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ABSTRACT. Let f be a newform of weight k& = 2r and level N with trivial
nebentypus. Let pt 2N be a maximal ideal of the ring of integers of the coeffi-
cient field of f such that the self-dual twist of the mod-p Galois representation
of f is reducible with constituents ¢, 1. Denote a decomposition group over
the rational prime p below p by G),. We remove the condition g0|GP #1lw
from [CGLS22], and generalize their results to newforms of higher weights 2r
with r being odd. As a consequence, we prove some Iwasawa Main Conjectures
and get the p-part of the strong BSD Conjecture for elliptic curves of analytic
rank O or 1 over Q in this setting. In particular, non-trivial p-torsion is allowed
in the Mordell-Weil group. Using Hida families, we also prove an Iwasawa Main
Conjecture for newforms of weight 2 of multiplicative reduction at Eisenstein
primes. In the above situations, we also get p-converse to the theorems of
Gross—Zagier—Kolyvagin. The p-converse theorems have applications to Gold-
feld’s conjecture in certain quadratic twist families of elliptic curves having a
3-isogeny.
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INTRODUCTION

0.1. Statement of the main results. Let f € S;(T'o(N)) with & = 2r be a
newform with coefficient field Q(f) and coefficient ring Z[f]. Let F be a finite
extension of the completion of Q(f) at a chosen prime above p > 2, and denote
by O the ring of integers in F. Let p be the maximal ideal of O and let 7 be a
generator of p. Assume that p is an Eisenstein prime for f, i.e., that the mod-p
residual Galois representation p; of Gq associated with f is reducible. This means
that its semisimplification is the direct sum of two characters. After replacing p;
by its self-dual twist p;(1 — r), these characters are p, = o~

k =2, p; is the Galois representation of Gq acting on A¢[p](Q) where A;/Q is the
modular abelian variety attached to f). Note that by Serre’s Modularity Conjecture,
a theorem of Khare-Kisin—-Wintenberger, simple RM abelian varieties over Q are
attached to newforms of weight 2, and vice versa. For elliptic curves, good Eisenstein
primes are known to be ordinary.

Let K/Q be a Heegner field for N, i.e., an imaginary quadratic field such that
all primes dividing N split completely in K. We further assume that Dy is odd
and # —3, and that p = vv splits in K.

In [CGLS22], it is proved for k = 2 and Z[f] = Z that, under the assumption
vlg, # 1,w (where 1 is the trivial and w the mod-p cyclotomic character), the
anticyclotomic Main Conjecture and Perrin-Riou’s Heegner point Main Conjecture
hold. From this, the p-converse to Gross—Zagier—Kolyvagin’s theorem and the p-part
of BSD in the analytic rank 1 case (under the assumption that ¢ is ramified at p
and odd or unramified at p and even, which was later removed by [CGS23]) easily
follow.

However, this excludes in particular the case where A;(Q)[p] # 0 in the case
k = 2. In this article, we close this gap and generalize the results to all weights 2r
with r being odd and all coefficient rings.

Our main results are the Iwasawa Main Conjectures Theorem A and Theorem B, a
p-converse theorem Theorem E to the theorem of Gross—Zagier—Kolyvagin—-Logachév,

w. (In the case
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and the p-part of the BSD formula Theorem C in our situation when p does not divide
the level of f. For newforms of weight 2, we obtain Iwasawa Main Conjectures at
Eisenstein primes of semistable reduction (i.e., good reduction or bad multiplicative
reduction). See Theorem D.

0.2. Method of proof and outline of the paper. First, we assume p does not
divide the level of f from section 1 through section 4. Following the strategies
in [CGLS22], the proof of our Iwasawa Main Conjectures for f is divided into two
steps. We first compare the Iwasawa A- and p-invariants of the algebraic side of
and analytic side, then prove a one side divisibility. The starting point is again the
observation that a Main Conjecture should be equivalent to an imprimitive one.
More specifically, for an appropriate Selmer group Xy for f and a corresponding
Bertolini-Darmon—-Prasanna p-adic L-function Ly, there is an equality for their
‘S-imprimitive’ versions
Char(X7)A™ = (£7)

as ideals in A™, where the p-adic L-function for f lives. Here we consider the
primitive and imprimitive unramified Selmer groups (which are identified with
the corresponding Greenberg Selmer groups in [CGLS22] in their setting) of the
characters ¢ and ¢ and of f over the anticyclotomic Iwasawa algebra A := O[I'],
where I' is the Galois group of the anticyclotomic Z,-extension K, of K. Here
AP = A®ZPZ;”, for Z3" the completion of the ring of integers of the maximal
unramified extension of Q,. Denote by F the residue field of F.

In Section 1, we show that the primitive unramified Selmer group of f and
the characters ¢, appearing in the semisimplification of p; are A-torsion with
p-invariant 0. In most cases, we get a simple relation between the A-invariants

(0.1) AXF) = MXD) + A(x))

as in [CGLS22], but there is a special case when one of the characters is trivial over
Gk, where we get

(0.2) AXT) +1=MX3) + A(XD).

From here, we can easily get the same comparisons between the corresponding
primitive Selmer groups. We mention that this difference in A-invariants agrees with
the Iwasawa Main Conjecture for the trivial character, which takes on a different
form from others
Char(¥1) = (L1 - T).

Since we allow one of the characters to be trivial on G, the proofs of (0.1) and (0.2)
requires more general ideas than those in op. cit. in that the Selmer groups X«,S
(? = f,9) may not be almost divisible in the sense that they might contain non-trivial
finite A-submodules. Indeed, the vanishing results of some H® and H? cohomology
groups in op. cit. heavily rely on this condition and no longer hold in our situation.
We will compare these groups for f to those of the characters directly and obtain
an expected relation between their Selmer groups.

By Ribet’s Lemma (see [Bel09]), we can find a sub-lattice of the lattice for the p-
adic Galois representation of f such that the associated mod-p Galois representation
of f has no nonzero trivial subrepresentation over G . More precisely, we can fix a
non-split extension

0 F(p) -7y = F(1) -0
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where the first character restricts to w on G}, so in particular it’s non-trivial over
G . We can assume this since both the Iwasawa Main Conjectures and the BSD
Conjecture is invariant under isogenies. This choice of the lattice is crucial for our
computations.

In Section 2, we show an analogous formula for the y- and A-invariants for the
Katz p-adic L-functions of the characters and the BDP L-function of f/K. That is,

ALT) = ML) + ML),

where £3 = L7+ [[,cs Pw(?) for certain elements P,,(?) in A (see Lemma 1.1.1,
section 1.5). Here ? = f, ¢ or 1. Using the known results on the Iwasawa Main
Conjecture for the characters proved by Rubin [Rub91], we get the equality between
algebraic and analytic Iwasawa invariants for f.

Hence it suffices to show that the characteristic ideal of the unramified Selmer
group divides the p-adic L-function. For this, we can refer to [CGLS22, §§ 3, 4]
because we chose a lattice T’y such that py has no nonzero trivial subrepresentation.
However, some of their arguments only apply to a canonical Galois stable lattice
T of ps, which is generally different from our choice and might have a trivial
subrepresentation. We will take care of this by fully utilizing the flexibility of
Kolyvagin systems in Theorem 3.0.6. Our modifed Kolyvagin system argument
yields one-side divisibilities of the Main Conjectures, and using the comparison of
Iwasawa invariants from section 1 and section 2 we can turn the divisibilities into
equalities. The Main Conjectures can then be applied to yield the main results of
this paper for the good reduction part.

The first anticyclotomic Iwasawa Main Conjecture we obtain is the following,
which can be seen as a special case of Greenberg’s Main Conjectures.

Theorem A (Theorem 3.0.8 (IMC2)). Let f € Si(I'o(N)) be a newform of weight
k = 2r where r is odd and p > 2 an ordinary Fisenstein prime not dividing N, and
let K be an imaginary quadratic field satisfying the hypotheses in section 0.1. Let
Xy be the Pontryagin dual of the unramified Selmer groups for f (see section 1.4 for
precise definitions) and let L; be the corresponding BDP p-adic L-function. Then
Xy is A-torsion, and
Char(Xs)A™ = (Ly)
as ideals in A™.

The assumption that r is odd is a technical assumption that is only used in the
proof of Theorem 3.0.6 to turn the Heegner cycles into a Kolyvagin system. It can be
removed in certain situations (see Remark 3.0.7) and is not considered essential. In
particular, we still have access to a infinite subfamily of some Hida family for which
the Main Conjectures are known, which is the key to showing a Main Conjecture
for a weight 2 form of multiplicative reduction (see section 5.1).

A second Iwasawa Main Conjecture of Perrin-Riou type, which is equivalent to
the one above, is also obtained.

Theorem B (Theorem 3.0.8 (IMC1)). Let f € Sk(I'o(NV)) be a newform of weight
k = 2r where r is odd and p > 2 an ordinary Fisenstein prime not dividing N, and
let K be an imaginary quadratic field satisfying the hypotheses in section 0.1. Then
both H;.-A (K, T) and X = H}A (K, My)™ have A-rank one (see [CGLS22, section 3]
for general definitions), and the equality

Charp (Xiors) = CharA(Hé_-A (K, T)/Ar,)?
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holds in A.

We now formulate our main results on the p-part of strong BSD for elliptic curves
of good reduction at Eisenstein primes.

Theorem C (Theorem 4.2.1). Let E/Q be an elliptic curve and p > 2 a prime of
good reduction. Assume that E admits a cyclic p-isogeny with kernel C' = Fp(y)
for some character ¢: Gq — F) (equivalently, E[p] is reducible). Assume that
ran(F) € {0,1}.
Then the p-part of the BSD formula holds for E/Q, i.e.,
L*(E/Q,1 Tam(FE II(E o
Ordp( (£/Q,1) ) _ Ordp( am(E/Q)#111( /29)[19 ])_

Qp - Regp/q (#E(Q)rors)

Here, L*(E/Q,1) denotes the leading Taylor coefficient of L(E/Q, s) at s = 1.

Finally, we modify Skinner’s use of Hida families in [Skil4] to prove a Main
Conjecture in the multiplicative reduction case for weight 2 forms in section 5.
The obstruction is again that our imprimitive Selmer groups 1{78 may have finite
A-submodules. In particular, the characteristic ideals are no longer identified with
the Fitting ideals. The formal argument can be carried out by replacing the Selmer
groups by their free parts. We would also need to modify several pieces that go into
the proof into the residually reducible setting.

Theorem D (Theorem 5.1.3). Let f be a newform of weight 2 and p|N an odd
Eisenstein prime of multiplicative reduction. Let K be an imaginary quadratic field
satisfying the hypotheses in section 0.1. Then the following equation holds in A" :

Char(.’ff)Am = (,Cf)

We remark that our Main Conjecture would yield both rank 0 and rank 1 BSD
formulae at multiplicative primes provided the results in [CGS23] are extended to
higher weight modular forms.

0.3. Examples. Here are the elliptic curves E over Q in the [LMFDB] with
E(Q)tors = Z/p, rank 0 or 1, and p a prime of good reduction: p = 3, p = 5,
and p = 7.

Here are concrete examples for each of these three infinite families, an example
of smallest conductor in each case. Our main result implies the p-part of strong
BSD for all their twists that have analytic rank 0 or 1, of which there exist infinitely
many. Case p = 3: 19a3 has torsion subgroup Z/3 and rank 1. Case p = 5: 11a3
(= X1(11)) has torsion subgroup Z/5 and rank 0. Case p = 7: 26b2 has torsion
subgroup Z/7 and rank 1.

There are also examples of higher dimension: The descent computations for
absolutely simple modular abelian surfaces in [KKS22] and [KS23, § 6] are not neces-
sary anymore for odd primes of good reduction. For example, the genus 2 curve
X:y? =525 +102° — 132 — 3022 + 922 + 20z — 8 has absolutely simple semistable
RM Jacobian J of squarefree level 5-13 and rank 0 associated to the newform 65.2.a.c.
Note that this curves is not covered by op. cit. The algorithms from op. cit. prove the
prime-to-3 part of strong BSD for J/Q with #II1(J/Q)an = 2. Our results allow us
to also prove the 3-part: Let the good ordinary prime 3 split as pp’ in Z[f] = Z[/3]
such that p, is irreducible and py is reducible with a trivial 1-dimensional subrepre-
sentation coming from the 3-torsion. The results and algorithms of op. cit. prove


https://www.lmfdb.org/EllipticCurve/Q/?bad_quantifier=exclude&bad_primes=3&rank=0..1&torsion=%5B3%5D
https://www.lmfdb.org/EllipticCurve/Q/?rank=0-1&bad_quantifier=exclude&bad_primes=5&torsion=%5B5%5D
https://www.lmfdb.org/EllipticCurve/Q/?rank=0-1&bad_quantifier=exclude&bad_primes=7&torsion=%5B7%5D
https://www.lmfdb.org/EllipticCurve/Q/19/a/3
https://www.lmfdb.org/EllipticCurve/Q/11/a/3
https://www.lmfdb.org/EllipticCurve/Q/26/b/2
https://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/65/2/a/c/
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that the Heegner index Ik for D = —131 (so 3 is split in Ok) equals p’ times some
ideal lying above 2, and that the Tamagawa product considered as an ideal in Z[ f]
equals p’. Hence [KS23, Theorem 5.2.2] proves that III(J/Q)[p] = 0. Our main
theorem implies [CGLS22, eq. (5.5)] with p-torsion replaced by p-torsion through-
out, showing that vy (F#II(J/K)[p"™]) = 2vp (Ix) — 2vp (Tam(J/Q)) =2 -2 = 0.
Since p’ 1 2, we have II(J/K)[p'] ~ II(J/Q)[p'] ® II(JX/Q)[p'], hence we get
II(J/Q)[p'] = 0, so strong BSD holds for J/Q with III(J/Q) = Z/2. (Note that
the argument with [CGLS22, eq. (5.5)] also provides evidence for the conjecture
that the Tamagawa product divides the Heegner index.)

0.4. A p-converse theorem and applications to Goldfeld’s conjecture. As in
the good ordinary case, we show the equivalence between Theorem D and a Heegner
Point Main Conjecture (Theorem 5.2.1). As a consequence, we obtain the following.

Theorem E (Theorem 4.1.1, Corollary 5.2.2). Let A/Q be a simple RM abelian
variety associated to a newform f and P | p > 2 a prime ideal of its endomorphism

ring O of good ordinary or bad multiplicative reduction such that pa s is reducible.
Then

corankpSelp»(A4/Q) =7 € {0,1} = rkoA(Q) = ran(f) =1,
and II(A/Q)[B™] is finite.

Our 3-converse theorem has several applications to Goldfeld’s conjecture, im-
proving the bounds for the proportion of rank 1 twists when being combined with
results [BKOS19, Shn21, BFS23] on the average 3-Selmer rank. See Remark 4.1.2.

0.5. Ordering of the characters. Recall the short exact sequence relating the
residual representation p, to the characters

0—-F(p) »p; = F(¢) =0,

where we assumed that the first character ¢ restricts to w on G, and that the
sequence is non-split. From the invariance of the Main Conjectures and the BSD
formulae, we could as well fix another ordering where the first character restricts to
1 on Gp. As is already noted in Theorem 3.0.6, the use Ribet’s lemma is somewhat
limited, and some results for a different ordering should also be necessary. In fact, our
original approach assumed that locally, the trivial character is a subrepresentation,
regardless of whether the sequence is split or not. This made our computations in
Section 1 easier. However, we had to heavily extend the results on the Kolyvagin
system from [CGLS22, §3], or rather [How04], to allow non-trivial torsion group
H(K, py). As our results might be useful for the future, we included them in the
Appendix A. We also deduce a version of the anticyclotomic control theorem which
allows non-trivial torsion in Appendix B. It should be mentioned that a direct proof
of everything with torsion is possible, but we do not include it in this paper for
simplicity.

