The sum is actually finite, since w has compact support and the supports of
{to : @ € A} are locally finite.

We need to check that this definition is independent of choice of cover and
partition of unity. Suppose that {Vj : 5 € A} is another open cover by domains
of positively oriented coordinate systems and that {ng : § € B} is a subordinate
partition of unity. Then

S we=X S [ venw= Y [ e

acA acApeB’/UaNVs BeB’ Vs

We can now make precise what we mean when we say that k-forms are integrands
for integrals over k-dimensional manifolds. Suppose that M is an n-dimensional
manifold and S is a k-dimensional oriented submanifold of M with inclusion
1:8 — M. If w € QF(M), we can define the integral of w over S,

/ w.
s

In fact, if F: .S — M is simply a smooth map, we can define the integral of w
over the singular manifold (S, F) as

/F*w.
S

(s



A diffeomorphism F' : M — N from an oriented manifold M to an oriented

manifold N is orientation preserving if whenever (x!,... ") is a positively

oriented coordinate system on U C N, then (2o F,...,2" o F) is a positively
oriented coordinate system on F~1(U) C M. It is easily verified that if M and
N are compact oriented manifolds and F' : M — N is an orientation-preserving
diffeomorphism, then

/F*w:/w, for w € Q"(N).
M N

(To see this, just note that if one performs the integration with respect to
the pulled back coordinate systems one must get the same result.) Here is an
important application of integration over compact oriented manifolds:

Theorem. Let G be a compact Lie group. Then G possesses a biinvariant
Riemannian metric.

Sketch of proof: A one-form w is left invariant if L} (w) = w for every o € G.
The left invariant one-forms on G form a vector space g* which is dual to the
Lie algebra. Ir (wy,...,wy,) is a basis for g*, then wy A--- Aw™ is a left invariant
n-form on GG. We normalize the basis so that

/wl/\~--/\w”:17
G

and define the Haar integral of a function f: G — R by

/Gf(a)doz/wal/\~-/\w".

The key feature of the Haar integral is that it is invariant under left translation,

/Gf(a)da = /Gf(TJ)dJ, for 7 € G,

because
Li(fwir Ao Awp) = (foLy)wi A+ Aw™

Any positive definite inner product
(,):gxg—R

defines a left invariant Riemannian metric on G. We want to construct a Rie-
mannian metric which is also right invariant. For ¢ € G, we can define a map

Ad(g)g — 9 by Ad(g)(X) = (LJ)*(Rafl)*(X)'

It is easily checked that Ad is a group homomorphism from G into the group
Aut(g) of linear automorphisms of g. The left invariant metric defined by a
positive definite inner product (-,-) is also right invariant if

(Ad(0)(X),Ad(0)(X)) =(X,X), forall X egandalloeG. (2.5)
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We can define such a metric
((vN:gxg—R

by setting

(X, Y)) = /G (Ad(0) X, Ad(0)Y)do,

thereby obtaining the desired biinvariant metric on G.

Remark: Note that this argument requires G to be compact. Most noncompact
Lie groups do not possess biinvariant Riemannian metrics. However, if G is any
Lie group with Lie algebra g and

ad(X):g—g by adX)(Y)=I[X,Y],
for X € g, then the “Killing form”
() :gxg—R defined by (X,Y)= Trace(ad(X)ad(Y))

satisfies (2.5). Hence if it is nondegenerate it defines a biinvariant pseudo-
Riemannian metric on G and geodesics and curvature can be calculated exactly
as in §1.12. A Lie group is said to be semisimple if its Killing form is nonde-
generate. Many noncompact Lie groups are semisimple; for example, with some
effort one could show that

SL(n,R)={A € GL(n,R:det A =1}

is semisimple. Thus we can obtain many examples of biinvariant pseudo-Riemannian
metrics this way.

Exercise VI. For 1 <i,j < n, define functions z%,y} : GL(n,R) — R by
) al DY a/}l ) ) )
|- - | =aj, y;:x;(Afl).
an
a. Show that the differential form
n
. -
wi = Z ypdr;
k=1

is left invariant.

b. Establish the Maurer-Cartan equations for GL(n,R):

n
i i k
dw; = E Wi Awy.
k=1
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2.4 Theorem of Stokes

The Theorem of Stokes generalizes Green’s Theorem from several variable cal-
culus to manifolds of arbitrary dimension. To set up the context, we first define
manifolds with boundary. Let

R™ = {(z!,...,2") : 2y <0}, OR™ = {(z*,...,2"): 2, = 0}.
In this section, we will identify OR™ with R?~1.

Definition. An n-dimensional smooth manifold with boundary is a metrizable
space M together with a collection A = {(Uy, ¢o) : @ € A} such that:

1. Each ¢ is a homeomorphism from an open subset U, of M onto an open
subset of R™.

2. WHUp:ae A} =M.
3. ¢pgopyt is C where defined.
The boundary of M is
OM ={pe M: ¢,(p) € OR" for some v € A }.

Lemma. If ¢, (p) € OR™ for some oo € A, then ¢g(p) € OR™ for all § € A for
which ¢g(p) is defined.

Proof: Suppose on the contrary that ¢g(p) lies in the interior of R” for some f3.
Note that ¢ 0 gbgl has a nonsingular differential at ¢3(p). Hence by the inverse

function theorem, ¢, o qbgl maps some neighborhood Vj of ¢3(p) onto an open
neighborhood V,, of ¢ (p). Then V,, is open in R™ and V,, C R™. Hence ¢, (p)
lies in the interior of R™, a contradiction.

Ifa € A, welet V,, =U,NIM and let g = ¢o|Vy. The lemma shows that 1),
is R"~!-valued. Thus OM become a (n — 1)-dimensional smooth manifold with
smooth atlas {V,, %) : o € A}.

Orientation: Suppose that M is an oriented n-dimensional manifold with
boundary, so that M has an atlas A whose elements are coherently oriented.
Thus is (U, (z!,...,2")) and (V, (y!,...,y")) are two elements of A, then

0y’
det ( 3xj) > 0,
where defined.

Then (UNOM, (z%,...,2™)) and (V NOM, (y?,...,y")) are smooth coordi-
nate systems on M. We claim that they are coherently oriented. Indeed, if
peIMNUNYV),

oy?
ozt

(p)=0, for2<i<mn, since

i
8xp
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is tangent to OM and y' is constant along M. On the other hand, (9/9z')|p
points out of M, that is in the direction of increasing y'. Hence

(9y'/0x")(p) 0 e 0
det I (692/3-372)(2?) (592/8?")(1?) <0

* (Qy"/0x?)(p) -+ (9y"/0x")(p)
implies that

( 8y2/3x wo (9y*/0x")(p)

ces . >(L
(0y"/ ax o (9y"/927)(p)

and hence (U NOM, (22,...,2")) and (V NOM, (y?,...,y™)) are indeed coher-

ently oriented
We conclude that an orientation on a smooth manifold with boundary in-
duces an orientation on its boundary.

Stokes’ Theorem. Let M be an oriented smooth manifold with boundary
OM, and given OM the induced orientation. Let  : OM — M be the inclusion
map. If 6 is a smoth (n — 1)-form on M with compact support, then

/8 o= /M o, (2.6)

Proof: Cover M by positively oriented charts {(Uy, ¢o) : @ € A} such that if
ainA, either

$a(Ua) = (ag,by) x -+ x (al,by), or (2.7)
ba(Ua) = (a‘ouo] X oo X (ag, by). (2.8)
Let {¢o : @ € A} be a partition of unity subordinate to the open cover {U,

a € A}

It will suffice to prove Stokes’ Theorem for the special case where the support
of 6 is contained in some U, for a € A. Indeed, assuming this special case, we
find that if 0 is an arbitrary (n — 1)-form with compact support,

o= (Sue) -5 [,

acA a€cA

N QEZA/OM Aga6) = /(’)Md (;%ﬁ) N /M 0

Thus it suffices to prove Stokes’ Theorem in the special case where the
support of 8 is contained in U, where U is the domain of a chart (U, ¢) of type
(2.7) or (2.8). Since the case of type (2.7) is simpler, we consider only the case
of type (2.8), and suppose that

o(U) = (a',0] x -+ x (a™, b™).
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Indeed, we can assume that ¢ is the identity and that U itself is a rectangular
set in R”.

Thus we let (z!,...,2") be the usual rectangular cartesian coordinates on
U and that the inclusion ¢ : OR"™ — R” is defined by

w22 = (0,27, 2").

If 0 is a smooth (n — 1)-form on U with compact support in U, we can write

0=>> (1) fidx' Ao da'™t AdaTEA A da
i=1
Then
10 = (fiov)dz* A--- Ada™,

while

- al 1 n
)= sdal Ao nda
=1

To verify Stokes’ Theorem, we need to calculate the two integrals appearing
in (2.6) with M = U. For the right-hand integral, we obtain

of! n n
/de_Z/a{; v a)dat - da

_Z/ / / Z;J; s x™)drt - da™

Now we note that for 2 <i < mn,

8fl n 1 n
/ / /al@xl yeox)de dx

pitl

/ e /b” /

.ai,~~,x”)]

d:cl coedr T et da = 0,

because f* has compact support in U, while in the remaining case, we get

/ / / gﬁ L aMydat e dat
:/an /a2 [f(0,....,2") — f(a',...,2"™)|dz? - - dz"
:/Mn.../;2f(O,...,x”)dx2-~-dx".
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Thus

/Udo/a:--./aljf(o,...,x“)dx2..-dx". (2.9)

On the other hand,

[ o= [ en@h. it i
oU oU
n b2
:/ / F(O,. .. 2™y da? - da™. (2.10)

Stokes’ Theorem now follows from (2.9) and (2.10).

2.5 de Rham Cohomology

The basic idea of algebraic topology is that of constructing functors from the
category of smooth manifolds and smooth maps, or more generally the category
of topological spaces and continuous maps to some algebraic category, such as
the category of R-algebras and R-algebra homomorphisms. Often these functors
can be utilized to translate topological problems into algebraic problems which
may be easier to solve. We refer the reader to [7] for a systematic treatment of
algebraic topology emphasizing differential forms and the de Rham theory.

The de Rham cohomology is a candidate for the simplest algebraic topol-
ogy functor, and has the advantage of being well-adapted to applications in
differential geometry. We now give a brief introduction to de Rham theory.

We say that an element w € Q¥ (M) is closed if dw = 0 and ezact if w = df
for some 6 € Q*~1(M). We let

ZF(M) = (closed elements of QF(M)) = {w € QF(M) : dw = 0},
B*(M) = (exact elements of QF(M)) = {w € QF(M) : w € d(QF1(M)}.
Since dod = 0, B¥(M) C Z*¥(M) and we can form the quotient space.

Definition. The de Rham cohomology of M of dimension k is the quotient
space
Z*(M)
Hjp(M;R) = :
If w e Z¥(M), we let [w] denote its cohomology class in Hx(M;R).

Note that by construction, de Rham cohomology is an invariant of the smooth
manifold M.

Example 1. If M is a smooth manifold with finitely many connected compo-
nents, then Z°(M) is just the space of functions which are constant on each
component, while B®(M) = 0, so

——
Hap(M;R) =R& - R,
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where k is the number of components of M.

Example 2. The reader may recall the method of exact differentials for solving
differential equations. This method states that if

N M

w = Mdz + Ndy € Q' (R?) satisfies the integrability condition 88— — % =0,
€T Y

then w = df for some smooth real-valued function f on R?. In that case,

f =c is asolution to the DE  Mdx + Ndy = 0.

The integrability condition is simply the statement that w is closed, and the fact
that this implies that w is exact is simply the assertion that H}5(R%* R) =0, a
special case of the Poincaré Lemma to be presented in the next section.

Suppose on the other hand, that M = R? — {(0,0)} and
zdy — ydx 1

=——"—" Q' (M)

2 _|_y2 € ( )

Then a straightforward calculation shows that w is closed, but if we let ST be
the unit circle 22 + 32 = 1 with counterclockwise parametrization, we find that

/ w = 2m.
Sl

Thus it follows from Stokes’ Theorem that w cannot be exact, and HJ,(M;R)
is nonzero. The one-dimensional de Rham cohomology detects the hole that is
missing at the origin.

Example 3. Let (M, (-,-)) be an n-dimensional oriented Riemannian manifold,
(x',...,2") a positively oriented coordinate system defined on an open subset
Uof M. If

() = Z gijdr' @ dr? and g = det(g;;),

ij=1
we define the volume form on U to be
wy = \/gdzt A---dz™.

A straightforward calculation shows that the volume forms for two different
positively oriented coordinate systems agree on overlaps, and hence the locally
defined volume forms fit together to yield a global volume form w € Q™(M). If
M is compact and has empty boundary, one of its basic invariants is

Volume of M = / w
M

Since the volume form w has degree n, it must be closed, but it cannot be exact
by Stokes’s Theorem. Hence HJ,(M;R) # 0.
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We have seen that if M is a smooth manifold, the exterior derivative yields a
sequence of vector spaces and linear maps

— ok —2— k() —2— o) —2

the linear maps satisfying the identity d o d = 0. This is called the de Rham
cochain complex, and is denoted by Q*(M). A smooth map F': M — N induces
a commutative ladder

_d . QF(N) N QFFL(N) N QF+2(N) _4 .

F*l Fl F*l (2.11)
— L Lok —2 ok () —2 k() —2

which can be regarded as a homomorphism of cochain complexes, and denoted
by F* : Q*(N) — Q*(M). It follows from the commutativity of (2.26) that the
smooth map F' induces a vector space homomorphism

F*: H55(N;R) — HYp(M;R), for each k.

The direct sum

Hjp(M;R) =) Hijr(M;R)
k=0
can be made into a graded commutative algebra over R, the product being the
so-called cup product, which is defined by

[WU[g] = [wA gl

If F: M — N is a smooth map, the linear map on cohomology

F*: Hjp(N;R) — Hjr(M;R) respects the cup product:
FH (WU [9]) = Frlw]U F¥[g].

Moreover, the identity map on M induces the identity on de Rham cohomology
and if F: M — N and G : N — P are smooth maps, then (G o F)* = F* o G*,
so we can say that

M — Hgp(M;R),  (F:M — N)— (F*: Hjp(N;R) — Hgp(M;R))
is a contravariant functor from the category of smooth manifolds and smooth
maps to the category of R-algebras and R-homomorphisms.
2.6 Poincaré Lemma

In order for de Rham cohomology to be useful in solving topological problems,
we need to be able to compute it in important cases. As a first step in this
direction, we might try to prove the so-called Poincaré Lemma:
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Poincaré Lemma. If U is a convex open subset of R™, then the de Rham
cohomology of U is trivial:

R ifk =0,

Hin(U;R) = {0 itk #0

However, it turns out to be not much more difficult to prove a very powerful fact
about de Rham cohomology: de Rham cohomology is invariant under smooth
homotopy.

If F,G: M — N are smooth maps, we say that they are smoothly homotopic
if there is a smooth map H : [0,1] x M — N such that

H(0,p) = F(p) and H(1,p)=G(p).
Homotopy Theorem. Smoothly homotopic maps F,G : M — N induce the
same map on cohomology,

F* =G*: Hio(N;R) — HEo(M;R).

To see how the Homotopy Theorem implies the Poincaré Lemma, we first note
that if {pg} is a single point, regarded as a zero-dimensional manifold, then

Rif k=0,

Hip({po};R) = {o if k 0.

Next observe that if p lies in U, then we have an inclusion map ¢ : {pg} — U
and a map r : U — {po} such that r o = id(,,;. On the other hand, ¢ o is
homotopic to the identity on U: The map H : [0,1] x U — U defined by

H(t,p) =tpo+ (1 —t)p satisfies H(0,p)=p, H(1l,p)= po.
Thus functoriality implies that
i Hig(U;R) — Hyr({po};R) and " : Hir({po};R) — Hr(U;R)
are both isomorphisms.

Proof of Homotopy Theorem: We only sketch the key ideas; the reader can refer
to § 7 of Chapter VI of [5] for additional details.
The Homotopy Theorem follows from the special case for the inclusion maps

7;07Z’1 M — [07 1] X M? Z'O(p) = (0,]))7 Z.1(p) = (Lp)'

Indeed, if H : [0,1] x M — N is a smooth homotopy from F to G, then by
definition of homotopy, F = H o iy and G = H o iy, so

i =ij = F* =ijo H* =if o H* = G".
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This special case, however, can be established by integrating over the fiber
of the projection on the second factor [0,1] x M — M. More precisely, let t
be the standard coordinate on [0,1], T' the vector field tangent to the fiber of
[0,1] x M such that dt(T') = 1. We then define integration over the fiber

1
Tt QF([0,1] x M) — QY (M) by m(w)(p):/O (Lrw)(t, p)dt,

where we define the interior product (¢rw)(t, p) as an element of AkT(’js p)([O, 1] x
M) by the formula

(LT(U)(t,p)(Uh s ,Uk;,l) = W(t,p)(T<t,p>7’U1, . 'Uk71)7
for wi,...,up—1 € Ty py ([0, 1] x M).

The integration is possible because the exterior power at (¢, p) is canonically iso-
morphic to A"?T(*E) ) ([0,1] x M). The key to proving that i§ = ¢} in cohomology
is the “cochain homotopy” formula

ijw —ijw = d(me(w)) + mx (dw). (2.12)
It follows from this formula that if dw = 0,
jw —ijw = d(me(w)) = [Hw] = [iw],

and hence on the cohomology level i§ = 7.

Thus to finish the proof of the Homotopy Lemma, it remains only to es-
tablish (2.12). Let {U,,¢a) : @ € A} be an open cover of M by coordi-
nate neighborhoods. It suffices to show that the coordinate representatives
(Te)a : (U, x [0,1]) — QF(U,) satisfy

ifw — ijw = d(m)a(@)) + (12)a(dw).

Thus let (U, (x!,...,2™) be one of the smooth maps in the atlas, so that
(t,z',...,2") are smooth coordinates on U x [0,1]. Letting x stand for the
n-tuple, we see that 7. : QF(U x [0,1]) — Q¥ (U) satisfies

T (f(t,x)da™ A+ Ada'™) =0, (2.13)

1
T (f(t, z)dt Adz™ A~ Ada't) = [/ f(t, u)du} dz™ A--- Adz' =t (2.14)
0

Since any k-from is a superposition of differential forms treated by (2.13) and
(2.14), we need only verify the identity (2.12) in each of these two cases.
In the first case (2.13), 4 (w) = 0 so d(7«(w)) = 0. On the other hand,
_9f

dw = Edt Adz™ A --- Adz®™ + (terms not involving dt),
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SO

{/ g uxdu} dz™ A - A da*

,z)da Adx™ — [0, z)da’t A Adatt =i (w) — if(w),

so the formula is established in this case.
In the other case (2.14),

PBd) =iy(dt) =0 =  if(w)=i(w)=0. (2.15)

On the one hand,
= Z a—fd:cf AdtAdxit A A datre
Za—f dt Adx? Adat A A date

and hence
Ty (dw) = Z L of —(u, x)du| dz? Ndx™ A - A dpthr (2.16)
=i Lo 07

On the other hand,

1
= {/ f(U,:ZZ)du} drt Ao A dmik,—17
0
SO

dm(w Zaa{/fuxdu}dm“/\ A dptt

= Z U (u, m)du} dz™ A--- Adatr (2.17)

In view of (2.15), the desired identity now follows by adding (2.16) and (2.17).

Definition. We say that two smooth manifolds M and N are smoothly homo-
topic equivalent if there exist smooth maps F': M — N and G : N — M such
that G o F and F o G are both homotopic to the identity.

For example, the cylinder is smoothly homotopic to a circle. It follows from the
Homotopy Theorem that if two manifolds are smoothly homotopic equivalent,
they have the same de Rham cohomology.
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To provide an application of the Homotopy Theorem, we consider

D" = {(xl’..-7x”) cR": (1:1)2—|—-~._|_($”)2 <1},
ST =A@ ) ERT (@) e 4 (@) = 1)

Lemma. If n > 2, there does not exist a smooth map F : D" — S™"~! which
leaves S™=1 pointwise fixed.

Proof: Suppose that there were such a map F, and let pg = F(0). Define
H:[0,1] x "' — 8"~ by H(t,p) = F(tp).

Then H is a smooth homotopy from ¢ to id where ¢ is the constant map which
takes S™~! to po and id is the identity map of S™~!. By the Homotopy Theorem,

¢ =id": Hyp ' ("5 R) — Hyp ' (S5 R).

If w is a smooth n-form on D", ¢*(w) = 0, and hence ¢* is the zero map. On
the other hand, it follows from Stokes’s Theorem that Hggl(Snfl;R) £ 0, so
Id* = id is not the zero map, a contradiction.

Proposition. A smooth map G : D™ — D" must have a fixed point.

Proof: If G : D™ — D™ is a smooth map with no fixed point, define FD" —
S7=1 as follows: For p € D", let L(p) denote the line trhough p and G(p) and
let F(p) be the point on S"~1 N L(p) closer to p than G(p). Since G is smooth,
F is also smooth. Moreover, F leaves S"~! pointwise fixed, contradicting the
previous lemma.

Brouwer Fixed Point Theorem. A continuous map f : D™ — D" must have
a fixed point.

Proof: Suppose that f : D™ — D" is a continuous map and € > 0 is given.
By the Weierstrass approximation theorem, there is a smooth map PD" — R”
such that |P(p) — f(p)| < € for p € D™. let
1
1+e€
Then G : D™ — D" is a smooth map which satisfies f — G| < 2e.

Suppose now that f : D™ — D" is a continuous map without fixed points
and let

G= P.

p = inf{|f(p) —p|: p € D"}.
By the argument in the preceding paragraph, we can choose a smooth map

G : D" — D™ such that |f — G| < p. Then G is a smooth map without fixed
points, contradicting the preceding proposition.

Exercise VII. a. Suppose that X is a smooth vector field on M. Define the
interior product vx : QF(M) — QF=Y(M) by

LX(UJ)(H, .- 'aYk)—l) = W(vala s 7Yk—1)'
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Show that if w € QF(M) and 6 € Q(M), then

ix(WA0) = (txw) A0+ (=) w A (tx0).

b. Define a real linear operator Ly : Q% (M) — QF(M) by
Lx =dotx +txod.
Show that if w € QF(M) and 6 € Q'(M), then
Lx(wA68)=(Lxw)AN0+wA (Lx0).

We call Lx the Lie derivative in the direction of X.

2.7 Mayer-Vietoris Sequence

In order to be able to calculate de Rham cohomology effectively, we need one
further property of de Rham cohomology, the exactness of the Mayer-Vietoris
sequence. This enables us to calculate the de Rham cohomology of a smooth
manifold by dividing it up into simpler pieces.

Suppose that U and V are open subsets of a smooth manifold M such that
M = U UYV. We then have a diagram of inclusion maps:

vnv 2 U
jvl iul
A ¥
We can therefore construct a sequence of vector spaces and linear maps
0— QF(M) ——— QFU) B QN (V) —— QFUNV) —0, (218
where
(W) = (ip(Ww),iv (),  7(ou,ov) =ju(dv) — jv(dv).
Since ¢* and j* commute with d, (2.18) yields a sequence of cochain complexes
0—>Q*(M)HQ*(U)@Q*(V)—)Q*(UQV)—N). (2.19)
Lemma. The sequence (2.19) is exact; in other words for each k, the sequence
(2.18) is exact.

One easily checks that ¢* is injective and j* o i* = 0. If 5*(¢y, ¢v) = 0, then
Ji(ev) = 3% (év) so j;(ou) and ji (¢y) fit together to form a smooth form on
M such that i*(w) = (v, ov).
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The only difficult step in the proof is to show that j* is surjective. To do
this, we choose a partition of unity {¢, 1y} subordinate to the open cover
{U,V}of M. If § € QF(U N V), we define ¢y € QF(U) by

~ Jv(@)b(p), forpeUnV,
¢U(p)_ {07 forpEU—(UﬂV),

and ¢y € QF(V) by

—¢U (p)e(p)7 for pe Uun V7

(Mp):{o, forpeV—(UNV).

then
7 (Gu.dv) =ou|(UNV)=ov|(UNV) =4y + 9yl =0,

80 j* is surjective and the lemma is proven.

The lemma yields a large commutative diagram in which the rows are exact:

‘| | g

s

0—QF (M) ——— QFU)®QFV) —1— QFUNV)—0

dl dl dl (2.20)

s

0— QF1L(M) —2 s QMLU) @ QFHL(V) —L— QMU NV) =0

1| 1| 1|
Note that +* and j* induce homomorphisms on cohomology

i* : Hjp(M;R) — Hjp(U;R) @ Hjp(V;R),
J* HE(U3R) @ HER(ViR) — Hin(UNV;R). (2.21)

The commuting diagram (2.20) allows us to construct a “connecting homomor-
phism”
A: Hi(UNV;R) — HEEY(M;R) (2.22)

as follows: If [0] € HX.(U N V;R), choose a representative § € QF(U NV).
Since j* is surjectve, we can choose ¢ € QF(U) @ QF(V) so that j*(¢) = 6.
Then j*(d¢) = dj*(¢) = df = 0, so there is a unique w € QFF1(M) such that
i*w = d¢. Finally, i*(dw) = d(i*w) = d(d¢) = 0, and since i* is injective,
dw = 0. Let [w] be the de Rham cohomology class of w in H%t(M;R) and set
A([]) = [w]. Roughly speaking

A=(i*)"Todo(55) .

By the technique of “diagram chasing”, one checks that A([f]) is independent
of the choice of ¢, or of # representing [6].
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We can describe A explicitly as follows: If 6 is a representative of [0] €
Hko(UNV;R), then A([f]) is represented by the form

d(’lﬁv&) =dypy N0 or —dyl)=—dvy N0,

two expressions for the same (k + 1)-form on M (since ¥y + ¢y = 1) which
actually has its support in U N V.

Mayer-Vietoris Theorem. The homomorphisms (2.21) and (2.22) fit to-
gether to form a long exact sequence

- — Hjp(M;R) — Hjp(U;R) @ Hjp(V;R) — Hip(UNV;R)
— HEPL(M;R) — HEPH(U;R) @ HEPH(V;R) — -+ (2.23)

This exact sequence is called the Mayer-Vietoris sequence. Together with the
Homotopy Lemma, the Mayer-Vietoris sequence is very helpful in computing
the de Rham cohomology.

The proof of exactness of the Mayer-Vietoris sequence follows from the so-called
“snake lemma” from algebraic topology: A short exact sequence of cochain
complexes such as (2.19) gives rise to a long exact sequence in cohomology such
as (2.23).

To prove the snake lemma one must establish three assertions:

1. Ker(j5*) = Im(¢*),
2. Ker(A) = Im(j*), and
3. Ker(i*) = Im(A).
Each of these assertions is proven by a diagram chase using the diagram (2.20).
For example, suppose we want to check the second of these assertions,
Ker(A) = Im(5*). To see that Im(j*) C Ker(A), we suppose [0] € Im(j*),

so [0] = j*[¢] for some [¢] € H* @ H*(V'). Then there are representatives 6 and
¢ such that j*¢ = 0. Note that d¢ = 0. Hence

A([0]) = [(i*) " odo (7)1 (O)] = 0.

Conversely, suppose that [0] € Ker(A), so (i*) "t odo (5*)71(0) is exact, so if
é € (5%)71(0), then (i*) "L odg = dw, for some w € Q¥(M). Then d(¢—i*w) =0
and j*(¢ —i*w) = 0. Thus [0] € Im(5*).

The other two assertions are proven by similar arguments.

Example 1. We first calculate the cohomology of St = {(x,y) € R? : 22 4+¢? =
1}, noting that H°(S!) is isomorphic to the space R of constant functions on
S1. We decompose S! into a union of two open sets

U=Slﬂ{y>—;}, V:Slﬂ{y<;},
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and note that U and V are both diffeomorphic to open intervals, while UNV is
diffeomorphic to the union of two open intervals, so the cohomologies of these
spaces can be calculated from the Poincaré Lemma. It follows from the Mayer-
Vietoris sequence that

0— H°(SY) - H(U)® H(V) — HY(UNV)
— HY(SY - H' (U)o HY(V) - H(UNV) - ---,

which yields
0-R-ROPR—-R - H (S) -0—0—---

It follows that
R, ifk=0or k=1,

0, otherwise.

Hjp(S";R) g{

Example 2. We next consider S? = {(x,y,2) € R®: 22 + 9% + 22 = 1}. Once
again H°(S?) = R. This time we decompose S? into a union of

1 1
Us2m{z>2} and vs2m{z<2}.

In this case, U and V are both diffeomorphic to open disks, while U NV is
homotopy equivalent to S'. It follows from the Mayer-Vietoris sequence that

0— H°(S?) — H'(U)® H'(V) - HY(UNV)
— HY(S?) - H (U)o HY(V) - HY(UNV)
— H*(S?*) - H* (U)o H*(V) - H*(UNV) — ---,

which yields
0-R—-ROER—-R— H(S?) -0 —R— H*(S?) - 0—---.

It follows that
R, ifk=0o0r k=2,

0, otherwise.

Hjp(S*R) = {

Example 3. By induction, one can calculate the cohomology of 5™:

R, ifk=0ork=n
Hp(S™R) 2 7 ’
an( ) {0, otherwise.
Exercise VIII. Use the Mayer-Vietoris sequence to determine the de Rham
cohomology of the two-sphere ¥, with g handles, the compact oriented surface

of genus g. Hint: Use the fact that X, is orientable and therefore has a volume
form which makes the top cohomology nonzero.
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2.8 Singular homology™

For manifolds, perhaps the easiest entry point for homology and cohomology is
the de Rham theory, which we have just discussed. However, it does not apply to
general topological spaces. Moreover, the construction of singular homology and
cohomology is in many ways even simpler, and gives more refined invariants.
For a compact manifold, the singular homology groups are finitely generated
abelian groups, which may contain torsion summands, such as Zs; this torsion
is invisible in de Rham theory. An excellent extended treatment of singular
homology is given in [14], and we will describe only the very basic ideas here.

2.8.1 Definition of singular homology*

Let 7 be the category whose objects are topological spaces and whose mor-
phisms are continuous maps, and let A be the category whose objects are abelian
groups and whose morphisms are group homomorphisms. Singular homology of
degree n is a covariant functor from 7 to G. This means that singular homol-
ogy assigns to each topological space X an abelian group H,(X) and to each
continuous map F': X — Y a group homomorphism

F,:H,(X)— H,(Y),

such that the identity map idx on X induces the identity homomorphism on
Hy(X), and whenever F : X — Y and G : Y — Z are two continuous maps,
then

(GoF).,=G.oF,: Hy(X)— H,(2).

We begin the construction of singular homology by defining the standard
n-simplex to be

A" ={(t°,.. ") e R # =11 > 0}
It possesses standard face maps
8t AMTL S AT 580, M) = (b, . TN, 0, 8, Lt (2.24)

for 0 < i < n. If X is a topological space, a singular n-simpler in X is a
continuous map f : A" — X, and we let

Sy (X) = { singular n-simplices in X }.
We can then define face operators
9i : Sp(X) = Sp-1(X) by 9i(f) = fodi
It is straightforward to check that the face operators satisfy the identities

0; 0 8]- = aj,l 00; ifi< J. (225)
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We now let C,,(X) be the free abelian group generated by the space S, (X)
of singular simplices. Thus elements of the abelian group C,(X) are simply
finite sums

aifi+ -+ agfr,

where ay, ...ay are elements of Z. We can define a boundary operator

9 Co(X) = Coa(X) by () =D (=1)'0i(f)-

=0

It then follows from (2.25) that 9 o 9 = 0. We thus obtain a sequence of groups
and group homomorphisms

AN C(X) _9 . o1 (X) _9 . o (X) N (2.26)

which is called a chain complex over Z, and is denoted by C.(X).
A continuous map F : X — Y between topological spaces induces a map

F.:5,(X)—=S,(Y) by F.Jf)=Fof:A" =Y,

a map which commutes with the face operators. This map defines a group
homomorphism F, : Cn(X) — C,(Y) which commutes with the boundary
operator, and hence induces a commutative ladder

2 (X)) —2— Cui(X) —2— Cpa(X) —2—

Fl F*l Fl (2.27)

—2 Cuy) =2 (V) —2 Cua(v) —2—

which is called a chain map and regarded as a morphism in the category of
chain complexes. We write F : C,(X) — C.(Y). The correspondence

X—C0u(X), (F:X->Y)— (F.:C.(X)— C.(Y))
satisfies the two identities
(id), = id, (GoF), =G,0F,,

so we say it defines a covariant functor from the the category of topological
spaces and continuous maps to the category of chain complexes and chain maps.
Given any chain complex C,(X), we define the corresponding space of n-
cycles to be
Zn(X)={ce Cp(X): 0c=0},

and the space of n-boundaries to be

B, (X)={ce Cnh(X):c=0d, for some d € Cp11(X) }.

95



Since 009 =0, B,(X) C Z,(X) so we can form the quotient group

Zn(X)
B, (X)’

H,(X;Z) =

which we call the n-th homology group of the chain complex. When this con-
struction is applied to the chain complex generated by singular simplices, the
resulting homology is called the n-th singular homology group of X with integer
coefficients. If F': X — Y is a continuous map, the commutative ladder (2.27)
shows that F' induces a group homomorphism

F,:H,X;Z)— H,(Y;Z).

For each n € Z; we thus obtain a covariant functor from the category of topo-
logical spaces and continuous maps to the category of groups and group homo-
morphisms

X — H,(X;2Z), (F:X-Y) — (F.:H,X;Z)— H,(Y;Z)).

Simple examples. First note that if X is any topological space, Ho(X;Z) is
the free abelian group generated by the path components of X. Indeed, the zero
simplices of X are just points, and if p,q € X, then ¢ — p is a boundary exactly
when p and ¢ are joined by a continuous path. Moreover, we easily check that
if {p} is a topological space consisting of a single point, then

Z ifk=0,
0, otherwise.

Hy({p};Z) = {

More generally, we have an analog of the Poincaré Lemma; the first step towards
proving it requires the notion of chain homotopy.

If F,,G, : Cu(X) — C.(Y) are chain maps, we say that they are chain homo-
topic if for each n € Z, there are group homomorphisms D,, : Cp,(X) — Cp11(Y)
such that 0D, + D, 10 = F, — G,. If F, and G, are chain homotopic and
z € Zy(X), then

F.(2) — Gi(z) = (0D, + Dp_10)(2) = 0D(2),

so Fi([#]) = G«([z]) on the homology level. In other words, chain homotopic
maps induce the same map on homology. The usefulness of chain homotopies
is illustrated by the proof of the following proposition:

Proposition. If X is a convex subset of R™ with the induced topology, then

Z, ifk=0,

Hy (X, Z) =
kel ) {O, otherwise.
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To prove this, let s, : Ci(X) — Ci({p}) be the chain map defined by

cn =0 ifn#0, CO(anx>:Zn$p, if n=0.

Let pg be a fixed point of X. If f: A™ — X is a singular simplex in X, then set

tn+1

t0p0+(1_t0)f($77@> 1ft07é1a

Df(°,...t") =
Po, if tO =1.
If feCy(X), then

aD(f) =f—-po= ld*(f) _5*(f)
More generally, if f € C,(X), then

n+1 n
ODf=f+> (=1YD(fod;—1)=f—Y (=1)'D(f ),
j=1 j=0
DOf=f+D > (=1)(fod;) | =D (=1)'D(f o))
Jj=0 Jj=0

Hence if n > 1,

Thus D is a chain homotopy from the identity to the constant map to a point.
The statement of the proposition follows from this fact.

Singular homology can be computed for more complicated examples once one
has the Homotopy and Mayer-Vietoris Theorems for singular theory, which we
now describe.

IfF:X —Y and G: X — Y are continuous maps, we say that F' and G
are homotopic if there is a continuous map

H:0,1]xX—>Y such that H(p,0)=F, H(p,1)=G(p).
Then just like in de Rham theory, we have:
Homotopy Theorem. If F,G : X — Y are homotopic continuous maps, then
F.=G,: H,(X;Z) — Hy(Y;Z).

Mayer-Vietoris Theorem. IfU and V are open subsets of a topological space
X with X =U UV, then we have a long exact sequence

= Hy(UNVLZ) — Hy(U Z) & Hy(V;Z) — Hy(M;Z)
— He 1 (UNV3Z) — Hy(U;Z) & Hy_1(V3Z) — -+ . (2.28)
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Proofs of these theorems, as well as the calculations for many examples, can
be found in [14], as well as other texts on algebraic topology. The important
thing for the reader to recognize at this point is the formal similarity between
de Rham cohomology and singular homology, except that one is a contravariant
functor, the other covariant.

2.8.2 Singular cohomology*

Suppose that G is an abelian group, or more generally, an R-module, where R
is a commutative ring with identity. Given a chain complex

2]

19}
— n+1 Cn

Cn,1 —

we can construct a corresponding cochain complex

— Hom(Cp_1,G) —>— Hom(Cy,G) —>— Hom(Chas1, G) —»

where Hom(C,,, G) denotes the space of group homomorphisms from C,, to G
and
0(o)(c) = ¢(dc), for ¢ € Hom(Cy,, G) and ¢ € Cp41.

Note that when G is an R-module, so is Hom(C),+1,G), and the maps 0 are
G-module morphisms.
For example, if we apply this construction to the singular chain complex

Co(X) 1 — Cpir(X) _9 Cp(X) _9 . o1 (X) —
of a topological space X, we obtain the complex of singular cochains with coef-
ficients in G,
CHX;G): — 0 1(X;G) —— C"(X;G) —>— C"H(X;G) —>
We call
Z"(X;G) = Ker(§ : O"(X;G) — C""(X;@Q))
the space of cocycles and

B"(X;G)=Im(§ : C" (X;G) — C"(X;@))

the space of coboundaries, and define the singular cohomology of degree n with
coefficients in G: 27(X:G)
H'"(X;R)= ———~.
KB = mxa)
A continuous map F': X — Y induces a chain homomorphism F* : C*(Y; G) —
C*(X; G), which in turn induces a homomorphism F* : H*(Y;G) — H"(X; G)
for each n € Z. This gives a contravariant functor

X~ H"(X:Q), (F: X —->Y)— (F":H"(Y;G) - H"(X;G)).
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In particular, we can consider singular cohomology with coefficients iin the
integers Z, or with coefficients in the field R of real numbers. Moreover, the
inclusion Z C R induces cochain homomorphisms C*(z;Z) — C*(X;R) which
induces a “coefficient homomorphism”

H"(X;Z)— H"(X;R), foreachn € Z.
Remark. If one develops the skill for calculating cohomology with integer

coefficients, one finds that it is slightly more refined, but also a little more
difficult to compute. For example, if M = RP?, one finds that

Z ifk=0, R ifk=0
H*RP%7)={ 7, ifk=2, , while Hjz(RP%*R)= BE=5
. 0, otherwise.
0, otherwise,

With real coefficients, one loses torsion such as Z,, but that fact often makes it
easier to compute.

The Isomorphism Theorem of de Rham. If M is a smooth manifold,
its singular cohomology with coefficients in R is isomorphic to its de Rham
cohomology:

H"(M;R) = Hijr(M;R).

The proof of this theorem is somewhat lengthy. It is actually relatively easy
to construct a chain map from the de Rham complex Q*(M) to the complex
C*(M;R) of real singular cochains; the difficulty is to show that the map induces
an isomorphism on cohomology.

To construct that chain map from Q*(M) to C*(M;R), we start by suppos-
ing that w € Q™(M). We can then define the integral of w over f to be the real
number

(frw)y=[ [fw,
A"

where the standard n-simplex A" is given the orientation determined by leav-
ing out the coordinate t° and taking the remaining coordinates in the order
(t',...,t"). More generally, if ¢ = a1 f1 + -+ + afx is a singular n-chain, we
define the integral of w over ¢ by

(c,w) = a1 (f1,w) + -+ + ap(fr,w).

This yields a homomorphism from C,, (M) to R, so any w € Q"(M) defines a
corresponding singular cochain w : C,(M) — R. Thus we have an inclusion
i": Q"(M) C C™"(M;R) for each n € Z and the question arises as to whether
these inclusions fit into a cochain map. This will in fact be the case if and only
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if the following diagram commutes:

QL (M) T on (M R)
d d
QM) —2— C™(M;R).
the commutativity of this diagram is exactly the content of the following;:

Stokes’ Theorem for Chains. Suppose that M is a smooth manifold. If
c € S, (M) and 6 € Q"~Y(M), then

(c,dfy = (D¢, 0). (2.29)

Once we have Stokes’ Theorem for chains, the chain map i* : w*(M) C C*(M;R)
defines a homomorphism

i*: Hig(M;R) — H"(M;R).

One can prove the de Rham Theorem by showing that ¢* is an isomorphism on
the cohomology level.

As preparation for the proof of (2.29), we first note that if o € S, 41, the
symmetric group of bijections from {0, 1,...,n} to itself, we can define a linear
map T, : R*T1 — R+ by

Ty(2°,...,2") = (arg(o), . ,x”(”)).
Then one checks directly that

(foT,,w) =sgn(o){f,w). (2.30)

Proof of Stokes” Theorem for chains: It suffices to show that

{f,d0) = (9f.0),

when f is an n-simplex; in other words, that
=31 [ (fosye,

AT i—0 An— 1

or equivalently,
n

/ a0 = Y (1) / S0

i=0 An—t

Thus we need only show that if ¢ is a smooth (n — 1)-form on A™, then

/. o= ;:(—1)@‘ /. we
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For positively oriented coordinates on A™ we take (t!,...,t") on R**! and
note that on A”™,

n

=1-) 1"

i=1
Then the (n — 1)-form ¢ will be a sum of monomials,
G =D (1) A A AT AT A A",
=0

and it would suffice to prove Stokes’” Theorem for each of the monomials in the
sum. But by applying (2.30), we can reduce any such monomial to the form

b= f(th, .. A2 N - AN dE",

so that

of
dp = —=(t', ..., t")dt' A--- A dt"™.
¢) at]‘ ( 9 ) )
Note that 05¢ = 0 unless j =0 or j = 1.
Denote the restricted coordinates on A"~! by (st,..., s""!) with
n—1
$0=1- Z s’.

j=1

Then A A
2060 =0, t'ody=s"1 forl<i<n,

SO

Sop=f(s°, ... 8" Ndst Ao Ads"TH

n—1
= 1—2537 s dst Ao A dst T
j=1
On the other hand,
%08 =s%ttod =0,t200, =5 ..., . t" 08 =",

S0
St = f(0,8%,...,8" Ndst Ao Ads™
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Thus we can conclude that

_ 1 1-t" 1_21222@% 1 B
/A,,quﬁ—/o [/o /0 dtldt]mdtp ]dtp
1 1—t"™ »
:/ l/ [f <1—Zti’t2’...t1)> —f(O,tQ,,..,tp)] ...dtp—l] P
’ ’ i=2
1 1—gn—1 p—1 |
:/0 [/0 '..lf<1gsz751""$pl>

—£(0,s%, .. .,sp_l)] . --ds”_Q] dsP~1

- /A () - /A 6@ -3y / 5(6).

i=0 Ar—t

finishing the proof of the theorem.

2.8.3 Proof of the de Rham Theorem*

As cohomology theory developed, many different definitions of cohomology
groups were proposed. In addition to the de Rham and singular cohomologies,
yet a third cohomology due Cech was based upon open covers of a topological
space. It turns out to be easiest to prove the de Rham isomorphism theorem by
showing that both de Rham and singular cohomologies are isomorphic to Cech.

For the simplest definition of Cech cohomology, we need a good cover of X, an
open cover U = {U, : « € A} of a topological space X such that any nonempty
intersection Uy, N -+ N Uy, # 0 of open sets in the cover is contractible. It
is actually rather difficult to construct good covers for an arbitrary topological
space, so the general defintion of Cech cohomology requires taking direct limits
over open covers. However, for smooth manifolds there are no such problems.
There are two ways of constructing good covers for smooth manifolds.

Method I. We let U = {U, : @ € A} be a locally finite open cover of M by
sets which are geodesically convex with respect to some Riemannian metric on
M. Geodesically convex subsets of a Riemannian manifold are automatically
contractible. Since the intersection of geodesically convex sets is geodesically
convex, the intersection of any collection of elements from U is contractible.

Method II. For this method, we need to assume as known the fact that any
smooth manifold can be triangulated. Given a vertex v in the triangulation, the
open star U, of the vertex is all of the open simplices in the triangulation which
contain v in their closure. We start by taking the first barycentric subdivision
of a given triangulation. The collection

U ={U, : vis a vertex of the barycentric subdivision triangulation }

is then a good open cover of M. Then any nonempty intersection of (p + 1)
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elements of U is actually an open p-simplex in the triangulation, hence con-
tractible.

The second method motivates the following definition. By a p-simplex of U we
mean an ordered (p + 1)-tuple (v, ..., ;) of indices such that

Uay NUqs, N+ NUq, # 0,

and we let S, (i) denote the collection of all p-simplices of U. If o € S,(U), we
call
| 0] = Ung N Uy N+~ N Uy,

the support of 0. If 0 = (a, ..., o) we let
81'0 = (040,041, ey O, Oy ,Oép),

where «; has been left out.

Finally, if G is an abelian group or an R-module, where R is a commutative
ring with identity, we let C”(U,G) be the set of functions ¢ : S,(U) — G such
that whenever o € Sy, 11, the symmetric group on p + 1 letters,

(o (0), Ao(1), - - - > Qo(py) = (sgn)oc(ap, ay,...,ap) € G.

For simplicity we will often write

Cag,ar,..a, fOT  clag,a1,...,0p).

Of course, for the proof of the de Rham Theorem, the important case is that
where G = R. We will define the Cech coboundary

p+1
5:C°U,G) - UG by 8(f) =D (~1)i(f o).

i=1
One readily verifies that § o § = 0, so we obtain the Cech cochain complex

C*U,G): — YU, G) —— C"(U,G) —>— O U,G) — (231)

The reader who is familiar with simplicial homology and cohomology will
recognize that when the open cover is obtained by method II, the Cech cochain
complex is isomorphic to the cochain complex of simplicial cohomology with
coefficients in G.

The cohomology of the Cech cochain complex (2.31),

Ker(6 : CP(U,R) — C" (U, R))
Im(5 : " (U, R) — CP (U, R)

H (U,R) =

is called the Cech cohomology of the good covering U, with coefficients in R.
For a manifold M, we will see that the Cech cohomology does not depend
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upon the choice of good cover. When the cover is constructed by method II,
it is isomorphic to the simplicial cohomology of M which is isomorphic to the
singular cohomology of M by techniques described in algebraic topology texts,
such as [14].

We emphasize that for more general topological spaces, it may not be pos-
sible to find good covers, and it is more difficult to define Cech cohomology; it
must be defined by a taking a direct limit over finer and finer open covers.

Our goal in this section is to show that the de Rham cohomology of a smooth
manifold is isomorphic to its Cech cohomology of any good cover. In view of
the results from algebraic topology cited above, this gives a proof of de Rham’s
Isomorphism Theorem.

The idea is to use a generalized Mayer-Vietoris argument as in [7]. We thus
construct a double complex K** in which the (p, ¢)-element is

K7 =C'(U,09),

which is defined to be the space of functions w which assign to p-simplex
(o, .. .,qp) asmooth g-form

Wap-y € QU (Ung N++ N T ).

As before, we require that if the order of elements in a sequence is permuted,
Wap,....a, changes by the sign of the permutation; thus, for example,

Waga; = ~Wajagy  Waa = 0, and so forth.
We have two differentials on the double complex, the exterior derivative
d:CP'U, Q1) — CP(U, Q1Y) defined by  (dw)ag-a, = dWag--a,,
and the Cech differential
§5: CP U, Q) — P, 09)

defined by
p+1

(6w)agaps = D (1) Wagdiapis

=0

the forms on the right being restricted to the intersection and the hat indicating
that an index is omitted. It is immediately verified that § o § = 0.

Remark. The cohomology of the cochain complex

- p+1

= O UL 1) - P, Q) — CPT L0 - -

is often called sheaf cohomology with coefficients in the sheaf of smooth g-forms
on M.
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The first differential d in the double complex is exact except when ¢ = 0 by the
Poincaré Lemma, while in the case ¢ = 0 we find that

[Kernel of d : C*(U, Q%) — C' (U, Q")) = C"(U;R),

the space of Cech cochains for the covering & on M. The Cech cohomology of
the cover U with coefficients in R is by definition the cohomology of the cochain

complex
s P U R) = P U R) — CPTH U R) = (2.32)

and is denoted by H”(M;R).

We claim that the second differential is exact except when p = 0. It is at
this point that we need a partition of unity {t, : @ € A} subordinate to U.
Given a d-cocycle w € C'(U,Q7), we set

Tayap_1 = Zd)awaal...%_l € Cp_l(U,Qq).

Then ‘
(6T ap-ap = D _(—1) YaWaag-a,-ap

and since w is a cocycle,
OWaag--ay = Wag--ap — Z(fl)iwaao...&i...% =0.
Thus it follows from the fact that > ¢, = 1 that
(0T)ap-ap = Zwawao...% = Wag-ayp-
establishing exactness. When p = 0, we find that
Kernel of ¢ : CO(U,Q‘?) — Cl(U,Qq) = QI(M),

the space of smooth ¢-forms on M.
We can summarize the previous discussion by stating that the rows and
columns in the following commutative diagram are exact:

7 T T

0 — 2M) — w9 - Cw) - Cu) —
T T T

0 - QW) — Cway - Ccwey — Cun) —
T 7 T

0 — QM) — CO(U,QO) — Cl(ZjLQO) — C2(U,QO) —
T 7 7

U, R) ¢ U,R) C*(U,R)

T T T
0 0 0
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The remainder of the proof uses this diagram. Given a de Rham cohomol-
ogy class [w] € HYp(M;R) with p-form representative w we construct a cor-

responding cohomology class s([w]) in the Cech cohomology I:IP(M;R) as fol-

lows: The differential form defines an element w® € C° (U, QP) by simply re-
stricting w to the sets in the cover. It is readily checked that w® is closed
with respect to the total differential D = § + (—1)Pd on the double com-
plex K** = C"(U,Q*). Using the Poincaré Lemma, we construct an element
wor—l e CO(U,QPA) such that dw®P~1 = W%, Let w'P~1 = §wP~! and ob-
serve that dw'P~! = 0 and w!'P~! is cohomologous to w’ with respect to D.
Using the Poincaré Lemma again, we construct an element w'?=2 € ¢ U, Qr—2)
such that dw'P=2 = WP~ Let w??P~2 = fw'P~2 and note that w?P~2 is co-
homologous to w% with respect to D. Continue in this fashion until we reach
a D-cocycle w? e C”(U,Q°) which is cohomologous to w®. Since dw?® = 0,
each function wgg...% is constant, and thus w”® determines a Cech cocycle s(w)
whose cohomology class is s([w]).

By the usual diagram chasing, the cohomology class obtained is independent
of choices made. Moreover, reversing the zig-zag construction described in the
preceding paragraph yields an inverse to s. This finishes our sketch of the proof
of the following:

Theorem. If M is a smooth manifold with a Riemannian metric and U is a
good open cover of M, then the de Rham cohomology of M is isomorphic to
the Cech cohomology:

H3n(M;R) = H'(M;R).

Remark. Establishing exactness of the rows in the double complex is just a
generalization of the argument used to prove exactness of the Mayer-Vietoris
sequence. Thus Bott and Tu [7] call the above argument a generalized Mayer-
Vietoris argument. The argument is useful in many other contexts.

2.9 The Hodge star

In the last few sections, we have described the foundations for the beautiful
edifice of algebraic topology. Of course, topology can be justified as a beautiful
subject in its own right, but it also has numerous applications to the partial
differential equations which arise in geometry. Our next goal is to describe one
such application, Hodge’s theorem that any de Rham cohomology class contains
a unique solution to Laplace’s equation.

We begin with an oriented Riemannian or pseudo-Riemannian manifold
(M,{,-,)) of dimension n. For each p € M, the nondegenerate symmetric
billinear form (-, -) defines an isomorphism

b TpyM —TyM, b(v)=(v,:), withinverse §:7,;M — T,M.
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These isomorphism allow us to transport the nondegenerate symmetric bilinear
form
() TyM xTyM - R to () : TyM xT;M — R.

If (x!,...,2") is a smooth coordinate system on U C M, and

(U = Z gijdz’ @ da?

i,j=1
then on the cotangent space we have
<d93i|p7dxj|p> = gij(p)v

where (g% (p)) is the matrix inverse to g;;(p).
We can extend (-, -) from T,y M to the entire exterior algebra A*T; M. First,
we define a multilinear map

k k
i (TyM x - x Ty M) x (TyM x - x TyM) — R

by
<0[1,ﬂ1> <a17ﬁk>

(ag, B1) - (ar,Br)

This map is skew-symmetric in each set of k variables, when the other is kept
fixed, so it defines a symmetric bilinear form

p((ag, ... ar), (Bi,. .., 0k)) = det

() e APTEM x AFTYM — R (2.33)
such that

(1, 81) - (a1, Br)
<0z1/\~~-/\ak,ﬂ1/\-~/\ﬂk>:det . .
<ak761> e <O‘kaﬂk>

In the special case where (M, (, -, -)) is a Riemannian manifold, the symmetric
bilinear form (,-,-) on AkT;M is positive definite. One sees this most easily by
noting that if (6%,...,0") is an orthonormal basis for Ty M, then

{07 A A0 iy < e < i)

is an orthonormal basis for AFT ; M. hence

<Zailmik0il A-e A ozk’z ail"'ikail Avee A 0“> - Z(ailmik)z > 07

with equality if and only if all the a;,...;,’s are zero.

By a similar argument, which we leave to the reader, one can show that if
(M, {,-,-)) is only a pseudo-Riemannian manifold, then the symmetric bilinear
form (,-,-) on A*T* M is nondegenerate.
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If (x',...,2") is a positively oriented coordinate system on U C M, we can
define the volume form on U by

OlU = /| det(gi;)|dz" A--- A dz™.

As we have remarked before, the locally defined volume forms agree on coordi-
nate overlaps, so they fit together to yield a globally defined volume form © on
M. Thus if D C M is a region with a smooth boundary, the volume of D is
given by the formula

Volume of D = / O.
D

In the Riemannian case, if (6,...,0") is a basis of smooth one-forms on U
such that (9%,67) = 6, then Oy = 6* A --- A 0™, In the more general pseudo-

Riemannian case, if
i -1 0
0',67)) = pxp ,
o= (" 0 )
where p + ¢ = n, then Oy = £0' A --- A O™,
Using the volume form, we will now define a linear map

>t VT M — AT M

to be called the Hodge star. The Hodge star is crucial for a full understanding
of Riemannian geometry, but unlike the exterior derivative d it does not pull
back under smooth maps (unless they are orientation-preserving isometries).

Proposition. For each integer k, 0 < k < n, there is a unique linear map
* AkT;M — A”*kT;M such that whenever « and (3 are elements of A’“T;M,
then

aAxB = (o, 3) O(p), (2.34)

where ©(p) is the evaluation of the volume form at p.

The proof is simpler in the Riemannian case, because we do not have to worry
so much about signs. The idea is to take a fixed positively oriented orthonormal

basis (01, ...,0") for Ty M and derive an explicit formula in terms of this basis.
(By positively oriented we mean that © = 6> A--- A 0™.)
Given a fixed positively oriented orthonormal basis (#',...,0"), we claim

that (2.34) implies the explicit formula
* (0"(1> Ao A 9"(’“) = (sgn 0)g7*+) Ao A go()] (2.35)

whenever o is a permutation of {1,...,n}. Note that this formula is invariant
under a transformation which replaces o by ¢ o 7, where 7 is a permutation of
(1,...,k)or (k+1,...,n).

So we can assume without loss of generality that (1) < --- < o(k) and
o(k+1) <--- < o(n). Under these hypotheses, suppose that

. (90(1) A A oa(k)) _ Z Ciiromin 0L A N G

Jet1<-<Jn
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For a fixed term in this sum, choose j1 < -+ < jg so that (j1, ..., Jk, Jk+1, - - - Jn)
is a permutation of (1,...,n). Then

(67 A A6 /\*<90(1) AmA&o(k))
= Cjk:+1"-jn9jl A - /\ajk A 9jk+1 N /\ejn7

all the other terms wedging to zero. On the other hand, it follows from (2.34)
that

(670 A - A BF) /\*<90(1) A.../\go(k))

)OI A A0 i (s dk) = (0(1), ... 0 (R)),
B 0, otherwise.

hence
L [EL G ) = 1)),
Jerrdn 0, otherwise.

It is now easy to verify that

Co(k+1)---0(n) = SEN T,

thereby establishing (2.35). This proves uniqueness, because the Hodge star is
uniquely determined by its effect on a basis.

To prove existence, one uses (2.35) to define the Hodge star on a fixed
orthonormal basis, and checks that it satisfies (2.34).

Note that it follows from the proof that if (9',...,0") is any orthonormal
basis for T)y M, then (2.35) holds for that basis. This fact is extremely useful in
calculating the Hodge star.

The proof in the general pseudo-Riemannian case is similar, except that the
notion of orthonormal basis must be modified in the obvious manner.

Remark: One can give a very useful geometric interpretation of the Hodge
star in the Riemannian case. Suppose that W is a k-dimensional subspace of
Ty M with orthonormal basis (6, ...,0%). Complete (6. ..,0%) to a positively
oriented orthonormal basis (6',...,0™) for Ty M. Then (6¥+1,... 0") is a pos-
itively oriented orthonormal basis for the oriented orthogonal complement W+
to W in Ty M.

Of course, the Hodge star extends immediately to a linear map
*: QF (M) — Q k(M)

which is also called the Hodge star. In the Riemannian case, it is easy to verify
that
* (k) = (—1)F =R g, for a € QF(M). (2.36)
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Example 1. We first consider E? with its usual Euclidean coordinates (z,y).
In this case, © = x1 = dx A dy, and

*(dx) =dy, «(dy)=—dzx, so *(Mdx+ Ndy)=—Ndx+ Mdy.

We can think of the Hodge star in this case as a counterclockwise rotation
through 90 degrees. More generally, if (M, (,-,-)) is an oriented two-dimensional
Riemannian manifold, we can define a counterclockwise rotation throught 90

degrees
J: QY M) — QY (M) by J(w)=*(w).

Example 2. We next consider E? with its usual Euclidean coordinates (z,y, 2).
In this case, © = x1 = dx A dy A dz. Moreover,

*(dr) =dy Ndz, *(dy)=dzNdx, *(dz)=dxAdy,
*(dy Ndz) =dx, *(dzAdzx)=dy, *(dzAdy)=dz.

Note that if o and 3 are elements of Q! (E?), then so is x(a A 3), and one can
check that its components are the same as those of the cross product ax 3. More
generally, if (M, (,-,-)) is an oriented three-dimensional Riemannian manifold
we can define a cross product

x QN M) x QYM) — QY (M) by axf=x(anp).

Example 3. Finally, we consider Minkowski space-tme L* with its standard
coordinates (t,z,y, z), and we take the speed of light to be ¢ = 1 so that the
Lorentz metric is

() =—dt@dt +dor @ dr+y®dy +dz ® dz. (2.37)
In this case, the volume form is
O=xl=dtANdzx ANdy Ndz.

Clearly, x(dt A dx) = £dy A dz. To determine the sign, we note that

(dt Ndzx,dt Ndz) = —1, so (dt Adz)(xdt Adx) = —0.
It follows that

*(dt Ndx) = —dy Ndz, *(dt Ndy) = —dzNdy, *(dtAdz)=—dzAdy.
By similar arguments, one verifies that
*(dy Ndz) =dt Ndx, *(dzANdz)=dt Ndy, *(dxAdy)=dtANdz.

This Hodge star is invariant under orientation-preserving Lorentz transforma-
tion, those orientation-preserving linear transformations of L* which leave in-
variant the flat Lorentz metric (2.37).
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Maxwell’s equations. Using the Hodge star on Minkowski space-time with
the standard Lorentz metric, we can give a particularly elegant formulation
of Maxwell’s equations from electricity and magnetism, equations formulated
by James Clerk Maxwell in 1873. This formulation has the advantage that it
extends to the curved space-times of general relativity.

In Maxwell’s theory of electricity and magnetism, one imagines that one is
given the charge density p(t,z,y, z) and the current density

B o o
I(t,2,y,2) = Jog + Jya—y e

The charge and current density should determine the electric and magnetic fields

0 0 0
E =E,— + E,— + E,— = (electric fiel
(t,z,y,2) *5r + "By + Sy (electric field)

and B(t,x,y,z):ng—kB g

0
Y . g2
Oz y8y+ 8

5 = (magnetic field)

by means of Maxwell’s equations, which are expressed in terms of the divergence
and curl operations studied in second year calculus as

B

vV.-B=0, VxE+aa—t=O, (2.38)
E

V- E = 4mp, VXB—%ZZLWJ. (2.39)

To express these equations in space-time formalism, it is convenient to re-
place the electric and magnetic fields by a single covariant tensor field of rank
two, the so called Faraday tensor:

F=—-E,dt Ndx — Eydt Ndy — E.dt Ndz
+ Bydy AN dz + Bydz A dx + B.dx N\ dy.

Then the Hodge star interchanges the E and the B fields:

* F = Bpdt Ndx + Bydt Ady + B.dt Adz
+ Eydy Ndz 4+ Eydz ANdx + E.dzx A dy.

Exercise IX. a. Show that in Minkowski space-time L*,
Jok = (—1)’“‘H : Qk(]L4) — Qk(L4).
b. Determine *dt, xdx, xdy and *dz.

c. Show that Maxwell’s equations can be expressed in terms of the Faraday
tensor as

dF =0, dxF) =*(4nJ), where J = —pdt+ Jpdx+ Jydy + J.dz.
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This formulation of Maxwell’s equations is described in more detail in Chapter 4
of [27]. From this viewpoint, it is apparent that Maxwell’s equations are invari-
ant under the action of the Lorentz group, the linear transformations from L4
to itself which preserve the Lorentz metric of Minkowski space-time, since the
Hodge star is completely defined by the Lorentz metric. This invariance was one
of the major reasons for the discovery of special relativity; Maxwell’s equations
were not invariant under the same group of transformations as Newtonian me-
chanics. The formulation of Maxwell’s equations in terms of the Faraday tensor
can be extended immediately to the curved space-times of general relativity.
Maxwell’s equations thus motivate the study of the operator xdx on differential
forms.

One approach to solving Maxwell’s equations on L* is to write F = dA,
where A is a one-form called the wvector potential. Appropriately chosen, the
vector potential will solve an equation similar to the wave equation, for which
an elegant theory has been developed. This approach runs into a snag in a
general space-time because the de Rham cohomology class [F] may not be zero.
Resolving this question leads to the theory of connections in vector bundles as
we will see later.

2.10 The Hodge Laplacian

In addition to the exterior derivative, an n-dimensional Riemannian manifolds
haa a codifferential § which goes in the opposite direction,

§ = (—1)"" s dx : QL (M) — QF(M).

The only thing that is difficult to remember about the codifferential is the sign.
For now, note that if M is even-dimensional, § = — x dx. No matter what the
dimension of M, it follows from (2.36) that d o 6 = 0.

To explain where the sign comes from, we suppose that (M, (,-,-)) is a com-
pact oriented Riemannian manifold, possibly with boundary M. We can define
a positive definite L? inner product

(,): QM) x Q¥ (M) — R

by setting
(6,9) = /M o Axtp = /M<<z>,w>®-

This inner product make Q¥(M) into a pre-Hibert space. The funny sign is
introducted to make the following proposition valid:

Proposition. If ¢ € Q%(M) and ¢ € Q*1(M), then
(@6.0) = @0.60) = [ onsw, (2.00)

where § = (—1)"**+1 x dx.
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The proposition is a consequence of Stokes’” Theorem:

= * = * —_ k *
/aM“*‘”*/MdW ) /Md¢A b+ (-1) /Mw(d %)
- / 4 A 3ip + (1) (— 1)k / & Ax(xd 1)
M M

:/ dgzﬁ/\*a/z—/ 6 A (00) = (dy ) — (6,50).
M M

Suppose p € OM and that v is a unit-length element of 77 M which points out
of M. The volume forms ©); and ©); are then related by the formula

Oy =V ABOy.
If ¢ € QF(M) and ¢ € Q*F1(M), then
VAPA*D = (VNG P)On =  dAXx = (VAd1))Oanr,
50 we can rewrite (2.40) as
(d6.0) = 0.60) = [ (w0000 (2.41)

If we also use the Riemannian metric to identify v with a unit length tangent
vector, it follows from the identity (v A ¢, 1) = (@, 1, 0), where ¢, is the interior
product discussed in Exercise VIII, that we can write this formula as

(d6,) — (6, 6) = / (6 101)Oonr. (2.42)

oM

Note that if 9M = (), equation (2.40) becomes

(do, ) = (¢, 0¢). (2.43)

The sign in the definition of § was chosen to make this identity hold. Because
of the identity, the codifferential § is also called the formal adjoint to d.

Given an oriented Riemannian manifold, possibly with boundary, we now
have two first order differential operators d and ¢ which satisfy the identities
d?> =0 and 62 = 0. Thus

A= —(d+06)*=—dé —6d: Q*(M) — Q~(M).

Definition. The Hodge Laplacian is the second order differential operator
A:QF(M) — QF(M)  defined by A = —(dé + dd).
We say that an element ¢ € QF(M) is harmonic if A¢ = 0.

Dangerous curve. Most geometry books use the opposite sign in the definition
of the Hodge Laplacian. We have chosen the sign so that the Hodge Laplacian
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agrees with the Laplace operator used by engineers and physicists when M is
Euclidean space.

Suppose that (M, (-,-)) is a compact Riemannian manifold without boundary.
It then follows from the identity (2.43) that

for all ¢,v € QF(M). Equation (2.44) states that the Laplace operator A is
formally self-adjoint. Moreover, A¢ = 0 if and only if ¢ satisfies the weak form
of Laplace’s equation on k-forms:

(8¢, 8%) + (d, dip) = 0, for all o € QF(M). (2.45)
We can take 1) = ¢, so that
Ap=0 = (36,60)+ (dg,do) = 0.

Since the inner product (-,-) is positive definite, it follows that d¢ = 0 = ¢,
and we conclude:

Proposition. If (M, (-,-)) is a compact oriented Riemannian manifold without
boundary, harmonic k-forms on M are exactly those forms which are both closed
and coclosed:

Ap=0 & dp=0=d¢. (2.46)

The Laplace operator on functions. To gain some intuition, we focus on
the simplest case, the Laplace operator on functions. In this case,

A(f)=—0d(f), since o(f)=0

and § = — x dx.
We imagine that (z!,...,2") is a smooth positively oriented coordinate sys-
tem on M, so that
O = /gdr' A Nda".

Clearly,
*(dz") = Z(—l)jflhijdxl A ANdr?TE AN dedTEA A da™,
j=1
for certain functions h%. Hence
da Axdx? = -+ = h¥dz' A+ Adz™.

On the other hand, it follows from (2.34) that

dz' Axdx? = (dx',da?)\/gdz A -+ A da" = g\ fgdat A - A da™
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It follows that hi* = ¢ k\/ﬁ, and hence

*(dz®) = Z(—l)kflgij\/ﬁdacl Ao Nde? TN da T A A da
j=1

It follows that

* (df) = * <Z gj; dxi>
i=1

= (—1)j’1g”\/§%d:z:1 Ao Ada? VA dITUA A da
Q=1

and
n

o (. -0
dxd(f) = Z 57 (g”\/gag{i) dz' A ... A dz™.

1,7=1
Thus we finally conclude that

n

_ _ L 0 (i ~Of
A(f) = *d*df = \/5,-21 o (gj\/gaxi). (2.47)

This formula for the Laplace operator is incredibly useful. Consider, for exam-
ple, the flow of heat on a smooth surface M C E3. From the elementary theory
of PDE’s we expect the temperature on a smooth homogeneous surface to be
described by a function w : M x [0,00) — R which satisfies an initial value

problem
ou

ot
where h : M — R is the initial temperature distribution. However, in order
to make sense of this equation, we need to define a Laplace operator acting on

scalar functions on a smooth surface. The Laplace operator to use is the one
given by (2.47).

= 2 Au, u(p,0) = h(p),

Exercise X. Suppose that M = S?, the standard unit two-sphere in E3, with
Riemannian metric expressed in spherical coordinates as

(-,-) = (sin® ¢)df ® dO + dop @ dép.
Determine the Hodge Laplacian on functions in this case.

Remark. We could use this expression for the Laplacian to solve the initial-
value problem for the flow of heat over the unit sphere. The technique of separa-
tion of variables and Legendre polynomials gives a very explicit representation
of the solution.
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2.11 The Hodge Theorem

Suppose now that (M, (-,-}) is a compact oriented Riemannian manifold without
boundary, and let

H*(M) = { harmonic k-forms on M } = {¢ € Q*(M) : A¢ = 0}.

Hodge Theorem. Every de Rham cohomology class has a unique harmonic
representative; thus
Hjp(M;R) 2= HE(M).

This gives an important relationship between topology and solutions to linear
elliptic systems of partial differential equations on smooth manifolds.

This theorem has important topological consequences. Thus for example,
one easily checks that xA = Ax, so if ¢ is a harmonic k-form, so is x¢. Thus
we obtain:

Poincaré Duality Theorem. If M is a compact oriented manifold of dimen-
sion n,

Hjp(M;R) = Hjz*(M;R).

We already know that if M is a compact oriented Riemannian manifold, the
volume form represents a nontrivial element of HJ,(M;R). Poincaré duality
enables us to make a finer statement:

Corollary. If M is a compact connected oriented manifold of dimension n,

H}r(M;R) 2 R.

Of course, Poincaré duality simplifies the calculation of de Rham cohomology of
compact oriented manifolds via the Homotopy and Mayer-Vietoris Theorems.

Example. Let us suppose that

n

—~
M=T"=8"x...x 8

with the flat metric defined by requiring that the covering
m:E" —T", W(wl,...,x"):(62””1,..‘,62””3

be a local isometry. We define one-forms (01, ...,0™) on T™ by 7*0° = dz’. Then
(0%, ...,0™) form a positively oriented orthonormal basis for the one-forms on
M and it follows from (2.35) that

(@ A---NO™) =0, SO A ANOF) = 0.
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If w € QF(T™), then

w= Y fia 00 AN

i1 <<l

for some smooth real-valued functions f;, . ;, on I and if these functions are
constant, dw = 0 = dw and hence w is harmonic. Conversely, a direct calculation
shows that
Aw= " (Afi.i)0" Ao NO™,
i1 < <ig

and hence if w is harmonic, so is each function f;, ;. But it follows from (2.46)
that the only harmonic functions on a compact oriented manifolds are constant
on each connected component, so the only harmonic forms on T are

w = Z c,;l_“ikﬁil /\/\0““,

i1 <--<ip
where the c;, ;s are constants. In other words,
{00 AN iy <o <)

is a basis for H*(T™) and hence the dimension of HY.(T™;R) is (7). Thus
Hodge theory yields a very explicit representation for the cohomology of the
torus in terms of harmonic forms.

There are two steps to the proof of the Hodge Theorem. Uniqueness of har-
monic representatives is easy. If w; and ws were two harmonic k-forms on M
representing the same cohomology class, say w1 — ws = d¢, then

(W1 —wa, w1 —wa) = (w1 — wa,dP) = (dwy — dwa, @) =0,

and positive-definiteness of (-,-) implies that w; — we = 0, s0 w1 = wa.

Thus the difficult step is establishing existence of a harmonic representative
of a given cohomology class. A proof of this step is beyond the scope of the
course, but we will briefly sketch the idea behind the proof, which is similar to
the argument given in [16], Chapter 2. (Some readers may want to skip this
sketch on a first reading.) Let wp be a smooth k-form representing a given de
Rham cohomology class [wg]. Then any k-form in the same cohomology class
must be of the form w = wg + da, where « is a smooth (k — 1)-form. The idea
is to find a minimum for the function

F:QFY (M) — R defined by F(a)= (wo+ da,wy + da).
If we knew that the function F' possessed a smooth minimum «aq, we could apply

first variation to obtain

d
0= &(WO + dOLO + tdﬂ, wo + dao + tdﬂ)

t=0
= 2(wp + dag,dB), for all B € QF~L(M), (2.48)
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which would imply §(wo + da) = 0. Then wy + dagy would be both closed and
coclosed, and hence the desired harmonic representative for the given de Rham
cohomology class.

To construct the minimum, we might take a minimizing sequence for F', a
sequence {a;} of (k — 1)-forms such that

F(a;) — p=inf{F(a):ac Q"1 (M)}

The difficulty is that such a sequence might not converge, because we could
replace a; by a; + d¢; for some (k — 2)-form ¢; without changing the value
of F, and it might be that ¢; — oco. Thus we focus instead on the sequence
{wi = wo + day} in QF(M).

To show that a subsequence of {w;} converges, we first complete the space
QF(M) of smooth k-forms on M with respect to the inner product (-, -), thereby
obtaining a Hilbert space L?(Q¥(M)). The closure of wy + d(QF~1(M)) is a
translate wy + H of a closed Hilbert subspace H C L?(QF(M)). Instead of
minimizing F' directly we construct an element ws, of wg + H which is closest
to the origin. The sequence {w;} must then converge to wy, in wo + H.

We can conclude that

(Weoy 60) =0 and  (weo,6¢) =0, for all ¢ € QF(M), (2.49)

the first since ws is a limit of closed forms, the second by the first variation
argument (2.48), since wy, is a minimum for the map

F : (closure of dQ¥~1(M)) — R defined by F(v) = (wo + v, wo +7)-

In the terminology of PDE theory (2.49) states that ws, is weakly closed and
coclosed.

We have explained the part of the proof that can be done without “elliptic
regularity theory,” which implies that a k-form which is weakly closed and co-
closed is actually smooth, and hence a bona fide harmonic form. To apply the
regularity theory, one uses the fact that

d+6: QF (M) — QL (M) @ QF L (M)

is an elliptic operator. Unfortunately, the regularity theory requires the devel-
opment of considerable analysis: construction of Sobolev spaces, the Sobolev
Lemma and the Rellich Lemma. We refer to [33] and [10] for presentation of
this theory.

Once we know that ws is a smooth harmonic form, it is not difficult to
show that it lies in the same de Rham cohomology class as wg and all of the
w;’s. One way of establishing this would be to use the de Rham Isomorphism
Theorem, since the fact that w; — ws in L? implies that the integral of w; over
any singular cycle approaches the integral of w., over that cycle.
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2.12 d and 9§ in terms of moving frames

The Hodge Laplacian is only one of many Laplace operators that arise in differ-
ential geometry. In the next few sections, we will describe another, the so-called
“rough Laplacian.” The relationship between the Hodge and rough Laplacians
gives an important relationships between curvature and topology of Riemannian
manifolds.

Definition. A linear operator D : Q*(M) — Q*(M) is said to be a derivation
if
D(¢ Ap) =D(¢) N+ ¢ AD(), for all ¢, € Q*(M).

It is said to be skew-derivation if instead

D(¢p AY) = D(¢) Ap+ (=1)*¢ A D(vp), for all ¢ € QF(M) and o € Q*(M).

Thus the Lie derivative Lx in the direction of a vector field X is a derivation,
while the exterior derivative d is a skew-derivation. Another skew-derivation is
the interior product ¢tx in the direction of a vector field X on w*(M).

If (M, {-,-)) is a Riemannian manifold and X is a vector field on M, then
the Levi-Civita connection defines a derivation Vx of Q*(M). Indeed, if ¥V
is a smooth vector field on M, the Levi-Civita connection defines a covariant
derivative VxY of Y in the direction of X. If w € QF(M), we define the
covariant derivative of w in the direction of X in such a way that the Leibniz
rule will hold. This forces

X(w(Y1,..., %)
=(Vxw)Y1,..., V) +w(VxYi,....Y) + - +w(¥,...,VxY),

or

(Vxw)(Yy,...,Yy)

=Xw,...,.Y)) —w(VxYy,....Y) — - —w(¥1,...,VxY%). (2.50)
It is readily verified that
Vx(fw+¢)=X(flw+ fVxw+ Vxo, Vixsyw = fVxw+ Vyw.
Moreover, V x satisfies the derivation property,
Vx(oANp) =Vx(d) ANy + o AVx ().

Suppose now that (M, (-,-)) is an n-dimensional oriented Riemannian man-
ifold and U is an open subset of M.

Definition. A moving orthonormal frame on U is an ordered collection (eq, ... e,)
of vector fields on U such that

1 ifi— i
(eisej) = 0ij = ll ].’
0, ifi#j.
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The dual orthonormal coframe is the ordered collection (01,...,0") defined so
that

. 1, ifi=j,

0"(ej) = bi; = e
0, ifi#j.

Of course, in terms of the induced inner product on T*M,
1, ifi=j,
0, ifi#j.
We define a linear operator ggi : Q*(M) — Q*(M) by e4i(¢) = 6° A ¢. The

exterior derivative can then be expressed in terms of the covariant derivative
and egi:

(0",67) = ;5 = {

Proposition 1. d =)' g oV, onU.

To prove this proposition, we first check it on functions. If f is a smooth real-

valued function on U and p € U, we can choose coordinates (z!,...,2™) on a

neighborhood of p such that

P = a0 =0 )= | 0=,
Then
> co o Ve H)p) = da'ly 5| () =df(p)-
=1 =1 p

Next we check the formula on one-forms. If w is a smooth one-form on U, then
<zn: Egi © Veiw> (X,Y) = zn: (0° AVew) (X,Y)
0 (X)Ve,w(Y) - ZW(Y)Veiw(X) = (Vxw)(Y) = (Vyw)(X)
= X(@(V) ~ Y (@(X)) — @(VxY) +w(Vy X)
= X(@(Y)) — Y (@(X)) = w([X,Y]) = do(X,Y),

which gives the formula for one-forms. In the calculation we used the fact that
> 6U(X)V., = Vx.
i=1

Thus to finish the proof of the proposition, we need only cite the following
lemma:

Lemma. If D and D’ are both derivations, or both skew-derivations, of Q*(M)
such that

D(f)=D'(f), for fe QM) and D(w)=D'(w), forwe Q' (M),
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then D =D'.

We sketch the proof of the lemma for derivations, the case of skew-derivations
being the same except for a few signs. Any element w € QF(M) can be divided
into a sum of k-forms with supports in local coordinate systems, so it suffices
to prove a local coordinate version of the lemma. If (U, (z1,...,2") is a smooth
coordinate system and the support of w is contained in U, it can be written as

w= E fiy i dx™ A Ada
i1 <o <ig

for some choice of smooth functions f;, . ;.. Thus if D and D’ are both deriva-
tions, we have

D)= Y D(fi.i)dz™ A+ Ada™*
il<“'<i)€

+ Z fil...ikD(dxil)/\'"/\dmik+'"+ Z fil...’ikdmil/\"./\D(dmik)7

i <<y i1 < <idp

D'(w) = Z D/(fil...ik)dxil Ao Adzt®

i1 <<l

+ Z f217,le(dx“)/\/\dek++ Z f““d:r“/\/\D/(dx““)

i< <lip i1 < <ig

By hypothesis, the right-hand sides of the two expressions are the same, so
D = D’ as required.

Of course, we can ask whether the codifferential

§ = (=)D gy QF (M) — QF (M)
has a similar expression
Proposition 2. § = —>"" 1., 0V, onU.

But this actually follows from Proposition 1, together with the straightforward
calculation that

Le, = (=1)"FH s gpik - QF (M) — QF 1 (M).

Indeed, from this formula, and the fact that * commutes with Vx, it follows
that

n
6= (=1t o E €gi 0 Ve, 0%
=1
n n

= (—1)"ktntl *x0€pi oxoV, = — Le, © Ve, .
6 e; e; e;

i=1 i=1
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2.13 The rough Laplacian

There is a second Laplace operator that is defined on Q*(M). As preparation
for defining it, we define an operator

Vxy :Q(M)—-Q (M) by VxyWw)=VxVyw—Vy,yw,
for vector fields X and Y on M.
Lemma. Vixyw = fVxyw= Vx ryw.
The proof is a straightforward calculation; for example, consider the first equal-
ity:

foyw = VvaYw — VnyXw — V[fX, Y]w
= [VxVyw =Y (f)Vxw — fVyVXw - Vixy_y()x—frx
= fVxVyw— fVyVXw — fV[X, Y] = fVxyw.

This lemma implies that we have a well-defined linear map
Vi ATy M — A*T; M, for each choice of z,y € T,M.
Definition. The rough Laplacian on Q* (M) is the linear operator Ag : Q*(M) —
O*(M) defined by
Ap(w) = Zvei,ei(w) on U,
i=1
whenever (eq,...e,) is a moving orthonormal frame on U. (It is immediately

verified that the expression on the right is independent of the choice of moving
orthonormal frame.)

If w € QF (M) we define ||Vw|| by
Ve[ = IVewl?,
i=1

whenever (e, ...e,) is a moving orthonormal frame.

Proposition. If (M, (-,-)) is a compact oriented Riemannian manifold with
empty boundary and volume form © )y, then for any w € QF (M),

/M<_AR(W)7W>®M = /M [Vw||?*©as.