0.6. Relation to previous works. Results in this paper in the good reduction
case can be seen as direct generalizations of those in [CGLS22] to higher weight
modular forms while removing the technical condition ¥|g, # 1,w. Thus it would
automatically generalize the results which require the main theorem in op. cit.
as an input, for example [CGS23, Theorem A]. We also obtain generalizations of
the structure theorems in [How04] as well as the anticyclotomic control theorem



ANTICYCLOTOMIC IWASAWA THEORY OF NEWFORMS AT EISENSTEIN PRIMES 7

in [JSW17] in the residually reducible case which allow torsion. Since our characters
are more general than those in [CGLS22|, the results on the proportion of ranks
of quadratic twists of an elliptic curve over Q with a rational 3-isogeny are also
improved, following [BKOS19].

Finally, we obtain new results for newforms with multiplicative reduction at
Eisenstein primes which include a proof of an Iwasawa Main Conjecture. These
results are analogous to those in [Skil4], but the residually reducible case were
untouched before.

0.7. Future work. As is mentioned before, a generalization of the results in [CGS23]
to higher weight modular forms would yield BSD formulas for elliptic curves at
multiplicative reduction. This is what we will examine in later work.

In our subsequent paper [KY24], we have obtained the anticyclotomic Main
Conjectures for elliptic curves at Eisenstein primes of potentially good ordinary
reduction. As a consequence, we obtain the p-converse theorems in that setting and
the applications to Goldfeld’s Conjecture (see Remark 4.1.2) are much improved
in some situations. We would like to study potentially multiplicative case and
potentially supersingular case in future work, as both see very interesting applications
in arithmetic statistics.

v

0.8. Notation. Pontryagin duals are denoted by (—)¥. The mod-p cyclotomic
character is denoted by w and the p-adic cyclotomic character by x. For any
subextension L/K of K/K, denote by G, the absolute Galois group of L.

0.9. Acknowledgements. We thank Debanjana Kundu and Otmar Venjakob for
helpful discussions and Ari Shnidman for pointing out the application of our p-
converse theorem to Goldfeld’s conjecture. We also thank MY’s advisor Francesc
Castella for his guidance throughout this project. This work is part of MY’s
forthcoming Ph.D. thesis.

1. ALGEBRAIC SIDE

Let f € Sk(I'o(N))™Y be a newform of weight k& = 2r > 2 and level N with
trivial nebentypus. Fix an odd prime p{ N. Let Z[f] be the coefficient ring of f
with field of fractions Q(f). Let F be a finite extension of a completion of Q(f)
at a chosen prime above p with ring of integers O. Let p = (7) be the maximal
ideal of O and let F/p be the residue field of O. We use the Pontryagin dual
(—)Y = Homo ¢ts(—, F//O) for locally compact O-modules.

Recall that w is the mod-p cyclotomic character. Denote by

pr: Gal(@/Q) — Autp(Vy(1— 1)) = GL(F)
the self-dual Tate twist of the p-adic Galois representation attached to f. It has
determinant x.
Let K c Q be an imaginary quadratic field in which p = vv splits, with v the

prime of K above p induced by ¢,. We also fix an embedding ¢ : Q—C.
We assume that K satisfies the following Heegner hypothesis:

every prime ¢ | N splits in K

Let Gk = Gal(Q/K) c Gq := Gal(Q/Q) be the absolute Galois group of
K, and for each place w of K let I, ¢ G, € Gk be the corresponding inertia
and decomposition groups, unique up to conjugation. Let Frob,, € G,,/I,, be the
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arithmetic Frobenius. For the prime v | p, we assume G, is chosen so that it is
identified with Gal(Q,/Q,) via ¢,.

Let T' := Gal(K,/K) be the Galois group of the anticyclotomic Z,-extension
K, of K, and let A := O[I'] be the anticyclotomic Iwasawa algebra over 0. We
shall often identify A with the power series ring O[T] by setting T = v — 1 for a
fixed topological generator v € I'.

We record the following well-known properties of the anticyclotomic Z,-extension
K /K of an imaginary quadratic field K, i.e., the Z,-extension on which complex
conjugation acts as inversion. Readers who are only interested in the main results
of this paper can directly go to section 1.1.

Lemma 1.0.1 (splitting of primes in K,). Let w | £ # p be a place of K. If ¢ is
unramified and split in K, there are only finitely many primes of K, lying above £.
If £ is ramified or inert in K, { splits completely in K.

Note that this is in contrast to the cyclotomic Z,-extension, in which no primes
are infinitely split.

Lemma 1.0.2 (local behavior of K, above p). Let K be an imaginary quadratic field
and p = vU a rational prime completely split in K. Let K./K be the anticyclotomic
Z,-extension.

(i) T is the Zp-quotient of lim Gal(K,/K), where K, is the ring class field of
the order Opn := Z + p"Ok. The unramified part of T at v | p is cyclic of
order dwiding hx = #Gal(Ko/K), and Ky, /K1, is totally ramified at v.

(i) The completion K, , of K at v | p is a ramified Z,-extension of K, =
Q, different from K, cye, the cyclotomic Zy,-extension of K,. In particular,
Kow 0 Ky cye 95 a finite extension of K.

(iii) Let v | p be a place of K. The image of the compositions G, — Gk — T and
I, = G, - T are open. If pt hk, the composition I, — G, — T is surjective.

Proof. (i) Note that K is the Hilbert class field of K, so by class field theory
Frob, € Gal(Ky/K) has order equal to the order of v in the class group of
K. All primes above p are totally ramified in K,,/Kj, and one has canonical
isomorphisms Gal(K,,/K) =~ Pic(O,,) ~ (Ox/p")*/(Z/p™)* from [Cox13,
equation (7.27)].
(ii) The first claim follows from [LNQDO00, Theorem 3.2]; condition (ii) there is
satisfied for K. Thus

Gal(K 0 N Ky oye)/Ky) = Gal(K oy o /Ky)/Gal(K o o/ (Kopw N Ky cye))
must be a non-trivial quotient of Gal(K, ,/K,) = Z, by an open subgroup,
and hence it must be finite.

(iii) By the (ii), G, — Gk, is open. The remaining statements follow from the
(i) 0

Corollary 1.0.3 (the localization is an isomorphism away from p). Let A be a
p*-torsion G, -module. If £ # p is unramified and split with w | £ in K, then the
restriction morphism H' (Ko, /Ky, A) — H' (I, A)/1v is an isomorphism.

Proof. See [PW11, Remark 3.1 and Lemma 3.2]. Note that the kernel and cokernel
of the restriction morphism are the first and second Galois cohomology groups of a
p-primary Galois module and that the profinite degree of the absolute Galois group
Gop,w of Koy 4 is prime to p. O
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Lemma 1.0.4 (the dual of the Iwasawa algebra). The Pontryagin dual AV of the
Iwasawa algebra is isomorphic to (F/O)[lim (I'/T';)¥] ~ (lim F/O)[(I'/T';)"].

Proof. This follows from the exactness property of the Pontryagin dual, which
interchanges projective and injective limits, and the definition of the Iwasawa
algebra as a projective limit. O

Corollary 1.0.5 (Galois cohomology of Iwasawa algebra equals Galois cohomology
over the Z,-extension). One has H'(K,AY) ~ H' (K, F/O). For the twist of A by
a character 9: G — F* < 0%, one has H(K,0(0) ®o AY) ~ H (K., F/O(0)).
If Ky is obtained from K by adjoining the values of ¥, then Ky is linearly disjoint
from K., and one has H (K., F/O(9)) ~ H' (K . Ky, F/O)*?.

Proof. See [CGLS22, proof of Theorem 1.2.2]. Note that their proof works for any
9. O

1.1. Local cohomology groups of characters. Recall that F = O/p is the
residue field of O, a finite field of characteristic p. Let ¥: Gx — F* be a character
with conductor divisible only by primes that are split in K. Since the case where
Y|g, # 1,w is already dealt with in [CGLS22], we focus on the complementary cases.
Via the Teichmiiller lift F* < F'*, we shall also view ¥ as taking values in O*. Set

M19 = 0(19) ®(9 AV,

The module My is equipped with a G g-action via ¢ ® ¥~!, where ¥: Gx — AX
is the character arising from the projection Gx — I'. One has a G g-equivariant
isomorphism My — Homop cts(A, O(9)).

Note that one has an exact sequence
(1.1) 0 - (F/O)(¥) > My 5 My — 0.

In this section, we study the local cohomology of My at various primes w of K.
1.1.1. w{p split in K.
Lemma 1.1.1. Let v, be the image of Frob,, in the decomposition group of w | €.
Let Py(9) = Pyp({ 1) € A with P, := det(1 — Frob, X | F(9);,) the Euler factor
at w of the L-function of .

The module H'(K,,, My)V is A-torsion with characteristic ideal (Py(19)). In
particular, it has p-invariant 0.

Proof. See [CGLS22, Lemma 1.1.1]. Note that their proof works for any 9. O
1.1.2. w|pin K.

Lemma 1.1.2. Let X be a finitely generated A-module.
(i) If
e X[T]=0 and
e X/TX is a free O-module of rank r,
then X is a free A-module of rank r (and conversely).
(ii) 1f
e X[T]=0 and
e ko X/TX =1,
then rkpa X = r.

Proof. (i) Thisis [CGLS22, Lemma 1.1.2] (see also [NSWO08, Proposition 5.3.19 (ii)]).
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(ii) Consider the structure theorem

X ~A® @@A/(fi) @@A/(W"”)

for some distinguished polynomials f;. That X[T] = 0 implies there is no f;.
Then X/TX would have O-rank s because (A/(7™))/T is finite for any j.
Hence r = s. (]

We now study the case J|q, € {1,w} excluded in [CGLS22]. Note that in each of
these cases one property in [CGLS22] fails.

Proposition 1.1.3. Assume that ¥|q, € {1,w} (all other cases have been considered
in the analogous [CGLS22, Proposition 1.1.3]). Then:

(i) The restriction morphism
1wt H (K, Mg) — H' (I,, Mg)Ce/Te

18 surjective.

o If Vg, = 1, its kernel is a cofree O-module of rank 1. In particular,
ker(ry)Y has A-rank 0 and it has no non-trivial finite A-submodule because
all non-trivial subgroups of O are infinite.

o If V|, = w, it is an isomorphism.

(ii) e Ifd|q, =1, H (K, My) is A-cofree of rank 1.

o If I, = w, X := H (K, My)" satisfies pdy X < 1, (hence) has no
non-trivial finite (A-)submodule, and is generated by 2 elements with
A-rank equal to 1.

Proof. Note that K,, = Q, and that K., /K, is an infinitely ramified Z,-extension
by Lemma 1.0.2 not containing u,, because p > 2 and ([Ky(yp) : Kuw],p) = 1.

(i): Since cd(K,,) = 1 and G, /I, ~ 7 - Froby,, 7y is surjective and ker(r,,) ~
Mj* /(Frob,, — 1)M}* by [Rub00, Lemma 1.3.2(i)]. Let us now determine the
ker(r,) by determining its Pontryagin dual as a A-module. Dualizing

Frob,,—1
—_—

0— Mg — My» My — Mj" /(Frob,, — 1)Mj» — 0

and noting that Pontryagin duality transforms G,,-invariants into the quotient by
T, ker(ry )" sits in an exact sequence

(1.2) 0 — ker(ry)Y — (My);, — (My)r, — Mg /T — 0.

Ifd|g, # 1, M5 =0,s0 (My)r, — (M})r, is a surjection of finitely generated
modules over the Noetherian algebra A, hence an isomorphism.
If 9|, = 1, the exact sequence (1.2) reads

0 — ker(ry)Y — Ar, = A, > A/T -0,

ie.,
0 - ker(r,)" — O[l'/I,] - O[T'/I,] - O — 0.

Since I, € G, is of finite index by Lemma 1.0.2, T'/I,, = Z/p™ with p™ | hk.
Hence all modules are O torsion-free and rko ker(r,,)¥ = 1. We now prove (ii). Let
X be the A-module HI(KU,, My)¥. It is finitely generated because it is finite mod
(p,T). We determine X[T] and X/TX if d|g,, € {1,w}.

Claim 0: H'(K,,, My) = H (K, , F/O(®)) and H*(K,,, My) = 0 indepen-
dent of 9.
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The first statement is Shapiro’s lemma. Note that K, /K, is a (infinitely
ramified) Z,-extension by Lemma 1.0.2. For the second statement, use the first and
that from [Nek06]

HQ(Kw, M19) = H2(Kw,%a F/O) = H?W(KUJ,%/Kwa O(X'ﬂil)) = O,
where the 0-th Iwasawa cohomology is 0 by [SV16, Remark 5.11, Lemma 5.12].
Claim 1: H' (K, M;)/T = H'(K,,, M,,)/T = 0.
From Claim 0, there is an isomorphism
HY (K, My)/T > H*(K,,, F/O(9)).
From (1.4), one gets
0 — H'(K,, F/O(9))/p — H*(K,, F(9)) — H*(K,, F/O(9))[p] — 0
and
0 = H*(Ky, F/O(9))/p = H(K,, F(9)) = H* (K., F/O(9))[p] — 0.

In the first sequence, H?(K,,, F(¢9)) ~ H°(K,,, F(wd~!))¥ by Tate’s local duality. In
the second sequence, the H? terms are 0 since cd(K,,) = 2. Hence H*(K,,, F/O(¥))
is p-divisible and finitely generated, hence isomorphic to (F/O)" for some r. If ¥ = 1,
r = 0, since the middle term in the first sequence is 0, and so H* (K., My)/T = 0.
If ¥ = w, H*(K,, F/O(w)) = H°(K,, Z,(w))" by Tate’s local duality (extended to
O-modules using that projective limits are dual to injective ones) and the latter is 0.

Claim 2a: H'(K,,, M1)[T] = F/O.

Equivalently, (X/TX)Y = 0 for the Pontryagin dual. The long exact cohomology
sequence over K, for (1.1) gives an exact sequence
(1.3) 0 — H(Ky, My)/T — H' (K., F/O(W)) — XV[T] — 0.
By Claim 0, H (K, My)/T = (F/O)/T = F/O, hence (H*(K,, My)/T)" =
H(K,,, My)¥[T] = O.

If ¥|g, = 1, the middle term H'(K,, F/O(?)) is canonically isomorphic to
Gal(KaPP/Ky)Y = (Kx)"P = Z2 by local class field theory since p,, & K5 Hence
the Pontryagin dual of the exact sequence (1.3) reads

0— X/TX - 0?0 -0,

hence rko X /TX = 1 and X/TX is O-free, hence X/TX = O and so XV[T] = F/O.

Since X[T] = 0 from Claim 1, apply Lemma 1.1.2 to X := H' (K, My)" to get
(ii) in the case V|q, = 1.

Claim 2b: H' (K, M,)[T] = F/O ® O/p" for some n > 0.

If ¥|¢, = w, we look at the sequence (1.3) again:

HO (K, My)/T = (F/O(w))“*w= /T = 0/T = 0
because p, & Ky ot Gal(Ky(up)/Kw) =~ (Z/p)* cannot be a quotient of the
Z,-extension Ky, /K, if p > 2 by Lemma 1.0.2 (iii). Hence
H' (Ku, F/O(w)) = XY[T] = (X/TX)".
The long exact Galois cohomology sequence of
(1.4) 0 - F(w) » F/O(w) LF/O(W) -0
gives the short exact sequence
0 — H*(Ku, F/Ow))/p = H' (Ku, F(w)) = H'(Ky, F/Ow))[p] = 0.
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We have already seen H(K,,, F/O(w)) = 0, hence one has an isomorphism
H' (K, F(w)) = H' (K, F/O(w))[p].