To prove the proposition, we define a vector field X on M by

n

X = Z(Veiw,@ei,

i=1



whenever (eq,...e,) is a positively oriented moving orthonormal frame on U C
M. Clearly, X is independent of choice of moving frame, hence globally defined
on M, and in fact,

1
X = Egrad@), w).

By positively oriented, we mean that if (6%,...,0") is the orthonormal coframe
on U dual to (eq,...ey), then

O =0" A NO™

Now set

Y=1xOy =Y (1) Ve,w,w)f' Ao AOTEAGTEA NG
i=1
To finish the proof of the proposition, it will suffice to show that
dp = (Ag(w),w)Op + ||VUJH2@M (2.51)

We need only prove (2.51) at a given point p € M, and we can that the point
lies within an open neighborhood on which we have a moving orthonormal frame
(é1,...,e,) with corresponding orthonormal coframe (6*,...,6"). Moreover, we
can assume without loss of generality that

Ve,ej(p) =0, and hence V.6 (p)=
Since Vx : Q*(M) — Q*(M) is a derivation,
Ve, (070 A+ A 0*)(p) = 0.
Hence it follows from Proposition 1 of the previous section that
di(p)

=> (1) legi 0 Ve, ((Ve,w,w)) 0F Ao AGTEAGFE A A O™ (p)
=1
Z (Ve, Ve,w,w) + (Ve,w, Ve,w)] 0L A -+ A O™ (p)
= [(Ar(W)w) + Vo[’ 1O (p),

which establishes (2.51) and finishes the proof of the proposition.

2.14 The Weitzenbock formula

We now have two operators, the Hodge Laplacian A and the rough Laplacian
Ap on Q*(M). Tt turns out that the relationship between the two is given by
the Riemann-Christoffel curvature of the Riemannian manifold (M, (-, -)).
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Here the curvature of the Levi-Civita connection on *(M) is defined by the
expected formula,

R(X,Y)w=VxVyw—-VyVxw— V[X,Y]w7

whenever X and Y are smooth vector fields on M. Since the connection is
symmetric, R(X,Y)f = 0, for f € Q*(M) and, since the Riemannian metric
provides an isomorphism between T'M and T*M preserving inner products,
R(X,Y) on T*M is essentially the same as R(X,Y’) on TM. Moreover, one can
check that R(X,Y) is a derivation, so it is completely determined by its effect
on Q°(M) and Q'(M) by the lemma of § 2.12.

To derive the relationship between the two Laplace operators, we use the

identities,
n n
dzngioVei, 6:—Zbeiovei.
i=1 i=1

We will need the following easily verified identities for the interior and exterior
products:
€gi O le; = —le; O Epi,y lfl?é],

€gi O Le; + Le, 0 €gi = id.

We now calculate the Hodge Laplacian at a point p € M, and we assume
without loss of generality that

Ve.ej(p) =0, and V.60 (p)=0,
as before. This implies that [e;, e;](p) = Ve, ej(p) — Ve, ei(p) = 0 as well. Thus
A(w) = —ddé(w) — dd(w)

n n
= Z g€9i 0 Ve, 0Le; 0 Ve, (W) + Z Le; © Ve, 0€gi 0 Ve, (w)

i,j=1 t,j=1

n n
= Z €i 0 Le; © Ve, 0 Ve, (w) + Z Le; 0€gi 0 Ve, 0 Ve, (w)

i,j=1 =1
=Y Ve Ve, @) + D epi0te,(Ve,Ve, — Ve, Ve, ) ().
i=1 1<j

We conclude that

AW) = Ar(w) + % S (g ote, + e o) Rlee) (). (252)
i#j

This formula, relating the two Laplacians is called the Weitzenbick formula.
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2.15 Ricci curvature and Hodge theory

One of the most studied problems in differential geometry concerns relation-
ships between curvature and topology of Riemannian manifolds. In addition
to the Riemann-Christoffel curvature tensor studied in §1.8, we have various
“contractions” of the curvature which are also important.

Definition. The Ricci curvature of a pseudo-Riemannian manifold (M, (-,-))
is the bilinear form

Ric: T,M x T,M — R defined by Ric(z,y) = (Trace of v — R(v, x)y).
It follows from the curvature symmetries that Ric is symmetric, that is,
Ric(z,y) = Ric(y, ).
Indeed, if (e1,...,ey) is a basis for T, M such that (e;, e;) = 0if i # j and

(e;,e;y =1, forl<i<p, (e;,e;) = =1, forp+1<i<n, (2.53)

then
p n
R,iC((E, y) = Z<R(el’ ZL')y7 €i> - Z <R(ei7 x)yv ei> = RlC(y, ZL’),
i=1 i=pt+1

the last equality following from the curvature symmetries presented in §1.9. We
say that a Riemannian manifold has positive Ricci curvature if for each p € M,
the symmetric bilinear form Ric : T,M x T,M — R is positive definite. Exam-
ples of manifolds of positive Ricci curvature include the spheres, the compact Lie
groups O(n) and U(n) with biinvariant Riemannian metrics, and the complex
projective space.

In this section, we will describe how Hodge’s theory of harmonic forms allows
us to draw conclusions about the topology of manifolds with positive Ricci
curvature. Our approach is to use the Weitzenbock formula (2.52):

—Aw = —Ag(w)+K(w), where K(w)= —% Z(EQiOLej+LeiO€9j)R(ei7 ;) (w).
i

It follows from this formula and the proposition from §2.13 that
/ (= Aw, w)Ony = / (—An(w) + K(w),w)On
M M

:/ ||va2@M+/ (K(w),w)Op. (2.54)
M M

If we can show that whenever w € QF(M), the curvature term (K(w),w) > 0, it
will follow that

/ (—Aw,w)Oyr >0, forall w e QF(M).
M
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From this we can conclude that there cannot be any nonzero harmonic k-forms,
and hence it follows from Hodge’s Theorem that Hjz(M;R) = 0.

This approach to determining relationships between curvature and topology
is called Bochner’s technique, and has many applications to finding relationships
between curvature and topology. We will apply this technique to the case where
w € QY (M) to obtain:

Theorem. Let (M,w) be a compact connected oriented Riemannian manifold
with positive Ricci curvature. Then Hj,(M;R) = 0.

To carry out the calculation of (K(w),w) when w € Q'(M), we use the Rieman-
nian metric (-,-) on M to identify T, M with T,y M via the isomorphism

veT,M +— (v,-) € Ty M.

Using this isomorphism, we could identify the elements e; of a moving orthonor-
mal frame with the corresponding elements #* of the dual orthonormal coframe.
It then suffices to show that

(K(6Y),0%) = (K(e;),e;) >0, for1<i<n.

But
1
(Kler),en) = =5 D (01 0 te; + te, © €91 ) Rles ej)ex, k)
i#]
1
=-3 <R(ei7 €j)ek; (€63 O Le; + e © €9i)€k>
ij
1
=-3 (R(e;,€j)en, (€9i © te, — €01 © Le, )ek)
]
1 1 &
=-3 (R(ek,ej)ek, ) + 3 (R(e;, ex)ex, e;)
=1 =1

= Ric(eg, ex).

Thus if M has positive Ricci curvature, it does indeed follow from (2.54) that
there are no nonzero harmonic one-forms on M and H},(M;R) = 0.

2.16 The curvature operator and Hodge theory

Suppose that (M, (-,-)) is a Riemannian manifold. Just as we have defined
AQT;M , we could define A®T,M and use the Riemannian metric to define a
positive definite inner product

()t NPT M x A*Ty M — R.

We can then organize the information contained in the Riemann-Christoffel
curvature tensor into a symmetric linear map on A*T},M.
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Definition. The curvature operator of a Riemmannian manifold (M, (-,-)) at
a point p € M is the linear map

R : N*T,M — A*T,M defined by (R(zAy),zAw)=(R(z,y)w,z).

The curvature symmetries imply that R is well defined and symmetric:
R(xAy),zAw) ={x Ay, R(z Aw)).
We say that (M, (-,-)) has positive curvature operators if for every p € M,
(R(€),€) >0, for all nonzero & € A>Ty M.

We can ask the question of whether having positive curvature operators puts
constraints on the topology of a Riemannian manifold. A first answer to this
question was given by the following theorem:

Theorem of Gallot and Meyer (1975). Let (M,(-,-)) be a compact con-
nected oriented n-dimensional Riemannian manifold with positive curvature op-
erators. Then

R, ifk=0ork=n,

HY (M R) =
ar( ) {O, otherwise.

In other words, M has the same de Rham cohomology as S™.

A complete proof of this theorem is beyond the scope of the course, but we will
give a sketch. The idea is relatively simple.

Since M is connected HYn(M;R) = R while Poincaré duality shows that
H}'(M;R) = R. Thus we need only verify that

0<k<n = HI(MR)=H*M)=0.

In other words, we need only verify that M has no harmonic k-forms when
0 < k < n. Applying (2.54) to the case where Aw = 0, we see that it would
suffice to show that if w is a nonzero k-form, where 0 < k < n, then

(R(€),€) >0, for all nonzero £ € AT, M
= (K(w),w) > 0,for all nonzero w € A>T M.

This is a purely algebraic problem that was solved by Gallot and Meyer. We
will sketch further details in the next section.

The Hodge Laplacian is a linear elliptic operator. It might be hoped that
stronger results could be obtained using nonlinear PDE’s. This was realized by
Boéhm and Wilking [6] who showed in 2006 that compact simply connected Rie-
mannian manifolds with positive curvature operators are in fact diffeomorphic
to spheres by using the nonlinear Ricci curvature evolutions equations intro-
duced by Hamilton. (We say that a connected manifold M is simply connected
if any path v : [0,1] — M such that v(0) = (1) can be continuously deformed
to a point; see Chapter 1 of [14].)
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2.17 Proof of Gallot-Meyer Theorem*

For those who are curious about how the proof goes, we provide a sketch of
the argument, using the notion of Clifford algebra, which is important for other
applications as well, and will be discussed later in the course (see §5.6). Our
argument follows [19].

Using the Riemannian metric we can identify 7y M with T, M and A*T; M
with A*T, M. Thus if we have an orthonormal basis (e1, ..., ey) at a given point
p € M, we identify 0° with e;.

The idea behind Clifford algebras is to define a new product (denoted by a
dot) on A*T, M by requiring that it be associative and

€€ +6j e = _25ij'

With this new product, we call A*T}, M the Clifford algebra of T, M and denote
it by CI(T,M). Thus the Clifford algebra of T, M is the associative algebra with
identity generated by the elements of v € T}, M subject to the relations

veow+w-v=—-2(v,w), forallv,weT,M.

The Clifford algebras C1(T,,M) at the various points p € M fit together to form
a vector bundle CI(TM) of rank 2™ over M. We identify

Q" (M) = { sections of A*(T'M) } with { sections of CI(TM) }.

With this new Clifford multiplication, we can write

n

d+51261v97

i=1

Note that (d + §)? = —A, and we call d + § a Dirac operator. The Clifford
product simplifies the form of the operator K:

(K(w), ) = 3 3 fer - Rler, e3)(), )
i

If U is an open subset of M on which we have defined a moving orthonormal
frame (eq,...,ey), it is readily checked that

(i w,P) = —(w,e; - Py, forw,pe Q*(U). (2.55)
We can define a map
ad(e; - ;) : Q*(U) = Q*(U) by ad(e;-€j)(w)=¢e;-€ -w—w-e;-ej.

It is easy to check that ad(e; - e;) is a derivation with respect to Clifford multi-
plication.
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If I = (i1,...,%), we let
€] = €5, "€y €4y
It is easy to check that ad(e; - e;) preserves degree that is, that
ad(e; - e5) : QF(U) — QF(U).
Moreover,

0, ifi,jel,
ad(e; -ej)(er) =<0, ifi¢Iandjél,
2e; - e;j - ey, otherwise,

while if i € T and j ¢ I,
ad(e; - ej)(er) = £erugy—1i}-
Finally, we check that
ad(e; -ej)(w) =0 foralli,j = weQ'U)aQ"(U).
Note also the important fact that
€ -ej-er — %ad(ei “ej)(er) € QF2(U) @ QFF2(U). (2.56)

It follows from (2.56) and (2.55) that if w € Q¥(U), where 0 < k < n,

(K(w),w) = 5> (ei-e;- Rlei,e)(w),w)
i#]
= —2 > (R(es, e5)(w),ad(e; - ) (w)) . (2.57)

i#j

N

Recall that is terms of components,
R(ei,ej)ex = Y Rijiwer = — »_ Rijiker.
Lemma. If w € QF(U), then

R(e;, ej)w = —- Rijriad(ey - ) (w).

The proof of this lemma is left as an exercise. The idea is to show that both
sides are derivations that agree on Q°(U) and Q'(U). Each of these steps is a
straightforward computation.
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This lemma together with (2.57) yields

(K(),w) = 1 3 Riguafad(es - e;)(w), ad(ex - 0)())

,9,k,1
1

=1 (R(e; Nejler Nepy(ad(e; - €5)(w), ad(eg - ) (w)) .
i,k
Thus we find that evaluated at any given point p € M,
(K(w),w) = - Z (R(e; ANej),en Aer) (ad(e; - ej)(w), ad(ex - e)(w))

i<j, k<l

= 1 D R(Ew), ) (ad(Ea) (), ad(E9) (@)
a,B

where the £,’s form an orthonormal basis for A>T, M. By a well-known theorem
from linear algebra, we can choose such an orthonormal basis so that

<R(§Oz)a £ﬁ> - )\aéaﬂa

and the hypothesis “positive curvature opertors” implies that all of the A, ’s are
positive. Then

(K (@), 0) = 1 3 e fad(E) (@), ad(€a)(@)) 2 0,

and equals zero only if w = 0. Thus under the assumption that M has positive
curvature operators, there are no harmonic k-forms for 0 < k& < n and the
Gallot-Meyer Theorem is proven.
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Chapter 3

Curvature and topology

3.1 The Hadamard-Cartan Theorem

Recall that the curvature is the most important local invariant of a Rieman-
nian or pseudo-Riemannian manifold (M, (-,-)). We could imagine defining the
curvature at a given point p € M as follows. First we construct “Riemannian
normal coordinates” (U, x!,...2") centered at p as in §1.14. In terms of these
coordinates, the Riemannian metric assumes the form

n
()= giyda’ @ da?,
i,j=1
where each component g;; has a Taylor series expansion
1 n
Gij = 0ij — 3 Z Rikjl(p)xkxl + (higher order terms),
k=1
for certain constants R;j;;(p) which satisfy the curvature symmetries:
Rikji(p) = —Rriji(p) = —Riri; (p) = Rjiin(p),
Rikji(p) + Riji(p) + Rjira(p) = 0.

We can then define a quadrilinear map

R:T,M x T,M x T,M x T,M — R

3}
by R ((’hi

thereby obtaining an element R € ®4T;M . As we allow p to vary over M, we
thereby obtain a covariant tensor field of rank four,

0

' ok
pax

0

, —
J
» ox

0

» 57
pax

) = Rirji(p),

R:X(M) x X(M) x X(M) x X(M) — F(M),
R(X,Y,Z,W)(p) = R(X(p), Y (p), Z(p), W (p)),
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which we call the Riemann-Christoffel curvature tensor.

Thus curvature measures the deviation from flatness in the coordinates which
are as flat as possible near a given point p.

As we saw in §2.16, we can organize the curvature into a curvature operator

R : N*T,M — A*T,M defined by (R(zAy),zAw)= (R(z,y)w,z).
The curvature symmetries imply that R is well defined and symmetric:
Rz Ay)yzAw) =(x Ay, R(z Aw)) .

Hence by theorems from linear algebra, A?T, M has a basis consisting of eigen-
vectors for R and all of the eigenvalues of R are real. We say that (M, (-, "))
has positive curvature operators if for every p € M, the eigenvalues of R are
positive and that it has nonpositive curvature operators if for every p € M, the
eigenvalues of R are nonpositive.

The Hadamard-Cartan Theorem implies that if (M, (-,-)) is a complete Rie-
mannian manifold with nonpositive curvature operators, then for each p € M
the exponential map exp, : T,M — M is a smooth covering in the following
sense. We say that a smooth map 7 : M — M is a smooth covering if 7 is
onto, and each ¢ € M possesses an open neighborhood U such that 7#=1(U) is a
disjoint union of open sets each of which is mapped diffeomorphically by 7 onto
U. Such an open set U C M is said to be evenly covered.

We say that a connected manifold M is simply connected if any path - :
[0,1] — M such that v(0) = (1) can be continuously deformed to a point.
It is a theorem from basic topology as we will see later in §3.5 (or see Chap-
ter 1 of [14]) that a smooth covering of a simply connected space must be a
diffeomorphism. Thus the Hadamard-Cartan Theorem implies that a simply
connected complete Riemannian manifold with nonpositive curvature operators
must be diffeomorphic to Euclidean space. This contrasts with a recent theorem
of B6hm and Wilking [6] that compact simply connected Riemannian manifolds
with positive curvature operators are diffeomorphic to spheres.

Actually, however, the Hadamard-Cartan Theorem is somewhat stronger.
Nonpositive curvature operators can be replaced by the weaker hypothesis that
for every p € M,

(R(z Ay),z Ay) <0, for all decomposable z Ay € A2T;M.

This is just the assumption that (M, (-, -)) has nonpositive sectional curvatures,
where sectional curvatures are defined as follows: If o is a two-dimensional
subspace of T,M such that the restriction of (-,-) to o is nondegenerate, the
sectional curvature of o is

(R(z,y)y, x)
(z,2)(y,y) — (x,9)%’

K(o) =

whenever (z,y) is a basis for o.
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Hadamard-Cartan Theorem. Let (M, (-,-)) be a complete connected n-
dimensional Riemannian manifold with nonpositive sectional curvatures. Then
the exponential map

exp, : TyM — M

is a smooth covering.

The reason we can get by with sectional curvatures in the hypothesis is that it is
sectional curvatures which governs the behavior of geodesics. In fact, we claim
that positive sectional curvatures cause geodesics emanating from a point p € M
to converge, while nonpositive sectional curvatures cause them to diverge. It is
this fact which underlies the proof of the Hadamard-Cartan Theorem that we
present in the next several sections.

3.2 Parallel transport along curves

Let (M, {-,-)) be a pseudo-Riemannian manifold with Levi-Civita connection
V. Suppose that v : [a,b] — M is a smooth curve. A smooth vector field in M
along ~y is a smooth function

X :[a,b] = TM such that X(t) € TyyM for all t € [a,b].
Note that we can define the covariant derivative of such a vector field along ~:
VX ifa,b] = TM, (VyX)(t)eTyuM.
If (z!,...,2™) are local coordinates in terms of which

XM=Y r0a . A=Y 1) 0

; ; dt
=1 ~(t) i=1

then a short calculation shows that

n

VX)) =Y %(tH > F%(v(f))w(wk@ %

i=1 Gk=1

(1)

Definition. We say that a vector field X along v is parallel if V.- X = 0.

Proposition. If vy : [a,b] — M is a smooth curve, to € [a,b] and v € T, )M,
then there is a unique vector field X along v which is parallel along ~ and takes
the value v at ty:

VyX =0 and X(ty) =v. (3.1

Proof: Suppose that in terms of local coordinates,

U:Z;a oxt

v (to)
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Then (3.1) is equivalent to the linear initial value problem

df' — L A oy) j j
T — i —at
L ‘*‘j%:l I — ff=0, f'(to)=a

It follows from the theory of ordinary differential equations that this initial value
problem has a unique solution defined on the interval [a, b].

If v : [a,b] — M is a smooth path we can define a vector space isomorphism
Tyt Tw(a)M — Tw(b)M by T,Y(U) = )((b)7

where X is the unique vector field along « which is parallel and satisfies the
initial condition X (a) = v. Similarly, we can define such an isomorphism 7, if
7y is only piecewise smooth. We call 7., the parallel transport along .

Note that if X and Y are parallel along ~y, then since the Levi-Civita con-
nection V is metric, (X,Y") is constant along +; indeed,

Y(X,Y) = (Vo X,Y)+ (X,V,.Y) =0.

It follows that 7, is an isometry from T’ )M to T ) M.

Parallel transport depends very much on the path . For example, we could
imagine parallel transport on the unit two-sphere S? C E? along the following
piecewise smooth geodesic triangle v: We start at the north pole n € S? and
follow the prime meridian to the equator, then follow the equator through 6
radians of longitude, and finally follow a meridian of constant longitude back
up to the north pole. The resulting isometry from 7},S? to itself is then just a
rotation through the angle 6.

3.3 Geodesics and curvature

We now consider the differential equation that is generated when we have a
“deformation through geodesics.”

Suppose that 7 : [a,b] — M is a smooth curve and that « : (—€, €) x [a, b] —
M is a smooth map such that «(0,t) = v(¢t). We can consider the map « as
defining a family of smooth curves

a(s) : [a,b) — M, for s € (—e,€), such that a(0)=~,

if we set a(s)(t) = a(s,t). A smooth vector field in M along « is a smooth
function

X : (—e€€) X [a,b] = TM
such that X(s,t) € Ty s,)M  for all (s,t) € (—¢€,¢€) x [a,b].

We can take the covariant derivatives V5, X and Vg,5, X of such a vector
field along « just as we did for vector fields along curves. (In fact, we already
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carried out this construction in a special case in §1.6.) If (z,...,2") are local
coordinates in terms of which

then a short calculation yields

n

BN VAR S N AT
(va/aSX)(Svt) - ; Os +]§1(ijoa) Os f (S’t) ox' als,t) )

A similar local coordinate formula can be given for V9, X.
Of course, important examples of vector fields along « include

Oa 4 9o
as N B

and it follows quickly from the local coordinate formulae that

Oa Oa
Vayas <8t) = Voot (83) .

Just as in §1.8, the covariant derivatives do not commute, and this failure is
described by the curvature: Thus if X is a smooth vector field along «,

Jda O«
Vosos°VaatX — Vot oVap:X =R ( ) X.

ds’ Ot
We say that a a deformation of v and call

foJe

the corresponding deformation field.

Proposition 1. If « is a deformation such that each a(s) is a geodesic, then
the deformation field X must satisfy Jacobi’s equation:

V. VX +R(X,y)y =0. (3.2)

Proof: Since a(s) is a geodesic for every s,

da

Oa
Voot (E)t) =0 and hence Vy,9:Vy o (E)t) =0.
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By the definition of curvature (see §1.8)

Ja Jda Jda\ Oa
VasotVaoyos <8t> +R <357 8t> 5 =0

o Oa Oda\ Oa
or Va/atva/at <85> + R (887 (‘%) a =0.

Evaluation at s = 0 now yields (3.2), finishing the proof.

Remark. The Jacobi equation can be regarded as the linearization of the
geodesic equation near a given geodesic 7.

Definition. A vector field X along a geodesic v which satisfies the Jacobi
equation (3.2) is called a Jacobi field.

Suppose that 7 is a unit speed geodesic and that (E4,...E,) are parallel or-
thonormal vector fields along v such that F; = «'. We can then define the
component functions of the curvature with respect to (Ey,...E,) by

R(Ey, E)E; =Y Rj,;E;,

i=1

where our convention is that the upper index ¢ gets lowered to the third position.
If X =) f*E;, then the Jacobi equation becomes

Cf N pi g
o +Y Rl f =0 (3.3)
j=1

This second order linear system of ordinary differential equations will possess a
2n-dimensional vector space of solutions along . The Jacobi fields which vanish
at a given point will form a linear subspace of dimension n.

Example. Suppose that (M, (-,-)) is a complete Riemannian manifold of con-
stant sectional curvature k. Thus

R(X, Y)W =k[(Y, W)X — (X, W)Y].
In this case, X will be a Jacobi field if and only if
VyVyX = —R(X,y) = k(X)) = (v, /) X].

Equivalently, if we assume that « is unit speed and write X = Y f'E;, where
(EF4,...,E,) is a parallel orthonormal frame along ~ such that E; =4/, then

d2 1

dtf2 =0,

CI— kfi, for2<i<
g == fr, for2<i<n.
The solutions are

fHt) = a' +b't,
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and for 2 <i <n,

a’ cos(vVkt) + b sin(Vkt), for k > 0,
i) = { a® + bt, for k=0, (3.4)
a® cosh(v/—kt) + b' sinh(v/—kt), for k <0,

Here a',b!,...,a™, b" are constants of integration to be that are determined by
the initial conditions.

Definition. Suppose that 7 : [a,b] — M is a geodesic in a pseudo-Riemannian
manifold (M, (-,-)) with v(a) = p and v(b) = q. We say that p and ¢ are
conjugate along 7 if p # ¢ and there is a nonzero Jacobi field X along 7 such
that X (a) =0 = X(b).

For example, antipodal points on S™ are conjugate along the great circle geodesics
which join them, while E™ and H” do not have any conjugate points.

Suppose that p is a point in a geodesically complete pseudo-Riemannian
manifold (M, (-,-)) and v € T, M. We can then define a geodesic v, : [0,1] — M
by 7, (t) = exp,(tv). We say that v belongs to the conjugate locus in T,M if
~,(0) and v,(1) are conjugate along -, .

Proposition 2. A vector v € T, M belongs to the conjugate locus if and only
if (exp, )« is singular at v, that is, there is a nonzero vector w € T, (T, M) such
that (exp,,) .« (w) = 0.

Proof: We use the following construction: If w € T, (T, M), we define
y : (6,€) X [0,1] = M by ay(s,t) = exp,(t(v + sw)).

We set 5
Qo
Xw t) = ——— 7t )
()= (0,1)

A Jacobi field along v, which vanishes at v,(0). As w ranges throughout T, M,
X, rnges throughout the n-dimensional space of Jacobi fields along -y, which
vanish at 7, (0).

< If (exp,)«(w) = 0, then X, is a Jacobi field along ~, which vanishes at
~,(0) and v,(1), so v belongs to the conjugate locus.

=-: If v belongs to the conjugate locus, there is a Jacobi field along ~, which
vanishes at 7,(0) and 7, (1), and this vector field must be of the form X, for
some w € T, (T, M). But then (exp,).,(w) = X, (1) = 0, and hence (exp, ). is
singular at v.

Example. Let us consider the n-sphere S™ of constant curvature one. If p is
the north pole in S™, it follows from (3.4) that the conjugate locus in T,S™ is a
family of concentric spheres of radius km, where k € N.
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3.4 Proof of the Hadamard-Cartan Theorem

Suppose that (M, (-,-)) is a Riemannian manifold. A point p € M is said to be
a pole if the conjugate locus in T}, M is empty. For example, it follows from the
explicit formulae we derived for Jacobi fields that any point in Euclidean space
E™ or hyperbolic space H" is a pole.

Pole Theorem. If (M,(-,-)) is a complete connected Riemannian manifold
and p € M is a pole, then exp,, : T,M — M is a smooth covering.

To prove this, we need to show that 7 is onto and each p € M has an open
neighborhood U such that 7—!(U) is the disjoint union of open sets, each of
which is mapped diffeomorphically by 7 onto U.

Since exp,, is nonsingular at every v € T, M, we can define a Riemannian
metric ((-,-)) on T, M by

({z,y)) = ((exp,)«(2), (expp)«(y)), for all z,y € T, (T, M).

Locally, exp,, is an isometry from (7,,M,((:,-))) to (M, (-,-)) and it takes lines
through the origin in T, M to geodesics through p € M. Hence lines through
the origin must be geodesics in the Riemannian manifold (T,M, ((-,-))). It
therefore follows from the Hopf-Rinow Theorem from §1.18 that (T,M, ((-,-)))
is complete. Thus the theorem will follow from the following lemma:

Lemma. If7: M — M is a local isometry of connected Riemannian manifolds
with M complete, then 7 is a smooth covering.

Proof of lemma: Let ¢ € M. We need to show that ¢ lies in an open set U C M
which is evenly covered, i.e. that 7=!(U) is a disjoint union of open sets each
of which is mapped diffeomorphically onto U.

There exists € > 0 such that exp, maps the open ball of radius 2¢ in T; M
diffeomorphically onto {r € M : d(q,r) < 2¢}. Let {Go : @ € A} be the set of
points in M which are mapped by 7 to g, and let

U={reM:d(rgq) <e}, Uy = {7 € M : d(F,Gs) < €}.
Choose a point G, € 7~ 1(q), and let
B, ={veT,M:|v| <e}, B.={v¢e T%M S 1o)] < €}
We then have a commutative diagram
B, —— B,
exp,_ equl
Up —— U
Note that exp;_ is globally defined and maps onto U, because M is complete,

and 7, and exp, are diffeomorphisms. Hence 7 maps U, diffeomorphically onto
U.
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If 7 e U, N Ug, we would have geodesics 7, and 73 of length < € from ¢,
and ¢g to 7. These would project to geodesics v, and g of length < e from ¢
to r = (). By uniqueness of geodesics in normal coordinate charts, we would
have v, = 7g. Since 7 is a local isometry, ¥, and g would satisfy the same
initial conditions at 7. Thus 7, = 98, 50 §o = ¢s and a = 3. We have shown
that U, N [75 # 0 only if a = 3.

Suppose now that 7 € 7~ 1(U), with r = 7(F) € U. Then there is a unit-
speed geodesic 7y from r to ¢ of length < e. There is a unit-speed geodesic 7 in
M starting from 7 whose initial conditions project to those of «v. Then mo5 =~
and hence 4 proceeds from 7 to ¢, in time < € for some o« € A. Thus 7 € U,
for some o € A, and

N U) = U{Ua ta e A}

Thus every point in M lies in an open set which is evenly covered. One

easily checks that W(M ) is both open and closed in M. Since M is connected,
7 is surjective and the lemma is proven.
The Hadamard-Cartan Theorem now follows from the following:

Theorem. If (M,(-,-)) is a complete connected Riemannian manifold which
has the property that its curvature R satisfies the condition

(R(z,y)y,z) <0, forallz,yeT,M andall g€ M.

Then any point p € M is a pole.

Proof: Suppose that p € M, v € T,M and v(t) = exp,(tv). We need to show
that p = v(0) and ¢ = v(1) are not conjugate along ~.

Suppose, on the contrary, that X is a nonzero Jacobi field along ~ which
vanishes at v(0) and y(1). Thus

VyVyX +R(X, 7)Y =0, (VyVyX, X)=—(R(X,7)y,X) > 0.

Hence 1
/ (V4 VX, X)dt >0,
0

and integrating by parts yields

1
d
/0 {ﬁ(VW/X,)Q—(V,Y/X,Vva dtZO;

and since the first term integrates to zero, we obtain
1

/ —(V X,V X)dt > 0.
0

It follows that VX = 0 and hence X is identically zero, a contradiction.
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3.5 The fundamental group

This section gives a brief treatment of the notion of fundamental group, a topic
familiar to many readers; our treatment is brief since this topic is treated in
detail in Math 221B. If you have not seen the fundamental group before, focus
first on the definitions of fundamental group, simply connected and universal
covers, and return to the proofs after you see how these concepts are used. A
detailed treatement of the fundamental group can be found in Chapter 1 of [14],
which is available on the internet.

3.5.1 Definition of the fundamental group

Suppose that X is a metrizable topological space and that zy and z; are points
of X. We let

P(X;x0,21) = { continuous paths v : [0,1] — X : v(0) = zq,v(1) = 21 }.

If v, A € P(X, xo,x1) we say that v and X\ are homotopic relative to the endpoints
{0,1} and write v ~ X if there is a continuous map « : [0,1] x [0,1] — X such
that

a(z,0) =z, afs,1)=x1, «a(0,t)=~(t), «l,t)=A().

We let 71 (X, 2o, 1) denote the quotient space of P(X, zg,x1) by the equivalence
relation defined by ~, and if v € P(X, zo, 1), we let [y] € m1(X; 0, x1) denote
the corresponding equivalence class. If d is a metric defining the topology on
X, we define a metric on P(X;x, 1) by

d(v,A) = sup{d(y(t), A(¥)) : t € [0, 1]},

then P(X;xzo,x1) becomes a metric space itself and it has a resulting topology.
In this case, 71 (X, 2o, z1) can be regarded as the collection of path components
of P(X;xg,21).

Suppose that v € P(X;xzg,21) and A € P(X;z1,22), and define v -\ €
P(X;xg,z2) by

(2, for t € [0,1/2],
N {)\(Qt —1), forte[1/2,1].

Finally, if [y] € m1(X;x0,21) and [A\] € m1(X;21,22), we claim that we can
define a product [][\] = [y A] € m(X;x0,22). We need to show that this
product

T (X520, 21) X (X321, 22) — ™1 (X 20, T2)

is well-defined; in other words, if v ~ 4 and A ~ 5\, then

YA F A
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We show that v ~ 4 implies that v- A ~ 4 - A. If « is the homotopy from -~
to 7, we define

a(s,2t), forte[0,1/2],
:[0,1] x [0,1] = X D s.t) =
g: 10,1 [0.1] y Alsd) {/\(Qt—l), for ¢ € [1/2, 1].
This gives the required homotopy from - A to - A. The fact that A ~ A implies
that v - A >~ ~ - X is quite similar.
The case where xy = x is particularly important. We denote 7 (X, 2, z¢)
by 7m1(X, x0), and call it the fundamental group of X at xg.

Theorem. The multiplication operation defined above makes 71(X, xg) into a
group.

To prove this we must first show that m; (X, zo) has an identity. We let € be the
constant path, £(t) = zo for all ¢ € [0, 1], and claim that

[y-el=Dhl=le-~], forall [y] € m (X, o).

We prove the first equality, the other being similar; to do this, we need to
construct a homotopy from 7 - € to v. We simply define « : [0,1] x [0,1] — X
by

a(s.t) = {7 (2). fort<@/2)s+1),
, o, for t > (1/2)(3+1)_

Then a(0,t) = (v -¢)(t) and «(1,t) = v(¢).
To prove associativity of multiplication, we need to show that if v, A and g
are elements of P(X,xg), the

(VA p=y (A ).
To do this, we define a : [0,1] x [0,1] — X by

7(;&1)’ fort§(1/4)(s+1),
a(s,t) =q A4t —s—1), for (1/4)(s+1) <t <(1/4)(s+2),
u(%) for ¢ > (1/4)(s + 2).

Then «(0,t) = (y-A) - u while a(1,¢) = - (A ), so multiplication is indeed
associative.

Finally, given v € P(X, z¢), we define y~1(¢) = v(1—t). To prove that [y~!]
is the inverse to [y], we must show that

vy t~e and y 'y ~e.
For the first of these, we define a homotopy « : [0,1] x [0,1] — X by

~¥(2t), for t < (1/2)(1 — s),
a(s,t) =< y(1—s), for (1/2)(1—35) <t < (1/2)(1+s),
~v(2—2t), fort>(1/2)(1+s).
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Then (0,t) = (v -~y 1)(¢) while a(s, 1) = 2. The homotopy for v~ -y ~ ¢ is
constructed in a similar fashion.

A continuous map F : X — Y with F(z() = yo induces a map
Fy: P(X,z0) = P(Y,y0) by Fy(y)=Fon,
and it is easily checked that
Yy~XA = Foyx~Fol,
so that Fy induces a set-theoretic map
Fy:m (X, @0) — m1(Y, 9o0).

Moreover, it is immediate that Fy is in fact a group homomorphism. We thus
obtain a covariant function from the catergory of pointed metrizable topological
spaces (X, zg) and continuous maps F' : (X, z¢) — (Y, yo) preserving base points
to the category of groups and group homomorphisms.

Remark. If X is pathwise connected, the fundamental groups based at different
points are isomorphic. This is proven by techniques similar to those utilized in
the proof of the preceding theorem. Indeed, if v € P(X,zo, 1), we can define
amap h, : P(X,z9) — P(X,z1) by

~v(1—3t), fortel0,1/3],
hy(X) = ¢ A3t —1), forte[1/3,2/3],
~v(3t —2), forte[2/3,1].

By arguments similar to those used in the proof of the preceding theorem, one
checks that this yields a well-defined group homomorphism

hiy s (X, 20) — m(X,21) by hy([A]) = [y Al

Finally, if y=! € P(X,z1,70) is defined by y=!(¢) = v(1 — t), one checks that
hiy-1y is an inverse to hy).

Definition. We say that a metrizable topological space X is simply connected
if it is pathwise connected and 71 (X, xo) = 0. (The above remark shows that
this condition does not depend on the choice of base point xg.

3.5.2 Homotopy lifting

To calculate the fundamental groups of spaces, one often uses the notion of
covering space. A continuous map X — Xisa covering if it is onto and every
x € X lies in an open neighborhood U such that 7=*(U) is a disjoint union
of open sets each of which is mapped homeomorphically by 7 onto U. Such
an open set is said to be evenly covered. Coverings have two important useful
properties:
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Homotopy Lifting Theorem. Suppose that 7 : X — X is a covering. If
7:00,1] - X,  «a:[0,1] x[0,1] - X

are continuous maps such that ©(3)((t) = «(0,t), thene there exists a continuous
map )

a:[0,1] x[0,1] — X
such that &(0,t) = 4(t) and w0 & = «.

In words, the homotopy « can be lifted to & taking values in X.

To prove this, we let & be an open cover of [01,] x [0,1] C R? consisting of open
sets of the form (a,b) X (¢, d) where a,b, ¢, d are rational and

a((a,b) x (¢,d)N[0,1] x [0,1])

lies in an evenly covered open subset of M. Since [0,1] x [0, 1] is compact, a
finite subcollection

{(alv by X (Cla dl)v ceey (akv bk) X (Ckv dk)}

of U covers [0,1] x [0,1]. Choose a positive integer m so that may, ..., mdy are
all integers and let n = 2m. For 1 <4,j < n, let

]
n 'n n n
Then «(D;;) is contained in an evenly covered open subset U;; of X.

The idea now is to define & inductively on D11, D1a, ...,D1n, D21, ..., Doy,
vy Dp1y ooy Do,

When we get to the (4, j)-stage, & is already defined on a connected part of
the bounary of D;; and the image lies in some l~]” which is mapped homeomor-
phically onto an evenly covered open subset U;; of X. We are forced to define

6&|Dij = (W‘Uij)_l (e} H‘Oéij.

This gives the unique extension of & to D;; and an induction on ¢ and j then
finishes the proof of the Unique Path Lifting Theorem.

Remark. In the Homotopy Lifting Theorem, we could consider the case of
a degenerate path 7(t) = p and a degenerate homotopy «(s,t) = A(s). In
this case, the Homotopy Lifting Theorem gives rise to a existence of a path A
covering a given path A in X. The following theorem shows that this lifted path
is unique:

Unique Path Lifting Theorem. Suppose that 7 : X — X is a covering. If
v, A :[0,1] — X are two continuous maps such that v(0) = A\(0) and moy = wol,
then v = .
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To prove this, we let J = {t € [0,1] : y(t) = A(t)}. We claim that J is both
open and closed. Indeed, if ¢ € J, y(t) = A(t) and (t) = A(t) lies in some open
set U which is mapped homeomorphically onto an open set U in X. Clearly
t Cy Y U)NA"Y(U) C J. Hence J is open.
On the other hand, if ¢ € J, there exist open sets U1 and U2 such that
v(t) € Uy and A(t) € Us, where the two sets U, and U, are disjoint open sets
mapped homemorphically by 7 onto an open subset U of X. Thus

te~y YU N A Ts) € [0,1] — J,
and J is closed.
Example. Suppose that
T:R—=S'={ze€C:|z|=1} by n(t) =", (3.5)

One checks that 7 is a smooth covering. We can use the previous theorems to
calculate the fundamental group m;(S?,1).

Indeed, suppose that v € P(S',1). Then the Unique Path Lifting Theorem
implies that there is a unique 4 : [0,1] — R such that ¥(0) = 0 and mo ¥ =
v. Since (1) = 1, there exists an element k£ € Z such that (1) = k. If
v =~ X € P(S%1) by means of a homotopy « : [0,1] x [0,1] — S!, we can use
the Homotopy Lifting Theorem to construct & : [0,1] x [0,1] — R such that
a(0,t) = 4(t) and 7 o @ = a. Unique path lifting implies that a(s,0) = 0,
a(s,1) =k. and a(1,t) = )\( ). Thus 7(1) = A(1), and we obtain a well-defined
map

h:m(S' 1) — Z such that h([y]) = F(1).

It is easily checked that h is a homomorphism and since h([e?>™*]) = k for k € Z,
we see that h is surjection. Finally, if A([y]) = 0, then (1) = 0 and hence 7 is
homotopic to a constant, and ~y itself must be homotopic to a constant. Thus
we conclude that 7 (S?,1) = Z.

Degree of maps from S! to S': Suppose that F': S' — S! is a continuous
map. Then 7 : S' — S! determines a homomorphism of fundamental groups

Y 7T1(Sl) — 7r1(51),

and since m;(S') = Z, this group homomorphism must be multiplication by
some integer n € Z. We set deg(y) = n and call it the degree of ~.
Regarding S! as

St ={(z,y) e R*: 2? +y* =1}.

we note that the differential form xdy — ydz is closed but not exact. However,
if 7 is the covering (3.5), then 7*(ydx — xdy) = df for some globallly defined
real-valued function # on R. If v : S — St is smooth, then ~ lifts to a smooth
map 7 : ST — R and

deg(7) = %/d&z ;ﬂ[y(mdy—ydx).
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By very similar arguments, one could calculate the fundamental groups of many
other spaces. For example, if T = E"/Z", the usual n-torus, then

n

——
Wl(TnaxO) :Z@EBZa

while if RP™ is the real projective space obtained by identifying antipodal points
on S™(1), then m (RP™, xg) = Zs.

Finally, the Homotopy Lifting Theorem allows us to finish the argument that
a complete simply connected Riemannian manifold which has nonpositive sec-
tional curvatures must be diffeomorphic to R™:

Covering Theorem. Suppose that 7 : M — M is a smooth covering, were
M and M are pathwise connected. If M is simply connected, then 7 is a
diffeomorphism.

To prove this we need only show that 7 is one-to-one. Suppose that p and ¢ are
points in M such that 7(p) = 7(§). Since M is pathwise connected, there is a
continuous path 7 : [0,1] — M such that (1) = p and (1) = §. Let y =m0 7.
If p = n(p) = 7(q), then v € P(M,p). Since M is simply connected there is a
continuous map « : [0,1] x [0,1] — M such that

a(s,0) =p=a(s,1), «a0,t)=~(), «ol,t)=np.

By the Homotopy Lifting Theorem, there is a continuous map & : [0, 1] x [0, 1] —
M such that
a(0,t) = (1), Tod=q.

The Unique Path Lifting Theorem implies that
a(s,0) =a(0,0) =5(0)=p and a(s,1)=a0,1)=5(1) =q.

On the other hand, the Unique Path Lifting Theorem also implies that &(1,t)
is constant. Hence p = ¢ and 7 is indeed one-to-one, exactly what we wanted
to prove.

3.5.3 Universal covers

The final fact we need regarding the fundamental group and covering spaces is
the existence of a universal cover.

Universal Cover Theorem. If M is a connected smooth manifold, there
exists a simply connected smooth manifold M together with a smooth covering
7+ M — M. Moreover, if M; is another simply connected smooth manifold
with with smooth covering 71 : M, — M, there exists a smooth diffeomorphism
T:M%Ml such that m =m0 T.

We sketch the argument. A complete proof can be found in [14].
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We start with a point py € M and let

M={(p,[7]) :pe M,[y] € 7 (M;po,p)}.

We can then define 7 : M — M by 7(p, [v]) = p. We need to define a metrizable
topology on M, check that 7 is a covering and show that M is simply connected.
Then M inherits a unique smooth manifold structure such that 7 is a local
diffeomorphism.

Here is the idea for constructing the topology: Suppose that p = (p,[y]) € M
and let U be a contractible neighborhood of p within M. We then let

U(py[’y]) ={(q,[\)) € M : g € U,[\] = [y - a], where « lies entirely within U }.

Then 7 maps 0(P,M) homeomorphically onto U. From this one concludes that
7 is a covering. R ~
To show that M is simply connected, we suppose that A : [0,1] — M is a

continuous path with B ~
A0) = A1) = (po, [e]),

where ¢ is the constant path at pg. Then A = o \ is a closed curve from Ppo to
po. For t € [0, 1], we define

At 1 [0,1] = M by  Ai(s) = A(st),

and define . 3 .
A:[0,1] = M by A(t) = (A(#), [Ae])-

Then A(0) = (po, [¢]) and o A = X. By the Unique Path Lifting Theorem,
A=A But

M) =M1) = (po,[N) = (po,e]) = [N =]

Thus A is homotopic to a constant in M and by the Homotopy Lifting Theorem,
\is homotopic to a constant in M.

If M, is another simply connected smooth manifold with with smooth cov-
ering m : My — M, we choose p; € M; such that m1(p1) = po. We then
define ~ R

T:M— M by T(p[])=71),

where 7 : [0,1] — M, is the unique lift of v such that 5(0) = p;. It is then
relatively straightforward to check that T is a diffeomorphism such that = =
71 © T.

Definition. If M is a connected smooth manifold and 7 : M — M is a smooth
covering with M simply connected, we say that w : M — M (or sometime M
itself) is the universal cover of M.

Note that the above construction of the universal cover shows that the elements
of the fundamental group of M correspond in a one-to-one fashion with the
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elements of m=%(pg). One can also show that there is a one-to-one correspon-
dence between elements of the fundamental group of M and the group of deck
transformations of the universal cover 7 : M — M, where a deck transformation
is a diffeomorphism

T:M — M suchthat 7woT = .

3.6 Uniqueness of simply connected space forms

The Hadamard-Cartan Theorem has an important consequence regarding space
forms, that is, Riemannian manifolds whose sectional curvatures are constant:

Space Form Theorem. Let k be a given real number. If (M,(-,-)) and
(M, (-,-)) are complete simply connected Riemannian manifolds of constant cur-

vature k, then (M, (-,-)) and (M, <,/v>) are isometric.

The proof divides into two cases, the case where k < 0 and the case where k& > 0.
It is actually the first case that the Hadamard-Cartan Theorem directly applies.

Case I. Suppose that k£ < 0. In this case, the idea for the proof is really simple.
Let pe M and p € M. Then

exp, : I,M — M and exp;: TZ;J\;[ — M

are both diffeomorphisms by the Hadamard-Cartan Theorem. Let F:T pM —
TﬁM be a linear isometry and let

F = exp; oFoeprj1 .

Clearly F' is a diffeomorphism, and it suffices to show that F' is an isometry
from M onto M.
Suppose that ¢ € M, v € T,M. Let ¢ be the corresponding point in M and
let © be the corresponding vector in T;M. Tt suffices to show that ||v|| = ||].
Since M is complete, there is a geodesic v : [0, 1] — M; such that v(0) = p
and v(1) = ¢. The geodesic v is the image under exp,, of a line segment in 7}, M.
The commutativity of the diagram

T,M —2— T50

exp, l exp;

shows that F will take 7y to a geodesic 4 from p to §. Moreover, F' takes Jacobi
fields along v to Jacobi fields along 4. Let V' be the unique Jacobi field along
~ which vanishes at p and is equal to v at gq. Then V = F,V is the Jacobi field
along 4 which vanishes at p and is equal to ¥ at §. Since Fis an isometry,

the length of V.,V (0) = the length of V5V (0).
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It follows from the explicit formula (3.4) for Jacobi fields that the lengths of V/
and V are equal at corresponding points, and hence ||v|| = ||0]|. This completes
the proof when k < 0.

Case II. Suppose now that k& > 0 and let a = 1/V/k. It suffices to show that if

(M, (-,-)) is an n-dimensional complete simply connected Riemannian manifold
of constant curvature k, then it is globally isometric to (S"(a), (-,-)), where (-, )
is the standard metric on S™(a). This case is a little more involved than the
previous one, because S"(a) is not diffeomorphic to its tangent space.

Lemma 1. Suppose that p € S*(a), p € M and F : T,S™(a) — Tz M is a linear
isometry. If q is the antipodal point to p in S™(a), then there is a unique smooth
map

F:S"(a) —{q} — M such that (F,),=F.

The proof is similar to the construction given for Case I. Note first that exp,
maps

{veT,S"(a): /{v,v) <m} diffeomorphically onto S"(a)— {q}.

Since we need (Fy), = F and F must take geodesics to geodesics, we are forced
to define F': S"(a) — {q} — M by

F = exp; oF o exp];17

just as in the previous case, establishing uniqueness The argument given in Case
I shows that F' is indeed an isometric mapping;:

—_~—

<F*(U),F*(’ZU)> = <va>a for v, w GTan(a)v
establishing existence.

Returning to the proof of the theorem, we choose a point p € M and apply
Lemma 1 to obtain an isometric map F : S"(a) — {q} — M, where ¢ is the
antipodal point to p. Let r be a point in S™(a) —{p, ¢}. Then (Fy), : T,.S™(a) —
M is a linear isometry. We obtain Lemma 1 once again to obtain an isometric
map F S™(a) — {s} — M, where s is the antipodal point to . By uniqueness,
F = F on overlaps. Hence F extends to a map F : S™(a) — M. In particular,
F takes the antipodal point g to p to a single point of M.

Clearly, F is an immersion and a local isometry. Since F' maps M onto M

by commutativity of the diagram
n F Y
T,8"(a) —— T3M
exppl expﬁl

S'(a) —— M,
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we see that M is compact. Thus the rest of the proof will follow from:

Lemma 2. Suppose that M and M are compact smooth n-dimensional smooth
manifolds and F : M — M is an immersion. Then F is a smooth covering map.

The proof is a straightforward exercise in the theory of covering spaces.

In the context of our theorem, M is simply connected, so F is a diffeomorphism.

Thus we obtain the required diffeomorphism from (S™(a), (-,-)) to (M, {-,-)).

3.7 Non simply connected space forms

There is a wide variety of different space forms which are not simply connected.
In the flat case, we can take a basis (v1,...,v,) for R™ and consider the free
abelian subgroup Z™ of R™ which is generated by the elements of the basis; thus

7" = {mqv1 + - -muvy, i my,...m, € Z}.

As usual, we let E™ denote R™ with the flat Euclidean metric. Then the quotient
group 7" = E™/Z" inherits a flat Riemannian metric; the resulting Riemannian
manifold is called a flat n-torus. Note that 7y (T™) = Z™.

In the positive curvature case, we can take identify antipodal points in S™(1)
obtaining the n-dimensional real projective space RP™. The obvious projection
7 :S"(1) — RP"™ is a smooth covering. Since the antipodal map is an isometry,
there is a unique Riemannian metric on RP™ which pulls back under 7 to the
metric of constant curvature one on S™(1). Thus RP™ has a metric of constant
curvature one and 1 (RP™) & Zs.

There are many other Riemannian manifolds which have metrics of constant
curvature one. To construct further examples of three-dimensional manifolds
with constant positive curvature, we make use of Hamilton’s quaternions.

A quatenion ) can be regarded as a 2 X 2 matrix with complex entries,

The set H of quaternions can be regarded as a four-dimensional real vector space
with basis

10 0 1 0 i 0
N R G B N G B ()

Then if
_( t+iz oz +ay . _
Q= (eriy ¢ zz) , wecan write Q=1tI+zE, +yE, +z2E..
Note that

det Q = (t +1i2)(t —i2) — (—x +iy)(z +iy) = t* + 2% + ¢y* + 2*
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can be taken to be the Euclidean length of the quaternion.
Matrix multiplication makes H — {0} into a noncommutative Lie group. If

a=(% 1) we @t =gs (5 ), (3.6)

where |Q|? = |a|? + |b|?> = det Q. Note that the determinant map
det : H — {0} — R = (positive real numbers)

is a group homomorphism when the group operation on R is ordinary multi-
plication. We can now identify S3(1) with the group of unit-length quaternions

{QeH:detQ:1}:{t[+wa+yEy—|—zEz:t2+x2+y2+22:1}.

Since S3(1) is the kernel of the determinant map, it is a Lie subgroup of H— {0}.
Tt follows directly from (3.6) that

S3(1) = SU(2) = {Ac GL(2,C: A™' = AT},

the special unitary group.

If AeS*(1) and Q € H, then det(AQ) = det(Q) = det(QA) so the induced
metric on S?(1) is biinvariant.

Moreover, if A € S3(1), we can define a linear isometry

7(A):H—-H by 7(A)(Q)=AQA™".
Since 7(A) preserves the t-axis, it can in fact be regarded as an element of
SO(3)={BcGL(3,R: BTB=1 and det B =1}.

Thus we obtain a group homomorphism 7 : S3(1) — SO(3) and it is an easy
exercise to check that the kernel of 7 is {I}. It follows that SO(3) is in fact
diffeomorphic to RP2, and we can consider the group of unit-length quaternions
as the universal cover of SO(3).

The group SO(3) has many interesting finite subgroups. For example, the
group of symmetries of a polygon of n sides is a group of order 2n called the
dihedral group and denoted by D,,. It is generated by a rotation through an
angle 27 /n in the plane and be a reflection, which can be regarded as a rotation
in an ambient E3. Thus the dihedral group can be regarded as a subgroup of
SO(3).

One also has groups of rotations of the five platonic solids, the tetrahedron,
the cube, the octahedron, the dodecahedron and the icosahedron. The group of
rotations of the tetrahedron T is just the alternating group on four letters and
has order 12. The group of rotations O of the octahedron is isomorphic to the
group of rotations of the cube and has order 24. Finally, the group of rotations
I of the icosahedron is isomorphic to the group of rotations of the dodecahdron
and has order 60. It is proven in §2.6 of Wolf [37] that the only finite groups of
SO(3) are cyclic and those isomorphic to D,,, T, O and 1.
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One can take the preimage of these groups under the projection 7 : §3(1) —
SO(3) obtaining the binary dihedral groups D%, the binary tetrahedral group
T*, the binary octahedral group O* and the binary icosahedral group I*. Thus
one gets many examples of finite subgroups G C S3(1). For each of these, one
has a universal cover

7:S*(1) — S*(1)/G,
left translations by elements of G being the deck transformations. Since these
left translations are isometries, the quotient space S?(1)/G inherits a Rieman-
nian metric of constant curvature one with fundamental group G.

We can produce yet more examples by constructing finite subgroups of SO(4)
which act on S3(1) without fixed points. For constructing such examples, it is
helpful to know that SU(2) x SU(2) is a double cover of SO(4). Indeed, if
(A4, A_) € SU(2) x SU(2), we can define

(AL, AL):H—H by w(A,A_)(Q)=A, QA"
This provides a surjective Lie group homomorphism 7 : SU(2)xSU(2) — SO(4)
with kernel {(I,I),(—1I,-1)}.
In §4.4 we will show that any compact oriented connected surface of genus
g > 2 possesses a Riemannian metric of constant negative curvature. In higher
dimensions, there is an immense variety of nonsimply connected manifolds of

constant negative curvature; such manifolds are called hypberbolic manifolds,
and they possess a rich theory (see [34]).

3.8 Second variation of action

Curvature also affects the topology of M indirectly, through its effect on the
stability of geodesics. We recall from §1.3 that geodesics are critical points of
the action function J : Q(M;p, q) — R, where

Q(M;p,q) = { smooth paths v : [0,1] — M : y(0) = p,¥(1) = g},

and the action J is defined by

1
0 =5 [ 0O O
Recall that a variation of v is a map
a:(—ee) = QM;p,q)
such that @(0) = v and the map
a:(—€€) X [a,b] = M defined by a(s,t) = a(s)(t),

is smooth. Our next goal is to calculate the second derivative of J(&(s)) at
s = 0 when @&(0) is a geodesic, which gives a test for stability because at a local
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minimum the second derivative must be nonnegative. This second derivative is
called the second variation of J at . We will see that the sectional curvature
of M plays a crucial role in the formula for second variation.

The first step in deriving the second variation formula is to differentiate
under the integral sign which yields

o, (GenGien)
- 5 (Gen Giena]|
(52 (5w (5)+ (Fave (5) ()]
[ 1 (5 wa (5)) (meva () (5)))
Using the curvature, we can interchange the order of differentiation to obtain
oson]_ = (o4 () (%)
(a7 (5) (5)) - (5 5) (&) (5))]

Now comes an integration by parts, using the formula

0 Oa oJe}
57 (5) ()
Oa Oa Oa Oa
(i () (5))+ (70 (5) 74 (50))
to da\ (0o
falve(5) (&)
because a(s,0) and «(s, 1) are both constant. Hence (3.7) becomes
_ ! Oa Oa
mteo] = [ (7 (5) 74 ()
Ja O Oa Oa O O
(55 5) (5)(5)) (7 () 74 (5))]

Finally, we evaluate at s = 0 and use the fact that @(0) = 7 is a geodesic to
obtain

d? _
5 (@)

s=0

s=0

s=0

57

Note that

d2

s=0

5 (J(a(s)

= [ (X x) - (R X an
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where X is the variation field defined by X (t) = (0« /3s)(0,t).

For v € Omega(M;p, q), we define the “tangent space” to the “infinite-dimensional
manifold” Q(M;p, q) at the point v to be

T,Q(M;p,q) = { smooth vector fields X along v : X(0) =0= X(1)}.
Definition. If v € Q(M;p,q) is a geodesic, the index form of J at v is the
symmetric bilinear form

I:TQ(M;p,q) x T,Q(M;p,q) = R

defined by
I(X,Y) = / (Vo X, VoY) — (R(X, AW, )] dt, (3.8)

for X, Y € T,Q(M;p, q).

By the polarization identity, the index form at a geodesic  is the unique real-
valued symmetric bilinear form I on T,Q(M;p, q) such that
d2

[(X,X) = =5 (J(a(s)))

s=0

whenever @ : (—¢,€) — Q(M;p, q) is a smooth variation of v with variation field
X.
We can integrate by parts in (3.8) to obtain

I(X,Y) = — /0 VX RO A Yt = /0 L)Y,

where L is the Jacobi operator, defined by
L(X)=-V,V,X - R(X,7)Y.

Thus I(X,Y) =0 for all Y € T,Q(M;p, q) if and only if X is a Jacobi field in
T,Q(M;p, q).

Note that the second variation argument we have given shows that if v is
a minimizing geodesic from p to ¢, the index form I at v must be positive
semi-definite.

3.9 Myers’ Theorem

Recall that the Ricci curvature of a Riemannian manifold (M, (-,-)) is the bi-
linear form

Ric: T,M x T,M — R defined by Ric(z,y) = (Trace of v — R(v, x)y).
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Myers’ Theorem (1941). If (M, (-,-)) is a complete connected n-dimensional

Riemannian manifold such that
n—1

2

Ric(v,v) > (v,v), forallveTM, (3.9)

a

where a is a nonzero real number, then M is compact and d(p,q) < ma, for all
q € M. Moreover, the fundamental group of M is finite.

Proof of Myers’ Theorem: It suffices to show that d(p,q) < ma, for all p,q €
M, because closed bounded subsets of a complete Riemannian manifold are
compact.

Suppose that p and ¢ are points of M with d(p,q) > ma. Let v:[0,1] — M
be a minimal geodesic with v(0) = p and v(1) = ¢. Let (E1,...,E,) be a
parallel orthonormal frame along v with v/ = d(p, ) E,. Finally, let

X;(t) = sin(nt)E;(t), forte[0,1] and 2 <i < n.
Then for each 7, 2 < i < n,
V. X; = mcos(rt)E;, V.,V X; = —r?sin(nt)E;,

and hence
(VV/VA//X% X2> = —7'['2 SiHQ(TFt).

On the other hand,
(R(X5,7' ), Xi) = sin®(nt)d(p, ¢)*(R(Es, Ev)Ev, E;),
S0
(Vo Vo Xi + R(Xi, 7' ), Xi) = sin?(nt)[d(p, ¢)*(R(E;, Er) En, E;) — 7).

Hence

S 10X, X) z/ (Vo Vo X+ R(Xi, 7 ), Xt
=2

dt

1 n
:/ sin?(mt) l(n— Dr® = 7%d(p,q)* > _(R(E;i, E1)En, E;)
0 1=2

_ / 2 sin?(mt) [(n — 1 — d(p, @)*Ric(Fy, Ev)] dt.
0

Since Ric(E1, E1) > (n —1)/a?, we conclude that

n

N I(X, X)) < /01 72 sin?(nrt) [(n - (n— 13 Q)Q} dt,

=2

and the expression in brackets is negative because d(p, q) > a. This contradicts
the assumption that v is a minimal geodesic, by the second variation argument
given in the preceding section.
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To show that the fundamental group of M is finite, we let M be the universal
cover of M, and give M the Riemannian metric 7* (+,-), where 7 : M — M is the
covering map. The Ricci curvature of M satisfies the same inequality (3.9) as
the Ricci curvature of M; moreover M is complete. Thus by the above argument
M must also be compact. Hence if p € M, 7 1(p) is a finite set of points. But
by the arguments presented in §3.5.3, the number of points in 7=1(p) is the
order of the fundamental group of M. Thus the fundamental group of M must
be finite.

For example, one can apply Myers’ Theorem to show that S* x S2 cannot admit
a Riemannian metric of positive Ricci curvature, because 7y (S* x %, 2¢) = Z,
and is therefore not finite. A famous open question posed by Hopf asks whether
52 x 82 admits a Riemannian metric with positive sectional curvatures.

Another application is to Lie groups with biinvariant Riemannian metrics.
If G is a Lie group with Lie algebra g, then the center of the Lie algebra is

3={Xeg:[X,Y]=0foral Y € g}

Recall that any compact Lie group possesses a biinvariant Riemannian metric.
This fact has a partial converse:

Corollary. Suppose that G is a Lie group which has a biinvariant Riemannian
metric. If the Lie algebra of G has trivial center, then G is compact.

Proof: We use the explicit formula for curvature of biinvariant Riemannian
metrics presented in §1.12. If F; is a unit-length element of g, we can extend

E; to an orthonormal basis (Fy, ..., F,) for g, and conclude that
) n n 1
Ric(Ey, Ey) = Z;R(El, E)E;, E\) = z_; 1B, B, By, Ei]) > 0.

As Fj ranges over the unit sphere in g, the continuous function £y — Ric(E1, E})
must assume its minimum value. Hence Ric(E7, E1) is bounded below, and it
follows from Myers’ Theorem that G is compact.

Remark. Although Myers’ Theorem puts a major restriction on the topology
of compact manifolds of positive Ricci curvature, it is known that any manifold
of dimension at least three has a complete Riemannian metric with negative
Ricci curvature and finite volume [21].

3.10 Synge’s Theorem

Recall from §1.19, smooth closed geodesics can be regarded as critical points
for the action function J : Map(S!, M) — R, where Map(St, M) is the space of
smooth closed curves and

I = = / (1), (1)) oy
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Here S* is regarded as being obtained from [0, 1] by identifying endpoints of the
interval. It is interesting to consider conditions under which such critical points
are stable.

In this case a variation of a point v € Map(S!, M) is a map

@: (—e €) — Map(S*, M)
such that @(0) = v and the map
a:(—€¢) x S'— M defined by afs,t) = a(s)(t),

is smooth. We can calculate the second derivative of J(&(s)) at s = 0 when @(0)
is a smooth closed geodesic, just as we did in §3.8, and in fact the derivation is
a little simpler because we do not have to worry about contributions from the
boundary of [0,1]. Thus we obtain the analogous result

d2

ZU@EN| = [ U X TX) - (RO X)) (3.10)
s=0 0

where now the variation field X is an element of
T, Map(S*', M) = { smooth vector fields X along v: St — M },

and by polarization we have an index form
I: T, Map(S', M) x T, Map(S*, M) — R
1
defined by I(X,Y) = / (V,X,V,Y) = (R(X,y)y,Y)dt,
0

which must be positive semi-definite if the smooth closed geodesic is stable.
The fact that the sectional curvature appears in the second variation formula
(3.10) implies that there is a relationship between sectional curvatures and the
stability of geodesics. This fact can be exploited to yield relationships between
curvature and topology, as the following theorem demonstrates.

Synge’s Theorem (1936). Suppose that (M, (-,-)) is a compact n-dimensional
Riemannian manifold with positive sectional curvatures. If M is even-dimensional
and orientable then M is simply connected.

To prove this theorem, we use the Closed Geodesic Theorem from §1.19. Indeed,
the nonconstant geodesic yconstructed in the proof is stable, and hence if &(s)
is any variation of ~,

d2

SU@EN| = [ UK TX) (RO X de 0,
s=0 0

To construct an explicit variation that decreases action, we p = ~(0) and
make use of the parallel transport around ~:

Ty TyM — T, M.

156



If M is orientable, we know that this is an orientation-preserving isometry of
T,M. If e; = (1/d(p,q))7'(0), we can extend to a positively oriented orthonor-
mal frame (eq,...,e,) for T,M. From the canonical form theorem for special
orthogonal transformations, if M is even-dimensional, say of dimension 2m, we
can choose the orthonormal basis so that 7, is represented by the matrix

cosf; sinf,
—sin#; cosf,
cosfy;  sinfy
—sinfy cosfy . . (3.11)

cosl,, sinb,,
—sin#,, cos6,,

In the first block, we can take 6; = 0 because 7,(e1) = e;. But then it follows
that 7, (e2) = eq, so there is a unit-length vector ey perpendicular to e; which
is preserved by parallel transport around . We let X be the vector field along
~ obtained by parallel transport along . Then since M has positive sectional
curvatures,

I(X, X) :/0 [— (R(X,~)y, X)]dt < 0.

Thus if @ : (—¢,€) — Map(S!, M) is a deformation of v with deformation field
X,

d2
=0, s (J(a(s))) . < 0.

d .
= (@)

s=0
This contradicts the stability of the minimal geodesic «y, finishing the proof of
the theorem.

Remark 1. It follows from Synge’s Theorem, that the only even-dimensional
complete Riemannian manifolds of constant curvature one are the spheres S>™(1)
and the projective spaces RP?™, the latter being nonorientable.

Exercise XI. Show that an odd-dimensional compact manifold with positive
sectional curvatures is automatically orientable by an argument similar to that
provided for Synge’s Theorem. You can follow the outline:

a. By modifying the proof of the Closed Geodesic Theorem, show that if M
were not orientable, one could construct a smallest smooth closed geodesic ~
among curves around which parallel transport is orientation-reversing.

b. Show that in this case, the orthogonal matrix representing the parallel trans-
port must have determinant —1, and its standard form is like (3.11) except for
an additional 1 x 1 block containing —1.

c. As before, since the tangent vector to « gets transported to itself, there is an
additional unit vector e; perpendicular to v which is transported to itself, and
this implies that there is a nonzero parallel vector field X perpendicular to +.
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Use the second variation formula to show that one can deform in the direction of
X to obtain an orientation-reversing curve which is shorter, thereby obtaining
a contradiction just as before.
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Chapter 4

Cartan’s method of moving
frames

4.1 An easy method for calculating curvature

Suppose that (M, (-,-)) is an n-dimensional Riemannian manifold, U an open
subset of M. By a moving orthonormal frame on U, we mean an ordered n-tuple
(E1,..., E,) of vector fields on U such that for each p € U, (E1(p),..., En(p))
is an orthonormal basis for T, M, for each p € M. Suppose that M is oriented.
Then we say that a moving orthonormal frame (E1, ..., E,) is positively oriented
if (E1(p),...,En(p)) is a positively basis for T, M, for each p € M.

Given a moving orthonormal frame on U, we can construct a correspond-
ing moving orthonormal coframe (01, ...,60,) by requiring that each 6; be the
smooth one-form on U such that

1, ifi=j,

0, ifi#j. (41)

0i(E;) = i = {
We can then write the restriction of the Riemannian metric to U as
(Al =3 0w,
i=1
Indeed, if
v = iaiEi(p) and w= ibiEi(p),
i=1 i=1

then

n

(v,w) =" a'V(Ei(p), Ej(p)) = Y _a'bl =) 6;®6i(v,w).
i=1 i=1

4,j=1
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Conversely, if we can write the Riemannian metric (-, ) in the form
n
i=1

where 01, ...0" are smooth one-forms on U, then (fy,...,6,) is a moving or-
thonormal coframe on U, and one can use (4.1) to define a moving orthonormal
frame (E4,...,E,) on U.

Corresponding to a given orthonormal frame (FEi,...,E,) we can define
connection one-forms w;; for 1 <14,j < n by

VXEj = Zwij(X)Ei or wij(X) = <EZ‘,V)(EJ*>, (42)
=1

as well as curvature two-forms €2;; by

i=1
Since (E;, E;) = 53 and the Levi-Civita connection preserves the metric,
0= X<E,L', Ej> = <VXE1', Ej> + <E,L', VXEj> = wj,-(X) + wij(X),

and hence the matrix w = (w;;) of connection one-forms is skew-symmetric. It
follows from the curvature symmetries that the matrix Q = (£;;) of curvature
two-forms is also skew-symmetric.

Theorem. If (M,(-,-)) is a Riemannian manifold and (E,..., E,) is a mov-
ing orthonormal coframe defined on an open subset U of M, with dual coframe
(01,...,0y), then the connection and curvature forms satisfy the structure equa-

tions of Cartan: .
dt% = — Zwij N Gj, (44)

j=1
dwij = 72&)1‘[6 /\wkj +QZ] (45)
j=1

Moreover, the w;;’s are the unique collection of one-forms which satisty (4.4)
together with the skew-symmetry condition

Wij + Wi; = 0. (46)

The proof of the two structure equations is based upon the familiar formula for
the exterior derivative of a one-form:

dI(X,Y)=X0Y))-Y(0(X)) —0([X,Y]). (4.7
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Indeed, to establish (4.4), we need to verify that

n

d0;(Ey, Er) = =Y (wij A 0;)(Ex, Er).
j=1

and a straightforward calculation shows that

Ek,El —i—zn: w”/\a Ek,El)
= Ex(0:(E1)) — Ei(0:(Ey)) — 0:([Ex, E1]) + Z(Wij N 0;)(Ey, E)
~0:((By Bi]) + D wiy (B0 (F) = 3 wi (B0 (B
= wii(Ey) — wir(Er) — 0;([Ex, E1))
=(E;,Vg, E — Vg E,—[Ex, E]) =0

where we have used the fact that the Levi-Civita connection is symmetric in the
last line of the calculation. Similarly,

dwij (B, Er) + Z(wir A wyj)(Eg, Er)

r=1

= Ek(wij(El)) - El(wz‘j(Ek)) — wij ([Ex, Ei])

+ szr Ek wrj El wa‘ El wr](Ek:)

r=1 r=1

= Ei(wij(E1)) — Ei(wij(Er)) — wiz([Ew, E1])

- Zwri(Ek)er(El) + Zwm'(El)wrj(Ek)-

r=1 r=1

But
Ey(wij(E1)) = Ex(Ei, Vi Ej) = (Vg Ei, Vi Ej) + (Ei, VE,VE Ej))

= Zwri(Ek)wrj(El) + <El7 kavElE]>7
r=1

while

Ey(wij(Ex)) = > wri(Ewri(Br) + (Ei, Vi Vi, Ej).
r=1
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Hence

dwij (B, Er) + Z(Wir A wyj)(Eg, Er)

r=1
= (Ei, Vg, Vi Ej) — (B, VE Vi, E;) = (B, Vg, £ Ej)
= (E;, R(Ey, E1) Ej),
and the second structure equation is established.
Finally, to prove the uniqueness of the w;;’s, we suppose that we have two
matrices of one-forms w = (w;;) and @ = (@;;) which satisfy the first structure

equation (4.4) and the skew-symmetry condition (4.6). Then the one-forms
¢ij = wij — w;; must satisfy

Z¢ijA9j:07 ¢ij + ¢j = 0.
=1

We can write

Gij = Z fijk0j N Ok,

Jik=1

where each fj;; is a smooth real-valued function on U. Note that
n
Z¢ij N0 =0 = fijk = firj,
j=1

while
bij+ ¢ =0 = fijk=—"Fjir
Hence
fisk = —fjik = —Fiki = fuji = frij = —firg = — fij-
Thus the functions f;;; must vanish, and uniqueness is established.

The Cartan structure equations often provide a relatively painless procedure for
calculating curvature:

Example. Suppose that we let
H" = {(«',...,2" 1 y) e R" : y > 0},
and give it the Riemannian metric
1
(,) = " (de' @da' + -+ +da" ' @da" T + dy @ dy) .
In this case, we can set

1 1
6, = —dz', ..., Op_1=—dz"t, 6, =—dy, (4.8)
Y Y Y



thereby obtaining an orthonormal coframe (0!,...,0™) on H".
Differentiating (4.8) yields

1
dby = —da' Ndy =61 A Oy,
Yy

1
dbr—1 = —da" "' Ndy =0,y N, df, = 0.
Yy
In other words, if 1 <a<n—1,
df, =0, N0,, while df, =0.

The previous theorem says that there is a unique collection of one-forms w;;
which satisfy the first structure equation and the skew-symmetry condition.
We can solve for these connection forms, obtaining

wap =0, forl<a,b<n-—1, Wan = —04, forl<a<n-—1.

From the explicit form of the w;;’s, it is now quite easy to show that the curva-
ture two-forms are given by

Qij:—Qi/\Oj, fOI‘lSZ,]Sn
It now follows from (4.3) that
Qi (X,Y) = (E;, RX,Y)E;) = —0" A 09(X,Y)
= —[(Ei, X)(E;,Y) — (Ej, X)(E;, Y)],

so that
(RX, Y)W, Z) = —=[(X, Z)(Y, W) — (X, W)Y, Z)].

In other words the Riemannian manifold (H", (-,-)) has constant sectional cur-
vatures.

4.2 The curvature of a surface

The preceding theory simplifies considerably when applied to two-dimensional
Riemannian manifolds, and yields a particularly efficient method of calculating
Gaussian curvature of surfaces (compare §1.10).

Indeed, if (M, (-,-)) is an oriented two-dimensional Riemannian manifold, U
an open subset of M, then a moving orthonormal frame (E4, Es) is uniquely
determined up to a rotation: If (Ey, Es) and (El, Ez) are two positively-oriented
moving orthonormal frames on a contractible open subset U C M, then

~ ~ cosa —sina
(El Ez) - (E1 Ez) <sina cos & ) ’
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for some smooth function  : U — R. It is no surprise that the correspond-
ing moving orthonormal coframes (61,602) and (61, 63) are related by a similar

formula: .
-~ cosa —sina
(01 02) - (61 02) (sina cos o ) ’

It follows that the volume form is invariant under change of positively oriented
moving orthonormal frame:

91/\92:§1A(§2.

We claim that the corresponding skew-symmetric matrix of connection forms
. 0 w12
© <_w12 O ) ’

w12 = (:112 — da.

transforms by the rule

To see this, recall that wio is defined by the formula
Vx By = wia(X)Er,
and hence
Vx (—sinaF; + cos aFly = wi2(X)(cos aFy + sin aEs),
which expands to yield
— cosada(X)E; + sinada(X)Ey —sinaVx Ey + cosaVx Fs
= wy2(X)(cos By + sin aFEs).
Taking the inner product with E; yields
—cosada(X) + cos a{E1, Vx Ey) = wia(X) cos a,
and dividing by cos « yields the desired formula
—da + 019 = wra.
The skew-symmetric matrix of curvature forms
(. )
is now determined by the Cartan’s second structure equation
Q2 = dwiz = diya = o

Note that the curvature form €25 is independent of the choice of positively
oriented moving orthonormal frame. Indeed, it follows from (4.3) that

Mi2(E1, Eo) = (E1, R(E1, Eq)Es) = K,
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where K is the Gaussian curvature of (M, (-, -)), and hence
Q1o = K61 A 0Os.

This formula makes it easy to calculate the curvature of a surface using differ-
ential forms.

Definition. Suppose that (M, (-,-)) is an oriented two-dimensional Rieman-
nian manifold. A positively-oriented coordinate system (U, (z,y)) is said to be
isothermal if on U

() = e*Mdz @ dz + dy ® dy), (4.9)

where A : U — R is a smooth function.
Here is a deep theorem whose proof lies beyond the scope of the course:

Theorem. Any oriented two-dimensional Riemannian manifold (M, (-,-)) has
an atlas consisting of isothermal coordinate systems.

A proof (using regularity theory of elliptic operators) can be found on page 378
of [33]. Assuming the theorem, we can ask: What is the relationship between
positively oriented isothermal coordinate systems?

Suppose that (z!,z2) and (u',u?) are two positively oriented coordinate
systems on U with

n n
<'7 > = Z gijdxi (29 dzd = Z gljdu’ (9 duj,
4,j=1 i,j=1
where
gij = €245, Gij = €215y
Then since the g;;’s transform as the components of a covariant tensor of rank

two,
n
. OuF ol
gij = Z gkl@@
k=1

e 0\ _ [(out/oxt Ou?/Ozt\ (e 0 out/oxt  Oul)oz?
0 e*) " \oul/oz? 0Ou?/0x? 0 e ) \ou?/ozt Ou?/0x?

0 out/oxt  Qul/Oz?
_gr (€ —
=J ( 0 eQH) J, where J= (5‘u2/8x1 8u2/8m2> .

or

Hence
JTJ=e?*"2] or BTB=1, where B=¢c'J

Since both coordinates are positively oriented, B € SO(2), and hence if U is

contractible, we can write
cosa —sina
B=|". ,
sina  cosa
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for some function « : U — R. Thus we see that

J = (a b), where a=d and b= —c.
c d

This implies that

out B ou? out B ou?

ozl 0x2’ ox2  Oxl’
These are just the Cauchy-Riemann equations, which express the fact that the
complex-valued function w = u' +iu? is a holomorphic function of z = x' +i22.

Thus isothermal coordinates make an oriented two-dimensional Riemannian

manifold (M, (-, -)) into a one-dimensional complex manifold, in accordance with
the following definition:

Definition. An n-dimensional complex manifold is a second-countable Haus-
dorff space M, together with a collection A = {(U,, ¢o) : @ € A} of “charts,”
where each U, is an open subset of M and each ¢, is a homeomorphism from
U, onto an open subset of C™, such that ¢, o qbgl is holomorphic where defined,
for all o, 3 € A. A one-dimensional complex manifold is also called a Riemann
surface.

We say that A is the atlas of holomorphic charts. If (M,.A) and (N, B) are
two complex manifolds, we say that a map F' : M — N is holomorphic if
Y3 o F o ¢! is holomorphic where defined, for all charts (U,, ¢o) € A and
(Vs,v3) € B. Two complex manifolds M and N are holomorphically equivalent
if there is a holomorphic map F' : M — N which has a holomorphic inverse
G:N— M.

In particular, we can speak of holomorphically equivalent Riemann surfaces.
Two Riemannian metrics (-,-); and (-,-)2 on an oriented surface M are said to
be conformally equivalent if there is a smooth function A : M — R such that

()1 = 62k<.’.>2,

This defines an equivalence relation, and given the existence of isothermal co-
ordinates, it is clear that conformal equivalence classes of Riemannian metrics
are in one-to-one correspondence with Riemann surface structures on a given
oriented surface M.

Exercise XI. a. Suppose that (M, (-,-)) is an oriented two-dimensional Rie-
mannian manifold with isothermal coordinate system (U, (z,y)) so that the
Riemannian is given by (4.9). Use the method of moving frames to show that
the Gaussian curvature of M is given by the formula

1 [(0*X 9%\
K= (5o )

Hint: To start with, let §; = e*dz and 6, = e*dy. Then calculate wio and Q5.
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b. Consider the Poincaré disk, the open disk D = {(z,y) € R?} with the
Poincaré metric

4

(,-) = m(dz ® dx + dy ® dy).

Show that the Gaussian curvature of (D, (-,-)) is given by K = —1.

c. Show that reflections through lines passing through the origin are isome-
tries and hence that lines passing through the origin in D are geodesics for the
Poincaré metric. Show that the boundary of D is infinitely far away along any
of these lines, and hence the geodesics through the origin can be extended in-
definitely. Conclude from the Hopf-Rinow theorem that (D, (-, -)) is a complete
Riemannian manifold, hence isometric to the model of the hyperbolic plane we
constructed in §1.8.

4.3 The Gauss-Bonnet formula for surfaces

We now sketch the proof of the Gauss-Bonnet formula for surfaces in a version
that suggests how it might be extended to n-dimensional oriented Riemannian
manifolds. (See [29] for a more leisurely treatment.)

We start with an oriented two-dimensional Riemannian manifold (M, (-,-))
without boundary and a smooth vector field X : M — T'M with finitely many
zeros at the points p1, pa, ..., pr of M. Let V.= M — {p1,...,pr} and define
a unit length vector field Y : V. — TM by Y = X/|| X||.

The covariant differential DY = V.Y of Y is the endomorphism of T'M
defined by v — V,Y. We will find it convenient to regard V.Y as a one-form
with values in TM:

DY =V.Y € QYTM).

If (E1, E») is a positively oriented orthonormal moving frame defined on an
open subset U C M, we can write

Y=Ffibi+ faB2 on UNYV,

and
VY = (df1 + wiafo) Er + (dfz — wiz f1) Es.

We let J denote counterclockwise rotation through 90 degrees in the tangent
bundle, so that
JE1:E2, JE2:7E17

and
JY =—foE1+ fiEs on UNV.

Then

Y= (JY,DY) = fi(dfa —wiaf1) — fa(dfi + wiafo) = fidfs — fodfi —wio
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is a globally defined one-form on V.= M — {p1, ..., px} which depends upon X,
and since d(fidfs — fadf1) =0,

dip = —Qqp = — K61 A s, (4.10)

where 61 A 05 is the area form on M. The idea behind the proof of the Gauss-
Bonnet formula is to apply Stokes’s Theorem to (4.10).