One can compute the (finite) F-dimension of H' (K, F(w)) using the local Euler—
Poincaré characteristic formula, or by noting that H' (K,,, F(w)) is dual to H' (K,,, F)
by Tate’s local duality, and the latter is an F-vector space of dimension dimg (K.} )/p =
2 by local class field theory, noting that u, ¢ K = Q since p > 2.

The Galois cohomology of (1.4) also gives an exact sequence

0 — HY(Ky, F/O(w))/p = H2(K,, F(w)) » H* (K, F/O(w))[p] — 0.
The last term evaluates by Tate’s local duality theorem to
H? (K, F/O(w))[p] = (H*(Ku, O(xw™))/p)" =0

with x: Gk, — O the p-adic cyclotomic character and yw™! its projection x! to
the principal units 1 4+ pZ, (note that p > 2). Hence

(1.5) H'(K,, F/O(w))/p = H*(Ky, F(w)) = H(K,,,F)” = F

by Tate’s local duality.

Hence we know H' (K ,,, F/O(w)) mod p (namely F) and its p-torsion (namely F?).
As it is a cofinitely generated O-module (since its p-torsion is finite dimensional),
writing it as (F/O)" @ A with A a finite O-module, A/p = F from (1.5), hence A =
O/p™ for some n > 0, and so F? = H' (K, F(w)) = H (K, F/O(w))[p] = Ft'.
Hence r = 1 and H' (K, F/O(w)) = F/O®0O/p™ with n > 0, agreeing with the local
Euler-Poincaré characteristic formula 0 —2+1 = x(K,,,F(w)) = —[K, : Qp] = —1.

Determination of H'(K,,, M,,) as a A-module.

Hence we know from (1.3) that X/TX =~ O @ O/p™ with n > 0 in the case
Ig, = w, so by Lemma 1.1.2 X is not A-free and is generated by < 2 elements
over A, and that X[T'] = 0 from Claim 1. When X[T'] = 0, X is A-torsion free, and
there is a presentation

0 C A2 X 0
} ! |

0 c/T A2)T X/T 0
EoEk

0 p"O 0? 00/ —— 0

of X as a A-module. Since C' = A? is A-torsion free and C/T =~ p"O, C =~ A
by Lemma 1.1.2. Hence the presentation implies that rtkaX = 1 and pd, X < 1,
hence X has no finite A-submodule by [NSWO08, Proposition (5.3.19) (i)]. O

1.2. Selmer groups of characters. Let J: Gk — Fy be a character whose
conductor is divisible only by primes split in K (i.e., unramified over Q and have
degree 1).

Let ¥ be a finite set of places of K containing oo and the primes dividing p or
the conductor of ¥ and such that every finite place in ¥ is split in K. Denote the
maximal extension of K unramified outside ¥ by K*. Recall that p splits as v7 in
K.
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Definition 1.2.1. i) The Greenberg Selmer group of ¥ is

(
HY (K, M) := ker{Hl(Kz/K, Myg) 22¢5 T H'(Kuw, My) x H' (K, Mﬂ)}.
WET, wip
(ii) For S := ¥\{v,T, 0}, let the S-imprimitive Selmer group of ¥ be
Hls (K, My) = ker {H' (K/K, My) — H' (K5, My) |,
Replacing My by My[p] in the above definitions, we obtain the residual
Greenberg Selmer groups HlfGr(K7 My[p]) and H}ér (K, My[p]).

(iii) The Selmer group with unramified local conditions away from v, also called
unramified Selmer group for short, of ¥ is

HE,, (K, My) = ker {H' (K /K, My) [T B, Mo)/ " s (B, M) 9717

wWEX, wip

resnr,y

(iv) For S := ¥\{v,v, 00}, let the S-imprimitive unramified Selmer group of ¥
be

HYo (K, My) := ker {Hl(KZ/K, My) — H (I, Mﬁ)Gf/Iv}

Replacing My by My[p] in the above definitions, we obtain the residual
unramified Selmer groups Hy (K, My[p]) and Hxs (K, My[p]).

nr

Note these Selmer groups are A-cofinitely generated (by finiteness of the p-Selmer
groups and Nakayama’s lemma), and the Selmer groups are independent of the
choice of ¥ as reflected in their notation.

The local conditions for these unramified Selmer groups are relaxed (namely,
the full group) at v and £, = ker(r,) for w € ¥\{v} where r,: H'(K,, My) —
H'(I,, M)/ is the restriction in Proposition 1.1.3. Note that H' (K> /K, My) =
Sel® (K, My) with the S-relaxed Selmer group and Hj (K, My) = Selg ¢, (K, My)
with the ¥\ {v}-strict Selmer group by [Rub00, Lemma I.5.3]. Analogously, Hlfs (K, My) =

Sel{EE}(K , My) is the T-strict Selmer group. The S-imprimitive Selmer group has less
local conditions than the Selmer group, omitting the local conditions at S. Hence
one has an inclusion Hlfm(K7 My) € Hlfnsr(K, My).

Note that because K,, = Qp and [Q,(ip) : Qpl =p—1> 1, w|g, # 1. Hence
also w|g, # 1. We need this because we use several times that w has no invariants
over G, and G.

Theorem 1.2.2. Assume that the conductor of ¢ is only divisible by primes that split
in K. Then Hlfnr(K, My)Y is a finitely generated A-torsion module with p-invariant
0.

Proof. The first part of this proposition is essentially proved in [Rub91] (with [Rub94]
to remove the assumption on hg). As explained in [CGLS22, Theorem 1.2.2],
the dual Selmer groups H}m(K ,My)V are readily identified with the ¥-isotypic
components of X, (which are shown to be A-torsion in [Rub91, Remark (ii) after
Theorem 4.1]) where X, is the Galois group of the maximal abelian pro-p extension
of K., Ky unramified outside v, Ky being the fixed field of ker(¥).

That p-invariants is 0 follows from the vanishing result of [Hid10] and the
Iwasawa Main Conjectures in [Rub91] together with [CW78] (or more generally,
[dS87, TI1.1.10] to remove the assumption on p # 3, that p is an anomalous prime
and that ¢ # 0 which corresponds to the case where ¥|g, = 1). More precisely,
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if ¥|g, # 1, then the Main Conjecture for ¥ identifies Char(Xy) with (Ly) and
hence the algebraic p-invariant equals the analytic one which vanishes. If 9|, = 1,
the Main Conjecture identifies Char(X;) with (L1 - T) so again both p-invariants
vanish. (]

Remark 1.2.3. (i) Recall that from Corollary 1.0.3, the local conditions of our
Selmer group at w { p agree with the Greenberg’s local conditions. This is also
discussed in [CGLS22, Theorem 1.2.2]. As a consequence, our Selmer group
can be alternatively defined as

M, (K, My) i= ker {Hl(Kz/K’ My) 25 [ H'(Kw, My) x H' (I, Mﬂ)GE/I?}.
wEX  wip
(ii) We remark here that Theorem 1.2.2 is crucial in the proof of the fact that the

global-to-local map defining the above Selmer group (as well as the imprimitive
one) is surjective.

Proof. Regarding (ii): We want to show that the conditions (1)—(4) of [PW11,
Proposition A.2] are satisfied for H'(K, My) ~ H'(K,,F/O(9)) by Shapiro’s
lemma(see Corollary 1.0.5). The conditions are for K/Q an imaginary quadratic
number field with p = v7 and local conditions L,,:
(1) No place w | p splits completely in K.
(2) The Selmer group is A-cotorsion.
(3) H°(K ., Hom(O(¥), F/O(1))) is finite.
(4) ry + 1y := coranky L, + coranky Li = ko O(Y) =: [K : Q]d — d =: §(K, V).
Condition (1) is satisfied for the anticyclotomic Z,-extension by Lemma 1.0.2.
By Theorem 1.2.2, Xy is A-torsion; this is condition (2). Denoting by x the p-adic
cyclotomic character. Then the Cartier dual Hom(O(¥9), F/O(1)) = F/O(x9~!)
has finite Gk -invariants for any finite order character 9. (This is equivalent to
showing that x9~'|c,  # 1. Note that ker(x) = Kcye, the cyclotomic Z,-extension
of K, is linearly disjoint from Keyc, so x(Gr, ) = x(Gk.,.Gk.,.) = X(Gk). Hence
XlGx, : Gk, — Z, has open image. But multiplying it by the character ¥~ with
finite image does not change this property.) This means that condition (3) is satisfied.
Condition (4) is satisfied since one has r, = 1,75 = 0 (from Proposition 1.1.3),
[K : Q] =2, d=1 (we have characters) and §(K, F(?)) = 1 (there is exactly one
archimedean place up to equivalence, and it is complex, and d = 1).

Surjectivity for the S-imprimitive Selmer group immediately follows. O

Consider the (finitely generated) A-modules
X5 = Hzs (K, My)¥,
Xy =HE (K, My)".
We now determine A(X5) in terms of Hxs (K, My[p]).

Lemma 1.2.4 (relation between the p-torsion of the S-imprimitive Selmer group
and the residual one). One has an isomorphism
Hs (K, My[p]) ~ Hys (K, My)[p].

Note that one has a surjection Sel® (K, My[p]) — Sel*(K, My)[p] by [Rub00,
Lemma 1.5.4].
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Proof. The long exact cohomology sequence of 0 — My[p] - My — My — 0 (note
that My is w-divisible since AV is) yields a short exact sequence

0 — H(K¥/K, My)/m — H'(K*/K, Mg[p]) — H' (K¥/K, My)[p] — 0,

with an analogous short exact sequence with K*/K replaced by K. This allows us
to first study the p-torsion of the Greenberg Selmer groups, which recovers [CGLS22,
Lemma 1.2.4] for arbitrary characters (their assumption 9|q. # 1 is not essential).
Indeed, by the snake lemma one has a commutative diagram with exact rows
(Gr,9)

0 — ker(rgr’o) _ Hlfg (K, My[p]) —— Hlfé (K, My)[p]

| | |

0 —— HY(K®/K, My)/p —— HY(K®/K, My[p]) — HY(K=/K, My)[p] —— 0

J/ 5 J/ 5 J/
T— T
v v

0 ——— H(Kg, My)/p ——— H'(Kz, My[p]) ——— H'(Kg, My)[p] — 0
We have to study the kernel and the cokernel of
re 0 O/, My)/p — HO (K, M) fp.

But its domain and codomain are 0: H*(K*/K, My) ~ H*(K> /K., F/O(¢)) and
H°(Ky, My) ~ H(Ky ., F/O(¥9)), both isomorphisms by Shapiro’s lemma, which
are both 7-divisible: If ¥ = 1, they are F//O; and if ¥ # 1 but 9|q_ = 1, they
are 0 and F/O. Otherwise 0 = HY(K2 /K., F(0)) — H° (K2 /K., F/O)[p] (and
similar for the local HO) shows that they are torsion p-groups with trivial 7-torsion,
hence 0. In particular, the middle row gives the identification H' (K>/K, My[p]) =
HY(KZ/K, My)[p].

We then study the imprimitive Selmer groups with unramified local conditions.
There is a similar diagram

(nr,9)
0 —— ker(r}"") ———— Hls (K, My[p]) —— Hjs (K, My)[p]

v

| | |

0 —— HY(K™/K, My)/p —— HY(K*/K, My[p]) —— H'(K®/K, My)[p] —— 0

J{Tir 0 J{T%r ! J/
v

H' (K7, My[p]) fo H (K5, My) Is]
ker(resjwo [r] ) ker(reslu19 )

00— ker(fs)

where again we need to study the domain and codomain of 'rgr’o. But the domain
remains the same, so still ker(r2"°) = 0. We claim that the codomain ker(fy) = 0

T
as well.
From here and onward, we use @ (resp. 1) to denote a character ¢ of G x whose
restriction to Gz is w (resp. 1) which may or may not be w (resp. 1) on Gg.

When 9|q. = w, Proposition 1.1.3 (i) shows that ker(resp,) = 0. Actually,
the same argument shows that ker(resy 1) = 0 as well, since both MS7 and

Mg [p]97 are 0. Therefore, if ¥|¢. = w, the above two diagrams agree, so ker(fz) =
H°(K7, M3)/p = 0.
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When 9|q. = 1, however, we need to study the map fj in the bottom row more
carefully. Note that in general for C' a p-divisible submodule of A we have an
isomorphism

(1.6) A/Clp] =~ Alp]/Clp]-

Notice that from Proposition 1.1.3 (i), ker(resys; ) = F//O. A similar argument shows
that for Mj[p], the exact sequence (1.2) reads

0 — ker(respyp)) " — F[I'/I,] — F[I'/I,] = F — 0,

so ker(resyz p1) = F.

Note also that from the last row in the first diagram (Gr,), since H (K7, M;)/p =
0, there is an identification H* (K, Mj[p]) = H'(Kz, Mj)[p]. Therefore the domain
of fi is identified with HA(KpMi)lel e 4 = H' (K7, Mj) and C = ker(resyy, ) =

ker(rebM 1)

F/O. The map f5 then looks like
A[p]/F L5 4/(F/O)[p] = Alp)/(F/O)[¥] = A[p]/F,

where the identification in the middle comes from (1.6). However, f; is induced by
the natural map H' (K7, Mj[p]) — H' (K5, M;)[p] := A[p], so fj must itself be an
isomorphism on the quotients. Hence ker(f;) = 0 as well.

Hence in both cases 9]¢, = w and 1, His (K, My[p]) — Hxs (K, My)[p] is an
isomorphism by the snake lemma applied to ‘the second diagramn.r ([

Proposition 1.2.5. The S-imprimitive Selmer group .’{g is A-torsion with u-
invariant 0 and A-invariant

X =AXa)+ D) AP
wWEX , wip

Moreover, Hys (K, Mg[p]) is finite and if g, # w, dimpHbs (K, My[p]) = MX3).

Proof. When 9|g_ # 1,w, this is [CGLS22, Proposition 1.2.5]. Now we obtain

from Remark 1.2.3 that the restriction map defining Hlf(K , M) using unramified
local conditions is surjective, so the sequence
(1.7)
0— Hy, (K, My) > H(K®/K,My) > [] H'(Kuw, My) x H' (I5, My) 7 — 0
weS,wip

is exact. From the definitions, this readily yields the exact sequence

(1.8) 0— Hy, (K, My) — Hs (K, My) — [ [ B (Kuw, Mg) — 0,
wesS
which combined with Theorem 1.2.2 and Lemma 1.1.1 gives the first part of the
proposition.
Essentially the same proof in loc. cit. shows H*(K>/K, My) is 0. More precisely,
we adopt the arguments from Greenberg in [Gre89], as we now explain.