Let € be a small positive number. For each zero p; of X, we let Ce(p;) =
{qg € M : d(p;,q) = €}, a circle which inherits an orientation by regarding it as
the boundary of

De(pi) ={q € M : d(pi,q) < €}

Definition. The rotation index of X about p; is

1
w(sz-):hm/C( e
e(Pi

27 e—0

if this limit exists.

Lemma. If (M, (-,-)) is a two-dimensional compact oriented Riemannian man-
ifold and X is a vector field on M with finitely many isolated zeros, then at
each zero p; the rotation index w(X,p;) exists and depends only on X, not on
the choice of Riemannian metric on M.

To prove this, we make use of the notion of the degree deg(F') of a continuous
map F from S' to itself, as described in §3.5.2. Recall that such a map F :
S1 — S determines a homomorphism of fundamental groups

Fﬁ . 7T1(Sl) — 7T1(Sl)7

and since m;(S') = Z, this group homomorphism must be multiplication by
some integer n € Z. We set deg(F) = n.
Note that for € > 0 sufficiently small, we can define a map

F.:Cpi) » 8" ={(z,y) eR*:2a* +y* =1} by F.(q) = (f1(a), f2(q)).
Then
1
deg(F.) = — F*(zdy — yd
exlF) = 5o [ By —yde)
Ce(pi)

2 27 e—0 Ce(pi)

Thus w(X, p;) does indeed exist and is an integer.

To see that this integer is independent of the choice of Riemannian metric,
note that any two Riemannian metrics (-, )¢ and (-,-); can be connected by a
smooth one-parameter family

t— <'7 '>t = (1 - t)<'7 '>0 + t<'7 '>1-
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We can let w:(X,p;) be the degree of X at p; with respect to (-,-);. Then
wt(X, p;) is a continuously varying integer and must therefore be constant.

It follows from transversality theory (as presented for example in Hirsch [15])
that any compact oriented surface possesses a vector field which has finitely
many nondegenerate zeros. If X is any such vector field, we can apply Stokes’s
Theorem to W = M — Ule D.(p;):

[ wone=[ dwz [ e (411)

the extra minus sign coming from the fact that the orientation C.(p;) inherits
from W is opposite to the orientation it receives as boundary of D.(p;). In the
limit as € — 0, we obtain

k
/ Koy A0y =271 w(X,p)). (4.12)
M i=1

Since the left-hand side of (4.12) does not depend on the vector field while
the right-hand side does not depend on the metric, neither side can depend on
either the vector field or the metric, so both sides must equal an integer-valued
topological invariant of compact oriented smooth surfaces x (M), which is called
the Euler characteristic of M. Thus we obtain two theorems:

Poincaré Index Theorem. Suppose that M be a two-dimensional compact
oriented smooth manifold and that X is a vector field on M with finitely many
isolated zeros at the points p1, pa, ..., pr. Then

3 w(X,pi) = x(M).

i=1

Gauss-Bonnet Theorem. Let (M, {(-,-)) be a two-dimensional compact ori-

ented Riemannian manifold with Gaussian curvature K and area form 01 A 05.
Then

1
— | K60, Aby = x(M).
o [, KON X(M)

Recall that a compact connected oriented surface is diffeomorphic to a sphere
with h handles Mj,. We can imbed M, into E? in such a way that the standard
height function has exactly one nondegenerate maximum and one nodegenerate
minimum, and 2h nondegenerate saddle points. The gradient X of the height
function is then a vector field with nondegenerate zeros at the critical points
of the height function. The maximum and minimum are zeros with rotation
index one while each saddle point is a zero with rotation index —1. Thus
X(Mh) =2 —2h.

The previous theorems can be extended to manifolds with boundary. In this
case we consider a vector field X which has finitely many zeros at the points pq,
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P2, ..., Pk in the interior of M, is perpendicular to M along OM and points
outward along OM. As before, welet V.= M —{p1,...,pi}, defineY : V — TM
by Y = X/||X|| and set ¢ = (JY, DY). Then just as before

dyp = —Q10 = —K0; N Os.

But this time, when we apply Stokes’s Theorem to W = M — Ule D.(p;) we

obtain
/K@l/\ﬁgz/—dw:— P+
w w oM

Thus when we let € — 0, we obtain

k

Z/capi) v

i=1

k
/M K6, A6y + /8 My = QW;W(X,pi). (4.13)

Along OM, one can show that
(JY,DY) = kg4ds,

where kg4 is known as the geodesic curvature. Note that x; = 0 when OM con-
sists of geodesics. As before, the left-hand side of (4.13) does not depend on the
vector field while the right-hand side does not depend on the metric, so neither
side can depend on either the vector field or the metric. The two sides must
therefore equal a topological invariant which we call the Fuler characteristic of
M once again, thereby obtaining two theorems:

Poincaré Index Theorem for Surfaces with Boundary. Suppose that M
be a two-dimensional compact oriented smooth manifold with boundary OM
and that X is a vector field on M with finitely many isolated zeros at the points
P1, P2, - - -, Pk In the interior of M which is perpendicular to 9M and points out
along OM . Then

S w(X.pi) = x(M).

i=1

Gauss-Bonnet Theorem for Surfaces with Boundary. Let M be a
compact oriented smooth surface in with boundary OM. Then

/KdA+/ Kgds = 2mx (M),
M as

where f is the number of faces, e is the number of edges and v is the number of
vertices in 7T .

The celebrated uniformization theorem for Riemann surfaces shows that any
Riemann surface has a complete Riemannian metric in its conformal equivalence
class that has constant Gaussian curvature. For compact oriented surfaces, see
that
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1. the sphere has a Riemannian metric of constant curvature K =1,
2. the torus T2 has a metric of constant curvature K = 0,

3. and we will show in the next section that a sphere with h handles, where
h > 2, has a Riemannian metric with constant curvature K = —1.

Of course, one could not expect such simple results for Riemannian mani-
folds of dimension > 3, but as a first step, one might try to construct analogs
of the Gauss-Bonnet formula for Riemannian manifolds of higher dimensions.
Such an analog was discovered by Allendoerfer, Weil and Chern and is now
called the generalized Gauss-Bonnet Theorem. This formula expresses the Eu-
ler characteristic of a compact oriented n-dimensional manifold as an integral
of a curvature polynomial. It turns out that there are also several other topo-
logical invariants that can be expressed as integrals of curvature polynomials.
Our next goal is to present part of the resulting theory, called the theory of
characteristic classes, as developed by Chern, Pontrjagin and others [26].

Exercise XII. Use the Gauss-Bonnet Theorem for surfaces with boundary to
calculate the Euler characteristic of the disk D? = {(z,y) € R? : 2% + 32 < 1}.

4.4 Application to hyperbolic geometry

The hyperbolic plane (also called the Poincaré upper half plane) is the open set
H? = {(z,y) € R? : y > 0} together with the “Riemannian metric”

1 2 2
g=ds* = < |dr @ dx + dy @ dy] = (dx) +(dy) .
y y Y

The geometry of the “Riemannian manifold” (H?, g) has many striking similar-
lities to the geometry of the ordinary Euclidean plane. In fact, the geometry
of this Riemannian manifold is exactly the non-Euclidean geometry, which had
been studied by Bolyai and Lobachevsky towards the beginning of the nine-
teenth century. It would be nice indeed if this non-Euclidean geometry could be
realized as the geometry on some surface in R?, but this is not the case because
of a famous theorem of David Hilbert (1901): The hyperbolic plane H? cannot
be realized on a surface in R3. In fact, a part of the hyperbolic plane can be
realized as the geometry of the pseudo-sphere, but according to Hilbert’s Theo-
rem, the entire hyperbolic plane cannot be realized as the geometry of a smooth
surface in R3. Thus abstract Riemannian geometry is absolutely essential for
putting non-Euclidean geometry into its proper context as an important special
case of the differential geometry of surfaces.

To study the Riemannian geometry of the hyperbolic plane in more detail,
we can utilize the Darboux-Cartan method of moving frames to calculate the
curvature of this metric. We did this before and found that the Gaussian cur-
vature is given by the formula K = —1. In particular the Gaussian curvature
of the hyperbolic plane is the same at every point, just like in the case of the
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sphere. (Of course, there is nothing special about the constant —1; any other
negative constant could be achieved by rescaling the metric.)

Another quite useful fact is that angles measured via the hyperbolic met-
ric are exactly the same as those measured via the standard Euclidean metric
dx? + dy?. Indeed, the form of the metric shows that the coordinates (z,y) are
isothermal.

Amazingly, the geodesics in the hyperbolic plane are very simple. Indeed,
the straight line z = c is the fixed point set of the reflection

()=

which is easily seen to be an isometry of the metric:

;[d(% —x)? +dy?] = %[de + dy?].
Thus if v is the geodesic with initial conditions v(0) = (¢, 1), 4/(0) = (0,1)
then ¢ o is also a geodesic with the same initial conditions. By uniqueness
of geodesics satisfying given initial conditions, ¢ o v = v and ~ must lie in the
vertical line x = c. It therefore follows that each vertical line z = ¢ is a geodesic.
We can therefore ask if we can find a function a : R — [0, 00) such that the
curve

7(t) = (0, a(t))
is a unit-speed geodesic.
To solve this problem, note that
o/(1)? o/(t)

a2 = T A

We conclude that the z-axis is infinitely far away in terms of the Poincaré metric.
Other geodesics can be found by rewriting the metric in polar coordinates

r2gin? 0 sin” 0 r

2
ds* = ;[dr2 +72d?] = — 12 [(dr) + do*

The map ¢ which sends r — 1/r and leaves 6§ alone is also an isometry:

r2

[(d(1/r))? + (1/r)%d6?) = ;e[drz +r2de?)

sin’ 6 r2 sin®

From this representation, it is easily seen that the map which sends 7 — R2?/r
and leaves # alone is an isometry which fixes the semicircle

2? +y* = R?, y >0,

so this semicircle is also a geodesic. Since translation to the right or to the left
are isometries of the hyperbolic metric, we see that all circles centered on the
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x-axis intersect the hyperbolic plane in geodesics. (Of course, we have not found
their constant speed parametrizations.)

Thus semicircles perpendicular to the z-axis and vertical rays are geodesics.
Since there is one of these passing through any point and in any direction, we
have described all the geodesics on the hyperbolic plane.

There is another property which the hyperbolic plane shares with Euclidean
space and the sphere but with no other surfaces. That is, the hyperbolic plane
has a large group of isometries, namely enough isometries to rotate through an
arbitrary angle about any point and translate any point to any other point.

To study isometries in general, it is useful to utilize complex notation z =
x +iy. (This is beneficial because the coordinates are isothermal.) Then H? is
simply the set of complex numbers with positive imaginary part.

Theorem. The map

b
2 d(2) = Zjid (4.14)

is an isometry whenever a, b, ¢ and d are real numbers such that ad — bc > 0.

Proof: Note that the transformation (4.14) is unchanged if we make the replace-
ments
ar—Xa, b= Ab, c— Ac, d— ),

where A > 0. So we can assume without loss of generality that ad —bc = 1. We
can then factor the map

., _az+b
into a composition of four transformations
1
=2+ —, 29=0C%2, 23=-——, z':z;),—i—g. (4.15)
c 22 c
To see this, note that
(e +d) -
29 = c(ez 23 =———,
2 r c(ez +d)
, _a(cz+d) 1 acz+ad—1 az+b

ez +d)  c(cz+d) clecz+d)  cz+d
The first and fourth transformations from (4.15) are translations of the hy-
perbolic plane which are easily seen to be isometries. It is straightforward to
check (using polar coordinates) that the other two are also isometries. Since the
composition of isometries is an isometry, ¢ itself is an isometry.

We will call the transformations

az+b
(2) = cz+d’

ad —bc =1,

the linear fractional transformations and denote the space of linear fractional
transformations by PSL(2,R). The reflection R : H? — H? in the line x =
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0 is also an isometry, but it cannot be written as a special linear fractional
transformation. It can be proven that any isometry of H? can be written as a
special linear fractional transformation, or as the composition R o ¢, where ¢ is
a linear fractional transformation.

Suppose that ¢ is a linear fractional transformation of H2. If we set ¢ = 0,

we see that b "
az + a 2
2) = =—z+-=a"z+ ab,

since d = 1/a. This is a radial expansion or contraction about the origin,
followed by a translation. Thus we can move any point in H? to any other point
by means of an isometry. This gives a rigorous proof that the hyperbolic plane
is homogeneous; that is, it has the same geometric properties at every point!

Moreover, we can do an arbitrary rotation about a point. Suppose, for
example, that we want to fix the point ¢ = (0,1). We impose this condition on
the linear fractional transformation

az+b
P(z) =w = m,
and do a short calculation
+ b
i:a?—'_ = —c+id=ai+b = a=d, b=—c.
ci+d

Since
ad —bc=1=a®+b* =1,

we can reexpress the linear fractional transformation in terms of sines and

cosines: )
cosfz + sinf

oz) =w= —sinfz + cosf’

This isometry fixes the point ¢ but there are clearly not the identity for
arbitrary values of . An orientation-preserving isometry which fixes a point
must act as a rotation on the tangent space at that point. This can be proven
in general, but there is also a direct way to see it in our very specific context.

Simply note that

adz(cz + d) — cdz(az + b) dz

dw: (Cz+d)2 ::7(Cz+d)2

If we evaluate at our chosen point, we see that if everything is evaluated at the
point 1,
dz dz dz

dw = = = —— =e"dz
v (ci+d)2  (—sinfi+cosf)? (e=i0)2 °©

Writing this out in terms of real and imaginary parts by setting

dw = du + idv, dz = dx + idy,
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we see that the linear fractional transformation rotates the tangent space through
an angle of 26.

Since H? has the same geometric properties at every point, we see that we
can realize rotations about any point by means of isometries.

Thus we have a group of hyperbolic motions which just as rich as the group
of Euclidean motions in the plane. We can therefore try to develop the geometry
of hyperbolic space in exactly the same way as Euclidean geometry of the plane.

In Euclidean geometry, any line can be extended indefinitely. In hyperbolic
geometry the geodesic from the point ¢ = (0, 1) straight down to the z-axis has
infinite length as we have seen above. Since any geodesic ray can be taken to
any other geodesic ray by means of an isometry, we see that any geodesic ray
from a point in the hyperbolic plane to the z-axis must have infinite length. In
other words, geodesics can be extended indefinitely in the hyperbolic plane.

In Euclidean geometry there is a unique straight line between any two points.
Here is the hyperbolic analogue:

Proposition. In hyperbolic geometry, there is a unique geodesic connecting
any two points.

Proof: Existence is easy. Just take a circle perpendicular to the z-axis (or
vertical line) which connects the two points.

If two geodesics intersect in more than one point, they would form a geodesic
biangle, which is shown to be impossible by the Gauss-Bonnet Theorem:

Exercise XIII. a. Construct a geodesic biangle in S? with its standard metric
using two geodesics from the north to the south poles, and use the Gauss-Bonnet
Theorem to show that area of the geodesic biangle is 2a;, where « is the angle
between the geodesics.

b. Use the Gauss-Bonnet theorem to show that there is no geodesic biangle in
the hyperbolic plane.

Proposition. In hyperbolic geometry, any isosceles triangle, with angles a, 8
and ( once again, can be constructed, so long as o + 23 < 7.

Proof: Starting from the point 4, construct two downward pointing geodesics
which approach the z-axis and are on opposite sides of the y-axis. We can
arrange that each of these geodesics makes an angle of «/2 with the y-axis.
Move the same distance d along each geodesic until we reach the points p and
q. Connect p and g by a geodesic, thereby forming a geodesic triangle.

The interior angles at p and ¢ must be equal because the triangle is invariant
under the reflection R in the y-axis. When d — 0, the Gauss-Bonnet formula
shows that the sum of the interior angles of the geodesic approaches w. On
the other hand, as the vertices of the triangle approach the = axis, the interior
angles 3 at p and ¢ approach zero.

By the intermediate value theorem from analysis, 3 can assume any value
such that

1
O<ﬁ<§(7r—2a),
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and the Proposition is proven.

Once we have this Proposition, we can piece together eight congruent isosceles
geodesic triangles with angles

to form a geodesic octagon. All the sides have the same length so we can
identify them in pairs. This prescription identifies all of the vertices on the
geodesic octagon. Since the angles at the vertices add up to 27, a neighborhood
of the identified point can be made diffeomorphic to an open subset of R2.

We need to do some cut and paste geometry to see what kind of surface
results. The answer is a sphere with two handles, the compact oriented surface
of genus two. Actually, it is easiest to see this by working in reverse, and
cutting the sphere with two handles along four circles which emanate from a
given point. From this we can see that the sphere with two handles can be cut
into an octagon.

This then leads to the following remarkable fact:

Theorem. A sphere with two handles can be given an abstract Riemannian
metric with Gaussian curvature K = —1.

Indeed, a similar construction enables give a metric of constant curvature one
on a sphere with ¢ handles, where ¢ is any integer such that g > 2.

Exercise XIV. Show that any geodesic triangle in the Poincaré upper half
plane must have area < 7.

Exercise XV. We now return to consider the Riemannian manifold (H", (-,-))
described at the end of §??7. We claim that it is also homogeneous, that is, given
any two point p,q € H”, there is an isometry

¢ : (an <', >) - (an <'7 >)
such that ¢(p) = ¢. Indeed, we have shown this above in the case where n = 2.

a. Show that (H", (-,-)) is also homogeneous.

b. Use this fact to show that (H",(-,-)) is complete. (Hint: If the exponential
map exp,, at p is defined on a ball of radius € > 0 then so is ¢ o exp,,, which can
be taken to be the exponential map at ¢g. Thus no matter how far any geodesic
has been extended, it can be extended for a distance at least ¢ > 0 for a fixed
choice of ¢, and this implies that geodesics can be extended indefinitely.

Remark. Thus it follows from the uniqueness of simply connected complete
space forms, that (H", (-,-)) is isometric to the model of hyperbolic space we
constructed in §1.8.
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4.5 Vector bundles

The way to put Cartan’s method of moving frames into a modern context is to
imbed it in the theory of connections on vector bundles. Roughly speaking, a
vector bundle of rank m over a manifold M is just a smoothly varying family of
m-dimensional vector spaces parametrized by M. We have already seen several
examples of smooth vector bundles, but it is helpful to have a precise definition.

Definition. A smooth F-vector bundle of rank m (where F' = R or C) is a
pair of manifolds E and M, together with a smooth map 7 : F — M, with the
following additional structures:

1. For p € M, E, = n~'(p) has the structure of a m-dimensional vector
space over F.

2. There is an open cover {U, : a € A} of M, together with smooth maps
Vo : 7 HU,) — Uy x F™,
such that m o ¢, = m, where 7 is the projection from U, x F™ to U,.
3. If o = (m,ma), then n,|E, is a vector space isomorphism from E, to F™.

If FF =R, we say that E is a real vector bundle over M, while if F' = C, it is
a complex vector bundle over M. We call E the total space, M the base space
and E, the fiber over p. The open cover {U, : o € A} is called the trivializing
cover for the vector bundle and the maps v, are called the trivializations.

Let GL(m, F) denote the group of m x m nonsingular matrices with entries
in F. If F is a vector bundle of rank m over M, we can define its transition
functions

9gap : Ua NUs — GL(m, F) by o 0¢5"(p,v) = (p, gap(p)v),
for p € U, N Ug. These transition functions satisfy the relations

Jaa = I. 9aBY9Ba = I, 9aB98~yYva = I: (416)

wherever the products are defined.

Conversely, given an open cover {U, : a € A} of a smooth manifold M, and
smooth functions gog : Uy NUs — GL(m, F) which satisfy the relations (4.16),
we can construct a smooth vector bundle of rank m over M as follows: First we
let E be the collection of all triples

(a,p,v) € AXx M x F™ such that p € U,.
We then define an equivalence relation ~ on E by

(a,p,v) ~ (B,q,w) & p=qeUs,NUs and v = gas(p)w.
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Denote the equivalence class of (a, p,v) by [«, p, v] and the set of all equivalence
classes by E. Define a projection 7 : E — M by «([a, p,v]) = p and a bijection

’(/Ja Zﬂ_l(Ua)—?Ua x Fm by wa([a,pw]):(p,v).

There is a unique topology and smooth manifold structure on E such that
7~1(U,) is open for each a € A and each 1), is a diffeomorphism from 7=1(U,)
to U, X F™.

One of the most basic examples is the tangent bundle TM of a smooth
manifold M. If M has a smooth atlas

{(Ua, b)) : v € A}, where ¢, = (x}l, N R

a
) = D, :
P a”

we can define the local trivialization

n

(9 W_l(Ua) — Us xR™ by g (Z a' oxt

i=1 @

One can check that in this case,

Jap = D(¢o¢ o (bgl)

We have encountered many other examples of vector bundles including the
cotangent bundle (T*M, 7, M) with transition functions

gap = |[D(dao05")|

and the various exterior and tensor powers of the cotangent bundle @*7* M and
AFT*M.

Definition. Suppose that F is a smooth vector bundle over M. A smooth
section of E is a smooth map o : M — E such that 7 oo = idy. We let I'(E)
denote the space of smooth sections of E. Note that I'(F) is a module over the
ring F(M) of smooth real-valued functions on M.

Similarly, if U is an open subset of M a smooth section of E over U is a smooth
map o : U — FE such that 7 oo = idy.

If o is a smooth section of F and U, is an element of the trivializing cover
{Uqs : @ € A} for E, then

0q=mooc:U, — F™
is callled a local representative of o. Alternatively, we can write
o(p) = [, p,0a(p)], for p € Us.

Note that two local representatives o, and o are related on the overlap U,NUg
by
Ta = Japogs. (4.17)
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For example, a section of the tangent bundle TM is just a vector field on

M. If U, is the domain of the local coordinate system (zL,...,27) and
noo bl fé
X = ; 1 Ba. on U,, then X,= f~n

is the local representative of X on U,,.

Suppose that (E7,7) and (Fs,m2) are two smooth vector bundles over M.
A wvector bundle morphism from (Eq,m) and (Fy,ms) is a smooth map F :
Ey — E5 such that F takes the fiber of Ey over p to the fiber of E5 over p and
the restriction of F' to each fiber is linear. A wvector bundle isomorphism is an
invertible vector bundle morphism.

Given two vector bundles E and F over M, we can form their direct sum
E @ F and their tensor product E ® F. We can also construct the dual bundle
E* of a vector bundle and the endomorphism bundle End(E) whose fiber at a
point p € M is just the space of endomorphisms of E,.

4.6 Connections on vector bundles

Suppose that F is a smooth vector bundle over M. Let X (M) denote the space
of smooth vector fields on M, T'(E) the space of smooth sections of E. We give
several closely related definitions of connections on E.

Definition 1. A connection on E is a map
V:X(M)xT'(E)—T'(E)
which satisfies the following axioms (where Vxo = V(X,0)):
Vx(fo+7)=(Xf)o+ fVxo+ VxT, (4.18)
Vixyyo = fVxo+ Vyo. (4.19)

Here f is a real-valued function if F is a real vector bundle or a complex-valued
function if F is a complex vector bundle.

If F is a vector bundle, we let
QF(E) = T(A*T*M ® E) = { smooth k-forms with values in F }.
Given a connection V in E, we can then define the covariant differential
D:Q%E)— QYE) by (Do)(X)=Vxo.
Then D satisfies the second definition of connection:

Definition 2. A connection on E is a map D : Q°(E) — Q!(E) which satisfies
the following axiom:

D(fo+71)=df ® 0 + fDo + Dr, (4.20)
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whenever f is a smooth function on M and o,7 € Q°(E).

Remark. If D, and Dy are two connections in F, then the difference Dy — Do
satisfies the identity

(D1 = D2)(fo +g7) = f(D1 — D2)o + g(D1 — D2)r,

that is the difference D — Dy is linear over functions. Hence we can regard
D1 — D5 as an element of Q!(End(E)). Conversely if D is a connection on E
and ¢ is any element of the vector space Q!(End(E)), then D + ¢ is also a
connection. Thus although the zero operator is not a connection, the space of
connections forms an “affine space” Do+Q! (End(FE)), where Dy is any particular
choice of base connection in E.

Each of the definitions has its advantages, and we will find it convenient to pass
back and forth between the two definitions.

The simplest example of a connection occurs on the trivial bundle E =
M x R™. A section of this bundle can be regarded as an R™-valued map

In this case, we can use the exterior derivative to define the trivial flat connection

on F
o1 do!

wi Wiy
w = . . ,
wy” Wi

we can define a connection on E by

ot do! wh o Wl ot
Dl : |= : +{ 0 . (4.21)
o™ do™ wi® wy o™

We can write this last equation in a more abbreviated form as
Do = do 4 wo,
matrix multiplication being understood in the last term. Indeed, the axiom

(4.20) can be verified directly, using the familiar properties of exterior derivative.
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Of course, we can construct a connection in the trivial complex vector bundle
E = M x C™ in exactly the same way, by choosing w to be an m X m matrix
of complex-valued one-forms.

It is not difficult to check that any connection on the trivial bundle is of the
form (4.21). To see this we apply D to the constant sections

1 0 0
0 1 0
El = . ) E2 = . ) Ty Em = . )
0 0 1
obtaining
wi Wi,
(DEl DEm):(El Em) : : ,

wy” Wi

for some collection of one-forms w;. If we then write a section as a linear
combination of basis elements,

o
o= (E1 - Em) ,
om
it follows directly from (4.20) that
do? ol
Do=(Ey ... E,)| : |+ (DE...DE,)
do™ o™
do?! wi Wl ot
=(E1 ... En) S DR : ,
do™ wi® wr o™

which is just another way of rewriting (4.21).

Recall that any vector bundle is locally trivial. Suppose, for example, that
E is an F vector bundle of rank m defined by the open cover {U, : « € A} and
the transition functions {gag}. In the notation of the preceding section

Yo w’l(Ua) — U, X F™

is a vector bundle isomorphism from the restriction of E to U, onto the trivial
bundle over U,. Such a trivialization defines a corresponding an ordered m-tuple
(Ef, ... ES) of smooth sections of E over U, by the prescription

Yo (ES () = (p, Ei),

181



where (E1,..., Ey,) is the standard basis of F™. If ¢ is a smooth section of E

over U,, then
1

Ou

m
— i pa —
o= E o, B where o0, =
i=1 o

is the local representative of o over U,. If D is a connection on E, then

Do =D (i agEg> = f: dol, + zmj(wa);lag; EX.
i=1 i=1 j

j=1

g

We can write this as

Do =Y (Do.) EY,
i=1
(DUa)1 dgé (Wa)% T (Woc)}n dO'i
whee | = [+ .
(Doa)™ oy (Wa)T* - (wa)m oy

an m-tuple of ordinary one-forms on U,. Just as we did above, we can write
(Do)o = doy + wWa0a,

where w, is an m X m matrix of ordinary one-forms on U,. We call the matrix
operator d + w, the local representative of the connection D.

We can use (4.17) to see how the local representatives corresponding to two
elements of the distinguished covering are related on overlaps. We note that
since the connection is well-defined on overlaps, we must have

dog + waoa = gap(dog +wgog) on U, NUs.

Since og = g;ﬁlaa,

dUoz + Wa0q = ga,@[d(g;éaa) + CUﬁg;éUa]
= dUa + [gaﬁdg;gl + gaﬁwﬂgggl]o—av
and we conclude that
We = gagdggﬁl + gaﬁng;é. (4.22)
This yields yet another definition of connection:

Definition 3. A connection on an F-vector bundle E of rank m defined by
an trivializing open cover {U, : @ € A} and transition functions {g.s} is a
collection of differential operators

{d+ wq,a € A},

operating on local representatives, where d denotes the usual exterior derivative
acting on F"-valued sections and w,, is an m X m matrix of F-valued one-forms,
the differential operators transforming in accordance with (4.22).
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4.7 Metric connections

A fiber metric on a real vector bundle E is a smooth function which assigns to
each p € M an inner product

(,)p: Ep x E, = R

Thus a Riemannian metric on a smooth manifold M is a fiber metric in its
tangent bundle TM. If ¢ and 7 are sections of ¥ we can define a function

{o;7): M =R by (o,7)(p) = {o(p), 7(P))-

Similarly, a Hermitian metric on a complex vector bundle E is a smooth function
which assigns to each p € M a map

(v)p:EpxE,—C

such that (v, w), is complex linear in v and conjugate linear in w,

<U7 w>p = <U), U>I)’
and (v,v), > 0 with equality holding if and only if v = 0.

Definition. A metric connection on a real vector bundle E with a fiber metric
or a complex vector bundle F with a Hermitian metric is a connection D :
Q% E) — QY(E) such that

d{o,7) = (Do, 7) + (0, D7), for o,7 € Q°(E). (4.23)

Here we are using Definition 2 of connection. Of course, we can also use Defi-
nition 1 and write this condition as

X{o,7) = (Vxo,7)+ (0,VyT), for X € X(M) and 0,7 € T'(E).

Using a partition of unity, we can show that any real vector bundle with fiber
metric or any complex vector bundle with Hermitian metric admits a metric
connection.

If E is a real vector bundle of rank m with fiber metric (-, -), we can choose triv-
ializations which map each fiber of F,, isometrically onto R™ with its standard
dot product. In this case the transition functions {gns} take their values in the
orthogonal group O(m). If

Vo : 7 HUy) — Uy x R™

is such a trivialization and (E1,..., E,,) is the standard orthonormal basis for
R™, then the m-tuple (EY, ... ES) of smooth sections of E over U, defined by

Ya(E (p)) = (p, Ei)
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has the property that (E¢(p),... ES (p)) is an orthonormal basis for E, for each
p. It then follows from (4.23) that

0=d(E}, E}) = (DE, Bf) + (B, DEJ) = (wa)] + (wa),
so that the matrix w,, is skew-symmetric. Recall that the Lie algebra of GL(m, R)
is just
gl(m,R) 2 { m x m-matrices with entries in R },
with Lie bracket defined by [A, B] = AB — BA, while the Lie algebra of O(m)
is the Lie subalgeba

o(m) = {A € gl(m,R): AT + A =0}.

Thus each local representative d + w, has the property that the matrix-valued
one-form w, is o(m)-valued, where o(m) is the Lie algebra of the orthogonal

group.
Remark 1. Of course, the m-tuple (E¢,...E2) of smooth sections of E over

U, is just an extension of Cartan’s notion of moving orthonormal frame from
the tangent bundle T'M to an arbitrary vector bundle FE.

Remark 2. It is customary to lower the index and write w;; instead of w} when
the matrix-valued form w is o(m)-valued.

Similarly, if E is a complex vector bundle with Hermitian metric (-,-), we can
choose trivializations which map each fiber of E,, isometrically onto C™ with its
standard Hermitian inner product. In this case the transition functions {gngs}
take their values in the unitary group U(m). If

VYo : T HUy) — Uy x C™

is such a trivialization and (Ey,..., E,,) is the standard orthonormal basis for
C™, then the m-tuple (EY, ... E%) of smooth sections of E over U, defined by

Ya(E{(p) = (p, Ei)

has the property that (E{(p), ... ES,(p)) is an orthonormal basis for E, for each
p, and (4.23) implies that

0=d(E, E) = (DE, Ef) + (Eff, DE§) = (wa)] + (wa)]

i i
so that the matrix w, is skew-Hermitian. The Lie algebra of GL(m,C) is just
gl(m,C) = { m x m-matrices with entries in C },

with Lie bracket defined by [A4, B] = AB — BA, while the Lie algebra of M (m)
is

u(m) = {A € gl(m,C) : AT + A =0}.
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Thus each local representative d + w, has the property that the matrix-valued
one-form wy, is u(m)-valued in this case.

More generally, we could consider any Lie subgroup G of GL(m, F), where
F =R or C. We could then define a G-vector bundle over M to be a rank m
vector bundle over M whose transition functions take their values in G. For
example, if G = SO(m) = {A € O(m) : det A = 1}, then an SO(m)-vector
bundle is a real vector bundle of rank m together with a fiber metric and an
orientation.

Suppose that the Lie group G has Lie algebra g. We could then define a G-
connection on the G-vector bundle E defined by an trivializing open cover {Ul, :
a € A} and transition functions {g.s} is a collection of differential operators

{d+wq,a € A}

acting on local representatives o, of sections, where d denotes the usual exterior
derivative and w,, is an g-valued matrix of one-forms, the operators transforming
in accordance with (4.22). To see that this definition is well-defined, we would
need to check that the transformation (4.22) preserves g-valued matrices of one-
forms.

4.8 Curvature of connections

If we use Definition 2 of connection, we can extend the operator D : Q°(E) —
QY(E) to an operator

D:Q*(E) — Q*(E), where Q*(E)= zn: O (E)
k=0

by forcing the Leibniz rule to hold:
D(wo) = (dw) @ 0 + (=1)*w A Do, for we QF(M), o € T(E). (4.24)

Unlike the usual exterior derivative, the extended operator D does not in general
satisfy the identity D o D = 0. However,

DoD(fo+7)=D(df ® 0+ fDo + D7)
=d(df)®o—df NDo+df NDX + f(Do D)o+ (Do D)t
= f(Do D)o+ (DoD)r, (4.25)

so D o D is linear over functions. This implies that D o D is actually a tensor
field; in other words, there is a two-form with values in End(E),

R e Q*(End(E)) such that Do D = R.

This End(FE)-valued two-form is called the curvature of the connection.
Suppose that F is a smooth real vector bundle of rank m over M defined by
the open covering {U, : o € A} and the transition functions {gng}. Any element
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o € T'(E) possesses local representatives {o, : & € A}, and in accordance with
(4.25),

(D o Da)a = Quaaa

where €, is a matrix of two-forms. Since D is represented by the operator
d+ wq on Q°(E) and the operator d + w,, satisfies the Leibniz rule, one readily
checks that D must also be represented by d + w, on every Q¥(FE). We thus
conclude that

(DoDo)y = (d+ wa)(dog + waoa)
=d(dog) + (dwa)oa — Wa A doe + wa A dog + (Wa A wa )0
= (dwg + Wa A Wa)0a,
and hence we obtain a formula for the local representative of the curvature:

Qo = dwe + wa A wgy,. (4.26)

Since D o D is independent of trivialization, the matrices of two-forms must
satisfy

Q000 = gasSpos = gaﬁQBg;[_l}aa on U, NUg.

In other words, the local representatives transform in accordance with the ex-
pected rule for two-forms with values in End(FE),

Qo = 9asQpgagp- (4.27)
Differentiation of (4.26) gives
dQy = dwo N W — Wo A dwey
= (Do — Wa AWa) Awa — wWa A (o — Wa A we)s
which simplifies to yield the so-called Bianchi identity,
dQ = Qa Nwg — wa A Qo = [Qa, wa]. (4.28)

Note that if F is a real vector bundle with metric connection, then the
curvature matrices €, are o(m)-valued, while if E is a complex vector bundle
with metric connection, the curvature matrices Q, are u(m)-valued. In the
special case where E = TM the tangent bundle of a Riemannian manifold
(M, (-,-)), and D is the Levi-Civita connection, then (4.26) reduces to the second
structure equation of Cartan (4.5) we encountered in Cartan’s method of moving
frames.

Remark. In some ways, it might have been better to use Definition 1 of
connection and define the curvature of a connection V on E to be the operator

Ri(X,Y)o =VxVyo—VyVxo — V[X,y]a, (4.29)
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for XY € X(M) and o € I'(E). It would then be straightforward to verify
that
Ri(fX,Y)o=Ri(X,fY)o =R (X,Y)fo = fRi(X,Y)oo,

so that R; is an element of Q?(End(E)).
Recall that by means of a local trivialization

Vo N (Uy) — Uq x F™,

where F' =R or C, we could define an ordered m-tuple (EY, ... ES) of smooth
sections of E over U, by the prescription

Ya(E] (p)) = (p, Eb),

where (E1, ..., Ey,) is the standard basis of F™. The local representative d+w,
is then defined so that the entries of the matrix w, of one-forms satisfy

VxEj =) Ei(wa)j(X),
i=1

while, just as in §4.1, we could define the matrix Q, of curvature two-forms by
Ri(X,Y)E; =) Ei(Qa)i(X,Y).
i=1
Just as in the proof of the Theorem from §4.1 we would then be able to use
(4.7) to derive Cartan’s second structure equation

Oy = dwy + wWo AWy

Since this agrees with (4.26), R; has exactly the same local representatives as
R and hence R = R;.

The upshot is that we have two equally valid definitions of curvature for
a connection in E; the curvature R € Q%(End(E)) is either the operator R;
defined by (4.29) or the operator R = D?, where D is the covariant differential.

4.9 The pullback construction

If (E,7, M) is a smooth vector bundle over M and F : N — M is a smooth
map, we can define the pullback bundle with total space

F'E ={(p,v) e Nx E: F(p) = n(v)},

the projection m : F*E — N being the projection onto the first factor. If
{U, : a € A} is a trivializing open cover for E, then {F~1(U,) : a € A}
is a trivializing open cover for F*FE, and the transition functions for F*E are
{gap o F'}. Note that if E is a G-vector bundle, where G is a Lie subgroup of
GL(m, F) then so is F*E.
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If 0 € T'(E) then we can define a pullback section
Fro e I(F'E) by (F'o)(p) = (p,o(F(p)).
More generally, we can define F* : Q%(E) — QF(F*E) by

Frlw®o)=F*(w)® F*(o) forw e QF(M) and o € T'(E).

Proposition 1. If Dg is a connection on the vector bundle E over M and
F : N — M is a smooth map, then there is a unique connection Dp«g in the
vector bundle F*E over N which makes the following diagram commute:

QO(E) 2. Q\(E)

F*l Fl
QO(F*E) 22, QU(FrE)
If Dg is a G-connection, so is Dp+g.

To prove uniqueness, one simply notes that if d + w,, is the local representative
for Dg corresponding to the element U, of the trivializing cover for F, then
d+ F*w, must be the local representative for Dg+« g corresponding to F_l(Ua).
For existence, one simply defines D« g by decreeing that the local representative
for Dp« g corresponding to F~1(U,) must be d + F*w,.

We call the connection obtained on F*FE by Proposition 1 the pullback con-
nection. Note that if Q, is the local representative of curvature corresponding
to an element U, of the trivializing cover for E, then F*Q, must be the local
representative of curvature for Dp- g corresponding to F~1(U,).

The pullback connection formalizes the constructions we used when calculating
first and second variation of the action J in §1.3 and §3.8. It provides a more
rigorous means of discussing the parallel transport we introduced in §3.2.

Indeed, if F is a vector bundle over M with connection Dg and v : [a,b] — M
is a smooth map we can consider the connection D.~g on the pullback bundle
v*E. We say that a section o of v*E is parallel along v if (Dy+g)o = 0. In
terms of a local trivialization, we can write such a section as o, where

d . U (d ,
= — L — ) =
(d+ wa)oa =0 or 7% + Z(wa)j (dt) ol =0.

j=1

Thus a section o of v*F is parallel along v if and only if its components in
any local trivialization satisfy a first-order linear system of ordinary differential
equations. It follows from the theory of such systems that given an element
o9 € (¥*E),, there is a unique section o parallel along v which satisfies the
initial condition o(a) = 0g. Thus we can define an isomorphism

T (' E)a— (7B
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by setting 7(cg) = o(b), where o is the unique parallel section such that o(a) =
0. Since
(V'E)a = Eya) and (Y"E)y = Eyp),

this also defines an isomorphism
T Eya) = By,

which we call parallel transport along v in E. Of course, this is completely
analogous to the construction we carried out in §3.2.

We can sometimes use parallel transport to prove that two vector bundles
are isomorphic:

Proposition 2. If Fy, F1 : N — M are smoothly homotopic maps and E is a
vector bundle over M, then FJE and F;E are isomorphic vector bundles over
N.

Sketch of proof: Define smooth maps
Jo,J1 : N — N x[0,1] by Jo(p) = (p,0), Ji(p)=(p,1).
If Fy is smoothly homotopic to Fi, there is a smooth map
H:Nx|[0,1] > M suchthat HolJy=F,, HolJy =F.

Since FfE = JJH*E and FY'E = J{H*FE, it suffices to show that if F is a
vector bundle over N x [0, 1], then J§E is isomorphic to JyE.

But J3 E is just the restriction of E to N x {0}, while J; E is the restriction
of E to N x {1}. Give E a connection and let

Tp : Epoy — E(p,1) be parallel transport along t +— (p, ).
We can then define a vector bundle isomorphism 7 : J§E — J*E by
7(v) = 1p(v), forv e Eg o = JiEp.
Corollary. Every vector bundle over a contractible manifold is isomorphic to
a trivial bundle.

Proof: If M is a contractible manifold, the identity map on M is homotopic
to the constant map, and hence any vector bundle over M is isomorphic to
the pullback of a bundle over a point via the constant map. Of course, such a
pullback must be trivial.

4.10 Classification of connections in complex line
bundles

If L is complex line bundle (that is a complex vector bundle of rank one), then
End(L) is the trivial line bundle, and hence the curvature of any connection is
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just a complex scalar; it turns out that the curvature is actually purely imaginary
if the L has a Hermitian metric and the connection is metric. There is a very
simple classification for complex line bundles over a given manifold M and for
metric connections in a given line bundle. Thus the differential geometry of
complex line bundles over a given smooth manifold M has a relatively simple
and complete theory.

Note that since U(1) is isomorphic to SO(2), a rank one complex vector
bundle with Hermitian metric is just a rank two oriented real vector bundle
with fiber metric. Indeed, given an oriented rank two real vector bundle F
with fiber metric we can make it into a complex vector bundle of rank one by
defining multiplication by ¢ to be rotation through 90 degrees in the direction
determined by the orientation. If (Eq, Es) is a positively oriented moving frame
for F over U, we can define multiplication in the fiber by ¢ by setting Ey = iE1,
thereby obtaining a complex line bundle with Hermitian metric.

If D is a metric connection in E regraded as an oriented real vector bundle,
then the corresponding skew-symmetric matrix of connection forms is

< 0 W12) y where DEl = 7&)12E2 = (7iW12)E1.
—Ww12 0

We can also regard the single section F; as defining a unitary frame for the com-
plex line bundle F, and in this case the corresponding skew-Hermitian matrix

of connection forms is (—iwi2).
The skew-symmetric curvature matrix of the SO(2)-bundle is

0 Q
<_912 012> s where ng = du.)lg,

while the skew-Hermitian curvature matrix for the U(1)-bundle is (—i2;2).
Since U(1) and SO(2) are commutative, it follows from (4.27) that Q, = Qg
on U, N Ug, so the locally defined curvature matrices yield a global curvature
matrix defined on M which has a globally defined entry 15,. We let F = Q5.
It follows from the Bianchi identity that

dle - d]: =0.

Proposition 1. If F; and F» are the curvatures of two U(1)-connections D
and Do in the same U(1)-bundle, then

1 1
—F| == H3p(M;R).
The proof is an easy consequence of the fact that the difference of two connec-
tions is a tensor field. Since D1 — Dy = a € Q'(End(E)), we see immediately

that 1 — Fa = da, so (1/27)F; and (1/27)F, lie in the same de Rham coho-
mology class.
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Definition. If L is a complex line bundle with a Hermitian metric, then the
first Chern class of L or the Euler class of the underlying SO(2)-bundle E is

ci(L) = [2177]-'} € H*(M;R),

where F is the curvature of any U(1)-connection in the U(1)-bundle L.

Let us explain the reason for the factor 1/2w. The argument we used in §4.3
for the Poincaré Index Theorem and the Gauss-Bonnet Theorem carries over
word for word to an arbitrary U(1)-bundle over a compact oriented surface M.
Indeed, if 0 : M — L is a smooth section with finitely many zeros at the points
D1, P2y ., Pk of M, we can set V=M — {p1,...,pr} and define a unit-length
section E1 on V by E; = o/|o|. We can then define the rotation index w(o, p;)
of o at each zero p; € M just as before. The argument presented in §4.3 then
shows that

k
> w(X,p) = %/ F, (4.30)
i=1 M

and in particular, the differential form (1/27)F must integrate over the surface
M to an integer. We sometimes write

% - <[217T]-'} ,[M]> = (1 (L), [M]),

and call it the pairing of the fundamental class of M with the first Chern class
or the Euler class.

The fact that ¢;(L) integrates to an integer is a reflection of the fact that
c1(L) is actually an integral cohomology class, that is, it is the image of an
element, also denoted by ¢;(L), under the coefficient homomorphism

H*(X;Z) — H*(X;R) (4.31)

described in §2.8.2. It would be difficult to classify complex vector bundles of
higher rank up to isomorphism, but there is a very simple answer for the case
of complex line bundles:

Classification Theorem for U(1)-bundles. Let V}(M) denote the group of
isomorphism classes of complex line bundles over a smooth manifold M, the
group operation being tensor product. Then the map

I':VA(M) — H*(M;Z) defined by T(L)=c,(L) € H*(M;Z)
is a group isomorphism.

The proof is a little difficult, so we defer a sketch of the proof to the next section
(and, in fact, the reader can skip the proof on a first reading).

Example. The two-sphere S? = CU{co} can be regarded as a Riemann surface
with two charts. We let

Us=C and Us = (C—{0}) U {oc}
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and define z : Uy — C to the the identity and w : Uy, — C by w = 1/z. Then
{(Uo, 2), (Uso,w)} is an atlas on S? which makes it into a Riemann surface. We
can construct a line bundle H™ over S? by specifying

1
90,00 * UyNUs — GL(]_,(C) by gO,oo(Z) = Z7
The complex line bundle H™ will then have two trivializations

o (Uo) — Up x C, Yoo : T (Uso) = Uso x C

such that )
'l/}oo o 1/161(%0) = (Zv C) .
Zn

Define a section o : $2 — H™ by

o © O'(Z) = (Za Zn)v Yoo © O'(U)) = (wa 1)'

Then ¢ has a single zero at z = 0 and one can easily verify that w(o,0) = n.
Using this fact together with (4.30) we find that (¢; (H™),[M]) = n. Indeed,
every complex line bundle over S? is isomorphic to H" for some n € Z.

We next ask whether it is possible to classify the metric connections in a given
line bundle. Let
A(L) = { metric connections in L }.

In a sense we already know how to classify the connections in A(L). Indeed,
suppose that we are given a base connection Dy on E which is metric for a given
choice of fiber metric (-,-). If D is any metric connection on L, then D — Dyg
is a globally defined u(1)-valued one-form —ic, where o € Q(M). So elements
of A(L) are in one-to-one correspondence with elements of Q'(M). But the
interesting classification is up to “gauge transformation:”

Definition. A gauge transformation of a line bundle L with Hermitiian inner
product (-,-) is a bundle automorphism ¢g : L — L which preserves the inner
product (-).

If g: L — L is a gauge transformation, g(p) : L, — L, is multiplication by
some complex number of length one. Thus we can regard g as a map

g:M—-UQ1)=8"={2€C:|z|=1}.

Let G denote the space of gauge transformations, a group under complex mul-
tiplication in the range. If py is some choice of base point in M, we let

Go=1{9€G:9(po) =1},

the subgroup of based gauge transformations. Then we have a direct product of
groups G = Gy x S', where S is the group of constant gauge transformations.
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If D is a metric connection on L and g € G, we can construct a new connec-
tion DY on L by

DY =goDog™' =D+gdg": QL) — Q'(L).

We say that D and D are gauge equivalent if they differ by a bundle automor-
phism, in other words, if D = DY for some g € G, and we let

By = AL _AD)
g Go
= { gauge equivalence classes of metric connections on L }.
Our goal is to classify elements of B(L).
In the case where M is simply connected, the classification of elements of
B(L) is relatively easy. In this case, we let

C(L) = {]—" c (M) :dF =0, [;ﬁf} = cl(L)}.

Proposition 2. If H*(M;R) = 0, the map

I:B(L) = C(L) defined by T(D)= %]-‘7
™

where —iF is the curvature of D, is a bijection.

Proof: To see that T" is onto, we let Dy be a base connection with curvature
Fo. If F € C(L), then dF = 0 and since [F] = [Fy], there is a one-form « on
M such that F — Fy = da. Let D = Dy — ice. Then D is a a connection with
curvature —i.F.

To show that I is one-to-one, we suppose that D and Dg are two connections
with the same curvature, so D = Dy — i where da = 0. Since H!(M;R) = 0,
there is a smooth function u : M — R such that du = a and we let g = €.
Then

(Do) = Do + gdg™* = Dy — idu = Dy — ia = D,

so D and Dy are gauge equivalent.

We remark that it is possible to establish a similar result when H!(M;R) #
0. For simplicity, let us suppose that Hi(M;Z) is free abelian of rank b,
and let v1,--- , 7, be oriented simple closed curves representing generators for
H,(M;Z), all passing through a given point pg. Given a metric connection in a
complex line bundle L, let

Tj t Lpy — Ly

be the holonomy around v; which is an orientation-preserving isometry and
hence a rotation through an angle §;. Then 7; must be rotation through some
angle,

0

. ot
T; =€,
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We can then define

by
e e 1 ) )
I':B(L) —»C(L)xS'x---xS' by T(D)= (2.7:,6101,...,6“91’1),
™

and one can prove that this map is a bijection.

Suppose now that (M(-,-) is a Riemannian or Lorentz manifold so that the
Hodge star = can be defined on Q*(M). We can then define the Yang-Mills
function

YV:AL)—R by y(D):/ Fp ANxFp,
M

where Fp is the curvature of the connection D. We say that a connection on L
is a Yang-Mills connection if it is a critical point for the function ).

Exercise XVI. Show that a connection D is a Yang-Mills connection if and
only if it satisfies the equations

d]:D :0, d(*]:D) =0.

Hint: Use the fact that if o and F; are the curvatures of two U(1)-connections
Dy and D; in the same U(1)-bundle L, then F; — Fy = da for some globally
defined one form on M. Moreover, for t € R, if D; = Dy + ta, then Fy — Fy =
tda. Now exploit the fact that if Dy is a Yang-Mills connection, then

d

— Y(D;) = 0.

dt|—g

In the case where (M (,-) is a Lorentz manifold, these are just Maxwell’s equa-
tions from electricity and magnetism. In the case where (M(-,-) is a compact
Riemannian manifold the Yang-Mills connections are just the connections with
harmonic curvature forms.

Application. If the base manifold M has a Lorentz metric and is considered
to be the space-time of general relativity, we can model the Faraday tensor for
an electromagnetic field (described at the end of §2.9) as the curvature F of
a connection in a complex line bundle with a Hermitian metric. Then one of
Maxwell’s equations dF = 0 is automatically satisfied.

What advantages does this model have over just regarding the Faraday ten-
sor as a closed two-form? Well, for one thing, integrality of the first Chern class
implies a quantization condition for F. Second, the connection also provides
holonomy around closed curves, and this has been observed experimentally (the
Bohm-Aharanov effect). Third, a formulation in terms of connections suggests
fruitful generalizations to connections in more general groups, like SU(2) or
SU(3) and these have been used to help explain the weak and strong interac-
tions in physics.

Thus while the geometry of pseudo-Riemannian manifolds has important
applications to general relativity, the geometry of connections in vector bundles
has important applications to the physics underlying the electromagnetic, weak
and strong interactions.
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4.11 Classification of U(1)-bundles*

For completeness, we provide a brief sketch for the proof of the Classification
Theorem for U(1)-bundles described in the previous section (see [11], page 141).
Indeed, this Classification Theorem follows from the proof of the de Rham
Isomorphism Theorem presented in §2.8.3.

We start with a good cover of M, an open cover U = {U,, : a € A} such that
any nonempty intersection Uy, N -+ MUy, # 0 in the cover is contractible. Let

gagtUaﬂUgﬁU(l)

be transition functions for a U(1)-bundle L over M. Since the sets U, N Up are
contractible, we can define maps

) .
hag = 5—-108gap : UaNUs — R such that el = gog. (4.32)

Then
ZaBy = hag + hg,y + hva S/ (4.33)

and one immediately verifies that (za.g,) € C‘Q(U,Z) is a Cech cocycle. Of

course, this also defines a Cech cocycle (2apy) € ¢ (U, R) whose real cohomology
class is the image under the coefficient homomorphism (4.31) of an integer class.

We need to check that this cohomology class corresponds to the first Chern
class under the de Rham isomorphism.

So we have to follow the zig-zag construction that was used to produce this
isomorphism. We start with z = (24s,) € CQ(Z/{ ,R) which injects to an element
z = (Zapy) € CZ(U, Q°%). By (4.33), this image is then a Cech coboundary,
z =46(h), where h € Cl(u, 00) satisfies (4.32), and

7

wadg~t e G, ).
5 Japddas € C (U, Q)

d(h)ap =

Exactness of the rows in the double complex then shows that there is an element
(1/2m)Aq € CO(Z/l7 Q') which goes to igagdg;f} under ¢, and hence

—iAq = —iAp + gapdy,s-

But the the one-forms w, = —iA, define a U(1)-connection on L and the el-
ement (1/2m)A, € CO(U,Ql) goes to its curvature (i/2m)Q, = (1/2m)F, €
CO(Z/{,Qz). Exactness of the rows in the double complex once again forces
the €,’s to fit together into a globally defined two-form (1/27)F which is ex-
actly the curvature of the U(1)-connection. The de Rham cohomology class of
(1/2m)F is exactly the first Chern class of L. Thus the cohomology class of

(zapy) € C2(Z/I,R) goes to the first Chern class [(1/27)F] under the de Rham
isomorphism, finishing our sketch of the proof of the Classification Theorem.
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4.12 The Pfaffian

Let E be an oriented real vector bundle of rank n = 2m over M with a fiber
metric (-,-). The key example to keep in mind is the case where E = TM,
where M has a Riemannian metric (-, -).

We let AYE denote the ¢-fold exterior power of E and let

OP9(E) = QP(AE) = { p-forms with values in AE }.

The direct sum o o
O (E)=> > Qri(E)
p=0 q=0

forms a “bigraded” algebra in which the product is defined by

(6a) A (¥B) = (=1)4EV4EX (S A Y)(a A ),

for ¢, € 0, o, B € QO*,

Suppose now that E has not only a fiber metric but also a metric connection
D : Q°E) — QYE). The fiber metric and the connection can be extended to
every A7E. Moreover, the connection on AYE can be extended to a first-order

differential operator
D : QP9(E) — QPTL(E)

by forcing the Leibniz rule to hold.
If (Q4)i; are the curvature forms of the connection in E with respect to a
moving frame (E¢,..., EY) on an open subset U, C M, then the element

1 - (03 (07
Ro=—; > ()i BY AES € Q72 (E|Ua).
1,j=1
Moreover, a direct calculation shows that on U, N Ug, Ry = Rg, so the local

representatives fit together to form a globally defined element R € Q%2(FE). For
simplicity, we write this as

n

Z Qi;Ei NEj. (4.34)

ij=1

1

R=—-
4

It is then possible to compute the m-th power within the algebra:

—1)m
R™ = u QiligEil A EiQ Y

22m El

iom—182m Lizm 1 N Eizm

Tlyeeey i2m

=nm
= "Sam > L@o@ A Qo@m-1)o@m)Bo) A+ A Boam)
g€Sam
—(_1)m2~ Q Ao E\N---NE
= “oam sgn(0)Qe(1)e2) A Qo@m—1)o2m) E1 A+ A Eop,

oc€Sam
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where Sa,, is the group of permutations on 2m letters and sgn(o) is the sign of
the permutation o.

Definition. If A = (a;;) is a skew-symmetric matrix with 2m rows and 2m
columns, the Pfaffian of A is

1

Pf(A4) = Sl

Z Sgﬂ(a)%u),a(z) © G (2m—1)o(2m)-

0ES2m
The above computation then shows that

1 _1)ym
SRm !pf(Q)El AN Fop,.

m/! 2m

Since R is independent of moving frame, the calculation shows that
Be€SO(2m) = Pi(B'QB)="P{Q).

The same identity must hold when €2 is replaced by an arbitrary skew-symmetric
matrix A, so

B e SO(2m) = Pf(B 'AB) = Pf(A), (4.35)

for A € so(2m). This identity shows, as we will see later, that the Pfaffian is an
example of an “invariant polynomial” for the Lie group SO(2m).
The factor 1/(2™m!) is included in the definition of the Pfaffian so that

0 a 0 0 0 0
—a; O 0 0 0 0
0 0 0 as 0 0
Pf] O 0 —as O 0 0 | =aias---an.
0 0 0 0o - 0 Am
0 0 0 0O -+ —an O

One can verify that Pf(A)? = det(A), so the Pfaffian serves as a square root of
the determinant for skew-symmetric matrices.

4.13 The generalized Gauss-Bonnet Theorem

If M is a (2m)-dimensional Riemannian manifold and Q = (€2;;) is the matrix
of curvature two-forms corresponding to a moving frame, we can construct the
Pfaffian Pf(Q), a differential form of degree 2m on M, and it follows from (4.35)
that Pf(€2) does not depend on the choice of moving frame.

Generalized Gauss-Bonnet Theorem. If M is a compact oriented (2m)-
dimensional Riemannian manifold, then

1

T /M PAQ) = (M),
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where x (M) is the Euler characteristic of M.

Here the Euler characteristic of a compact smooth manifold M is a topolog-
ical invariant which can be calculated by means of a vector field on M with
nondegenerate zeros.

Definition. A vector field V : M — T'M is said to have a nondegenerate zero
at p € M if the covariant differential DV (p) : T,M — T,M is an isomorphism.
If p is a nondegenerate zero of the vector field V : M — T M, then the rotation
index of V at pis

1 if det(DV(p)) > 0,

w(Vop) = {1 if det(DV (p)) < 0.

Thus suppose that p is a zero of V and that (z!,...,2™) are normal coordinates
centered at p, with z'(p) = 0. Then we can write

al al\ [a!
V= (621 . 82,1) oo .| + higher order terms| ,
at an "
(4.36)
while the linearization of the vector field V' at the zero p is
al - al dzt|,
o) o . .
DV (p) = (w’p Bam p> : :

at Qy, da™ |,

Of course, DV (p) corresponds to a linear system of differential equations which
takes the form

dl
% = a’%xl + o F a}lxn7
Lo aipt + e 4 alan,

or

aj a,
dx . }
— = Ax, where A= :
dt :
n

n
al “ee a

This linear system is just the linearization of the system of differential equations
at the zero p which corresponds to V itself. We see that V has a nondegenerate
zero at p if det A # 0, and

1 if det(A) > 0,

w(Vop) = {_1 if det(A) < 0.

For example, in the case of a surface, the vector field
0 0 1 0) [t
_ 1 2 _ (.0 )
V=igate gz = ) (0 1) (x>
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has rotation index one at the origin, while

d 9 c) (%
— 1 2 = 2 .
V=uga gz = (o W)<0 1> (I2>

has rotation index minus one, agreeing with the rotation index as described in
§4.3. We can now state the

Poincaré Index Theorem. Suppose that M be a n-dimensional compact
oriented smooth manifold and that V' is a vector field on M with finitely many
nondegenerate zeros at the points pi1, p2, ..., pr. Then

> wlVeps) = x(M).

i=1

In our proof of the generalized Gauss-Bonnet Theorem, we will assume the
existence of a vector field with nondegenerate zeros, that is, a vector field V :
M — TM which intersects the zero section transversally. (The gradient of a
Morse function is a vector field with nondegenerate zeros, and such functions are
dense in the space of all real-valued functions on M by Corollary 6.7 in [25].) As
in §4.3 our strategy is to prove the generalized Gauss-Bonnet Theorem and the
Poincaré Index Theorem at the same time as we define the Euler characteristic
of M by establishing the formula

G [ PR = Y eV (437

i=1

The left-hand side does not depend on the vector field while the right-hand side
does not depend on the Riemannian metric, so neither side can depend on the
metric or vector field. Both sides must equal a topological invariant which we
call the Euler characteristic of M and denote by x(M).

In the proof, we can replace the tangent bundle T'M by an oriented real
vector bundle E with fiber metric and connection, so long as E has the same
rank as the dimension of M. In this case, a zero p of a section V' is nondegenerate
if DV (p) : T,M — E, is an isomorphism, and the rotation index is plus or minus
one if this isomorphism is orientation-preserving or reversing, respectively. For
this to work, we must replace (4.36) by

al al x!
V= (E1 e En) oo, : | + higher order terms| , (4.38)
at an "
where (F1,..., E,) is a positively oriented moving orthonormal frame for E.

The key idea in the proof is to construct a smooth closed n-form 7 on the
total space E, where n is both the rank of F and the dimension of M, called
the Thom form, which is rapidly decreasing in the fiber direction, and therefore
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after rescaling, concentrated on a small neighborhood of the zero section. If
V : M — FE is any section and Vj is the zero section, then by the homotopy

axiom for de Rham theory,
/ Vor = / V.
M M

After we replace V' by (1/¢)V and let ¢ — 0, (4.37) is obtained in the limit.

4.14 Proof of the generalized Gauss-Bonnet The-
orem

Our basic object of study is a geometric vector bundle: a triple (F,(,),D),
where F is an oriented real vector bundle over a smooth manifold M, (,) is a
fiber metric on F and D is a metric connection on E. We will associate to any
such geometric vector bundle a Thom form, a smooth closed n-form on the total
space F, where n is the rank of F, an n-form which is rapidly decreasing in the
fiber direction and integrates to one on each fiber.

The simplest case is that of the trivial bundle M x R™, with standard fiber
metric and trivial connection. In this case, we can take Euclidean coordinates
(t1,t2,...,t,) on R™ and define the Thom form on M x R™ by

L\" i
T = <\/7T—) e~ i+ +t")dt1/\"'/\dtn-

This form is closed and invariant under the action of the orthogonal group on
the fiber, and since
o0
/ dt = /7, (4.39)
— 00
it has the important property that its integral over the fiber R™ is one. Of
course, if € > 0 is a small positive constant, the rescaled Thom form

1 " 2 2 2
. =)/ g A A dE
& <sﬁ> ¢ ! "

also integrates to one over the fiber and has the additional property that it is
concentrated near the zero section.

In the case of a general geometric vector bundle (E, (,), D), the construction
of the Thom form makes use of the metric connection D. We consider the algebra
of differential forms with values in the exterior algebra of E as describe in §77.
(To simplify notation, we often suppress writing the wedge.)

A smooth section V of E gives rise to an element DV = V.V € QY1 the
covariant differential of V. If

V= i viE’L'a
=1
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where (F1,..., E,) is a moving orthonormal frame defined on an open subset
U C M, the covariant differential can be expressed by the formula

DV = z": dv; + zn:wijUjEi )
i1 i=1

where the w;;’s are the connection one-forms defined by the moving frame. As
we have seen, the curvature forms of the connection,

Qij = dwij + Wik A Wi
fit together into an element
1
R=-; > QB ANE; € Q%2
ij

which like DV, is independent of the choice of moving orthonormal frame. All
the summands in the expression

®(V,D) = |V + DV +R € Q"0 0 Q1 @ 0*?

have even total degree and must therefore commute with each other. In partic-
ular, all terms in the expanded power series

exp(®(V, D)) = I+ [—-|V]* + DV + R] + (1/2)[-|V|* + (DV) + R|* + - --
commute, and we can write
exp(®(V, D)) = e VET+ DV + (1/2)(DV)2 + - [T+ R+ (1/2)R% + - --].

The two infinite series within brackets have only finitely many terms because
OP% = 0 when p > dim(M) or ¢ > n = rank(FE).

The orientation of F determines a volume element x1 € A™(E), which can
be expressed in terms of a positively oriented moving orthonormal frame as

*xl=FA---NE,.
Following Quillen [30], [22], we define the supertrace
Trs : QP(A*E) — QP (M),
the space of ordinary p-forms on M, by projection on the x1-component; thus
Try ( Z Giy i Biy N A Ezk> = @1..n-
1< <ig
For any choice of section V', we have an n-form on M

(—1)ln/2

T(Vv D) = T(n/2)

Trs[exp(@(V, D))l (4.40)
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where [n/2] represents the largest integer < n/2, a form which we will soon see
is closed.

It is important to observe that the constructions we have performed are
natural. If F': N — M is a smooth map, F*E is the pullback of the bundle F
to N, F*V is the pullback section and F*D is the pullback connection, then

7(F*V,F*D) = F*r(V, D).

In particular, we can carry out the construction not only for the bundle E
itself, but also for the pullback bundle via the bundle projection 7 : E — M:

7 E ={(e1,e2) € Ex E:7(e1) =m(ea)}
This pullback bundle possesses a “tautological” section
T:E—7"E, T(e) = (e,e),
such that if V : M — F is any smooth section of F, then V*T = V.

Definition. The Thom form on E corresponding to the connection D is the
differential form

(—1)ln/2
T(D) = ———Tr,[exp(®(T, 7*D))]. (4.41)

/2

Note that m*w;; restricts to zero on each fiber. Hence if we represent a gen-
eral point in the fiber in terms of a moving orthonormal frame as > ¢; F;, the
restriction of the tautological section to the fiber is just

T(t1,...,tn) =t1F1 + -+t By,

while the restriction of the Thom form to the fiber is

(_1)[n/2] (et t2) 1 n
W(ﬁ " TI'S w (Z dtzEl) .

In the sum one has n! terms, each of which can be put in the form
(=) 2(dty Ndtg A ANdtp)(ELANEy A--- A Ey),

since there we must make n(n — 1)/2 changes of sign when permuting dt;’s and
E;’s and (—1)"("=D/2 = (=1)["/2l| Thus after we apply Tr,, we obtain

1

T/Qef(tf*““i)dtl A Adtn,
T

and we see that the Thom form integrates to one on each fiber, is rapidly
decreasing in the fiber direction, and specializes to the Thom form constructed
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before in the case of the trivial bundle with trivial connection. By a similar
argument, one sees that

0= C0 oy (0 (Zrp) )

specializes to the rescaled Thom form 7. in the case of the trivial bundle.
Lemma. The Thom form on E is closed.

Proof: It will suffice to show that the differential form 7(V, D) defined by (4.40)
is closed, since the Thom form is just a special case (where V is replaced by the
tautological section on 7*FE and D by the pullback connection).

If V is a section of E, let +(V) : QP9 — QP:4~1 be the interior product, the
skew-derivation such that «(V)(W) = (V,W) when W is a section of E. It is
then immediate that

V)=V =0 and D(—|V|?)=d(—-|V|*) =2.(V)DV. (4.42)

We next calculate

1

g
1 1
=3 Z Qi (V, B E; + 5 Z Qi (V, E;)E;
i, %,
= QvEi = R(-,") (Z vjEj) = R(-,)V,
ij

so that

D(DV) = 2(V)R. (4.43)

Finally, we use the Bianchi identity,

dwij = Qik Awij — Y wik A Quj,

to calculate

1
D(R)=D {3 > QB NE;
4,J
1 1 1
=7 > dQuE; N E; — 1 > Q;DE; NE; + 1 > Q;E; A DE;
7 %7 %]
=...=0.

Thus we conclude that
D(R) =0. (4.44)



It follows from (4.42), (4.43) and (4.44) that
D®(V, D) = 2(V)®(V, D),
and since D and ¢(V) are both skew-derivations, that
D(exp(®(V, D))) = 2(V)exp(®(V, D).
Now one applies the identities
Trsou(V) =0, Trs oD =do Tr,
to conclude that 7(V, D) is closed.

If V: M — E is a smooth section of E, the form 7(V,V) is obtained from the
Thom form by pulling back via V: 7(V, D) = V*(7(D)). Since any two sections
of E are smoothly homotopic, the de Rham cohomology class of 7(V, D) is
independent of V.

In particular, if n = 2m,

T(o,D):TE(o,D):(T;l)mTrs(Rm):...: L po), (4.45)

lrm (2m)m

which is just the Gauss-Bonnet integrand when £ = T'M.
Suppose now that dim M = rank E and that V is a section of F with
nondegenerate zeros. As € — 0,

r(L.0) =)

becomes concentrated near the zeros of V', and we claim that in fact,
. Vv L .
lim.o [ 7(—,D )= Z(rotamon indices of V' at its zeros). (4.46)
M €

To prove this, we choose a positively oriented moving orthonormal frame
(Ey,...,E,) and normal coordinates (z!,...,2™) both defined on a neighbor-
hood Bs(p) about a zero p for V. We can then write

V= z aéiji + (higher order terms),

and hence o
DV = Z ajdx? E; + (higher order terms).

Thus
(DV)" = Z aéll de Ej, -+ Z a;’; dx' E;, + (higher order terms)
= (=)IMANY "al - al (dat A N ) (B, A AES)
+ (higher order terms),
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the sign coming from commuting the dz;’s and the E;’s. An easy exercise in
determinants shows that

(DV)" = (=1)I"?nl det(al)(da’ A -+ da™)(By A« A Ey)
+ (higher order terms),

and hence

(—1)t/32 | "
(V. D) = ~— v, (e Vi —(DV)

1 .
= me_lv‘Q det(a)(dz" A ---dz™)
+ (higher order terms).

After the change of variables t; = aé:vj , this becomes

76—(t?+"'+ti)(dt1 A -+ -dty) + (higher order terms).

r(V.D) =~

Finally, we replace V' by V/e (or equivalently replace t; by ¢;/¢) and note that
the higher order terms go to zero as € — 0. Thus it follows from (4.39) that

o ] (Lp) {1, Hie o

Bs(p) £ -1, if det(aij) < O7
the two cases corresponding to whether the coordinates (t1,...,t,) restrict to
positively or negatively oriented coordinates on the fiber over p. But this is just
the rotation index of V' at p. Adding together the contributions at all the zeros

of V yields (4.46).

Since the integral of 7(V, D) over M is independent of V, it follows from
(4.45) and (4.46) that if V' is a section of F with finitely many nondegenerate

zeros at the points p1, pa, ..., pk, then (4.37) holds:
1 k
— P{(Q) = w(V, p;)-
e Jy PO = LtV

If E = TM, we can now finish the proof of the generalized Gauss-Bonnet
Theorem as sketched at the end of the previous section. If F is an arbitrary
oriented real vector bundle over M with rank(E) = dim(M), the above formula
gives an interpretation for the evaluation of the Euler class of E evaluated on
the fundamental class of M.

Remark. If dim(M) = rank(E) is odd, the same argument shows that if V' is
a section of F with finitely many nondegenerate zeros at the points p1, po, ...,
Pk, then

w(V,pi) = 0. (4.47)

i=1
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Thus we say that the Euler characteristic of odd-dimensional oriented compact
manifolds is zero.

Exercise XVII. a. Suppose that f: M — R is a smooth function and that p
is a critical point for f, that is df|p = 0. Show that we can define a symmetric
bilinear form

df(p): T,M x T,M - R by d*f(p)(z,y) =X (f)p),

whenever X and Y are vector fields on M such that X (p) = z and Y (p) = v.
We call d?f(p) the Hessian of f at the critical point p. Moreover, we say that
f: M — R is Morse nondegenerate if d*f(p) is a nondegenerate symmetric
bilinear form for each critical point p.

b. Suppose now that M has a Riemannian metric (-, -) and define a vector field
V = grad(f) on M by
df = (V).

Show that if f is Morse nondegenerate, then the zeros of the gradient V are
nondegenerate.

c. We say that a nondegenerate critical point p for f has Morse index X\ if
A is the maximal dimension of linear subspaces W C T, M on which d?f(p) is
negative definite. Show that if p is a nondegenerate critical point of Morse index
), then V' has rotation index (—1)* at p.

d. Show that there is a function f : S™ — R with exactly two critical points,
both nondegenerate, one a local maximum and one a local minimum. Conclude
that if n is even, x(S™) = 2.

e. Recall that S™ has a Riemannian metric of constant curvature one, for which
the curvature forms are given by the formula

Qij = 92 /\Gj.

Use the Gauss-Bonnet formula to calculate the volume of S™ when it is given
this metric.

f. Let M be a compact oriented Riemannian manifold of even dimension 2m
and constant negative curvature. Show that (—1)™x (M) is positive.

Remark. By triangulating a compact oriented Riemannian manifold M of
dimension n, and using an appropriate gradient vector field, one can show that

X(M) = zn:(—mk dim H*(M;R).
k=0

Historical remarks. The Generalized Gauss-Bonnet Theorem was first proven
by Allendoerfer [1] under the assumption that M admits an isometric imbed-
ding into some Euclidean space EVV. (This would have proven the theorem for
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general Riemannian manifolds if Nash’s imbedding theorem had been known at
the time.) Allendoerfer and Weil [2] then gave a proof for a “Riemannian poly-
hedron” which is isometrically imbedded in EY, which was complicated by the
fact that they used the classical tensor analysis in terms of components. Since
it was known that real analytic Riemannian manifolds admit “local” isometric
imbeddings into Euclidean space, one could then piece together the result for
Riemannian polyhedra to give a proof for all real analytic Riemannian manifolds.
In a famous article, Chern [8] gave an intrinsic proof of the Gauss-Bonnet for-
mula for smooth Riemannian manifolds, obtaining a major simplification in the
proof by using Cartan’s method of moving frames. Indeed, the proof of Chern
was a first step towards the theory of characteristic classes, to be described in
the next chapter. A more conceptual proof of the generalized Gauss-Bonnet
Theorem was later found by Quillen [30] using the theory of Clifford algebras
and “superconnections.” We have followed the main ideas of Quillen’s proof,
except that we have used the exterior algebra instead of the Clifford algebra.
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Chapter 5

Characteristic classes

5.1 The Chern character

In §4.10 we described how one can classify complex line bundles over a given
smooth manifold M up to isomorphism. It is interesting problem in differential
topology to classify vector bundles of higher rank over a given manifold. Thus
we would like to classify

V™ (M) = { isomorphism classes of real rank m vector bundles over M },

V(M) = { isomorphism classes of oriented rank m vector bundles over M },
V¢ (M) = { isomorphism classes of complex rank m vector bundles over M }.

Note that any real vector bundle has a fiber metric (which can be constructed via
a partition of unity) and the reader can easily verify that any two fiber metrics
in the same vector bundle are equivalent via a vector bundle automorphism.
Similar facts hold for Hermitian metrics in complex vector bundles. Thus we can
regard V™ (M) as isomorphism classes of O(n)-bundles, element of V(M) as
isomorphism classes of SO(n)-bundles, and elements of V{ (M) as isomorphism
classes of U(n)-bundles.

Let us first consider the case V{(M). Our previous experience with clas-
sifying line bundles suggests that we should try to develop analogs of the first
Chern class for complex vector bundles of higher rank.

In contrast to complex line bundles, the curvature matrices €2, for connec-
tions in complex vector bundles of higher rank are only locally defined. However,
it is possible to construct certain polynomials in €, that are invariant under
the transformation (4.27) and these give rise to topological invariants that often
enable us to distinguish between nonisomorphic vector bundles over M.

Let us focus first on the case of a U(m)-vector bundle F, a complex vector
bundle of rank m with a Hermitian metric. We give E a metric connection D
which has local representatives d + w, and curvature matrices §2,. As we have
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seen before, the matrices €, are skew-Hermitian, so the matrices
i i F
%Qa and <%Qa>
are Hermitian. Hence for each choice of positive integer k, the differential form
; k
(5:)

is real-valued, and since trace is invariant under similarity, it follows from (4.27)

that
; k ; k ; k
—Q, — 0sQag} —Q
(27r ) (27rg s gaﬁ) (27r ﬁ) ]
on Uy NUg. Hence the locally defined forms 7, (€,) fit together into a globally

defined real-valued 2k-form 74 (R) on the base space M, where R is the curvature
of the connection D. We say that 7(R) is a characteristic form.

71 (Qa) = Trace

Trace = Trace = Trace

Lemma. The differential form 1 (R) is closed.

Proof: It follows from the Bianchi identity that

d(T(R)) = (Z>k d[Trace(Q)"] = (z>k [Traced (4 )]

2 2T

. k
- <;) Trace(d,)Q5 1 + - + QF~14Q,)
m

C\k
= <22> Trace([Qa, wa| W 4+ - + Q" 1O, wa]) = 0,
T
the last equality coming from the fact that Trace(A; - - - Ag1) is invariant under
cyclic permutation of Ay, ..., Agi1.

This Lemma implies that 7, (R) represents a de Rham cohomology class
[m(R)] € H**(M;R),

which can be thought of as a generalization of the first Chern class.

Suppose that E is a U(m)-vector bundle over M with unitary connection
Dpg having curvature Rg, and F' : N — M is a smooth map. As we saw in
the preceding section, the local representatives €1, for the curvature of Dp for
a trivializing cover {U, : a € A} for E pull back to local representatives F*(,,
for the curvature Rp~g of the pullback connection Dp+g on F*E. Thus the
characteristic forms for Dg pull back to the characteristic forms for Dp«pg:

Tk(Rp+p) = F*1,(Rg) and hence [1x(Rp-g)] = F*[7(RE)] € H%N;]i{). |
5.1
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Proposition 1. The de Rham cohomology class [1(R)] is independent of the
choice of unitary connection on E, as well as the choice of Hermitian metric on
E.

To prove this we use the cylinder construction from topology. From the bundle
m: FE — M we construct the cylinder bundle

mxid: E x[0,1] — M x [0,1].
If E possesses the trivializing cover {U, : « € A}, then E x [0, 1] possesses the
trivializing cover {U, x [0,1] : o € A}.
Suppose that Dy and D; are two metric connections on F, with curvatures
Ry and Ry respectively, which have local representatives d +w? and d+w} over

Uy. If 1 : Uy x [0,1] — U, is the projection on the first factor, then the local
representatives

d+ (1 = t)mfwd +trjwl over U, x [0,1]

fit together to form a metric connection D’ on E x [0, 1] with curvature R’ such
that
Jy(me(R)) =Ry and J{(1x(R')) = Ry,

where Jo,J1 : M — M x [0,1] are the maps defined by Jo(p) = (p,0) and
Ji(p) = (p,1). Since Jy and J; are homotopic, it follows from the Homotopy
Theorem from de Rham cohomology that

[7(Ro)] = Jg [mi(R')] = J7 [ (R')] = [7:(Ra)].

This shows that [7(R)] is independent of the choice of unitary connection.

The proof that [7,(R)] is independent of the choice of Hermitian metric is
similar. In this case, we use the fact that any two Hermitian metrics (-, )¢ and
(+,+)1 can be connected by a one-parameter family

(e =0 =8 Do+ 1)1
According to Proposition 1, to each complex vector bundle E of rank m over
M we can associate a collection of cohomology classes
(E) = [me(R)] € H**(M;R)
and by (5.1), these are natural under smooth maps:
7(F*E) = F*1(E).

These are called the characteristic classes of the complex vector bundle E. We
can put these characteristic classes together to form the Chern character

) = [cs ()

= rank(E) + 71 (E) + lTQ(E) +oe lTk(E) +o,

2! k!
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which is an element of the de Rham cohomology ring of the base manifold M:
ch(E) € H*(M;R) = H*(M;R) @ H'(M;R) @ --- @ H*(M;R) @

The Chern character collapses to a polynomial because all of the terms of degree
larger than dim M must vanish.

Proposition 2. If £ and F' are complex vector bundles over M, then

ch(E @ F) = ch(E) + ch(F), ch(E ® F) = ch(E)ch(F).

Sketch of proof: Suppose that F and F' have Hermitian metrics with metric
connections Dg and Dp. Then E & F inherits a direct sum metric and direct
sum connection Dggr, the latter defined by

Dper(og ®or) = (Dgog) ® (Dpor).

It follows that
Dier(op ®op) = (Dyog) & (Dior),

and hence if {U, : a € A} is an open cover of M which simultaneously trivialises

both E and F,
Z. QP 0
(08 = (57 Lor).

pagenyt - (00 L)

27"«

It follows that

and hence
Tk(Reer) = Tk(REg) + (RF),

which implies the first of the two assertions.
Similarly, £ ® F' inherits a product metric and product connection Dggr
defined so that the Leibniz rule is satisfied,

Dpgr(op ® op) = (Dpog) ® op +0p @ (Dror).
Differentiating a second time yields
Digp(op @ op) = (Dgop) ® op — (Dpop) @ (Do)
+ (Dgog) ® (Dpop) +op ® (Dhor),
and hence
Rpgr(cp ®op) = (Rpop) @ op + 0 @ (Rpor).

By induction, we establish that

k
RE®F O'E®O'F Z( ) RJEO'E (RF O'F)
J=
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or

k
1 L 1
=R} =Y = ® —— (RN
bor (o8 ©or) il Riow) @ o o)

7=0
We conclude that

exp LRE@F = exp LRE ® exp LRF ,
27 27 21
and taking the trace of both sides yields the second assertion.

Remark. The operations of direct sum as addition and tensor product as
multiplication make the spaces V™(M), Vi*(M) and V(M) into semirings,
where semirings are defined so that they satisfy all of the axioms for rings
except for the existence of an additive inverse. There is a process of completing
a semiring to form a genuine ring, similar to the construction that creates the
integers from the nonnegative integers. When we apply that process to the
semiring V' (M), we obtain a semiring K (M), called the K-theory of M.

In more detail, if M is a smooth manifold, we let K (M) denote the space of
equivalence classes of pairs (E, F'), where E and F' are complex vector bundles
and the equivalence relation is defined by

(El,Fl) ~ (E27F2) & FEi@Fyis iSOHlOI‘phiC to By @ F.