First note that because Gal(K™>/K) has p-cohomological dimension 2, H*(K> /K, M)

is cofree. Proposition 3 in op. cit. yields the following equation of A-coranks:
corank (H' (K /K, My)) — corank, (H*(K* /K, My)) =
Since coranky (H' (K> /K, My)) < 1(it follows from the exact sequence (1.7), to-

gether with Theorem 1.2.2, Lemma 1.1.1 and Proposition 1.1.3), this gives the
cotorsionness of H?(K>/K, My), so H*(K*/K, My) = 0.
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Then [Gre89, Proposition 5] shows that H* (K> /K, M;)¥ has no finite A-submo-
HI(KFJ\/I:_[)

dules. From Proposition 1.1.3, we see that P := ( ker(resar. )
SMy

sequence

)¥ fits into an exact

0P 5 A—> 00,
so P is a free A-module of rank 1. Then (1.7) and (1.8) readily yields

xS HY(K*/K, M;)Y
i 25
as A-modules, and by [GV00, Lemma 2.6] we conclude that %Liq has no finite
A-submodules.
Since %f is torsion with p-invariant 0 by Theorem 1.2.2, the finiteness of
HI}-r‘sr(K, M;3)[p] (and hence of H;_-ET(K, Mj[p]) by Lemma 1.2.4) follows from the

structure theorem. It then follows that H}s (K, Mj) is divisible, and in particular

1

Hie (K, My) = (F/O) ),
which together with Lemma 1.2.4 gives the formula for A-invariant.
The same argument shows that Hxs (K, My [p]) is finite, except that X2 might

have some finite submodules (also from Proposition 1.1.3) so we don’t obtain a simple
formula about the A-invariant. The computation will be postponed to section 1.4. [

Corollary 1.2.6. (i) Assume V|G- # w. Then H*(K*/K, My[p]) = 0.
(7t) When 9|q. = 1, one has an ezact sequence

0 — Hiyg (K, Mi[p]) — H'(K*/K, Mi[p]) — H' (K, Ma[p])/ ker(resns, ) — 0.

Proof. (i) When 9|q_ # 1,w, this is proved in [CGLS22]. Assume 9¥|q_ = 1.
The cohomology long exact sequence induced by multiplication by p on Mj yields
an isomorphism

HY(K*/K, Mj)
le(KE/K’ Mi)

(1.9) = H?(K™/K, Mj[p]).

On the other hand, from the exactness of (1.7) we deduce the exact sequence
(1.10) 0 — His (K, M;) — HY(K*/K, M;) — H (I, M;)“"/% — 0.

Since H' (I, M3)“%/17 is a quotient object of H' (K7, Mj ), the dual of H' (I, M )%/ =
is a subobject of H'(Ky, M;)¥. By Proposition 1.1.3 (ii) the latter is free of A-rank
1, so the dual of Hl(lg, Mi)G?/IT’ has no p-torsion, too. Since we showed in Theo-
rem 1.2.5 that Hs (K, Mj) is divisible, it follows from (1.10) that H' (K> /K, M;)"
has no p-torsion, and so

H*(K* /K, Mj[p]) = 0

by (1.9).

(ii) By Remark 1.2.3 (ii), the global to local map defining the imprimitive unram-
ified Selmer group HYs (K, Mj) is surjective. By Theorem 1.2.5, Hys (K, Mj) is
divisible. Now with our Lemma 1.2.4, the proof of the second claim in Corollary
1.2.6 in op. cit. applies almost verbatim to our case. This finishes the proof. [
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1.3. Local cohomology groups of p;. Recall that f € Si(To(IV))™" is a new-
form of weight £ = 2r. Let T' := Ty be the self-dual twist of the p-adic Galois
representation of f, V :=V; :=T; Qo F, and W := Wy := V;/T;. Let My be the
G g-module

Mf =T ®(9 AY.

Note that one has an exact sequence
0—>Wf—>MfE>Mf—>O.

Recall that by 1 (resp. @) we mean a character ¥ of Gk with ¥|g, = 1 (resp. w)
which may or may not be 1 (resp. w) on Gg. Compared to [CGLS22], we then have
two new cases to deal with:

() 0— F(i) = 7 — F(@) - 0

(ii) 0 > F(@) > p; > F(1) -0
We will see in section 1.4 that the choice of the ordering of the characters appearing
in the decomposition in p; will not matter. For our convenience, assume we are in
case (ii). This assumption is in effect throughout section 1.3 and section 1.4.

Proposition 1.3.1. Let p be an irreducible 2-dimensional p-adic Galois representa-
tion whose residual representation p has semisimplification the direct sum of two
1-dimensional characters. Then there is a lattice such that the associated Galois
representation is a non-split extension of those two characters in a given ordering.

Proof. See [Bel09, Proposition 1.4] O

Note that V7 is an irreducible G g-module (this follows from the Tate conjecture
for abelian varieties if k = 2 and in for newforms of general weight from [Rib77,
Theorem 2.3]), but becomes reducible when restricted to Gk, because it is crystalline
with distinct Hodge-Tate weights and characteristic polynomial having a unit
root [BC09, Theorem 8.3.6]. Hence by isogeny invariance of the BSD Conjecture,
we can assume ﬁf|GK non-split with no trivial subrepresentation and that there is a
short exact sequence

0—F(®) = prlax = F() =0
with ¢ = §lg,, = w.
Theorem 1.3.2. The p-adic Galois representation ps|g,. is crystalline with Hodge—
Tate weights {r,1 — r}.

Proof. This is because p t N [Sch90, Theorem 1.2.4 (ii)] (note that the condition
p = k there can be removed by [Tsu99]). It has Hodge-Tate weights {r,1 — r}
since we have Hodge-Tate weights {0,k — 1} before taking the self-dual twist by
1 —r [Sch90, 4.2.0]. O

We first compute some H° cohomology groups.

Proposition 1.3.3. Let p > 2 be a prime. Let K/Q be an imaginary quadratic
field with p = vv split in K and K..|K be the anticyclotomic Z,-extension.

Assume the reduction p; = Vi/T¢[p] of Vi a 2-dimensional residual Galois
representation of Gq which is a non-split extension

0 F(p) -7y = F(1) -0
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with ¢ = ew* ™1 and ¢ = ¢! and € unramified at p. Then HO(GKl,ﬁf) =0 (ie.,
Py remains non-split over Gk, ).

Proof. Since p; is non-split, it defines a nonzero extension class in
Extpig, (F(e™"), F(ew" ™)) = Extpg, (F, F(*w" 1)) ~ H' (K, (%" ));

here we use that twisting by ¢ induces an isomorphism on Ext'. Thus it suffices to
show that res: H' (K, F(e2wh 1)) —» H' (K., F(2w* 1)) is injective.

Let L = K(g?). It is an extension of K of degree dividing (#F — 1)/2, hence
coprime to p. It is also unramified at p. Since K (w*~1)/K is totally ramified at p as
p>2and K # Q(1/=3),Q(+/—1), one has K(w)n L = K. Note that K (w* 1) 2 K
because otherwise 2 | p — 1 = ord(w) | (kK — 1), but & is even.

Now consider the commutative diagram of inflation-restriction sequences

0 —— HY(Ky|K,F(2w" 1) %x0) 2Ly HY(K F(2w* 1)) —= HY(K.., F(2w" ™))

[ [ |

0 —— HY (LK, |L,F(2w" 1) %rre ) 0y (L F(e?wk 1)) 2% HY(LK.., F(e2w" ™))

The middle vertical arrow is injective by restriction-corestriction because p { [L : K].
The lower left group is 0 because F(e2wF~1)%tkx = F(wk~1)%Lxs = ( since no
non-trivial p-th root of unity is contained in K, because it is a Z,-extension of
K and p,(K) = {1} since p > 2 and K # Q(+/=3), Q(r/—1); note that w*~1 # 1.
Hence the lower restriction morphism is injective, hence by commutativity and
exactness of the diagram the top restriction is injective. (I

For simplicity, in the local cohomology groups, we write the characters as 1 and
w instead of 1 and @ since we do not care about their global behavior.

Proposition 1.3.4. Let w | p. Assume the Galois representation py does not have
a trivial subrepresentation. Assume that for w | p, ﬁf|GKw is an extension of the
trivial representation F by F(w).

(i) H'(K,Vy/Ty) = 0.

(ii) HO(K,, V;/Ty) is finite and cyclic, i.e., isomorphic to O/p® with a > 0.

(iii) H° (K, My) is finite and cyclic, i.e., isomorphic to O/p® with b > 0.

Proof. (i) Follows by assumption on Ty by Proposition 1.3.1.

(ii) Note that we have V;/Ty = M¢[T], hence H(?,V;/Ty) € H° (2., V/T})[T]
for 7 € {K, Ky}, so (ii) follows from (iii).

(iii) Note that py|q,  is crystalline with Hodge-Tate weights {r,1 —r} by Theo-
rem 1.3.2. By [BC09, Theorem 8.3.6], ps|q,, is reducible

0— F(o) — prlg, = F(1) =0

with characters o, 7 having Hodge-Tate weights {r,1 — r}. By [BC09, Propo-
sition 8.3.4], {o,7} = {ex",e 'x!7"} with ¢ an unramified character of
Gk,. But for m # 0, ex™ is non-trivial on G, , by Lemma 1.0.2 (ii).
Hence H°(K 4, F(ex™)) = 0, so H (K, ., F/O(ex™)) € F/O is finite
and cyclic whenever » > 1. (Note that H°(K, ., F(ex™)) = 0 implies
H (K 0, F/O(ex™)) is finite by [KO20, Lemma 2.7]). Hence in order to
show HO(KI,W V¢ /Ty) is cyclic, it remains to show that for one of 7 = ¢, 9,
the invariants H(K . ., F/O(?)) = 0.
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Note that at least one H(K.,, F(p)), H* (K, F(1)) is 0 (since one of them
is w when restricted to G,). Since ord(w|g,, ) =p —1 (since p — 1 is coprime
to p), also at least one H(K, ., F/O(p)), H (K v, F/O(¥)) is 0. Hence
H(K o 4, Vy/Ty) S F/O and the finiteness result in the above paragraph
shows that we cannot have equality.

Now if r = 1, ps is the p-adic Galois representation attached to an abelian
variety A/K,, with good reduction. Since A/K,, has good reduction, its Néron
model &7 /O, is an abelian scheme. It satisfies the Néron mapping property
o (Ok,) — A(K,). Since & is an abelian scheme, <7[p"] is a finite flat
group scheme over Ok for all n = 1. Now for any finite flat group scheme G

over Ok one has an exact sequence

0=G"0k,.,) = G(Ok,.,) > GOk, )

coming from the connected-étale sequence. Since Ok, , is a Henselian local
ring, G*(Ok,, ) ~ G*(F,,) for the finite residue field F,, of Ok,, . Note that
since K, /K, is infinitely ramified, the G*(Ok,, ) will eventually stabilize
for n —» o0 if G = &/ [p"] since an abelian variety has only finitely many points
over a finite field. Hence A[p™ (K ) = H° (K., M) is finite.

For future use, we mention that the same argument gives the finiteness of
H°(K,, Fil~ (My)) if one replaces G by G¢* throughout. O

Lemma 1.3.5. Let w|p in K. Then H'(K,,, M;) has A-corank 2.

Proof. Let X := H'(K,,, My)¥. Consider the exact sequences

(1.11) 0— V/Tf - My L5 My -0
and
(1.12) 0—p; = V§/Ty = Vy/Ty — 0.

We aim to study the O-rank of X /T and mimic our argument in Proposition 1.1.3 (ii).
We will show that X[T'] = 0 and the O-rank is 2, then the A-rank of X is 2 by the
topological Nakayama lemma as in Lemma 1.1.2.

We would like to study the following short exact sequence coming from (1.11)

(1.13) 0 — HY(K,, M;)/T — H' (K, V};/Ty) — XV[T] — 0,

where the first term is finite by Proposition 1.3.4 ().
By (1.12), there is an exact sequence

(1.14) 0 — H' (K, Vy/Ty)/p - H* (K, py) — H* (K, Vy/Ty)[p] — 0.

We claim that the last term in the above sequence is 0. Indeed, H*(K,, V}/Ty) =0
because it’s dual to H(K,,, Ty) which must vanish because H"(K,,, V;/T}) is finite
by Proposition 1.3.4 (ii). Note that there is a sequence

0— HO(KUHF(w)) =0— HO(Kwypf) - HO(KuuF(]-)) =F,
SO HO(Kw,ﬁf) has F-dimension 0 or 1. From local duality and self-duality of py,

HQ(Kw,ﬁf) = HO(Kw,ﬁf)V has the same dimension. Now we consider two cases.
Case I: dimp(H?(K,, ;) = dimp(H* (K., 7)) = 0.
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In this case, from the local Euler characteristic formula [NSWO08, Theorem 7.3.1],
Hl(Kw,ﬁf) has F-dimension 2. By (1.12), there is an identification
(1.15) H' (Kw, Vi /Tp)[p] =~ B (Kuw, py)/(H (K, Vi/Ty)/p).-

Since in this case H (K., V;/T) = 0, from (1.15) we see that H' (K, V/Tf)[p]
has F-dimension 2. Therefore H' (K., V;/T})/p = 0, so H' (K., V;/T}) is O-cofree
of rank 2. Hence X /T is also O-free of rank 2.

Case IL: dimp(H*(K,,p;)) = dimp(H" (K4, pp)) = 1.

From (1.14), we see that H'(K,,, V};/Tt)/p also has F-dimension 1. Again by
the local Euler characteristic formula, Hl(Kw,ﬁf) has F-dimension 4. Since in
this case H’(K,,V;/Ty) is non-trivial, we see from Proposition 1.3.4(ii) that
H°(Ky,V;/Ty)/p = F. So by (1.15), H' (K., V;/T})[p] has F-dimension 3. Hence
ko (X /T) = corankep (X V[T]) = corankoH' (K, V;/T}) = 2.

Now we show that X[T'] = 0. Indeed, the same arguments in Proposition 1.1.3
Claim 0 shows H?*(K,, M) = 0. We therefore have an identification XV /T =
H' (K, My)/T = H*(K,, V¢/T;) = 0. Now by Lemma 1.1.2 ((i) for Case I and (ii)
for Case II), X has A-rank 2. O

Similarly as in Proposition 1.1.3, we define the restriction map for My by
vesyr, : H' (K, My) — H' (L, My)%o/te.
Define resy,[p) by replacing My with M [p] in the above definition.

Lemma 1.3.6. ker(resys,) is finite and cyclic. Moreover, when H°(K.,, My) is
non-trivial, ker(resys,[p]) = F and when H°(K,, M) =0, ker(resys,p)) = 0.

Proof. Similar to (1.2), there are two exact sequences for My and M [p] respectively:
(1.16) 0 — ker(resps, ) — (M), — (M})5, — My /T — 0.

and

(117) 0= ker(resap)¥ — (My[p]¥) 1, — (My[p]¥) 1, — My[p]¥/T — 0.

Note that the last term in (1.16) is nothing but the dual of H(K,,, M), which is
finite by Proposition 1.3.4 (iii). Therefore H’(K,, M) = H°(K,, M) = O/p™ for
some n = 0.

Note that (M})y, is A-torsion because I,, is non-trivial by Lemma 1.0.2(iii),
so ker(resys, ) is also finite because characteristic ideals are multiplicative in exact
sequences of torsion A-modules. Moreover, if HO(Kw,M t) = 0, by Noetherian
property of A the A-module surjection

(M{)1, = (M{)1,
must be an isomorphism so ker(resys;) = 0. Before proving it’s always cyclic, we
first prove the second half of this proposition.

First assume H’(K,,, My) is non-trivial and hence cyclic, then M;[p]¥ /T
H" (K, My[p])¥ = (H(Ky, My)[p])” = F. Since (My[p]")1, = (H* (L, Ms[p]))* =
(HO(Iw’I,ﬁf))v is finite (the second equality follows from Shapiro’s lemma), it fol-
lows from sequence (1.17) that ker(resps,[p) = F.

Now if H (K., M;) = 0, then M[p]¥ /T = 0 so again from sequence (1.17) we
see that ker(resys,p)) = 0.

<
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Finally, we show ker(resy,)[p] S F, from which it follows immediate that
ker(resyys, ) is cyclic because we have showed it’s finite.
Consider the diagram

0 ——— ker(res) ————— ker(resas,[p)) —— ker(resar,)[p]

| | |

0 —— H(Kuw, My)/p —— H'(Kuw, M¢[p]) —— H'(Kuw, M¢)[p] — 0

8 l l

0 —— H°(Lw, My)/p — H' (L, My[p]) —— H'(Lw, My)[p] —— 0

|

coker(res)

When H°(K,,, Ms) = 0, we have seen that ker(resps,) = 0.