The equivalence class of the pair (E, F)) is denoted by [E]—[F] € K(M) and can
be thought of as a difference of vector bundles or as a “virtual” vector bundle
over M. A smooth map F': M — N induces a ring homomorphism

F*: K(N) — K(M)

by pulling back vector bundles, and the reader can verify easily that the corre-
spondence

Mw—KM), (F:M—N)— (F*:K(N)— K(M))

is a contravariant functor from the category of smooth manifolds and smooth
manifold maps to the category of rings and ring homomorphisms. Moreover, it
follows from Proposition 2 from §4.9 that if Fy : M — N and Fy : M — N are
smoothly homotopic, then

F = F; : K(N) — K(M).

In particular, if M is contractible, K (M) = Z.

Now Proposition 2 implies that the Chern character induces a ring homo-
morphism

ch: K(M) — H*(M;R).
In fact, it was proven by Atiyah and Hirzebruch that the Chern character yields
a ring isomorphism
ch: K(M)®Q— HY(M;Q)®Q, where H®(M;Q)=> H*(M;Q).
i=0
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5.2 Chern classes

There is another useful way of constructing the characteristic classes for U(m)-
bundles. In this approach, one starts by defining the Chern polynomials

m

cr:u(m) =R by det(+[> > k(4

k=0
The next Proposition shows that each of these polynomials can be expressed in
terms of the trace polynomials 7, that we have already constructed:
Proposition 1. The Chern polynomials can be expressed in terms of the trace

polynomials by means of the following Newton identity:

k
kck = Z(—l)iilck,i’n, fOI' 1 S k S m.
i=1

Proof: For any element of A € u(m), there is an element B € U(m) such that

A O -0
0 X -+ 0
B'AB=i| . . | s
0 0 - Am
it suffices to show that
k
sy Am) = > (1) ki An)pi(As - Am), (52)
i=1
where ' _
pi()\l,..-7>\/nrl) - )\21 “+ - +>\;,L,
and sg(A1, ..., Ay) is the k-th elementary symmetric function,

51()\13-~-a)\m):A1+"'+)\m3

$2(M, - Am) = YAy,

i<j

Sm()\lw'w/\m) = >\1)\2>\m

To prove (5.2) one starts with the identity

m
I (= X)) =D (=)™ “sm_i(Ar,. o, At
i=0
Substituting A; for ¢ yields
0= Z(_l)m Sm—i(M1, 7)\m)>‘37
=0



and summing over j yields

m

0=(=1)"8m(A s Am) + D (=D miAs o, Am)Pm (A5 Am).

i=1

This is just the Newton identity (5.2) for k = m, that is in the case where the
number of variables equals k.

The general case of the Newton identity follows from the case k = m. Indeed,
in the identity for si one need only show that the coefficients of A;, --- A;, on
both sides of (5.2) are the same. But this follows from the Newton identity
when the number of variables is k.

By induction we can show that each ¢ is a polynomial in the 7;’s and hence by
the Lemma from the previous section, we can conclude that if E is a complex
vector bundle over M with Hermitian metric and metric connection Dg, then
the globally defined 2k-form

Ck(RE) = Ck(Qa)

is closed. Here R is the curvature of Dg and the €, ’s are local representatives
with respect to given trivializations. Moreover, it follows Proposition 1 of the
previous section that the de Rham cohomology class

c(E) = [ex(RE)] € H**(M;R)
is independent of choice of Hermitian metric or metric connection.

Definition. If E is a complex vector bundle over M, then the k-th Chern class
of E is the cohomology class

cr(E) = [ex (Rp)) € H*(M;R)
constructed in the previous paragraph.

Proposition 2. If £ and F are complex vector bundles over M, then

k
HEOF)=> ci(E)epi( (5.3)
=0

where the multiplication on the right is the cup product.
Note that if we write
cB)y=14+ca(BE)+c(BE)+ - +cp(E)+---
€ H*(M;R) = H*(M;R)® H'(M;R) & --- @ H*(M;R) &
then (5.3 ) simplifies to ¢(E & F) = ¢(E)c(F).
Here is a sketch of the proof: Suppose that E and F' have a common trivilializing

open cover {U, : a € A} and that the curvatures of metric connections in
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E and F have local representative QF and QF respectively. Then the local
representatives of the curvature in F @ F' are

QF o
E®F __ «
Po™ = < 0 ij)v

and by definition of the Chern polynomials

Z e (5P = det (Z 20‘ + I)
T

k=0
. E . F
—det (% p) qer (e 4 p) =
2 21 4

7

(Y e ()t

oo oo
=0 j=0

Comparing the coefficients of t* on the two sides of the equation yields (5.3).

Remark. Use of a Hermitian metric on a complex vector bundle E of rank m
over M shows that the dual bundle E* to a U(m)-bundle over M is obtained
by conjugating the transition functions

9Jap — Gap-

Thus we can think of the dual bundle E* as the conjugate of E. A connec-
tion Dg on FE defines a conjugate connection Dg« on E* by conjugating local
representatives

d+w, +— d+o,.

Of course, the local representatives of the curvature are also obtained by con-
jugation,
Q(x = QOM

from which it follows that

c(E*) = (—1)F e (E). (5.4)

5.3 Examples of Chern classes

Recall that we can define complex n-dimensional projective space P"C as the
space of one-dimensional subspaces of the complex vector space C*T1. More
precisely, we define an equivalence relation ~ on C**! — {0} by

(20,21, -+« y 2n) ~ (W, w1, ..., wy) <  z;=w;, forsome X € C— {0}
We let [z, 21, - . ., 2n] denote the equivalence class of (zg, 21,...,2,) and let
U; = {[z0, 21, -, 2n] : 2i # 0}
We can then define a bijection ¢; : U; — C™ by

zZ0 %1 Zi—1 Zi+1 zZ
¢i([20,21,...7zn]):(,,...,Z7Z+,...,n>.



We topologize P™C so that every U; is an open set and each ¢ is a homeomor-
phism from U; to C"*. Then ¢; o ¢;1 is holomorphic where defined, so P"C is
a compact complex manifold, as defined at the beginning of §4.2. Note that
P"C — U, = P"1C. and we have inclusions

s?=p'ccpPcc.---cpviccpCccC---.

Exercise XVIIIL. a. Let V,, be a small neighborhood of P*~'C in P"C. Show
that U,, NV, is homotopy equivalent to S27~1.

b. Use induction and the Mayer-Vietoris sequence to establish that

HE(P"C;R) =~ R, ifk=0,k=2,..., k=2n,
0, otherwise.

c. Let a be the generator of H35(P"C;R) such that if i : $* = P!IC — P"C
is the inclusion, then |, g2 1*a = 1. Use Poincaré duality and induction to show

that
k

—_—~
o =aUaU---Ua#0, fork<n,and o =0.
Thus we can say that the de Rham cohomology algebra of P™C is a truncated
polynomial ring pla]/(a™! = 0), where the generator « lies in H?(P"C;R).

We can use the results of Exercise XIV to calculate the Chern classes of the
complex projective spaces. To do this, we first note that over P"C there are
two important bundles,

(the universal bundle) = E,, = {(V,v) € P"C x C"™' : v € V}

and
EL ={(V,v) € P"Cx C""' v 1V},

with Eo @ BL = C"*, where C"™* is the trivial bundle of rank n + 1 over
P"C.

The transition functions for TP"C take values in GL(n,C), so TP"C is a
complex vector bundle of rank n over P"C.

Lemma. We have an isomorphism between complex vector bundles

TP"C = Hom(E+, EL)

Sketch of proof: Suppose that L is an element in the fiber Hom(E,, EL )y over
V, where V is an element of P"C, so L : (Es)v — (E%)y is a complex linear
map. Define

v :C— P"C by ~p(z)=[v+2zL(v)], forvelV.
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Note that 7, is well-defined because
v+ 2L(Ww)] = A + 2L(0)] = [o+ 2L(0)),

and we can restrict vy, to a real curve yy, : R — P™"C. Now we define a vector
bundle map

d
F :Hom(Ey,EL) - TP"C by F(L)= @ML(t) :
t=0
and check that L is in fact a vector bundle isomorphism.

We can use this lemma to calculate the Chern classes of the bundle T P"C.
Indeed,

TP"C @ C = Hom(Ey, EL) @ Hom(Ew, Ex)
n+1
~ 1y ~ n+1
=~ Hom(Ew, Foo ® E) 2 Hom(Ey,C"™ ) =H® - - ® H,
where H denotes the hyperplane bundle (dual to the universal bundle) defined

by
H =FE’, = Hom(E, C).

Thus we find that
n+1
—
¢(TP"C)=¢(TP"Ca®C)Xc|H®---&H
= (c(H)"") = (1 + 1 (H)"* = (1 + ka)"*,

where ka = ¢;(H) and k € R. To evaluate k, we pull back to S? = P!C and

use the fact that
/ c1(TS?) = / ci(H?) = 2.
S2 S2

We must therefore set k£ = 1, and conclude that

o(TP"C) = (1 + a)"*.

5.4 Invariant polynomials

Our next goal is to extend the previous theory to real vector bundles or oriented
real vector bundles. More generally, we can let G be a Lie subgroup of GL(m, R)
with Lie algebra g C gl(m,R). A (real-valued) invariant polynomial for G is a
polynomial function

p:g— R suchthat p(B~'AB) = p(A),
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for A € gand B € G. If F is a G-vector bundle with G-connection Dg which
has g-valued local curvature representatives 2, then just as in the case of U(m),
p(Q) will be a globally defined differential form on the base M.

For U(m) C GL(m,C) C GL(2m,R), the key examples are the trace poly-

nomials
; k
T :u(m) — R defined by 74(A) = Trace <2A>
™

or the Chern polynomials

m

¢k :u(m) — R defined by det(—i—]) ch

For general choice of G, if p: g — R is an invariant polynomial of degree k,
we can polarize to obtain a functions of k variables
k
—_—~~
p:gx---xg—R, defined so that p(A4,...,A) =p(A).

Recall that if ¢ € G, we can define an inner automorphism a(o) € Aut(G)
by a(o)(r) = oro~!. The differential of a(c) at the identity gives a Lie algebra
isomorphism

Ad(o) = R.-. € GL(g),

where GL(g) is just the space of all vector space isomorphisms of g, which is of
course a Lie group itself. Then Ad : G — GL(g) is a Lie group homomorphism
called the adjoint representation. It induces a Lie algebra homomorphism

ad : g — gl(g),

also called the adjoint representation, such that

W(X)(Y) = G adlexpaX))| (1)
= G ™)==

where {¢; : t € R} is the one-parameter group of diffeomorphisms corresponding
to X. Thus

= [X,Y].

ad(X)(¥) = — 2 (67(V))

Thus, for example, if G = U(m),

a(A)B=ABA™', for A, B € U(m),

Ad(A)X = AXA™!, for A€ U(m) and X € u(m),
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ad(X)Y = [X,Y] = XY —YX, for X,Y €u(m),

If p is an invariant polynomial, its polarization satisfies
p(Ad(0)X1,...Ad(0)Xk) = p(41, ... Xk),

for 0 € G and Xq,..., X, € g. We can differentiate this identity with respect
to o to obtain

p([Y, X1], Xo, ..., Xi) + p( X1, [V, Xa], ..., Xi)
+---+p(A1,X2,...,[Y,Xk]):0. (55)

Thus is F is a G-bundle and D is a G-connection, where G C GL(m,C) or
GL(m,R) and p is a real-valued invariant polynomial for G, then p(Qq, - Q4)
is a globally defined 2k-form on M and it follows from the Bianchi identity and
(5.5) that

dp(Qa, - Q) =p(dQa, -, Q) + -+ p(Qas -+ ,dQ)
= p([Qa,wal, Q)+ + (U, [Qa, wa]) = 0.

Thus an invariant polynomial for G determines a closed characteristic form
for each G-bundle. If p is an invariant polynomial for G, then the argument
in §5.1 shows that the cohomology class [p(£2,)] of the characteristic form does
not depend upon choice of connection, and is natural under smooth maps.

Example 1. In §5.1 and §5.2 we have constructed the invariant polynomials
for G = U(m). In this case, the invariant polynomials are polynomials in either
the trace polynomials 74 or the Chern polynomials cy.

Example 2. In a quite similar fashion, we can consider the orthogonal group
O(m), and define invariant polynomials s by the identity

1 - m—k
det ()\ + 27TX> =3 A"Fg(X).

k=0

One can show that the odd si’s are automatically zero, but if E is a real bundle
of rank m, then
pe(E) = [52x(Qa)] € H**(M : R)

is a characteristic class of E, which may be nonzero, called the k-th Pontrjagin
class.

But their is an alternate approach to the Pontrjagin classes which is even
simpler. If F is a real vector bundle of rank m we can construct its complexifi-
cation £ ®C. Note that the complexification is isomorphic to its own conjugate
so ¢x(E ® C) =0 when k is odd. We can then define the k-th Pontrjagin class
of E to be the cohomology class

pe(E) = (=1)Fea(E @ C).
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It is easily verified that this gives the same result we obtained before. The sign
is necessary in order to be able to prove the formula

k

(EDF) = Zpi(E)pk—i(F),

in analogy with (5.3).

Exercise XIX. a. Show that the Pontrjagin classes of the tangent bundle T'S™
of the sphere are all zero.

b. Suppose that E is a complex vector bundle of rank two (which can be
regarded as a real vector bundle of rank four). Show that

p1(E) = ¢1(E)? — 2¢o(E).

Example 3. For the special orthogonal group SO(2m), we have in addition to
the Pontrjagin classes, the Pfaffian, which was described in §4.12 and used in
the proof of the Generalized Gauss-Beonnet Theorem.

Definition. If F is an oriented real vector bundle of rank 2m over M, then the
Euler class of F is the cohomology class

e(E) = {Pf(éi)} € H*"(M;R).

Exercise XX. Show that if M is an m-dimensional complex manifold, then
e(TM) = ¢y (TM).

5.5 The universal bundle*

You may want to skip this section on a first reading. It gives an alternate
approach to the theory of Chern classes (and other characteristic classes as
well) which relies on the notion of a “universal bundle.”

We start with infinite-dimensional Hilbert space C'*°, regarded as the space
of infinite sequences of complex numbers

o0
z = (z1,%2,...,%,...) such that sz < 00.

i=1
Just as in the finite-dimensional case, two nonzero elements
z= (21,22, %iy...) and w= (wi,ws,...,w;,...)
of C*° are said to be equivalent if z; = Aw; for each i, for some choice of

A € C— {0}. This defines an equivalence relation on C* — {0} and we let
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P°°C denote the space of equivalence classes. If z = (z1,29,...,2;,...) is an
element of C*>° — {0}, we let [2] = [z1, 22, ..., 2i, . . .] denote the equivalence class
containing z.

It is not difficult to check that P*°C satisfies the definition of Hilbert mani-
fold as defined for example in [18]. For the convenience of the reader, we recall
the definition. Note that although C'*° is a complex vector space, we can regard
it as a real vector space for the purpose of the following definition.

Definition. Suppose that H; and Hs are real Hilbert spaces, and that U is an
open subset of Hy. A continuous map f : U — Hs is said to be differentiable at
the point zg € U if there exists a continuous linear map 7' : H; — Hy such that

i NE@o+h) — Flzo) — T(h)|
I =0 (| Al

:0’

where || - || denotes both the Hilbert space norms on H; and Hy. We will call
T the derivative of F at xg and write DF(z) for T. Note that the derivative
satisfies the formula

F(xo+th) — F(x)
; .

Df(wo)h = limy

Just as in ordinary calculus, the derivative D f(zo) determines the linearization
of f near xg, which is the affine function

F(x) = F(xg) + DF(z0)(x — x0)
which most closely approximates F' near x.

Definition. Let H be a real Hilbert space. A connected smooth manifold
modeled on H is a connected Hausdorff space M together with a collection
A ={(Uq, ¢a) : a € A}, where each U, is an open subset of M and each ¢, is
a homeomorphism from U, onto an open subset ¢, (U,) € H such that

1. {Uy i v € A} = M.
2. pgodt: da(UaNUg) — ¢5(Us NUg) is C, for all o, 8 € A.

We say that A = {(Uy, ¢a) : @ € A} is the atlas defining the smooth structure
on M, and each (U,, @) is one of the charts in the atlas.

Let M7 and M5 be smooth manifolds modeled on Hilbert spaces H; and H
respectively. Suppose that M; and My have atlases A1 = {(Uy, ¢o) : a € A}
and Ay = {(V,¢3) : B € B}. A continuous map F' : M; — M, is said to
be smooth if g o F o ¢ is C, where defined, for « € A and 8 € B. It
follows from the chain rule that the composition of smooth maps is smooth. As
in the case of finite-dimensional manifolds, a diffeomorphism between Hilbert
manifolds is a smooth map between manifolds with smooth inverse.
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In the case of P*°C we can construct a countable atlas of smooth charts

{(U1a¢1)a (U27¢2)7 LR (Uza¢z)7 B }

by setting
U, = {{[z1,22,...,2i,...] € PCC: 2z #0}

and defining

¢ZU1—>COO by ¢i([21,227...,2¢,...]):<ZI,Z2...,Zi1,Zi+1,...).

Zi Zi7 Z Zi
It is quickly verified that ¢; o ¢, 1 is smooth where defined, just as in the case
of finite-dimensional projective spaces.
We can regard P>°C as the space of one-dimensional subspaces V C H.
There is a universal bundle over P*°C whose total space is

Ew={(v,2) e P°Cx H:veV}.
The trivialization v; : 7=1(U;) — U; x C over U; is defined by

’ll)l(‘/, 21582y ey Zgyee D = (’U,Zi),

and the corresponding transition functions are just the maps
2
gij : UiNU; — GL(1,C) defined by g;; = —.

Zj

We have just described a special case of a more general construcction. Just
like infinite-dimensional projective space, the infinite Grassmannian Gp,(C),
which is the space of m-dimensional subspaces of infinite-dimensional Hilbert
space C'*°. One can show that this is also a smooth Hilbert manifold and that

Ex ={(V,v) € Gp,(C®)x C®:v eV}

is the total space of a smooth vector bundle over G,,(C*°), called the universal
bundle.

If M is a smooth finite-dimensional manifold, we let [M, G, (C°)] denote
the space of smooth homotopy classes of maps from M to G,,(C°)]. The fol-
lowing theorem then gives a homotopy-theoretic classification of complex vector
bundles:

Universal Bundle Theorem 1. If M is a finite-dimensional smooth manifold,
there is a bijection
I': [M,Gn(C*)] = VF(M),

where V' (M) is the set of isomorphism classes of smooth complex vector bun-
dles of rank m over M.

Sketch of proof: First note that I' is well-defined by Proposition 2 of §4.9.

222



To see that I' is surjective, we suppose that the base space M has dimension
n. We claim that M can be covered by n + 1 open sets (not usually connected)
which have the property that each component of each open set is contractible.

To construct such a cover we triangulate M and take the first barycentric
subdivision. The star of each vertex in the barycentric subdivision is a con-
tractible set. We let Uy be the union of the stars of vertices in the barycentric
subdivision which correspond to k-simplices in the original triangulation. Then
(Up, Uy, ...,Upy) is an open cover with the desired properties.

By the Corollary at the end of S 4.9, we can use this cover as a trivializing
cover for the bundle E. Let

Vi 7T_1(Uk) — U, xC™

be a trivialization over Uy and compose it with projection on the second factor
to obtain maps
N = T2 Owk : 7T_1(Uk) — C™.

Finally, let (Co,C1,---,Cn) be a partition of unity subordinate to the open cover
(Uo, Uy, ..., Uy), and define F : E — C(»+1)m c C*® by

F(e) = (Go(m(e))mo(e), Gi(m(e))me), .. Calm(e))m(e)).

Since F is injective on each fiber, it induces a smooth map F : M — G, (C™)
such that F(p) = F(E,), where E,, is the fiber of E over p € M. Then F*E,, = e
and surjectivity is established.

For injectivity, we need two subspaces of complex Hilbert space C'*°:

C:o:{(21,22,...,27;,...)6COOI 22i71:0f0T’i€N}
and C° ={(#z1,22,...,2i,...) €C®: 29, =0forieN }.

We define linear maps
T,:C>® — C® by Te(z,22,23,24,...) = (0,21,0,22,0,25,0, 24, ...)
and
T,0%° — C° by Te(z1,22,23,24,...) = (21,0, 22,0,23,0,24,0,...).
These induce maps
T, : GulC™) = G(C) € G(C®) and T, : Gou(H) = Gpu(C) € Gr(C™),

and we claim that these maps are homotopic to the identity. Indeed, we can
define

H,:C®x[0,1] = C® by H(zt)=tz+ (1—1t)He(2).
If (eq,...em) are linearly independent elements of H, then so are

(H.(e1,t), ..., Ho(em,t))
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for every choice of t € [0, 1]. Hence H, induces a smooth homotopy
Ge: Gp(C) x [0,1] — G (C™)

from T, to the identity. A similar construction shows that Ty is homotopic to
the identity.

To show that I is injective, we need to show that if E' € V(M) and F,G :
M — G, (C*°) are two smooth maps such that £ = F*E,, = G*E,, then F
and G are homotopic. To do this it suffices to show that T, o F' and T, o G are
homotopic. But the maps T o F' and T, o F are covered by maps

TeoF:E—>C§°, TOOG:E—>C’§°.
Thus we can define
H:Ex[0,1]—C>® by H(et)=tT,oF(e,t)+ (1 —1t)T, 0 G(e,t).

Then H induces a map

H:Mx[0,1] = G,(C*) b H(pt)=H(Ep,1).
This is the desired homotopy from T, o F' to T, oG, and injectivity is established.

Remark. One can calculate the real cohomology ring of G,,(C*), and we find
that it is a polynomial algebra on generators

c1 € H*(Gn(C™)), c2 € HHGpm(C™)), -+, cm € H™(Gp(C™)),

these generators being exactly the Chern classes of the universal bundle. Given a
complex vector bundle E of rank m over a smooth manifold M, the Chern classes
of E are just the pullbacks of the Chern classes of the universal bundle F, via
amap F : M — G, (C*) such that I'*(Ew) = E. Thus we could have defined
the Chern classes in terms of the cohomology of the infinite Grassmannian.

By exactly the same procedure, one can prove real analogs of the Universal
Bundle Theorem. We consider the infinite Grassmannians

Gm(R™) = { m-dimensional subspaces of infinite-dimensional Hilbert space R* }
and
G} (R*®) = { m-dimensional subspaces of infinite-dimensional Hilbert space R*° }
We let
Ex ={(V,v) € Gn(R*®) x C®:v eV},
and EL ={(V,v) € G} (R®)x C*:v eV},

the total space of smooth vector universal vector bundles over G,,(R>) and
G (R™).

m
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Universal Bundle Theorem II. If M is a finite-dimensional smooth manifold,
there is a bijection

I': [M,Gn(R®)] — V™M), T(F)=F*Ey

where V™ (M) is the set of isomorphism classes of smooth real vector bundles
of rank m over M.

Universal Bundle Theorem III. If M is a finite-dimensional smooth mani-
fold, there is a bijection

L:[M, G (C)] = VI (M), T(F)=FEg

where V" is the set of isomorphism classes of smooth complex vector bundles
of rank m over M.

5.6 The Clifford algebra

Many of the most subtle modern developments in contemporary Riemannian
geometry make use of the Clifford algebra, and the theory of spinors which it
renders accessible. We provide an introduction to that theory here; the reader
can find much more detail in [19], and a quick survey in §1.11 of [16].

To a finite-dimensional real vector space V' with inner product (-,-) we can
associate its Clifford algebra. This is an associative algebra Cl(V') with unit 1
together with a monomorphism 6 : V' — C1(V') such that

O(v) - 0(v) = —{v,v)1,

which satisfies the universal property: Given a linear map h : V — A, where A
is an associative algebra with unit, such that h(v) - h(v) = —(v,v)1 for v € V,
there is a unique algebra homomorphism h : C1(V) — A such that ho 8 = h.

Using the universal property, one can show that such an associative algebra
with unit is unique up to isomorphism, if it exists. For existence, one takes
Cl(V) to be the quotient of the tensor algebra ®*V/I, where I is the two-sided
ideal generated by v ® v+ (v,v)1, for v € V. One then defines 6 : V — CL(V) to
be the composition of inclusion V' C ®*V with the projection to the quotient
®*V/I. One can then show that § : V' — CI(V) is a monomorphism.

More informally, we could define the Clifford algebra to be the algebra gener-
ated by the vector space V', with its multiplication being subject to the relations

vow+w-v=-2v,w), forv,weV.

If (e1,...,e,) is an orthonormal basis for V;,, the unique inner product space of
dimension n, then the Clifford algebra Cl(V},) is generated by the elements e;
subject to the relations

€; €5 + €5 € = 72(51‘3'.
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We can think of the product on the Clifford algebra as a refinement of the
wedge product in the exterior product A*V. To see how this works, we define,
forveV,

€ : NV = A*V by e,(w)=vAw

and let ¢, : A*V — A*V be the skew-derivation such that
ty(w) = (v,w), forweV.
We then constsruct a linear map h : V — End(A*V) by
h(v)(w) = ev(w) = to(w).

For arbitrary v € V,
h(v) o h(v) = —(v,v),

so by the universal property of Clifford algebras, h induces an algebra homo-
morphism

h:ClI(V) — End(A*V).
This enables us to define a map
o:CUV) = A*V by o(¢) = h(e)1.
If (e1,...,ey) is an orthonormal basis for V', then one immediately verifies that
oley - -ei) =ey N Nej,.

From this one easily sees that o is a vector space isomorphism from CI(V') to
A*V. Thus we can regard A*V and Cl(V) as the same vector space with two
different products, a wedge product or a Clifford product. Note that if ¢ € AV
and 1 € A'V, then

¢ A = (component of ¢ -1 of degree k + 1).

We let Clk(V) denote the preimage of A*V under the vector space isomorphism
.

The universal property shows that Clifford multiplication preserves a Zs-
grading. Indeed, we can define a linear map

a:V—=V by av)=-v.

Note that a? = id. Composition with @ yields a linear map « : V' — CI(V) such
that
a() - a(v) = —(v,v)l, forveV,

and hence « induces an algebra homomorphism

a:ClV) — Cl(V) suchthat o =id.
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We let

Clo(V) = {6 € CUV) s a(@) = ¢}, CL(V) = {¢ € CLV) : a(¢) = —¢}.

Then CIL;(V)Cl;(V) C Cli4;(V) where the addition of ¢ and j is modulo two.
We can also write

Clo(V)=>_CP*V,  Ch(v)=>_ cP*'v

To better understand the structure of Clifford algebras, it is convenient to
study the eigenvalues and eigenvectors of the linear operator

L:ClV)— Cl(V) defined by L(¢)=— Zei - Q- e, (5.6)
i=1
where (eq,...,e,) is an orthonormal basis for V. We claim that

peCl'V = L(¢) = (-1)F(n—2k)o.

Indeed, to prove the claim, one can assume that ¢ = ey ---ex. Then a direct
calculation shows that

k

L(¢):—Zei-el~~-ek-ei— Z €; €1 €L €

i=1 i=k+1
= (=D ker-ep + (=1)*(n — k)er - e = (=1)F(n — 2k) ¢,

From this one can determine the eigenvalues A for L and the eigenspace W)
for a given choice of A. If n = 2m is even, then the eigenvalues are

2m, —-2(m-1), 2(m-2), ..., —2m
and the corresponding eigenspaces are
Wam = CI'V, W_oino1) =CI'V, ..., W_s, = CP’"V.
On the other hand when n = 2m + 1, the eigenvalues are
2m+1, —2m-1), ,...
and the corresponding eigenspaces are
Womi1 = ClOV @ CIP" 'V, W_(9,,_1y = CI'V @ CI*™V,.......

An immediate applications is:

Lemma 1. Suppose that (V, (-,+)) is an inner product space of dimension n. Ifn
is even, the center of the Clifford algebra CI(V,,) consists of the scalar multiples
of 1, while if n is odd the center is generated by the scalar multiples of 1 and
e1---€p.
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Indeed, if o is in the center of CI(V'), L(s) = no. Thus if n = 2m is even, o
must lie in W, = CIO(V). On the other hand, if n = 2m +1 is odd, o must be
an element of Wa,,41 = C1°(V) @ C1™(V), which is spanned by 1 and ey - - - ey,.

Lemma 2. If V is even-dimensional, then the Clifford algebra of V has no
nontrivial ideals.

Indeed, suppose that I is a nonzero ideal in C1(V'). If ¢ € I, then so is
WisplL — (=1)"(n — 2k)1)(¢) = coy,

where ¢, is the component of ¢ in CI’V, ¢ being a nonzero constant. Thus if
¢ € 1, so is its homogeneous component ¢, of degree p. We can suppose that

¢p = aeq - - - €, + (linear combination of other terms in CIPV),

where a € R — {0}. Then

1
~gp-Cprrren €1,

so its homogeneous component e ---e, of degree n must be in I. Hence
(e1---ey)?=+1¢€ I, and I = CI(V), finishing the proof.

Remark. It follows immediately that the complexified Clifford algebra Cl(V)®
C has no nontrivial ideals as a complex algebra, when V is even-dimensional.

Example 1. The Clifford algebra is easily constructed for a two-dimensional
inner product space (V, (-,-)) with orthonormal basis (e1, e2). In this case, the
Clifford algebra Cl(V) is generated as a vector space by

1, ez, e2, e1-eq.
We could adopt the notation
ep =1, es=]j, e1-ex=k.
Then the rules of Clifford multiplication show that
i?=j=k*=-1, ij=—ji=k, jk=-kj=1i, ki=-ik=]j,

so in this case Cl(V) is isomorphic to the space of quaternions.

Let M,,(C) denote the space of n xn complex matrices, an associative algebra
with identity over C with matrix multiplication as the product. We can then
define a linear map 6 : V' — M5(C) by

9(61)_(_01 (1)) 9(62)_(? é)

Alternatively, if 2 = ze; +yea =z + 1y € V, we set



Then
—z> 0

o) -06) = (BT ) ==t

so 0 induces an injective algebra homomorphism 6 : CI(V) — My(C). If we
complexify the Clifford algebra, we obtain an isomorphism

6 : Cl(V) @ C — My(C).

Note that

Clo(V) ® C consists of complex matrices of the form (g 3}) ,

Cl; (V) ® C consists of complex matrices of the form (g w) .

We let Wy and W, be the complex vector subspaces of C2 spanned by the vectors

€1 = (é) €5 = and ((1)> ,

respectively. Then Cl;(V)W; C W;4,;, where the addition is modulo two once
again.

Example 2. We can also give a quite explicit expression for the Clifford algebra
in the case of a four-dimensional inner product space (V, (-, -)) with orthonormal
basis (e1,es,e3,e4). In this case, we can let V be the space of 2 x 2 complex
matrices @ such that @ = AA for some A € R and some A € SU(2). Thus if
Q €V, we can write

Q= t+iz x4y
T\t t—iz

0 1 0 i 10 i 0
(o) o o) reo ) )

where x, y, z and t are real numbers. Moreover, we can assume that the inner
product on V is defined so that

det Q = > + 2% +3° + 2° = (Q, Q).

We then define
0:v =00 vy 0@ = (_gr 7).,

and immediately verify that
— 00T
0@ 0@ = ("% _grg) - @
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since Q = AA, where A € SU(2) and hence AT A = I. Tt follows that @ induces
an algebra homomorphism 6 : C1(Vy) — M4(C) which must have trivial kernel
by Lemma 2. The complexified map must also have trivial kernel and since
image and range have the same dimension, we obtain an algebra isomorphism

Note that 0(e1), 6(e2), O(e3) and O(ey) are all skew-Hermitian matrices lying in
the off-diagonal blocks. We let Wy and W7 be the complex vector subspaces of
C* spanned by the vectors

and

o= O O
— o O O

SO O
O O = O

respectively, and once again Cl;(V)W; C Wiy;.

A similar structure holds for Clifford algebras of even-dimensional inner product
spaces:

Theorem. IfV is even-dimensional, say dimV = 2m, then
Clc(V) = CI(V) ® C = End¢c (W),
where W is a complex vector space of dimension 2™.

We call W the idrreducible Clifford module for the Clifford algebra Cl(V) ®
C. It can be shown that the irreducible Clifford module W is unique up to
isomorphism, and that any Clifford module is isomorphic to

k
————
Wao--- W =WeCF, forsome k € Z.

When dim V' = 2m, we can define a complex volume element
Oc =i™ey - ey €9y, such that ©2 = 1. (5.7)
Hence W divides into a direct sum decomposition, W = Wy ® Wy, where
Wo={weW:0¢c(w) =w}, Wy ={weW:0¢(w) =—-w},
and it follows from the relation
(1 ex)or = (~1Fufer -+ -ex)

that
CIZ(V)W] C WiJrj, (58)

where the sum i + j is taken modulo two. Thus we can say that W = W, ® Wy
is a Zo-graded module over the Clifford algebra.
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One can prove the above theorem is by induction on m using properties of
tensor products of Zs-graded complex algebras. An algebra A is said to be
Zo-graded if it is written as a direct sum A = Ag @ A; in such a way that
A; - A; C A4, where the sum ¢ + j is taken modulo two. For example, Clg(V)
is Zs-graded, and so is End¢ (W), with

Endc(W)o = Home (Wo, Wo) @ Home (W1, Wh),
End¢c(W); = Home (W1, Wy) @ Home (W, Wh).

If A=Ay ® A1 and B = By ® B; are graded algebras, we can make the tensor
product A ® B into a Zs-graded algebra, called the graded tensor product and
denoted by A®B, by setting

(A®B)o = Ao ® By ® A1 ® B1, (A®B); = Ao ® B1 ® A1 ® Bo,
and defining the product by
(@a®b) - (d @V) = (~1)4EDEE) (q0) & (b))
Following [19], page 11, we can then prove:

Lemma 3. If (V4,(,-)) and (V3,(:,-)) are even-dimensional inner product
spaces, then
Clc(Vi @ V2) = Clc(V1)@Cle(Va).

Indeed, if
91 : V1 — ClC(Vl) and 92 : ‘/2 — Cl(c(‘/g)
are the usual inclusions into the Clifford algebras, we simply define
0:VipVy, — Cl@(V1)®Cl(C(‘/2) by 9(’01 + UQ) = 91(’[)1) RI1I+1® 92(2}2),
and check that
0(1)1 + Ug) . 9(1)1 + ’Ug) = (91(’01) (24 1 + 1 X 92(1}2)) . (01(’01) X 1 + 1 X 02(’02))
= (01(v1) - 01 (v1)) ® 1+ 1® (02(v2) - O2(v2)) = —(v1,v1) — (v2, v2).

Then 6 induces a map from Clc(V; @ Va) into Cle(V;)®Cle (V) with trivial
kernel, and since both range and domain have the same dimension, it must be
an isomorphism.

The Theorem now follows from Lemma 3 and the relation
Endc(W @ W) = Ende(W) @ Endc(W'),
by an induction which starts with Examples 1 and 2.
What about Clifford algebras of inner product spaces of odd dimensions? These

can be reduced to the even-dimensional case, yielding:
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Corollary. If V is odd-dimensional, say dimV = 2m + 1, then
Cle(V) = Cl(V) @ C = Endc(Wy) @ Endc(Wh),

where Wy and Wy are complex vector spaces of dimension 2™ .

To prove the Corollary, suppose that V' has orthonormal basis (ey, ..., eam41)
and consider V as a hyperplane in an inner product space V’ with orthonormal
basis (e1,...,em+2). We can then construct an isomorphism

h:Clc(V) = Clp(V')®C by setting h(¢) = ¢ eama.

5.7 The spin group

In the preceding section, we saw that if (V,(-,-)) is an inner product space of
even dimension, then the complexification of its Clifford algebra Cl(V) @ C is
of the form End(W), for some complex vector space W, while if it is of odd
dimension, it is a subalgebra of End(W). Within End(W) is the Lie group

GL(W) ={T € End(W) : T is an isomorphism }.

According to the Lie group—Lie algebra correspondence, there is a one-to-
one correspondence between Lie subalgebras of End(WW) and Lie subgroups of
GL(W). This is explained in most references on Lie groups; see in particular,
Theorem 8.7, page 158 of [5].

One can check directly that the usual bracket operation

lei-€j,en €] =€i-€ej-er-€ —€p-€ € €

makes C1(V) into a Lie subalgebra of End(W). The corresponding Lie group
is the spin group Spin(n), and we will construct it in the following paragraphs.
First we describe the transpose operation on the Clifford algebra. If (V, (-, -))
is an inner product space of dimension n with Clifford algebra C1(V), the trans-
formation
MO QU — UV Q- Qg

determines an antiautomorphism of ®*V which descends an antiautomorphism
of the Clifford algebra Cl(V),

Ul"‘vk'—>(U1"'Uk)T:Uk"'U1~

Note that if vy, ve, ..., v; are unit-length elements of V', then

—1, if kis odd,
, if k is even.

We conclude that the elements of

Pin(n) = {vy -+ vk : v1,..., v are unit length elements of V' }
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have multiplicative inverses and hence Pin(n) is a subgroup of the group of units
in the Clifford algebra, as is the spin group

Spin(n) = Pin(n) N Cly(V). (5.9)
Note that if o € Pin(n) and v € V, then
p(0)(w) = ovoT €V and |p(o)()] = ol
Thus we have a group homomorphism
p:Pin(n) - O(n) ={T € GL(V) : |T(v)| = |v]|, for allv e V }.
Following Theorem 1.11.1 of [16], we present:

Proposition. The homomorphism p restricts to a surjective homomorphism
p: Spin(n) — SO(n)
which has kernel £1.

To prove this, we note that if v is a unit-length element of V', then p(v) : V — V
is a reflection in the hyperplane perpendicular to v. It follows that

p(vr - va -+ v) = p(vr) o p(va) o -+ - 0 p(vg)

is the composition of the reflection in & hyperplanes. Any element of the or-
thogonal group can be represented as a composition of reflections in hyperplanes
and the element lies in the special orthogonal group if and only if the number
of reflections is even. Thus we see that p maps Spin(n) onto SO(n).

Moreover, since 0~1 = o7 for o € Spin(n), we see that an element o €
Spin(n) lies in the kernel of p if and only if ov = vo for all v € V', and hence if
and only if

op =¢o for all ¢ € CI(V),

or equivalently, o lies in the center of C1(V'). Since no scalar multiple of e; - - - e,
lies in Spin(n) when n is odd, it follows from Lemma 1 from the previous section
that the kernel of p is just {1}, as claimed.

We claim that Spin(n) is the Lie group which has Lie algebra C1*(V). To see
this, we note that

te1-es tz 2 t3 3 t4 4
e =1+t61~62+§(€1-€2) +§(€1'€2) +E<€1 e2) +
t2 t3 t4
=1+t61'62—a—§€1'62+1+-“

= cost +sinte; - e3 = e1 - (— costey + sintes) € Spin(n).

Thus ¢ — €'“1°°2 is a one-parameter subgroup of Spin(n) and its tangent vector
at t = 0 must be an element of the Lie algebra spin(n) of Spin(n). Thus C1%(V)
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is a subspace of spin(n) and since dim(CI*(V)) = dim(spin(n)), we conclude
that spin(n) = CI*(V).

We let Spin®(n) denote the group of units in Cl(V) ® C generated by the
products ej - e, where e; and e; are unit-length elements of V', and by the
complex scalars A of length one. As described more fully on page 71 of [16], we
have an isomorphism
_ Spin(n) x S*
= Z ,
where the Zy-action is described by (o,e?) +— (—o, —"). In addition to the
homomorphism p : Spin®(n) — SO(n) we have a homomorphism

Spin®(n)

7 Spin®(n) — S'  defined by 7 (o,e?) = e2¥.

The key advantage to the groups Spin(n) and Spin®(n) is that they have rep-
resentations that are more basic than the representations of SO(n) on Euclidean
space V itself. These are the representations

pw : Spin(n) — End(W), pw : Spin®(n) — End(W)

on the space W defined by the inclusion of C1(V') into End(W). Note that this
representation preserves the direct sum decomposition W = Wy @ Wy.

Example 1. As we saw in the previous section, if (V (-, -)) is two-dimensional,
we can represent a typical element of V' as a complex number z € C and the
map

6:V — My(C) defined by 6(z) = (_OZ g)

allows us to identify the the complexified Clifford algebra C1(V)®C with M3(C).
The spin group Spin(2) is simply the group of matrices of the form

it ‘
<60 69”) ,  where " € U(1),

while the group Spin®(2) consists of matrices

<ei(s+t) 0

0 ei(s_t)> ,  where e e € U(1).

Example 2. On the other hand, if (V, (-, -)) is four-dimensional, we can repre-
sent a typical element of V' as a matrix
[tttz x+ay —T -
Q= <—x+iy t—iz) , where QQ = MXI, \=detQ.

Then the map

6:V — My(C) defined by 6(Q) = <_22T %2)
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allows us to identify CI(V) ® C with My(C). When this is done the spin group
Spin(4) is simply the group of matrices of the form

<ft)+ f?) where Ay, A_ € SU(2)

and the map p : Spin(4) — GL(V) is given by
p(As, A )Q = A,QAT".

Similarly the group Spin®(4) is the group of matrices

(A’§+ Ag > where A, A_ € SU(2), \eS

Thus when m = 1 or 2, the group Spin(2m) preserves an Hermitian inner
product on W = Wy & Wy which respects the direct sum decomposition, such
that W is isomorphic to its complex dual W*. By induction based on the
Theorem from §5.6 one can show that Spin(2m) preserves an Hermitian inner
product on W = W, @ Wy with similar properties for every positive integer m.

Similarly, in the odd-dimensional case, Spin(2m + 1) preserves Hermitian
inner products on Wy and Wj.

5.8 Spin structures and spin connections

Suppose now that (M, (-,-)) is an oriented smooth Riemannian manifold. The
Riemannian metric allows us to regard the tangent bundle TM as an SO(n)-
bundle. Thus we can choose a trivializing open cover {U, : a € A} for TM
such that the corresponding transition functions take their values in SO(n):

gop : Ua NUg — SO(n).

In the preceding section, we constructed a Lie group Spin(n) together with a
surjective Lie group homomorphism p : Spin(n) — SO(n) which has kernel Z,.

Definition. A spin structure on (M, (-,-)) is defined by an open covering {U,, :
a € A} of M and a collection of transition functions

Jap 1 Usy NUg — Spin(n)
such that the projections gog = p © Jog define the SO(n)-structure on T'M and
9apdpyGya =1 on Us NUsNUs,
for all a;, 8 and 7y in A.

We say that an oriented manifold M is a spin manifold if it possesses a Rie-
mannian metric that admits a spin structure.
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Although we cannot go into the details here, we mention that topologists
have found that an oriented manifold M admits a spin structure if and only if
“the second Stiefel-Whitney class” of its tangent bundle

wo(TM) € H*(TM; Zs)

vanishes. (The definition and properties of Stiefel-Whitney classes are given in
[26], and their application to spin structures is described in [19].)

If (M, (-,-)) is an oriented Riemannian manifold, then for each p € M, T,M
is an inner product space and we can form the Clifford algebra Cl(T,M). The
Clifford algebras at the various points piece together to form bundle of Clifford
algebras, which is a vector bundle C1(T'M) over M with additional structure.

We can think of the various tangent spaces as being modeled on a fixed inner
product space (V, (-,-)). Thus, given a trivializing open cover {U, : o € A}, we
can think of the tangent bundle TM as equivalence classes of triples («, p,v) €
A x M x V with equivalence relation

(,p,va) ~ (B,q,08) & p=qeUs,NUz and v, = gas(p)vs.

As we saw in §5.6, the Clifford algebra C1(V') of V and hence the Lie group
Spin(n) lies within the space End(W) of complex endomorphisms of some fixed
complex vector space W. Thus if M has a spin structure, we can construct a
complex vector bundle with fiber isomorphic to W by the same construction.
Thus we consider all triples (o, p,w) € A x M x W with equivalence relation

(aapa wa) ~ (ﬁ,qawﬁ) = p=qc Ua N Uﬁ and Weo = gaﬁ(p>wﬂ7

where now g, takes values in Spin(n). This yields a complex vector bundle over
M called the spin bundle, and we will denote it by S. Since by definition (5.9)
the group Spin(n) lies in Cly(V), it follows that the direct sum decomposition
W = Wy & W7 yields a direct sum of spin bundles,

S=S,®85_,

called the spin bundles of positive and negative chirality. Sections of these
bundles are called spinor fields.

Note that by the remarks at the end of the previous section, the spin bundles
S+ and S_ are endowed with Hermitian inner products.

If M is even-dimensional, the complexified bundle CI(T'M) ® C of Clifford
algebras over M can be regarded as isomorphic to the endomorphism bundle
End(S). If M is odd-dimensional, CI(T'M) ® C can be regarded as the direct
sum End(S;) @ End(S-).

Note that the Levi-Civita connection on T'M induces a metric connection
on A*T'M and hence a connection on CI(T'M) and CI(TM) ® C. Thus if M is
even-dimensional, the Levi-Civita connection induces a Levi-Civita connection
on End(S) which preserves the direct sum decomposition S = S, @ S_, while
if M is odd-dimensional it induces a connection on End(S;) & End(S_).
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Theorem. If (M, (-,-)) is an oriented Riemannian manifold with spin structure,
then S = S, & S_ possesses a unique Spin(n)-connection which preserves the
direct sum decomposition and induces the Levi-Civita connection on End(S) =
End(S+) & End(S-).

We say that a connection D on S induces the Levi-Civita connection Dy on
End(S) if whenever w € I'(End(95)) and o € I'(S), then

D(wo) = (Dpcw)o +w(Do), (5.10)
which is just the Leibniz rule.

To prove the Theorem, we let ¥ be a trivialization of the spin bundle S over
U C M. This trivialization determines a trivialization of End(S) as well as
trivializations of the subbundles of End(S) which correspond to subspaces of
the Clifford algebra which are left fixed by the action of Spin(n). In particular,
v determines a trivialization ¢ of TM over U.

Our strategy is to prove existence and uniqueness of the Spin(n)-connection
over U. By local uniqueness, the locally defined Spin(n)-connections will then
piece together to form a globally defined Spin(n)-connection over M which in-
duces the Levi-Civita connection on the bundle of Clifford algebras.

Let (eq, ..., e,) be the standard orthonormal basis of the model space V' and
let (€1, .., €m) be the standard basis of W. We can then define an orthonormal
moving frame (E4,...,E,) of TM|U and corresponding orthonormal sections
(e1,...,e9m) of S|U such that

’LﬂOEl(p) = (p7 ei)a 1;05‘)\(])) = (pa 6)\)'

We can regard (Ey, ..., E,) as sections of End(S) and hence they act on sections

of S. Moreover,
2771

_ Iz
E;-eyx= E CinEps
p=1

where the ¢}}’s are constants.
Since the Lie algebra spin(n) of Spin(n) is C1*(V), a Spin(n)-connection D
over U must have an explicit expression in terms of our local trivilialization,
D = d + (spin(n)-valued one-form).
Since the Lie algebra spin(n) is just C1>(V) which is generated by e; - e; with

1 < j, we must in fact have

D=d+ Y ¢iEi-Ej-=d+ Y ¢ijdi-d;-,

i,j=1 i,j=1
where the ¢;; = ¢;; and the ¢;;’s are ordinary real valued one-forms, and
the sections (F4i,..., E,) are constantly equal to (e1,...,e,) in terms of the
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trivializations. Since the sections ) and Fye) have constant representatives in
terms of the trivialization,

n n
D(ex)= Y 6iEi-Ej-ex, D(Eger) = ) 6i;Ei-Ej- Ey e,

i,j=1 4,j=1

and hence it follows from (5.10) that

Z ¢ijEi - Ej - By, -ex = (DroEr)ex + By - Z Gi;Ei - Ej -y,
=1 ii=1
or equivalently,

n
(Droex)-ex= Y (Ei-Ej - By — Ey. - E; - Ej)en.

ij=1

The only terms that survive in the sum on the right are those in which i # j
and k =1 or k = j. A short calculation shows that

Drcer = =4 ¢iEs.

i=1

But the connection forms w;; of the Levi-Civita connection are defined by the
equation

n
DLcej: E wijEZ-.
i=1

Thus we conclude that ¢;; = —(1/4)w;;, and the spin connection must be given
in the local trivialization by the formula

1 n
D:d—z Z wijEi-Ej-, (511)

ij=1

where the differential forms w;; are the components of the Levi-Civita connection
on TM. This proves uniqueness of the Spin(n)-connection.

For existence, we note that (5.11) does define a Spin(n)-connection over U
and we can check that it induces the Levi-Civita connection, first on the constant
sections E; of End(S), then on products E; - E;, and so forth. Thus we have
established both existence and uniqueness of the Spin(n)-connection over any
open neighborhood U for which we have associated trivializations of both the
tangent bundle TM and the spin bundle S, exactly what we needed to prove.

We now ask: What is the curvature R of the Spin(n)-connection on the spin
bundle S? To obtain this, we just set R = D?, and obtain

2

1 n
D? = d— > wiE; - Ej-

i,j=1
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Expanding this yields
2

1 < 1 & 1 «
R=d —i Z wijEi~Ej- + —1 Z wijEi lg7 = —1 Z QijEi-Ej,

4,j=1 i,j=1 i,j=1

where
m
Qij = dwij + Zwik A Wi -
k=1
In other words, we obtain the remarkable fact that the curvature R of the spin
connection is exactly the element R encountered in (4.34) in the construction
of the Euler form for an SO(n) bundle.

We can define the components R;j; of the curvature with respect to the
moving orthonormal frame (Ey, ..., E,) by

1 n
Rijr = Qij(Ek,El) so that Qij = 3 Z Rijklek A0y,
k.l=1

where (61, ...,6,,) is the dual moving orthonormal coframe.

Definition. If (M, (-,-)) is a Riemannian manifold, the scalar curvature of M
is given by the formula
n
S = Z Rijij-

i,j=1
The scalar curvature is a weaker invariant than the sectional curvature or the
Ricci curvature. It is natural to ask whether there are any topological obstruc-
tions to the existence of metrics of positive scalar curvature.
We claim that if R is the curvature of the spin connection, then

N E,-E;-R(E:E;) = g (5.12)
i,j=1
Indeed,
n 1 n
> E;-E;-R(EE)) = -1 > E;-E;-Ey- EQu(EE))
i,j=1 ik, l=1

1 n
=-1 > RuwEi E; Ey B
i,5,k,l=1

If prime denotes the sum over those indices for which j, k and [ are distinct,
then

/

I
1
ZRijklEi “E;-Ep-E = 3 Z(Rijkl + Rikij + Raji)Ei - Ej - Ei, - E; =0,
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by one of the curvature symmetries. Similarly, we get zero if any three indices
are distinct. Thus the only terms surviving are those for which 4, j, k and [
assume at most (and hence exactly) two values. Thus

> E;-E;- R(E;E;)
i,j=1
1 & 1 &
== > RijijE;-E;- E; - Ej — i > RijjiE;- E; - E; - E;
i,j=1 ,j=1
1 “ S
=3 Z Rijij = ok
i,j=1

proving our claim.

5.9 The Dirac operator

Suppose now that (M, (-,-)) is an oriented Riemannian manifold with a spin
structure and let S — M be the spin bundle of M. We give S the spin con-
nection V inherited from the Levi-Civita connection on T'M as described in the
preceding section.

Definition. The Dirac operator on S is the first-order differential operator D :
I'(S) — I'(S) defined in terms of a local moving orthonormal frame (Ey, ..., E,)
by
Dy =Y EVg.
i=1

Note that in the case in which the spin manifold M is simply Euclidean space

E™ with standard Euclidean coordinates (z1, ..., ;) and standard orthonormal
frame Ey = (0)(0x1), ..., En = (0)(0xy,), the spin bundle S is trivial and
Dy = E; .
w ; (’)xi

In this case, the E;’s can be regarded as constant matrices which satisfy the
identities

9 fori— i
EZEJ_A'_EJEZ: ) OI"L. j'a
0, for i j,
and hence n
0%
D) =(DoDp=—Y —0.
v= (0D ==3

In other words, the Dirac operator is (up to sign) the square root of the Eu-
clidean Laplace operator. Indeed, the spin bundle is the bundle of smallest rank
for which a square root of the Laplace operator can be constructed.
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On a general curved spin manifold, the square of the Dirac operator is not
minus the most obvious “rough” Laplace operator constructed by means of the
Spin(n)-connection. We can proceed just as in §2.13 and define an operator

Vxy :I(S)—=T(S), by Vxyy=VxVy)—Vy,yi,
for X,Y € X(M). The point of this construction is that

Vixy? = fVxyy=Vx v,

so that Vx v (p) depends only on X (p), Y (p) and 9(p). In other words, Vx y ¢
is a tensor field. The rough Laplace operator Apg is then defined by

Ap(¥) =Y Vet =Y (Ve oVe — Vv, 5l
=1 i=1

where (F1,..., E,) is any choice of local moving orthonormal frame.

Proposition 1. The rough Laplace operator on the spin bundle is related to
the Dirac operator by the formula

Dxp = —Agih + Zw (5.13)

To prove this we choose a moving orthonormal frame at a given point p so that
(VE,E;)(p) = 0. Then at the point p,

i=1 =1

i,j=1

n 1 n
== Vg Vgi+ 3 Y Ei-E{(Ve Ve, - Ve, V)

i=1 ij=1

1 & s
=—ArY+5 Y B EjR(EE))Y = —Ary+ 10,

,j=1

where R is the curvature of the spin connection and we have utilized the curva-
ture identity (5.12) at the very last step.

Recall that the spin bundle S has an Hermitian inner product (-,-), which
is complex linear in the first variable, conjugate linear in the second, and that
the Spin(n)-connection is unitary with respect to this Hermitian inner product.
Moreover, the inner product preserves the direct sum decompositions S = S} @
S_. Finally, Clifford multiplication by unit-lenght vectors preserves the inner
product, so

(Bi-n,Ei-¢)=(n,0) = (Ei-¥,n)+ @, Ei-n =0

We claim that the Dirac operator is “formally self-adjoint”:
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Proposition 2. If ¢ and n are sections of the spin bundle S, then
/ (D, m)Om = / (1, Dn)O - (5.14)
M M

We describe the proof as given in [19]; see page 114. We choose a p mov-
ing orthonormal frame (F1,...,E,) on a neighborhood of a point p so that
(VE,Ej)(p) = 0. Then

==Y [Eily, Ei - n)(p) — (¥, Vi, (B - 0))(p)]
i=1

- ZEi@p, E;-n)(p) + (¥, Dn)(p),

because V is a unitary connection. Thus (5.14) follows from the Divergence
Theorem.

Suppose now that M is of even dimension 2m. Then the spin connection pre-
serves the direct sum decomposition S = S & S_, while multiplication by FE;
interchanges Sy and S_, so the Dirac operator D induces two operators

Dt :T(Sy) = T(S.) and D™ :T(S_) —T(Sy).

It follows from Proposition 2 that

| @remen = [ woew:
M M
in other words, D™ and D~ are “formal adjoints” of each other.
We can also integrate by parts in terms of the rough Laplace operator:

Proposition 3. If (M,(-,-)) is an Riemannian manifold with spin structure,
then for any ,n € T'(S),

| carw)new = [ (po.onew = [ w.-arm)en.

The proof is based upon Stokes’s Theorem and is virtually identical to the
proof of the Proposition in §2.13 for the rough Laplace operator on k-forms.
Proposition 3 states that the rough Laplace operator A is formally self-adjoint.

We say that a section ¢ € T'(S) is a harmonic spinor field if it satisfies the
equation Dy = 0. It follows from elliptic regularity theory (just as in the case
of Hodge theory) that harmonic spinor fields are smooth and that the dimension
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of the space of harmonic spinor fields on a compact manifold is finite. (See e.g.

[10].)

It follows from the preceding Propositions that if ¢ is a harmonic spinor

field, then
S
0:/ \|V¢H2@M+/ ZeM’
M M

and hence an oriented Riemannian manifold with positive scalar curvature can-
not admit any nonzero harmonic spinor fields. We will exploit this fact in the
next section to show that certain spin manifolds cannot have Riemannian met-
rics with positive scalar curvature.

5.10 The Atiyah-Singer Index Theorem

5.10.1 Index of the Dirac operator

Let M be an oriented manifold of dimension 2m with a spin structure and spin
bundle S =S5, @& S_.

Definition. The index or more precisely the analytic index of the Dirac oper-
ator DT : T'(Sy) — T(S-) is

Index(D*) = dim Ker(D") — dim Ker(D™).

The Atiyah-Singer index theorem gives a topological expression for the index
of the Dirac operator, and more general types of Dirac operators, such as Dirac
operators with coefficients. The statement of this index theorem for the usual
Dirac operator makes use of the notion of the A—polynomial in the Pontrjagin
classes.

To describe this, we let E be a vector bundle over M, and for simplicity, we
start by assuming that the complexification F ® C can be written as a direct
sum of complex line bundles,

E®C2L1@E1@"'@Lm@im~

If we set x; = ¢1(L;), then it follows from Proposition 2 of §?7 that

(EQC)=1+4+c1(EQC)+c(EQC)=---
=(1+z)d—21) A4zl —2n) =1 —23) (1 —2,)3,

and since pi(E) = (—1)Fcx(E ® C),
p(E) =1+ p1(E) +pa(E) + - = (L+a7) - (14 2m)?,

which implies that
pe(E) = sp(x?, ... 22),

where s; denotes the k-th elementary symmetric function.
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Next one determines the power series for the function

-5 (3) e (3)

Then the power series expansion of

) /2
Az, am) =172, sinh(x;/2)

2

> SO We can write

only involves the symmetric functions of 2%, ...,

A) =1ty 1 A () + (). () -

where each Ag(p1(E)),...,pr(E)) is a polynomial in H*(M;R) in the Pontr-
jagin classes p;(E) of the vector bundle E. One thus obtains

1 .
Ai(p1) = —=p1,  Ax(p1,p2) =

—4 2
51 (—4p2 + 7p7),

1
27.32.5

Finally, note that each polynomial Ay, (p1(E)),...,pr(F)) in the Pontrjagin
classes is well-defined, even if the direct sum decomposition of £ ® C does not
exist, because the A polynomials involve only the symmetric functions of the
x2’s, that is, they can be defined directly in terms of the Pontrjagin classes. It
is not difficult to show that

A(E, & Ey) = A(E))A(Ey).

Index Theorem for the Standard Dirac Operator. If (M, (-, -)) is a
compact spin manifold of dimension 4k, then the index of the Dirac operator
Dt :T(Sy) — I'(S_) is given by

Index(D) = /M Ap(p1(TM), ... ,p(TM)) = A(M), (5.15)

where A(M) is called the A-genus of M.

The proof of this theorem requires techniques such as the theory of pseudo-
differential operators which are beyond the scope of this course (but are treated
throughly in [19]). However, we note that from this theorem and the Weitzenbock
formula, we immediately obtain the consequence:

Lichnerowicz Theorem. A compact spin manifold with nonzero A-genus
cannot admit a metric with positive scalar curvature.

We remark that the A-genus can be refined to a topological invariant which is
nonzero exactly for those compact simply connected manifolds of dimension at
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least five which do not admit metrics of positive scalar curvature [32]. In the
special case where M has dimension four,

Index(D") = —%/ p1(TM).
M

Thus the index is nonzero so long as p1(TM)) # 0 and we see that a compact
four-dimensional spin manifold with nontrivial first Pontrjagin class cannot ad-
mit a metric with positive scalar curvature.

Dirac operators with coefficients. Suppose that E is a complex vector
bundle over the spin manifold M with Hermitian metric and unitary connection
Dpg. We can then define a connection on S ® E by forcing the Leibniz rule to
hold; thus for example,

Dr(v®0)=DY®0c+1v® Dgo,

when 9 € T'(S) and o € T'(E). Moreover, we can construct the Dirac operator
with coefficients in F,

Dp:T(S®E)—»T(S®E), by Dp(®c)=Y E V(o)

i=1
which interchanges the summands in the direct sum decomposition
SQE=S.FE®S_QE.

Let E* be the dual bundle to E with the induced Hermitian inner product
and unitary connection Dg+. We can then restrict to Sy ® E obtaining the
first-order elliptic operator

DL :T(Sy ®E) —T'(S-®E).
One can show that this operator has the formal adjoint
Dy :T(S_®FE*) = T(Sy ® E).
The indez of the operator DE is therefore given by the formula
Index(D};) = dim Ker(D}) — dim Ker(Dj. ).
Atiyah-Singer Index Theorem for Spin Manifolds. If (M, (:,-)) is an
even-dimensional compact spin manifold and F is a complex vector bundles

over M with Hermitian metric and unitary connection Dg, then the index of
the Dirac operator with coefficients in E is given by

Index(DF) = / A(p1(TM),. .. ,pr(TM))ch(E).
M
In this formula, both A(p(TM),...,pr(TM)) and ch(E) are polynomials in
the de Rham cohomology ring H*(M;R). To integrate such an expression over

M one takes a representative of the homogeneous component in this polynomial
in H"(M;R), where n is the dimension of M.
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5.10.2 Spin° structures*®

The question now arises: Can we construct a Dirac operator on manifolds which
are not necessarily spin? It turns out that we can extend the theory of the
Dirac operator to more general manifolds by considering Dirac operators with
coefficients in a complex vector bundle, or a “virtual complex vector bundle.”
An important special case is a spin®-structure on a smooth manifold M, which
allows us to define a Dirac operator with coefficients in certain virtual line
bundles over M.

The definition of spin® structure is quite similar to that of spin structure,
but spin® structures can be put on more manifolds. For example, every four-
dimensional oriented Riemannian manifold admits a spin®-structure.

To define the notion of spin® structure, we suppose that (M, (-,-)) is an
oriented smooth Riemannian manifold, and we can choose a trivializing open
cover {U, : a € A} for TM such that the corresponding transition functions
take their values in SO(n):

Jap : Ua NUg — SO(n).

We can assume that {U, : @ € A} is a good open cover, meaning that any
nonempty intersection Uy, M-+ - NU,, # 0 of sets in the cover is contractible.
Recall that in §5.7 we constructed the Lie group

_ Spin(n) x S*

Spin‘(n) Z ,

where the Zs-action is described by (o,e?) +— (—o,—€?). We have two Lie
group homomorphisms

p: Spinc(n) — SO(), pllo, ) = plo),
7 : Spin‘(n) — S, 7([o,e]) = e*?.

Definition. A spin® structure on (M, (-,-)) is defined by an open covering
{Uy : @ € A} of M and a collection of transition functions
0ap : Ua NUg — Spin®(n)
such that the projections gog = pooas define the SO(n)-structure on TM, and
0aB0py0ya =1 on U, NUgNU,,
for all a;, 8 and 7y in A.
If (M, (-,-)) has a genuine spin structure given by transition functions
Gap : Usy NUg — Spin(n)
and L is a U(1)-bundle over M with transition functions

hag : Ua NUz — U(1),
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we can construct a spin® structure on M by taking the transition functions to
be
00 = hapfap : Us NUz — Spin‘(n),

and in fact all spin® structures on spin manifolds arise in this way. Note that
m00as = (hap)®.
If M is only a spin® manifold, we can construct transition functions

Gap 1 Us NUg — Spin(n) and hap: U, NUg — U(1),
but now they satisfy only the weaker conditions
ga[ggﬁvgfya = haﬂhﬁftha =41 on Ua n Uﬂ n U,y.

It is only the product oo, = hagGas Which satisfies the “cocycle condition”
allowing the construction of genuine vector bundles. Thus although one cannot
define the spin bundles S and S_, or the line bundle L with transition functions
has on a spin® manifold, one can define the tensor product

S®L=(Sy®L)a& (5_®L). (5.16)

Although the line bundle L itself is not well-defined on a spin® manifold
which is not spin, the transition functions

mooa3: UsNUz — U(1)

always define a complex line bundle over M, called the determinant line bundle
of the spin® structure, and denoted by L2.

We will use somewhat nonstandard terminology and call L a virtual line
bundle over M.

Just as we can construct a Spin(n)-connection on Sy and S_ we can con-
struct a unique Spin‘(n)-connection Dy, on S ® L which induces the Levi-Civita
connection on TM and a given U(1)-connection on the determinant line bundle
L. We can then define the Dirac operator with coefficients in L,

DL :T(S®L)—»T(S®L), by Du() =Y Ei Vg(¥),
=1

whenever ¢ € T'(S®L), and this Dirac operator interchanges the two summands
in the direct sum decomposition (5.16). The determinant line bundle L? has a
dual line bundle (L*)?, and a U(1)-connection in L? induces a corresponding
connection in (L*)?2, so one can provide the bundle S® L* with a dual Spin®(n)-
connection. The argument for Proposition 2 from §5.9 shows that

/M<Dme>9M=/M<¢,DL*n>®M7 (5.17)

whenever ¢ € T(S® L) and n € T'(S ® L*). In other words, the Dirac operator
Dy« is the formal adjoint to Dy.
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We can then restrict to S, ® L obtaining a Dirac operator with coefficients
in L, obtaining
D} :1(Sy ® L) — D(S_ @ L),

an operator which has formal adjoint
D;.:T(S-®L*) =T (S @ L").
The indez of this operator is defined by

Index(D}) = dim Ker(D}) — dim Ker (D} ).

Index Theorem for Spin® Manifolds. Suppose that (M, (-,-)) is a compact
even-dimensional oriented Riemannian manifold and L? is the determinant line
bundle of a spin® structure on M with Hermitian metric and unitary connection
Dy. Then the index of the Dirac operator Dzr with coefficients in L is given by

Index(D}) = /M Ap(pr(TM),...,pr(TM))ch(L).

5.10.3 Dirac operators on general manifolds*

We can now state the general version of the Atiyah-Singer index theorem, which
does not require the base manifold M to have a spin or spin® structure.

To do this, we must generalize the notion of Dirac operator with coefficients
from virtual line bundle to virtual vector bundles. As before, we suppose that
(M, (-,-)) is an oriented smooth Riemannian manifold, and that {U, : o € A}
is a trivializing cover for T'M such that the corresponding transition functions
take their values in SO(n):

gap : Ua NUg — SO(n).
Since each U, NUjg is contractible, we can lift these transition functions to maps
Jap : Ua NUg — Spin(n)
such that the projections gog = p © Jog define the SO(n)-structure on TM and
9apgprGra = Mapy 00 Ua NUs N Uy,

for all &, 8 and «y in A, where 143, = £1. A virtual complex vector bundle E
of rank m with Hermitian metric over M can then be defined by a collection of
transition functions

hag : Ua NUg — U(m) such that haghgyhya = Nasy-

The key point is that although F itself cannot be defined as a genuine vector
bundle over M, the tensor products Sy ® F and S_ ® E are well-defined vector
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bundles, because the Spin(n) x U(m)-valued transition functions g,z X hag
satisfy the relations

(gaﬁ X haﬂ)(gﬁ'y X hﬁ"/)(g'ya X h'ya) =1,

for all i, 8 and -y in A. Moreover, the Chern character ch(E) of a virtual complex
vector bundle £ can be defined as the square root of the Chern character of
F ® E, which is a genuine complex vector bundle.

Just as in the case of spin® structures, if the virtual U(m)-bundle E has a
unitary connection Dg, we can define a Dirac operator with coefficients in F,

Dp:I(S®E)—>T(S®E), by D)= Ei-Vg@),
=1

whenever ¢ € T'(S ® E). Moreover, the restriction to Sy ® E yields a Dirac

operator
DL :T(S+ ®E) - T(S-®E)

which has formal adjoint
Dg. :T(S- @ E*) = T'(5; ® E™).
The index of ’DE is defined by
Index (D) = dim Ker(D}) — dim Ker(Dj. ).

Atiyah-Singer Index Theorem. Suppose that (M, (-,-)) is a compact even-
dimensional oriented Riemannian manifold and E is a virtual complex vector
bundle over M with Hermitian metric and unitary connection Dg. Then the
index of the Dirac operator DE with coefficients in E is given by

Index(D}) = /M Ap(pu(TM), ..., pp(TM))ch(E).

There is an alternate way of describing Dirac operators with coefficients on
general manifolds. Let M be an oriented Riemannian manifold of dimension
2m with or without a spin structure, and let E¥ be a direct sum of complex
vector bundles over M, say £ = Ey @ E;, which we regard as a Zs-graded
vector bundle. We can then also regard End(FE) as a Zg-graded vector bundle
with direct sum decomposition

End(FE) = End(E)o ® End(E);,
where

EHd(E)O = HOIH(E(), E()) SY) HOHI(El, El),
EHd(E)l = HOHl(Eo, El) D Hom(El, Eo)
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Following [4], we say that E is a bundle of Clifford modules if there is a vector
bundle homomorphism

c¢: TM — End(E); such that c(v)c(w) + c(w)c(v) = —=2(v, w).

Note that ¢ induces a vector bundle map from the bundle of Clifford algebras
into the vector bundle End(FE),

¢:Cl(TM) — End(F) such that c¢:ClL(TM) C End(E);.

A connection V¥ on the Zs-graded vector bundle E = Ey @ E; is called a
Clifford connection if it preserves the direct sum decomposition and satisfies the
condition that

[V)E(7 C(Y)] =c (VXY) )

where the connection on the right-hand side is the Levi-Civita connection on
the bundle CI(T'M) of Clifford algebras. Given a Clifford connection V¥, we
can define a corresponding generalized Dirac operator

Dg:T(E) > T(E) by Dp()=)Y Ei-Vg({¥ao),
i=1

where (Fy,...,E,) is a locally defined moving orthonormal frame defined on
M. This Dirac operator restricts to operators

D} :T(Ey) - T(E)) and Dy :T(Ey) — I'(Ep).

We suppose now that the Zs-graded vector bundle £ = Fy & E; has a
Hermitian metric preserving the direct sum decomposition. Then given any
generalized Dirac operator Df, : I'(Ey) — I'(E;) we can construct its formal
adjoint, a first-order operator (D) : T'(Ey) — I'(Ep) which satisfies the relation

/ (D, m)Onr = / (W, (D)0, (5.18)
M M

whenever i) € T'(Ey) and n € T'(Fy). The exact form of the formal adjoint is
obtained by integration by parts. We can then define the index of D}, by the
formula

index of D}, = dim Ker(D};) — dim Ker((Dy)*).

The Atiyah-Singer Index Theorem stated above then gives a formula for the
index of these generalized Dirac operators DE in terms of characteristic classes
of the base manifold M.

For a key example, we make F = A*T'M @ C into a Zs-graded vector bundle.
To define the decomposition £ = Ey & FE1, it is convenient to make us of the
isomorphism A*T'M = CI(T'M) as well as use the complex volume element

Oc =i"ey - ey €9y, satisfying @% =1.
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introduced before; see (5.7).
Let us suppose that M is 4k-dimensional so that w = (—1)kel -9 ey,
and let

EQ:¢ECI(TM)Z@C-¢:¢}, E1:¢)ECI(TM):@(C-¢):—¢}.
It is easily verified that e;0¢ = O¢e; and hence
CL(TM)E; C Ei4j,

so once again the vector bundle morphism ¢ makes F = Ey & E; into a bundle
of Clifford modules. Once obtains the same Dirac operator d 4 §, but the index
is different because of the different decomposition of A*T'M ® C.

Exercise XXI. a. Show that if M is an oriented (4k)-dimensional Riemannian
manifold then for ¢ € A*(TM) = CI¥(T M), O¢ - ¢ = x¢, where * is the Hodge
star.

b. Conclude that on an oriented 4k-dimensional Riemannian manifold, x* = —1.
We let
QF (M) = {w € O (M) : »w = w}, Q2K (M) = {w e Q®F(M) : »w = —w},

and call Q2F(M) the space of self-dual (2k)-forms and Q2*(M) the space of
anti-self-dual (2k)-forms. It then follows from the exercise that

2k—1
O} =T(E) = Y {w+*w:weQ (M)} o (M),
=0
2k—1
O =T(B) = Y {w—w:weQ(M)} e (M),
1=0

Thus we can divide the operator d 4+ ¢ into a sum of operators
(d+6)T:QL -0 and (d+0) : Q" - Q" +.

If we let H%¥(M) denote the space self-dual harmonic (2k)-forms, H2*(M) the
space of anti-self-dual harmonic (2k)-forms, it follows from Hodge theory that

index of ((d + 6)%) = dim M3 (M) — dim 1% (M).

If M is a compact oriented (4k)-dimensional manifold, the cup product de-
fines a nondegenerate symmetric bilinear form

I:H*(M;R) x H*(M;R) - H*(M : R) =R

by the formula

1((al, [4)) = /Mam.
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Any such symmetric bilinear form can be represented by a matrix

Loxp 0 ,  where p+q=dim H*k(M;R).
0 —Iyxq

The difference p—q is called the signature of M and is one of the basic topological

invariants of M. For our choice of Zs-grading of A*TM ® C,

(the index of the signature operator (d + §)*) = signature of M.

In this case, the Atiyah-Singer Index Theorem specializes to yield the Hirze-
bruch Signature Theorem, which gives a formula for the signature in terms of
Pontrjagin classes of TM. More precisely, the signature is expressed in terms
of a sequence of polynomials called the L-polynomials, which start with

1 1
Li(p1) = 3P Ly(p1,p2) = Z5(7P2 —-p}), ... (5.19)

The L polynomials are generated in much the same way as the A—polynomials.
Namely, one imagines that the Pontrjagin classes are written as elementary sym-

metric functions in the indeterminates 2, 23, ..., and writes the formal power
series "
L =112 N cp? +e cee
7='tanhz, + cip1 + (c11py + c2p2) +
The homogeneous term of degree 4k then constitutes the polynomial Ly (p1, . . ., p)-

Hirzebruch Signature Theorem. If (M, (-,-)) is a compact oriented manifold
of dimension 4k, then the index of the signature operator (d +6)* : Q% — Q*
is given by

Signature of M = Li(p1(TM),...,pp(TM)).
M

In particular, if M is an oriented four-dimensional manifold,
. 1
Signature of M = = | p1(TM).
3 Jm

5.10.4 Topological invariants of four-manifolds*

Suppose that M is a compact oriented four-dimensional Riemannian manifold.
Then the Gauss-Bonnet Theorem and the Hirzebruch Signature Theorem give
quite similar relating integrals of curvature to topological invariants. Indeed, if
b; = dim H (M : R), bj = dimH?% (M) and by = dimH? (M), then

1
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while

4
1 1
Signature of M = b — b, = 3 /Mpl(Q) = 502 /M E Qi A Qjs,
i,j=1

the middle equality following from the Hirzebruch signature theorem.

In the case where the compact oriented four-dimensional has a spin structure,
the characteristic classes of the spin bundles S} and S_ are determined by the
Euler and Pontrjagin classes of M. Indeed, in this case one could prove

1

| esi=g [ ewan—1 [ mera,
| esiy==3 [ -1 [ .

For simply connected four-dimensional compact spin manifolds, by = b3 = 0
and b and b, are completely determined by the Euler and Pontrjagin classes.

The Euler characteristic and signature are among the most important invari-
ants of smooth four-dimensional manifolds. In fact, using results of Freedman,
it can be proven that two smooth simply connected four-dimensional manifolds
are homeomorphic if and only if they have the same Euler characteristic and
signature, and are both either spin or non-spin.

However, two smooth four-manifolds can be homeomorphic without being
diffeomorphic. This is one of the striking consequences of the invariants for
four-manifolds discovered by Donaldson, and the closely related invariants of
Seiberg and Witten.

5.11 Exotic spheres™

One of the striking applications of the Hirzebruch signature theorem is Milnor’s
proof [24] of the existence of smooth manifolds which are homeomorphic but not
diffeomorphic to S7. These are called exotic spheres. A nice modern presenta-
tion of which exotic spheres might admit metrics of positive sectional, Ricci or
scalar curvature can be found in [17].

These exotic spheres are the total spaces of 3-sphere bundles over S*. To
construct them, we regard S* as “quaternionic projective space.” Thus if H
denotes the space of quaternions, we define an equivalence relation ~ on H2?—{0}
by

(Q1.Q2) ~ (Q1.Q%) < there exists A € H — {0} such that Q; = AQ).

We let [Q1, Q2] denote the equivalence class of (Q1,Q2). The set of all such
equivalence classes is a manifold which is diffeomorphic to S*.
We call [0, 1] the north pole, [1,0] the south pole and let U = S* — {[1,0]}

253



and V = §* — {[0,1]}. We then have two stereographic projection charts

¢:U —H defined by ¢([Q1,Q2]) = Q3 Q1
and ¢ :V —H defined by ¢([Q1,Q2]) = Q7 Q.

Note that ¢ oy~ 1(Q) = Q1.
We now define a family of oriented four-dimensional real vector bundles over
S4. These are defined by giving a transition function

gvu:UNV — GL+(4,R).
In fact, it would suffice to define the transition function on the equator

53 = {[Q1,Q2] € S* 1 |Q1] = |Q2]}-

Indeed, the four-dimensional oriented real vector bundles are in one-to-one cor-
respondence with the homotopy classes of maps S* — GL*(4,R).
For fixed r, s € Z, we define

_ Q" XQ*
QI+

This defines an oriented four-dimensional real vector bundle (E,, w, S*). Note
that E,, is obtained from (H—{0}) x H and (H—{0}) x H by the identification

(@Q.X) < (Q71,Q7XQ).

For Q € S3 we find that ¢{%;(Q) € SO(4) so the bundle E, is endowed with a
fiber metric (-, -), and we set

gy UUV = GLY(4,R) by gyyod  (Q)X (5.20)

BS, ={e€ E,: (e,e) <1}, M, =0BS,.

We will see that for certain choices of r and s, M, is homeomorphic but not
diffeomorphic to S”.
We need to calculate the Pontrjagin class p; of the bundles E,,. First, we
verify that
P1 (Er+r’,s+s/) =D1 (Er,s) + P1 (Er,/s’)v

from which we can conclude that
p1(Ers) = (ar + bs)[a],

where a,b € Z and [a] is the standard generator of H*(S%) such that « integrates
to one. To determine the integers a and b we need only calculate the Pontrjagin
classes for certain examples. First, we verify that E; ; is just the tangent bundle
to 8%, so

p1(B11) = pi(TS*) =0,

as we saw in Exercise XIX. Thus a + b =0 and

p1(Ers) = a(r — s)[a].
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On the other hand, if » = 0 and s = —1, then we get the canonical quater-
nionic line bundle over S*. It is straightforward to verify that in this case

p1(Eo—1) = £2[a], so p1(Ers) = £2(r — s)[al.

We can now present the key theorems which allow us to prove the existence
of exotic spheres:

Theorem 1. Ifr + s = 1, then M/, is homeomorphic to S7.

Theorem 2. Suppose that r +s = 1. If (r — s)? # 41 modulo 7, then M/, is
not diffeomorphic to S”.

Thus for example, suppose that 7 = 2 and s = —1. Then r +s = 1 so M/, is
homeomorphic to S7, but (r — s)2 = 9 which is not =1 modulo 7, so M/, is not
diffeomorphic to S7.

To prove Theorem 1, we construct a function f : M, — R which has only two
critical points, both nondegenerate, and apply a theorem of Reeb (see [25], §4,
Theorem 4.1).

From the transition function (5.20) we see that we can regard M/, as ob-
tained by indentifying

(Q,X)cHx S with (Q,X') € H x S3,
QTXQlfr
Q7

where we have used the hypothesis that r 4+ s = 1. We can also write the latter
relation as

where Q'=Q ! and X' =

/ XQ . X'Q
X = Q=X r7 X = r r
S o
If @ and X are any two quaternions, Re(QX Q1) = Re(X), so
Re(X'Q") Re(X) Re(X'Q’)
X)= 2 ¥ = :
PO TT Y Uier  VIRQr

Thus we can define a smooth function f : M, — R by setting

_ Re(X) _ Re(X'Q)
VIFIQP  VIFIXQP

fodHQ,X) = foy (@, X),

where B B
¢: MU —-HxS? M|V —HxS?

are the local trivializations over U and V. It is now straightforward to verify
that f has two critical points, both nondegenerate, at the points where @ = 0
and X = 41. Thus it follows from Reeb’s Theorem that M/ is homeomorphic
to S7.
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To prove Theorem 2, we suppose that M, is diffeomorphic to S7 via a dif-
feomorphism F : M, — S7. Note that S” = 9D®, where D® is the usual
eight-dimensional disk. We can therefore construct a smooth compact oriented
eight-dimensional manifold C%; by using F' to identify BS, and —D?® along their
common boundary.

Since B2 is homotopy equivalent to S*, the signature of CS, must be +1.
Thus it follows from the Hirzebruch signature theorem that

8
TS

which implies that
pi(TCE)[CE] = +3 modulo 7. (5.21)

So we are led to ask the question: What is p3(T'CE,)[C%,]? To answer this, we
note that the tangent bundle of BS, is a direct sum TBS, =V & H, where H is
a horizontal bundle and V is a vertical bundle. It is immediately verified that
H = 7*(TS*) while V = 7*(E,). Hence

pi(H) =0,  pi(V) =£2(r = s)[al,

where [o] is the generator of H*(S*) such that [¢, o = 1. Since H*(CE,) —
H*(BS,) is an isomorphism, we find that

pi(TCr,) = £2(r — 5)[d],

where [@] is a generator of H(C%,). By the integer version of Poincaré duality,
[@] U [a] is a generator of H*(C2,) such that

([a]ula)((CR]) = +1.

Hence
PHTC)ICE] = 4(r — s)%.

From (5.21) we conclude that 4(r — s)? = +3 modulo 7 or (r — s)? = £1
modulo 7. This proves Theorem 2.
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