Now assume H°(K,,, M) is non-trivial so H’(K,, M¢)/p = F. In this case also
ker(resa,[p)) = F. Since again H°(1,,, M¢)[p] = HO(L,, M;[p]) = HO(Iwm,ﬁf), we
have an exact sequence

0 = H(Ly,o0, F(w)) = 0 = H(Ly, My[p]) = H'(Ly,, F(1)) = F.

Here HY(1,, ., F(w)) = 0 because w is ramified and I,/I,, » is a pro-p group while
the trivializing extension of w has order dividing p — 1. Hence HO(Iw, My)[p] € F.
It follows that H(I,, My) € F/O and H°(I,,, M;)/p € F.

Now if H’(I,,, My)/p = 0, from the above diagram we see that coker(res) = 0
and the snake lemma yields a surjection

ker(rest[p]) = F — ker(resp, ) [p],
so ker(resps,) € F.
1t HO(I,, My)/p = F, then ker(res) = coker(res) € F. If both are 0, ker(resys, )[p] =
ker(resyz,[p)) = F. If both are F, then the snake lemma yields an injection

ker(resys, )[p] — coker(res) = F,
so again ker(resys, )[p] S F. O

1.4. Selmer groups of p;. Similarly as for that of My, we define an unramified
Selmer group for f by

Snr, f

re:
HL (K, My) = ker {Hl(KE/K, Mp) L T HY (L, M) %o/ x HY (I, Mf)Gv/fv}

weX, wip

and an S-imprimitive unramified Selmer group, where S = ¥ — {v,T, w0}, by
I'ESS
HYo (K, My) = ker {Hl(KE/K M) 2, (g, Mf)Gv/fv}.

The residual Selmer groups Hy (K, M/[p]) and Hys (K, M/[p]) are defined in
the same manner. ”
One can similarly define the Greenberg Selmer groups for f by imposing triviality
at v.
By Ribet’s Lemma [Bel09], from the decomposition p} = F(p) @ F (1) one has
an exact sequence
0— F(¢) — 5y — F() 0,
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which further induces and exact sequence of Gal(K*/K)-modules
0 — M[p] — My[p] — My[p] =0,

where ¢ -1 = w. The cases left out in [CGLS22] are when one of ¢|g,,?%|q, is
trivial. Hence we assume this is the case.

Note that by Perrin-Riou’s formula in [KO20, Proposition 2.9], the order of ¢
and ¢ does not matter: Conjecture 1.2 (1) in op. cit. is true (the Selmer group
is A-cotorsion), so Conjecture 1.2 (2) (the anticyclotomic Main Conjecture for our
modular forms)! is independent of the lattice T. Therefore we are free to assume
that |g, = w and 1|g, = 1. We then write the global character ¢ (resp. 1) as
@ (resp. 1). We remark here that the BSD Conjecture is also independent of the
lattice (see for example [Mil06, 1.7]).

From now on, by essentially choosing a lattice T, we fix the following ordering
of the characters appearing in the above sequence

(1.18) 0 — Mg[p] — M¢[p] — Mj[p] — 0.

We remark here that the second character 1 may be non-trivial or trivial on Gg-.
Therefore, H*(K* /K, M5 [p]) may or may not be 0. Since the semisimplification a3
is independent from the choice of a lattice Ty, we must study both cases. However,
from [BP19, Theorem 5.2], we can always choose a non-split extension of Py so
that F(1) (the global trivial character) is never a subrepresentation, so we could
always assume that H'(K™>/K, M;) = 0 (equivalently, H"(K, py) =0), ie., there is
no global torsion for f (it should be mentioned that their assumption (Good Eisen)
is not necessary for our use). We will do so in the rest of this paper. We also include
some partial results without assuming global non-torsionness in the appendix for
interested readers.

Let Xy and f{}? denote Pontryagin dual of the primitive and S-imprimitive
unramified Selmer groups of f. This section is devoted to proving the following
relation between the A-invariants of the imprimitive Selmer groups under the
assumption that there is no global torsion:

Theorem 1.4.1. If p|a, =w (so Y|g, =1) and ¢|lg, # w (s0 Y|a, #1). Then
AXF) = MED) + A&x)).
If vlg =w and Y|g, =1,
AEF) +1=A(X) + Mx).
Furthermore, %? and Xy are both A-torsion with p-invariants 0.

Proof of the theorem: First notice that the sequence (1.18) yields a commutative
diagram

H}gr(K, Mz [p]) — Hys (K, M¢[p]) — His (K, Mz[p])

Gr Gr

| | |

HY(K*/K, Mg[p]) —— H'(K*/K, M¢[p]) —— H'(K*/K, Mi[p])

! ! !

H' (K7, Ma[p]) ——— H'(Kz, M¢[p]) —— H' (K7, Mi[p])

Lsee also Remark 2.2.4.
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with exact rows. It then follows from Theorem 1.2.5 that Hlfg (K, Mji[p]) and
H_l;—g (K, Mz[p]) are finite (since Greenberg’s Selmer groups are smaller than un-

ramified ones). Now Hlfg(K ,M/[p]) is finite and there is an exact sequence
0 — Hye (K, My[p]) — Hie (K, My[p]) — ker(resnr, ) (< F),

from which it follows that His (K, M¢[p]) is finite.
We have the following 2 diagrams for f with exact rows and columns similar to
those of the characters in Section 1.2 and Lemma 1.2.4:

(Gr,f)
Gr,0

0 —— ker(ry"") ——— HLs (K, M¢[p]) —— H;gr(K, Mp)[p]

| | |

0 —— HY(K™/K,My)/p —— H'(K*/K, My[p]) — H'(K™/K, Mf)[p] — 0
0 —— HO(Kg, My)/p ——— H' (K7, My[p]) ——— H'(Kz, My)[p] —— 0

(nr, f)
nr,0

0 —— ker(r2"®) ———— Hl (K, My[p]) ——— Hs (K, M))[p]

| | |

0 —— HY(K™/K,My)/p — H'(K*/K, M;[p]) — H'(K*/K, My)[p] —— 0

Y Tgr,l
v v

H (K, My [p]) s Hl(K?va)[ ]
ker(rest[p]) ker(rest) p

0 ——— ker(f)

Since HY(K>/K, M¢) = 0 and as we shall see, ker(f) € F, Hxs (K, My)[p] must
also be finite. Then from the structure theorem it follows that %? (and hence Xy)
are A-torsion with p-invariants 0. This proves the last part of the theorem.

Remark 1.4.2. As in Remark 1.2.3, the global-to-local map defining the Selmer
groups (both the Greenberg’s one and the unramified one, both primitive and
imprimitive) for f is also surjective in our case, due to [PW11, Proposition A.2].

(1) is already proved.

(2) is a proved above (both primitive and imprimitive).

To see (3), since py is self-dual, the cohomology group we consider is identified
with HY(K,, V;/T¢). By the comments before [CGLS22, Lemma 3.3.3], we have
p(GK,) = ps(Gq), so we need to show that H(Q, V};/Ty) is finite. Assume this
is infinite, then V¢/Ty = (F//O)? has at least a Gq-stable copy of F//O. Since we
could recover Ty = lim V/Ty[p"] from V}/Ty, this implies Ty has a Gq-stable copy
of 0. However, this contradicts the irreducibility of T as a Gq module, a result of
Ribet in [Rib77].

(4) holds by Lemma 1.3.5 (for Greenberg’s Selmer group) and Lemma 1.3.6 (for
the unramified Selmer group).

To finish the proof of the theorem, it remains to compare the A-invariants. Recall
that by Lemma 1.3.6, ker(resys, ) is finite. We now have 3 different cases to consider:
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I H°(K,, My) is non-trivial and ker(resps;) =0
II Both HO(K“,7 My) and ker(resys, ) are non-trivial
I HY(K,, My) =0 (so also ker(resys, ) = ker(resyy,[p]) = 0)
For simplicity, we first assume ker(resys,) = 0. In this case, the map f is surjective.

Case I:

Note that H’(Kz, My) is cyclic and non-trivial, so by Proposition 1.3.4 (iii)
one has H’(Kz, M;)/p = F. Therefore ker(f) = 0. Also H(K*/K,M;)/p = 0
by Proposition 1.3.3.

To apply snake lemma, we add a fourth row to the unramified diagrams and
abbreviate them as follows (here ? = 1, f or @):

(nr,?)
0 0 Sel(Mz[p]) ————— Sel(M=)[p]

| |

0 —— HYK=/K, M?)/p =0 — HY(K®/K, M-[p]) —— H'(K®/K, M>)[p] — 0

79 f?[w] lm [»]

H! (K3,M> f2 H (K5, M,
0——— ker(f?) =0 ker((r:sM?[EJp]])) ker((res,lw7 )) [p] 7777777 > 0
0 cokers;) ——— > cokers[p] --------- s 0

Here dashed lines are used because in the case ker(resys,;) # 0 they may not be
exact. We also remark that the cokernels appearing in the above diagrams are finite
since all groups have finite O-rank.

Note that by the structure theorem of finitely generated A-modules (since
w(Sel(M-)) = 0) the M-invariants of Sel(M-) can be computed as
A(X§) = dimpSel(M?)[p] — dimpSel(M>) /p,
whereas cokers[p] = im(Sel(M>)[p] — Sel(M-)/p) by Remark 1.2.3 and Remark 1.4.2,
so in particular
dimgSel(M-)/p
=dimp ker(Sel(M:)/p — H' (K> /K, M2)/p) + dimpim (Sel(Mz)/p — H' (K /K, M=) /p)
H1 K§7 M?
-, H By M), ).

=dimgcoker;[p] + dimr ker (H1 (K™K, M>)/p RS E—
M,

Denoting the last kernel by K-, we get
MXY) = dimpSel(M?)[p] — dimpcokers [p] — dimp K.

Now by Corollary 1.2.6, the last two terms are 0 when ? = 1. Hence, if we use
d(-) to represent the F-dimension of an F-vector space, we get the following

Lemma 1.4.3. We have
(i) d(Sel(Mz[p])) = A(X3),
(ii) d(Sel(My[p])) = A(X3) + d(coker ) + d(K),
(iii) d(Sel(Mg[p])) = A(XE) + d(cokergpy) + d(Kz).
The next step is to relate the left hand sides of the above equations. Unlike
in [CGLS22], they do not simply satisfy an additive relation. Instead, we have
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Lemma 1.4.4. If1 # 1 (i.e., the local trivial character is not globally trivial), we
have

d(Sel(M¢[p])) = d(Sel(Mg[p])) + d(K) + d(cokerg[p)) — d(cokergy)) — d(C) + 1,
where K (resp. C) is the kernel (resp. cokernel) of the map

H (K, Map]) _ H(KG, Mf[p])).
ker(resaz, [p]) ker(rest [v])

coker(H (K /K, M3[p]) — H'(K>/K, M{[p])) — coker(

If1 =1, we have
d(Sel(My[p])) = d(Sel(Mg[p])) + d(K) + d(coker (1) — d(cokergy)) — d(C).
Proof. This is just generalized snake lemma:

0( ----+ » F) —— HY(K®/K, Mz[p]) —2— H'(K®/K, M¢[p]) — coker(g) — 0

l | |

H' (K7, Mg [p]) 95 H' (K7, M [p])
0 F ker(res s, [p]) ker(rest[p]) COke\I(gﬁ) —0
cokergp) ——————— cokery[p) C 0

Here the map ¢ is injective if 1 # 1 and it has kernel F if 1 = 1.2
To see why the top two rows are exact on the left, first notice that HY (K> /K, M-[p]) =
0 for all ? = @, f and 1 if 1 is globally non-trivial (it’s F otherwise). This
gives exactness of the first row. Now H°(Ky, Mj[p]) = F and H°(Ky, M;[p]) =
H° (K7, My)[p] = F because we are in Case 1.
Thus the map
H' (Ko, Ma[p]) — H' (K7, My[p])

is injective. Adding the local conditions ker(resyz, p]) = 0, ker(resys,p)) = F, we
get an exact sequence

H' (K7, Ma[p)) s H'(K7 M;[p))

. O
ker(res s, [p]) ker(resaz, p])

0—->F—

For later use, we remark that we also get from the above argument that
coker(gz) = coker(H' (K, My[p]) — H' (Kz, M;[p])).

To finish the proof of Theorem 1.4.1, we now relate Ky to K. The argument
in Corollary 1.2.6 (or more precisely, [Gre89, Proposition 3, Proposition 4] together
with Proposition 1.1.3 and Lemma 1.3.5) implies the vanishing of H?(K> /K, Ms).
We can then identify Ky (resp. Kj) with KJ(E) (resp. Kg)) in the following two
diagrams (noting that ker(resys, ) = ker(resyr,) = 0)

2This is the only place where global trivialness of the character makes a difference on the
algebraic side. Similar difference also appears if we choose the other ordering of the characters, since
it determines whether f has global torsion, as the (local) trivial character is a subrepresentation
in that case. This difference corresponds to a different Iwasawa Main Conjecture for the (global)
trivial character. See Theorem 2.2.3.
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0 Ky - K® 0 0

| | !

0 —— HY(K*/K,My)/p —— H*(K*/K, My[p]) —— H*(K*/K,Mf)[p] =0 —— 0

! ! !

0 —— H'(K5, My)/p ——— H*(Kg, My[p]) —— H* (K5, My)[p] —— 0

0 Ks = K 0 0

| | l

0 —— HY(K®/K, M3)/p —— H*(K®/K, M3[p]) —— H*(K*/K, Mz)[p] =0 —— 0

0 —— HY (K3, M3)/p ———— H*(Ky, Ms[p]) ———— H* (K5, Mz)[p] ———— 0

It therefore suffices to relate K 7(02) to K 5)2).

Corollary 1.2.6 also gives the vanishing of H*(K>/K, Mj[p]). By local duality
and Shapiro’s lemma, we get H?*(Ky, Mi[p]) = H* (K5, F(w)) = 0 as well. We
then obtain the following diagram

(K KP)

0—— K K® K®

o—f

| | |

0 — ker(h) —— H*(K*/K, Mz[p]) —— H?(K®/K, M;[p]) —— H*(K*/K, Mj[p]) = 0

! !

0 —— ker(hy) —— H (K, Ma[p]) —=— H2 (K, My[p]) —— H2(Ky, Mj[p]) =

0
from which we get

2 2
(1.19) dES) = dEP) + Ak ).
The middle left vertical map is surjective because its domain and codomain are
quotients of those of H'(K>/K, Mj[p]) — H*(Kv, M;[p]) which is surjective.
Next, consider the diagram

0 K Sel(Mj [p]) ———— ker(j)

| |

0 — coker(g) — H(K*/K, Mj[p]) — ker(h) — 0

(Sel, 1) l Jj

i H (K, M [p]) ,
0 —— coker(gz) — (reSMil[p]) coker(i) —— 0

| |

C 0 0 0
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where g, g7 are the maps in Lemma 1.4.4. Note that by Corollary 1.2.6, the middle
vertical map is surjective, so is the right vertical map. We thus conclude that
(1.20) d(Sel(Mi[p])) = d(K) + d(ker(3)) — d(C).

The above diagram together with the diagram

0 0 ker(resp;) = F —— ker(k)

l

0 —— coker(H' (K7, Ms[p]) — H' (Ky, Ms[p])) —— H' (K5, Mi[p]) —— ker(hy) —— 0

l

i H' (K, Mj [p])
ker(resM:~l Ip1)

|

0 0 0 0
then yields the following diagram

=

0 coker(gz)

0 K?, —=—K», ———0
0 ker(7) ker(h) —— coker(i) —— 0

| | -

0 —— ker(k) = F —— ker(hy) — coker(i) —— 0

T

0 0

from which we see

(1.21) d(ker(j)) = d(KZ, ) + 1.

o—f

Combining equations (1.19), (1.20), (1.21) with Lemma 1.4.3 and Lemma 1.4.4,

we get
AXT) = MED) + \(x3)
if p = & # w (equivalently, if 1) = 1 # 1); and
AXF) +1=A(X) + A\(x3)

if o = @ = w (equivalently, if 1 = 1 = 1).

Case II: ker(resys;) = O/n" for some n > 1

In this case, it is necessary that ker(respr,)[p] = F = ker(resps,[p]). Since
ker(resys, ) is no longer divisible, the natural injective map

Hl(Kﬁ’ Mf)[p] N Hl(KU7 Mf) [p]
ker(resns, ) [p] ker(resys, )
has cokernel ker(ker(resys,)/p — H' (K7, M;)/p) which might be 0 or F. Denote

this cokernel by CY.
The map

H' (K5, My[p]) _ H' (K7, My)
ker(resyy, [p]) ker(resyy, )

[p]
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factors through the above map and has kernel F. The diagram (nr,?) now becomes

(nr,? = f)

0 0 Sel(M[p]) —————— Sel(My)[p]
0 0 H'(K*/K, My[p]) —— H'(K*/K, My)[p] —— 0
9 lrf[p] Jj‘f [r]
_ H! (K4, M [p]) fr H (Kz,My)
00— ker(ff) =F ker(reshlf[p]) ker(resN[f) [p] Cf 0
F ———— cokerj,] —— cokery[p] Cy 0

Therefore as in the Case I we still get
A(X7) = dimpSel(M;)[p] — dimpcoker ;[p] — dimp K,
and hence
(1.22) d(Sel(M¢[p])) = )\(.’{J‘?) +d(Cy) + d(cokerpp)) + d(Ky) — 1

by the generalized snake lemma.
Finally, we compare Ky to Kz in this case. Recall that in Case I we showed that

d(Kz) = d(ker(H' (KZ/K, My)/p — H' (K5, My)/p)) + d(KS, ;)

(here the first kernel coincides with K in that case), it suffices to compare K J{ =
ker(H' (K, My)/p — H' (K, Mj)/p) to Ky. This is done by considering the following
diagram

0 0 Kj Ky
0 0 HY(K®/K,M;)/p —— HY(K®/K, Ms)p — 0
0 —— Cy — ker(resnr,)/p = F ——— H' (K5, My)/p Iif{f;’;%f))/p 0

0 Cy F 0 0 0

IfCy=F, Ky = KJ{ and (1.22) becomes exactly as in Case I, so the result follows
by the same computation. If Cy =0, Ky = KJ{ + F and (1.22) becomes

d(Sel(Mg[p])) = MX7) + d(coker yp)) + d(Ky) — 1,

and d(Kg) = d(Ky) + d(K(z) ) — 1. The same result follows from this observation.

o f
Case IIT: H(K,,, M;) = 0
In this case, it is necessary that ker(resys, )[p] = F = ker(resps, [p]) by Lemma 1.3.6.

We only study what can be different from Case I.
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The diagram (ur,? = f) now becomes

0

Sel(My[p]) ———— Sel(My)[p]

| |

0 ——— H(K*/K,My)/p = 0 ——— H'(K¥/K, M¢[p]) —— H'(K*/K, My)[p] — 0

lrf[p] le [»]

M) fp =0 —— HY(Kq, My[p]) —2— HY(Ky, My)[p] — 0

| !

coker yf,) ———— > cokerf[p] —— 0

<T — O
~o

0 —— ker(fy) = H%(

T

O

which agrees with Case I.
H°(K7, My) = 0 also implies H” (K7, M¢[p]) = 0, so we get an exact sequence

0 — H(Kq, Mi[p]) = F — H' (K7, My[p]) — H' (K7, My[p]).

This is exactly the final ingredient in the proof of Lemma 1.4.4. Now exactly the
same arguments as in Case I give the desired relation. O

1.5. Comparison I: Algebraic Iwasawa invariants. We’re now ready to state
the main result of the algebraic side.
Let
Pw(f) = HU(Eil’yw) €A
with Vy =T ® Q¢ and P, = det(1 — Frob, X | Vf’[w).
Recall that we have fixed the ordering of the characters appearing in the following
decomposition:

0 — Fp(=)) = p; = F(¥(= 1)) = 0.

Theorem 1.5.1. Assume that ¢|g, = w and |g, # w.
Then the module Xy is A-torsion with ,u(fff) =0 and

AXp) = MX,) + AXy) + D) {MPw(©)) + APw (1) = AM(Pu()}.
wesS

In the case where ¢|g,. = w, the same results hold except that the relation between
A-invariants now becomes

MEp) +1=A&Xp) + AMXy) + D) {AMPu(9) + APu(®) — A(Pu(f)}-
weS
Proof. With our Theorem 1.4.1 and Remark 1.4.2, the proof is the same as that
of [CGLS22, Theorem 1.5.1]. O

2. ANALYTIC SIDE

Let f € Sk(To(N)) with & = 2r be a newform, p 2N and K an imaginary
quadratic field satisfying the Heegner hypothesis. As on the algebraic side, we
assume p = vv is split in K. We further assume that the discriminant Dg of K
is odd and Dk # —3. Recall that A = O[I'] denotes the anticyclotomic Iwasawa
algebra, and set A" = A®zp Z), for Z)' the completion of the ring of integers of
the maximal unramified extension of Q. This is where the BDP p-adic L-function
lives.

In this section, we continue to study the case p7 = F(p) @ F(¢). Note that
the cases when ¢|g, = 1 (resp. w) but p|g, # 1 (resp. w) are already studied
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in [CGLS22]. We therefore only state the theorems we need and explain how to
extend the results to the case where ¢|g, = 1.

2.1. p-adic L-functions.

2.1.1. The Bertolini—-Darmon—Prasanna p-adic L-functions. Thanks to the Heegner
hypothesis, we can fix an integral ideal 91 € O with

Proposition 2.1.1 (p-adic interpolation property). There exists an element Ly €
A™ characterized by the following interpolation property: If & € Xp- is the p-adic
avatar of a Hecke character & of infinity type (n,—n) with n = 0 and p-power
conductor, then
o AT (n+ 5)P(n— &+ 1) (M)
Z5(§) = 0dn 2n+1 2n—1
Qk (2m)2m 1 (v Dk )?"

Here and in the following p-adic units may be ignored in the expressions.

(I=ap(f)p &) +& @) ) L(f/K. €,

Proof. This is proved in [CGLS22, Theorem 2.1.1], using results from [CH18]. We
remark here that the assumption p { (2k — 1)! can be directly removed from op. cit.
so for arbitrary weights we would be able to study all odd primes.

More precisely, [CH18, Prop. 3.8] gives

Lp(€) = Q2P LA (L 1 @E) - ep(f,10€) - E(OTY) - 2# AW B eoe(f) - ud /D,

where
C(n+r)T(n—7r+1) L3, 75k ®E)
20n (VDR O

since Im(¥) = —V?K. Note that we can take ¢ = c¢yp = 1 for our application to
the weight 2 BSD formula (see for example [CGLS22, Theorem 5.1.3] where the
summation is over o € Gal(H/K)), so in particular p { ¢o and

ep(f,8) = (1= a,(flp™"&p) + &)™)

Also notice that ug = 1if D < —4, A(¢p) = 1 since (Dg, N) = 1. The global root
number e(f) = +1 is ignored since it’s a unit. Now as in [CGLS22, Theorem 2.1.1],
put 1€ in place of ¢ for a Hecke character n of infinity type (g, —g), and notice
that 7(91) is also a unit since p{ N, we get the desired interpolation property. O

LM8(5, 7k ®€) =

Remark 2.1.2. We mention that the period Qg is denoted by Q. in [CGLS22].
But as is pointed out in [CGS23, Remark 2.3.2], the ., defined in the next theorem
(coming from Katz, de Shalit and Hida—Tilouine) is different from the Qx in this
proposition (coming from [BDP13]) and they satisfy the relation Q.. = 27i - Q.

2.1.2. Katz p-adic L-functions.

Theorem 2.1.3. There exists an element Ly € A™ characterized by the following
interpolation property: For every character & of I' crystalline at both v and v and
corresponding to a Hecke character of K of infinity type (n,—n) with n € Z~y and

[SIES
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n=0 (modp—1), we have

_ o gy @m)nTE o
Lo(§) = qan 4L (n +3) N (1 =97 ()&~ (v)) - (1 = I(P)E(@)p™")
re K 2

<[] = 9(0E)e) - L(OxENE,0).
{c

Proof. See [Kril6, Theorem 27]. Similarly as in [CGLS22, Theorem 2.1.2], we take
k
X = 9kENE kL =n+ g, ke = —n + % (note that the infinity type of the Hecke

characters in these 2 papers differ by a sign. Also the weight in [Kril6] is k& while
the weight in [CGLS22] is 2k). O

2.2. Comparison II: Analytic Iwasawa invariants.
Theorem 2.2.1. L; = (&) ,)* - (L,)? (mod pA™).

Proof. See [CGLS22, Theorem 2.2.1]. Note that when ¢|g, # 1, we always have
full Eisenstein descent by [Kril6]. If ¢|g, = 1, we would only get partial Eisenstein
descent in some cases. However, the proof in [CGLS22] essentially only requires
partial Eisenstein descent because only the constant term of G (a certain Eisenstein
series in loc. cit.) can be different and the p-depletion of G' does not see the constant
term.

We remark here that the formula in [Kril6, Theorem 37] now becomes

_ O L+ §em (V=Dr)E®t 1

o ) (i)t S DR
k
(805 ww_17N+a N—7NO) : L(QOKng(? O)a

Lc(6)
X= _k
5—1NK2

k
where we take 7! = (N2, 1 =, o =7 =¢w™ and j =n — % Here we're
using N (t) = 1 is a unit since p { ¢ because ¢ | N.

From Remark 2.1.2; the above formula becomes

Lot = B Dt 57 (V=Di)§Mt  (2mi)—
o) = =2 .
Qz 9(¢) \ /DKW%
k
xE ,E(@,ww_l,N+7N,,N0)'L(@Kfo(70),
§_INK2
which agrees with the formula in [CGLS22, eq. (2.7)]. O

Combining the above inputs, as in [CGLS22|, we obtain the following:

Theorem 2.2.2. Assume that p} = F(p)®F (¢) as Gq-modules, with the characters
@, ¥ labeled so that p t cond(p). Then pu(Ly) =0 and

MLp) = ALy) + MLy) + Y HAMPu(9) + A(Pu(®)) — A(Pu(£))}-

weS

Theorem 2.2.3. Assume that py° = F(¢) @ F(p). Then pu(Ly) = u(Xy) =0 and
ALf) = A(Xy).
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Proof. The proof relies on the one-variable Iwasawa Main Conjectures for the

characters which is already explained in Theorem 1.2.2. We will add a little more

detail. When ¢|g, ¢ {1,w}, the proofs are identical to those in [CGLS22]. Note

also that in those cases the results on the algebraic side (see Theorem 1.5.1) are also

compatible. We explain how to modify the arguments to the case where ¢|g, = 1.
It is essentially proved in [Rub91] that for any character ¢ of Gk, we have

Char(H}. (K, My)) = Char(U,, /%",

where U, and %, are the local units and elliptic units defined in op. cit. As is
mentioned in the remarks after Theorem 4.1 there, the further identification

Char(U,/%,)" = Char(Ly)

is done in [CW78]. Notice that they need to assume (i) p > 3; (ii) p is not
anomalous for their elliptic curve E; and (iii) ¢ # 0 where ¢ is the power of x
acting on the isotypic components (U, /€. ), with x giving the canonical action
of Gal(K(E[r])/K) on E[r]. Notice that our mod p character ¥ is the reduction of
X, where the trivial character 1 corresponds to ¢ = 0 and w corresponds to i = 1.

The above assumptions are not needed in a more general theorem [dS87, II1.1.10]
of de Shalit, but the result is different when 9|, = 1. We remark here that the
i = 0 case can also be studied directly using the idea of [Yag82, Lemma 28] where
(41,42) = (0,0), which also yields

Char(U../€,)* = Char(Ly - T),

showing that A(X1) = A(L£1) + 1. Together with Theorem 1.5.1, this yields the
equation A\(X;) = A(Ly), as expected. O

Remark 2.2.4. The above arguments imply that the standard Iwasawa Main
Conjectures for the trivial character is different from others, namely the algebraic A-
invariant is bigger than the analytic A-invariant by 1. Actually, it is always predicted
that some global torsion terms should appear (see, for example, [Gre94]). However, in
our setting, even if f has global torsion, it must be finite (from Proposition 1.3.4 (iii))
and will not affect the A-invariants, so our use of Perrin-Riou’s formula in section 1.4
is justified.

3. PROOFS oF THE IwasawA MAIN CONJECTURES

We will directly adopt the notations and the arguments from [CGLS22] to prove
the main theorems of this paper, some of which are further generalized in [CGS23].
More precisely, we will prove two Iwasawa Main Conjectures at a time. In the
Kolyvagin system argument, we need to replace their assumption E(K)[p] = 0 by
HO(K , ﬁf) = 0 so that their arguments apply to arbitrary weight modular forms.
By the arguments in the beginning of section 1.4, we are allowed to make this
assumption. We will list the intermediate results we need and comment on what
should and should not be changed.

Let f € Sk(I'o(N))™™ be a newform and let Z[f] be the coefficient ring of f with
field of fractions Q(f). Let F' be a finite extension of the completion of Q(f) at a
chosen prime above p t 2N with ring of integers O. Let m € O be a uniformizer and
F := O/ be the residue field of O. Throughout this section, assume that

(h.1) HO(K,p;) = 0.
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As before, I' = Gal(K,,/K) denote the Galois group of the anticyclotomic Z,,-
extension of K. We let a: I' = R* be a character with values in the ring of integers
R of a finite extension ®/Q,,. Let

r:=rkpR.

Let ps: Gq — GL2(F') be the unique semisimple p-adic Galois representation
unramified outside pN and such that p;(Frob,) has characteristic polynomial

T2 —auft 5T + ¢

for all £1pN.
Let T be an Galois stable lattice and consider the G g-modules

T, =T ®o R(OZ), Vo, = T ®o (1)7 Aa =T Q®r (I)/R = Va/Ta.

wpla(n) —a (7)) a#al,
a=a"l

One last thing we need to explain is how to define the filtration on Vy, Ty and
Ay. Recall that in the case of elliptic curves one defines Fil},(7,E) as the kernel
of the reduction map T,E — TpE at a place w of K above p. For p-ordinary
modular forms (good ordinary or multiplicative), one can define Fil:;(Tf) on any
Galois stable lattice Ty of V; (without self-dual twist) by the characterization that
Fil~(Ty) := Ty/Fil" (T}) is the unique quotient of T that is unramified. However,
note that after a self-dual twist for weight k& > 2, the Gq, action on Fil™(T})
(by abuse of notation) will be given by an unramified character multiplied by a
non-trivial power of the cyclotomic character x.

One then defines the filtration on Ty, Va, As, T and My (or A) in the same
way as they do in [CGLS22], and use these in the definition of the ordinary Selmer
groups.

The first remarkable result from [CGLS22] is the following theorem generaliz-
ing [How04, Theorem 2.2.10].

Let v € I" be a topological generator, and set C, =

Theorem 3.0.1. Suppose o # 1 and that there is a Kolyvagin system ko =
{kantnen € KS(Ta, Ford, Ly) with k1 being non-torsion. Then H;—ord (K, T,) has
rank one, and there is a finite R-module M, such that

Hy (K, A,) = (®/R)@® M, ® M,
with
length (M) < lengthp(Hy (K, T5)/R - K1) + Ea
for some constant Eo € Zo depending only on Co, Ty, and rko(R).
In [CGS23, section 6], the above result was generalized so that the error term

can be made independent of «, at the expense of requiring « to be ‘sufficiently close
to 1. More precisely, they have

Theorem 3.0.2. Assume a« =1 (mod @w™). Then there exist non-negative integers
M and £ depending only on T,E and rtkz, (R) such that if m = M and if there is
a Kolyvagin system ko = {Kkantnen € KS(To, Ford, Lf) with k1 being non-torsion.
Then H%_—ord (K, T.) has rank one, and there is a finite R-module M, such that

HY: (K, A.) = (®/R)® M, ® M,



ANTICYCLOTOMIC IWASAWA THEORY OF NEWFORMS AT EISENSTEIN PRIMES 35

with
length p(M,) < lengthR(H_lrord (K, T,)/R - kan1) + &
and the ‘error term’ & is independent of m.

We mention that Theorem 3.0.1 (in combination with our Theorem 1.5.1 and The-
orem 2.2.3) is sufficient as an ingredient for us to get a desired BSD formula in rank
1, but together with Theorem 3.0.2 it leads to a stronger result on the anticyclotomic
Main Conjecture, in the sense that the divisibility in [CGLS22, Theorem 3.4.1] holds
more generally without the need to invert v — 1 (see [CGS23, Theorem 6.5.1]).

Thanks to the highly axiomatized arguments from [CGLS22], [CGS23], we only
need to explain how to get the error term Cy in op. cit., as everything else can be
directly extended to our more general setting.

According to the proof of [CGLS22, Proposition 3.6], we only need to find one
non-trivial scalar matrix in O* nim(py|ay, )-

Lemma 3.0.3. The intersection U = O nim(py|a,, ) contains infinitely many
scalar matrices. Here by abuse of notation O* denotes O - I3, the invertible scalar
matrices in GL2(O).

Proof. Note that by the discussion above [CGLS22, Lemma 3.3.3], we have

pi(GQ) = ps(Gr.,)-

Since py is a Hodge-Tate representation, Bogomolov in [Bog80] showed the image
(possibly after embedding GLo(F') in GL2,(Q,) for some n) is open in its algebraic
envelope. Since py is irreducible by [Rib77], so is its natural projection in PGLqy(F).
We also know im(py) must be infinite. Actually, there will be infinitely many deter-
minants since det py = x¥~1 from op. cit. Now by the classification of all algebraic
subgroups of GLa(F) (see [NvdPTO08], whose results work over any algebraically
closed field of characteristic 0), we see that the algebraic envelope of im(ps) must be
F* times a minimal group (in Theorem 4 of op. cit., only (2)(a)(b) have infinitely
many determinants, yet they are reducible), therefore it must contain infinitely
many scalar matrices. So does the image. g

Remark 3.0.4. It is mentioned in [CGLS22] that f has no CM by K under their
assumptions. When f has no CM, there is a more straightforward proof of this
openness result, using Momose’s results (see for example [Rib85]) generalizing the
open image results of Serre.

For U = O* nim(pys) as in Lemma 3.0.3, let
Cy :=min{v,(u — 1) 1 ue U}.

Since U is an open subgroup of O*, 0 < C < o0.

The rest of the proof of Theorem 3.0.1 and Theorem 3.0.2 can be directly borrowed
from the corresponding papers. We next explain how to apply Iwasawa theory
to prove the Main Conjectures. First we study a consequence of Theorem 3.0.1,
Theorem 3.0.2.

Theorem 3.0.5. Suppose there is a Kolyvagin system x € KS(T, Fa, Ls) where ky
is non-torsion. Then H}.—A (K, T) has A-rank one, and there is a finitely generated
torsion A-module M such that

(i) X ~A@®@Ma®M,
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(ii) Charp(M) divides Chary(H%(K,T)/Ar1) in A.

Proof. With Theorem 3.0.1 and Theorem 3.0.2, this theorem follows exactly as
in [CGLS22] and [CGS23], using specializations at height one primes of A. We
mention that in the aforementioned papers the divisibilities hold only after inverting
p, which is sufficient to their applications, but the computation works for the prime
p too, as is readily explained in [How04, Theorem 2.2.10]. O

The next result allows us to construct a non-trivial Kolyvagin system.

Theorem 3.0.6. Assume f has weight 2r where r is odd. There exists a Kolyvagin
system 1118 € KS(T, Fy, %) such that Ky E € H;.-A (K, T) is non-torsion.

Proof. Let T =T ® A where T is the canonical Galois stable lattice in the self-dual
Galois representation V; constructed in [Nek92, Section 3] (see also the beginning
of [CH18, Section 4.2]). Note that this T is in general different from our chosen T
so (h.1) may not hold for T, though they do have the same residual representation.
In what follows, we use a tilde to denote relevant modules associated to the canonical
lattice. We will follow the construction in [CHI18] and [LV16] to show that one
can find a non-trivial Kolyvagin system for T, and then use it to get a non-trivial
Kolyvagin system on our chosen T.

The construction of Generalized Heegner cycles for T and how they form a Koly-
vagin system are essentially given in [LV16, Section 4]. However, we need to further
take into consideration some local uncertainty coming from potential local torsion.
We explain how to modify their construction to our situation, following [CGLS22].
As in op. cit., we do not assume p { hx or the ‘big image’ result. The first change
appears in [LV16, Theorem 2.4], where the vanishing of HO(KI, W) now follows
from our Proposition 1.3.4(iii) (whose proof did not use F(w) is a subrepresentation
of py so it works for T too). Note that for the construction of Kolyvagin systems,
the axioms (H.0)—(H.5) are not needed. Their Lemma 4.2 still works if we first
replace p with a generator 7 of p, but this then implies the original result for p.
Finally, the map induced by restriction

H'(K[n], T/I,T)°™ < H'(K,T/I,T)

may not be an isomorphism since we do not assume (h.1). However, we claim that
it has kernel and cokernel bounded independent of n.

Note that we have the identifications H' (K, T/I,,T) ~ lim, H'(K;,V;/T[I,]) and
H'(K[n], T/I,T) ~ lim H'(K;[n],Vy/T[I,]) by Shapiro’s lemma.

As in the proof of [DLF21, Proposition 7.17], there is a canonical isomorphism
Gal(K;(Vy/T[1,])/Ki) = Gal(Q(Vy/T[1,])/Q) (using that K; and Q(Vy/T[I,])
are linearly disjoint because of their ramification). Hence the fixed submodule
H°(K,[n], V;/T[I,]) under these groups are contained in H(K..,V;/T[I,]) <
O/mN | which is uniformly bounded independent of n and i by Proposition 1.3.4.

Hence in the Hochschild—Serre spectral sequence

ER? = HP(K;[n]/K;, B (K [n], Vi /T[1,]) = BV = BP9, Vi /T 1),

the EY 0 are of uniformly bounded exponent. Letting p = 1,2, the 5-term exact

sequence gives us the desired result for the kernel and cokernel of the restriction.
Thus there is a power pV for some N € Zs( independent of n (one can take

N = 0 if (h.1) holds for T, for similar reason to that in [CGLS22, Theorem 4.1.1]
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combined with Proposition 1.3.3) such that pN&, € H'(K[n], T/I,T)9™ has a
unique image £, in H'(K,T/I,T). Here the &, still denotes the class in [LV16,
eq. (4.2)]. The construction in [LV16, Section 4] now almost gives a Kolyvagin
system in our setting, and here we explain some modifications of their arguments.
Note that if their arguments work for their x,,, they also work for our k,, (except
for the differences we explain below) since multiplying by a p-power does not affect
the local behaviors.

First, we give a different reasoning for the right vertical map Hl(Kv, ’i‘;) —
H'(K[n]w, T;) in the diagram (22) in loc. cit. to be injective. In fact, we will di-
rectly adopt the ideas of Howard in [How04, Lemma 2.3.4, Case (iii)]. One can iden-
tify H'(K,, T;;) = H' (K, lim Indg™ (T/1,,)) with lim H'(K,, Indgg™ (T~ /1,,))
which by Shapiro’s lemma is further identified with lim - H' (K0, T~ /1), where
K, is the m-th layer in the anticyclotomic tower K,/K and by abuse of notation we
denote a place in K, above v still by v. Similarly, H' (K [n]., T, ) can be identified
with lim HY (K [n]w, T~ /I,) for w a prime of K,,[n] above v. Now from the
inflation-restriction exact sequence the kernel of the above map is identified with

%nHl(Km[n]w/Km,v,HO(Km[n]w,T /1,)).

We first claim that for all large m, Gal(Kp, [n]w/Km,v) = Gal(K . [m]w/Ko ). This
follows from the fact that for all large m, v is totally ramified in K, and hence K,
and K,,,[n] are linearly disjoint (at least when p { hx, otherwise we can increase m
to kill the finite difference). Now for any 1 # n € N (the case n = 1 will be treated
separately), we have p | I,, by the choice of Kolyvagin primes (see e.g. the definition
of L before [CGLS22, Theorem 3.2.1]), so T~ /I, is finite and H° (K, [12]w, T~ /1)
must also stabilize for large m. In other words, for sufficiently large m, we have

HO(Km[n]wvfi/In) = HO(Km+1[n]va7/In) = HO(K%[n]waTi/In)
Consequently, for n # 1 the above kernel can be identified with
lim H' (K [n]w/ Ko 0, H (Ko [0, T /1,)).

m
Since the inverse limit is with respect to the corestriction on the above H° groups
(hence is identified with the norm map), and G, ,[n],, acts on H (K i1 [n)w, T~ /1)
trivially by the above identification, we can interpret the inverse limit as one with
respect to multiplication by p on the fixed module

H' (K [0]w/K o v, H (Ko [0, T7 /1))

Since the module is finite as a consequence of the finiteness of both Gal(K ,[n]w/K v)
and H(K . [n]w, T~ /I,,), the inverse limit is trivial.

Second, the cokernel of the trace map H°(K[n],, A~) — H*(K,,A~) in [LV16,
Lemma 4.12] can fail to be trivial (their ‘A’ is our ‘M;’). In other words, their
Kn may not lie in the desired Selmer group H}A (n) (K, T/I,T). For example, when
H°(K,,A™) # 0 (e.g. when F(1) is a non-split subrepresentation of py or when
the sequence 0 — F(©) — p; — F(1) — 0 is locally split, or more generally in
the ‘anomalous case’), by local Euler characteristic formula one can show that
H'(K,, A™)[p] and hence H'(K,, A=) # 0. This non-vanishing phenomenon can
occur even in the residually irreducible case (but it can be avoided if one assumes
ap # 1 (mod p)).
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The way to fix it is to use a fixed p-power independent of n to kill the cokernel
so that, after multiplying the classes x,, by this p-power, they belong to the Selmer
groups and form a Kolyvagin system. We must show the existence of such p-
powers. To bound the cokernel of the trace map, it suffices to bound the codomain
HO(K,,A™).

We argue that H(K,, A~) is finite similarly as what we do in Proposition 1.3.4.
When the weight of f is 2r > 2, our self-dual twist has the effect that the action
of Gq, on V'~ is an unramified character multiplied by a non-trivial power of the
cyclotomic character. Since K, is the anticyclotomic Z, extension, H(K w0 V)=
0 and hence H*(K,,A~) ~ H°(K, ,, A™) is finite. When f has weight 2, the
finiteness follows from passing to abelian varieties.

Thus we have shown that H°(K,, A™) is finite (necessarily independent from n)
and so is the cokernel of the trace map. Hence there is an integer ¢ € Zx( such that
pt annihilates the cokernel. It is then not hard to see that p's,, € H}I—A (n) (K, T/In’i‘)
in the notation of [LV16] for all 1 # n € N. For n = 1, the same result follows from
the fact that the image of H.. in H* (K, T) lies in H. ;(K,, T) (see Lemma 4.12 in
loc. cit.). Moreover, the Kolyvagin system relation is also preserved by multiplying
every class with a fixed p-power. We define x!I& to be the modification of p's,, (one
can take t = 0 if the trace map is indeed surjective. For example, this is the case if
one assumes ¢, vY|g, # 1,w) in [LV16, Theorem 4.13]. Here we assume 7 is odd so
the factor (—1)"~1 in [CH18, (K2)] disappears and the factors on both sides differ

at most by a sign. Then "¢ is a Kolyvagin system for 7.

That the class is non-trivial follows from [CH18, Proposition 3.9, Theorem 4.9].
Indeed, the left hand side of the equation in Theorem 4.9 in op. cit. is nonzero
by Proposition 3.9 there, so the right hand side is nonzero. Therefore the class
zp # 0. But this is just coresgi7/xBo[1] in [LV16, Proposition 4.9]. Therefore from
its construction it’s easy to see the first Kolyvagin class £ is non-trivial. Since 1
is the image of pV &, in H'(K,T), x; and ' = p'k; are also non-trivial.

We now explain how to construct a Kolyvagin system on our chosen 7" which
satisfies (h.1). Let 7’ = T T which has finite index in both 7" and 7. Choose an m €
Z with p”if c T". Now the map T — p™T — T’ induces a map T — T’. Now the
classes x!18 € Hlf(n)(K7 T/I,,T) are mapped to their images P& ¢ H' (K, T'/I,T')
and it is not hard to check that in fact & e H}(n)(K ,T'/I, T) by functoriality.

Moreover, the Kolyvagin system relation is also preserved, i.e., mEg' is a Kolyvagin
system for T”. Now the map 7" — T maps 12 to k2 e H}f(n)(K, T/I,,'T) which
is a Kolyvagin system for T'.

Finally, that ﬁlfg is non-torsion follows from the fact that HlfA (K,T) is torsion
free (see for example [How04, Theorem 2.2.9] where the condition HO(K, Pp) =0
follows from (h.1) and Proposition 1.3.3). O

Remark 3.0.7. The above theorem is the only place where the assumption that r
is odd is used. It is not necessary if the By in [CHIS8, eq. (7.2)] is zero, e.g., when
p;“c is surjective.

We are ready to prove the two Iwasawa Main Conjectures similar to those
in [CGLS22]. Here in the statement one needs to work with a seemingly different
Kolyvagin class ‘k..’ coming from the equivalence between the Main conjectures, but
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as is noted in [CGLS22, Remark 4.1.3], k.. and k1 generate the same A-submodule
in Hy (K, T).

Theorem 3.0.8. Assume f has weight 2r where r is odd. Assume that p = vv splits
in K and H(K, pg) =0 Then the following statements hold:

ot , an = , ave A-rank one, and the equality
IMC1) Both Hy, (K, T) and X = HY, (K, My)" have A-rank d th l
Chary (Xiors) = Chara (HE, (K, T)/Akic)?

holds in Age.
(IMC?2) Both H} (K,T) and Xy = H}m(K, My)Y are A-torsion, and the equality

CharA(.’{f)Am = (Ef)
holds in A"".

Proof. We first treat the t = N = 0 case in Theorem 3.0.6. We begin by noting that
(IMC1) and (IMC2) are equivalent; in fact, an either side divisibility in one of them
is equivalent to a corresponding divisibility in the other (see [CGLS22, Prop. 4.2.1]
and [BCK21, Thm. 5.2] combined with Proposition 1.3.3. See also [Cas17, Appendix
A]). Here we should mention that the equivalence is done with the Greenberg Selmer
groups, but they generate the same characteristic ideals as the unramified Selmer
group do. Theorem 3.0.5 shows one divisibility of (IMC1), which translates to
a divisibility of (IMC2). Using the equality between the algebraic and analytic
Iwasawa invariants (see Theorem 1.5.1 and Theorem 2.2.3), the divisibility in (IMC2)
is turned into an equality. Hence (IMC1) also holds.

Now if t > 0 or N > 0, the proof in [Casl7, Appendix A] would yield a new
equivalence involving a fixed p-power:
(IMC1’) Both H}, (K, T) and X = Hy, (K, M;)" have A-rank one, and the divisi-

bility
Chary (Xors) D Chary (Hj, (K, T)/A - (p" NV k))?

holds in Ag,e..
(IMC2") Both Hy. (K, T) and X; = Hy._ (K, M;)" are A-torsion, and the divisibil-
ity
Charp (X)A™ o (p*™NLy)
holds in A™.

(the same result holds for the opposite divisibilities, but we will not need it). In
our situation, Theorem 3.0.5 applied to the Kolyvagin system x8 = plk,, (again
noting the relation between x; and x-.) shows the divisibility in (IMC1’). Hence
we obtain (IMC2’) from the equivalence. However, since we know both X; and L;
have vanishing p-invariants and equal A-invariants (all computed independently), we
obtain from (IMC2’) exactly the same equality in (IMC2). Now from the equivalence

between (IMC1) and (IMC2), we obtain (IMC1) as before. O

Remark 3.0.9. As is explained in the beginning of section 1.4, the above theorem
still holds without assuming H®(K, pg) =0.

As a corollary of our anticyclotomic Main Conjectures, we also obtain the following
Mazur’s Main Conjecture for elliptic curves unconditionally in the Eisenstein case
using the main results of [CGS23]. Let Aq := Z,[Gal(Q™/Q)] be the cyclotomic
Iwasawa algebra over Q. Let Xo.q(E/Qq) be the Pontryagin dual of the p-primary
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Selmer group Sel,» (E/Q..) for E and let £}'P(E/Q) be the Mazur-Swinnerton-
Dyer p-adic L-function.

Theorem 3.0.10. Let E/Q be an elliptic curve, and let p > 2 be a prime of good
reduction for E. Suppose that p is Fisenstein. Then Xora(E/Qq) is Ag-cotorsion
with

Charsg (Xora (B/Q.0) = £35°(E/Q),

and hence Mazur’s Main Conjecture holds.

Proof. This is the main result of [CGS23]. Their technical assumption on the local
behaviors of the characters in the semisimplification of E[p] can be removed if one re-
places the appeal to [CGLS22, Theorem 4.2.2, Corollary 4.2.3] by our Theorem 3.0.8
and Theorem 3.0.9 (specialized to weight 2 case). O

4. PROOFS OF THE p-CONVERSE AND THE p-PART OF BSD FORMULA

In this section, we discuss several applications of our results in the previous
sections, whose proofs are direct generalizations of those in [CGLS22, §5]. We will
only consider the weight 2 cases.

4.1. The p-converse theorem.

Theorem 4.1.1. Let A/Q be a simple RM abelian variety associated to a newform
fand P | p > 2 a prime ideal of its endomorphism ring O = End(A4) of good
reduction such that pa s s reducible.

Then

corankpSelyp» (4/Q) =7 € {0,1} = 1k A(Q) = ran(f) =,
and II(A/Q)[B*] is finite.

Proof. The proof of [CGLS22, Theorem 5.2.1] works if one replaces the reference
[Mon96, Theorem 1.5] there by [Nek18, Theorem C] and replaces [CGLS22, Corollary
4.2.3] by our Theorem 3.0.8 (IMC1). O

The p-converse theorem has the following applications to Goldfeld’s conjecture
in quadratic twist families with a 3-isogeny where 3 is a prime of good or bad
multiplicative reduction. We thank Ari Shnidman for communicating and explaining
them to us.

Remark 4.1.2. (i) Better proportions of quadratic twists of (algebraic and ana-
lytic) rank 1 in [BKOS19, Theorem 2.5] for a fixed elliptic curve, in particular a
lower bound of % . 15—2 = 1—56 = 31.25 % in the most advantageous cases (for exam-
ple, when it’s the curve having Cremona label 19a3). Note that the proportion
claimed in [CGLS22, Remark 5.2.4] is only for a subfamily (corresponding to
good reduction and with their assumptions on the isogeny character) of the
twists. Indeed, for the twists E4 of the curve E = 19a3, the results in loc.
cit. only apply when d =2 (mod 3) whereas our result also covers the cases
when d = 1 (mod 3), covering at least % + % = % of the proportion of the
3-Selmer rank 1 twists. The twists with d = 0 (mod 3) correspond to bad
additive reduction and are not covered by our p-converse theorems. However,
potentially good ordinary primes are studied in our subsequent work [KY24]
and combined with our work, we can get the full lower bound 15—2 = 41.67% of

rank 1 twists for the above curve 19a3.
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(if) Our result seems not to improve the bounds for rank 0 in [BKOS19] in the
situation of (i), but it allows one to quantify how often the BSD rank conjecture
holds. Namely, their results give us that at least i of the twists have 3-Selmer
rank 0, hence at least % . i = 13—6 of them have analytic rank 0. Together
with (i), 13—6 + 1—56 = % of the twists satisfy the BSD rank conjecture.

(iii) Similar improvements apply to quadratic twist families of abelian varieties A of
GLa-type over Q with a 3-isogeny, as in [BFS23, Theorem 1.4, Corollary 7.2]
and [Shn21, Theorem 1.5]. For example, in the context of the latter result
(where the abelian varieties all have good reduction at 3), our Theorem 4.1.1
gives an unconditional lower bound of 1% for the proportion of twists with
rank 1 over the RM ring.

4.2. The p-part of BSD formula.

Theorem 4.2.1. Let E/Q be an elliptic curve and p > 2 a prime of good reduction.
Assume that E admits a cyclic p-isogeny with kernel C' = Fp(¢) for some character
¢: Gq — F) (equivalently, E[p] is reducible). Assume that ran(E) € {0, 1}.

Then the p-part of the BSD formula holds for E/Q, i.e.,

LAE/Q1) Y _ . Tam(B/Q#II(E/Q)[p"]
(0 Regng) T GE@uar )

Here, L*(E/Q,1) denotes the leading Taylor coefficient of L(E/Q,s) at s = 1.

Proof. This follows from [CGLS22, Theorem 5.3.1], where the use of Theorem 4.2.2
in op. cit. is replaced by our Theorem 3.0.8 (IMC2). We remark that the assumption
that the character is either ramified at p and even, or unramified at p and odd
coming from [GV00] is now removed by [CGS23] in both the rank 0 and rank 1
formulae, and the assumption that ¢|g, # 1,w is removed by us.

In particular, we take k = 2, r = j = 0 and x = N in [BDP13, Theorem 5.13].
Note that L,(f,Ng) in loc. cit. corresponds L (0) because it corresponds to the
value L(f/K,N%',0) = L(f/K,1,1) = L(f/K,1) (see [BDP13, section 4]).

Note that to make the arguments in [CGLS22, Theorem 5.3.1] work, we need an
anticyclotomic control theorem which allows torsion submodules. This is done in
Appendix B. The formula in [CGLS22, Theorem 5.1.1] then becomes

) #(Z, LI=ap+py o o P 2
P/ 1e(0) = FHE] K)[p‘/“]'([mm; /fz.pp]p)- #(gE(m)tors)p) L LeotE/

where x,, = p°rdr(*) denotes the p-part of a rational number z. Alternatively, one

could continue to work with an isogenous curve which has no torsion, and use the
invariance of BSD formulae to get the same results with torsion. We remark that in
the control theorem from [JSW17], their anticyclotomic Selmer group is actually
the ‘Greenberg Selmer group’ for f (which agrees with the unramified Selmer group
in [CGLS22]). However, since ker(resys,) is finite by Lemma 1.3.6, these two Selmer
groups generate the same characteristic ideals.

Together with the above formula coming from the control theorem and the
fact that E(K)[p*] = E(Q)[p”] ® EX(Q)[p”] (because p > 2), equation (5.7)
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in [CGLS22] becomes
L'(E,1)
ord
? (Reg(E/Q) Qp -1, a(E/Q)
L(EK, 1) K K
=— - I(E 20rd,(E ors
(o0t (e T ety ~ O I /Q)) + 201, (B (Quor))

where the right-hand side vanishes by [CGLS22; Theorem 5.1.4], a result of Greenberg—
Vatsal. 0

) —ord, (#II(E/Q)) + 20rd, (E(Q)tors)

5. PROOF OF THE IWASAWA MAIN CONJECTURE WITH MULTIPLICATIVE
REDUCTION

Let f € S3(To(N)) be a newform of weight 2 with coefficient field Q(f). Let F
be a finite extension of the completion of Q(f) at a chosen prime above p # 2 and
let O be its ring of integers. Let p be the maximal ideal of O and let F = O/p be
the residue field of O. Let A = O[T] and A™ = AQgz,Z)". Let p; be the residual
representation attached to f and assume p; is reducible. Then there are characters
©, 1 such that there is an exact sequence

(5.1) 0— F(p) — pyp— F(y) — 0.

Further assume that p || N, so f has bad multiplicative reduction at p. In this
section, we prove the Iwasawa Main Conjectures for such forms using Hida families,
following the ideas in [Skil4].

5.1. Hida arguments. As in the good reduction case, define the unramified Selmer
group for f by
W, (K, My) = ker {H' (K> /K, Mj)

respy, f
—

[T H (s, M)/l 1, M) O )
WET, wip

For a finite set 3 of places of K which contains 00 and the primes above divisors
of N, and such that the finite places in 3 are all split in K, let S = X\{v, v, 0} and
define the S-imprimitive Selmer group for f by

resS
Hizs (K, My) = ker {H! (K /K, My) ~0 H! (I, M) %7/}

Let Xy := Hy (K, M;)" and x5 = Hlf-s (K, M;y)¥ denote the dual Selmer groups.
According to [Skil4, Section 3.1], replacing F' by a finite extension if necessary,
for each integer m > 0 we get

(a) anewform fp, € Sk, (To(N)) with Q(fm,) < F, km, > 2 and ky,, =2 (mod p—1)
and such that a,(fm) € OF;

(b) an equality of ideals (E?,pm) = (E?m,pm) c A"

(c) py = py,, is reducible. In particular, the characters appearing in their semisim-
plifications are the same (both globally and locally);

(d) %;?(fm) is a torsion A-module and Char(%;?m)Anr = (,C}?m) c A"

(e) %?m’free has no nonzero finite A-submodules, so Fitt(%imfree) = Char(%imfree)‘
Here %?Zmyfmc denotes the A-free part of %?m and Fitt denotes the A-Fitting
ideal. The same is true for f.

(a) and (c¢) follow from Hida theory. Similarly as in op. cit., (b) comes from

a 2-variable p-adic L-function (adding a ‘weight’ variable) for the Hida families

constructed in [Cas20, Theorem 2.11] which works for Eisenstein primes. (d) follows
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from Theorem 3.0.8 (IMC2) for good ordinary forms f,, in the previous sections, the
surjectivity of global-to-local maps (Remark 1.2.3 and Remark 1.4.2) and the equality
of local factors appearing in the definition of the imprimitive Selmer groups and
p-adic L-functions. Note that by Theorem 3.0.6 we only know the Main Conjectures
for a subfamily with weights k,, =2 (mod 4). But such subfamily is always infinite
so the following limiting argument applies. (e) comes from basic properties of Fitting
ideals.

Lemma 5.1.1. The p-invariants of X? and %?m are 0.

Proof. This is essentially proved in Theorem 1.4.1 since the proof only relies on the
extension (5.1). Note that the characters can be arbitrary. O

By (c) above, for every f,,, we also have an extension
0 F(o) = By, — F() 0.

Theorem 1.5.1 then implies that )\(%?) = /\(X?m). On the other hand, since the
p-invariants are 0, )\(.’{]‘f) (resp. )\(%?m)) determines .’{f’ﬁee/pm (resp. X]Scmfree/pm).
Thus there is an equality of ideals

(Fitt(x?,frcc)v pm) = (Fitt(x?m,frco)v pm)
Then following the arguments in [Skil4, Section 3.1], we have the following result.
Lemma 5.1.2. Char(%?)Am = (E?) c A,
Proof. We have

Fitt(X7 oo A, p™)

fmfree

(
(
(
= (Char(X?, free) A™,p™)
(
(
(

The result then follows from taking limit with respect to m as in [Skil4, section
3.1]. O

Theorem 5.1.3. Char(Xy)A™ = (L) € A™.

Proof. Similar to the good reduction case, this result follows from the comparison
between primitive and imprimitive Selmer groups (see Theorem 1.5.1, whose proof
still works in the multiplicative reduction setting) and the comparison between
primitive and imprimitive p-adic L-functions (see Theorem 2.2.2). We mention that
the same arguments as in [Kril6, Prop. 37] (which has an assumption p{ N) still
work since Kriz’s computation of the congruence is with the p-depletion which is
identified with the ((p?)(?))-stabilization, which allows p in the level. O
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5.2. A p-converse theorem. Similar as in the good reduction case, we also obtain
a p-converse theorem for multiplicative reduction. Via an explicit reciprocity law,
one can argue as in [Cas24] to show that the BDP Main Conjecture proved in the
last section is equivalent to a Heegner Point Main Conjecture which would then
yield a p-converse theorem.

As in [Cas24], one can consider a Heegner class z% € Hl}-A (K, T) which is either
a standard A-adic Heegner class z,. (denoted as k.. by us in section 3) in the
non-split multiplicative case, or a derived Heegner class z/, defined by the relation
z,, = (v — 1)z, in the split multiplicative case. Here + is a topological generator of
Gal(K,/K), and this (y — 1) factor reflects a trivial zero of the p-adic L-function.
We have the following Heegner Point Main Conjecture for multiplicative primes (the
definitions are the same as those for good ordinary primes).

Theorem 5.2.1. Let f € S2(T'o(N)) be a newform of weight 2 and assume that
p || N is an Eisenstein prime for f. Then both H;-A(K, T) and X = H}A (K, M)
have A-rank one, and the equality

Char (Xiors) = Charp (Hj (K, T)/Az? )2
holds.

Proof. This follows from the explicit reciprocity law [Cas24, Theorem 2.2, Corollary
2.3] for both split and non-split cases, which can be applied to prove the equivalence
of this Heegner Point Main Conjecture to Theorem 5.1.3. In showing the equivalence
using [Cas24, Proposition 3.2] (also [BCK21, Theorem 5.1]), we could again first
assume H'(K, ps) = 0 (see also Proposition 1.3.3) and deduce the general case using
a combination of Ribet’s lemma and the invariance of the Main Conjectures.

It should be mentioned that in this situation we do not need to consider the ¢ > 0
case from Theorem 3.0.6, since that is only needed to get one divisibility from the
Kolyvagin system argument but not needed for the equivalence. (I

Corollary 5.2.2. Let A/Q be a simple RM abelian variety associated to a newform f
and B | p > 2 a prime ideal of its endomorphism ring O = End(A) of multiplicative
reduction such that pa g is reducible.

Then

corankpSelp»(A4/Q) =7 € {0,1} = rkoA(Q) = ran(f) =1,
and II(A/Q)[B™] is finite.

Proof. This follows from the proof of [Cas24, Theorem 1.1] for multiplicative primes
and a control theorem of Greenberg (see [Cas24, Theorem 3.4]), where the appeal to
Theorem 1.3 from loc. cit. is replaced by Theorem 5.2.1. Note that their arguments
also work in the Eisenstein case. (I

APPENDIX A. A KOLYVAGIN SYSTEM ARGUMENT

As in [How04], by a coefficient ring R we mean a complete, Noetherian, local
ring with finite residue field of characteristic p. If L is a perfect field, we denote by
Modpg,;, the category of finitely generated R-modules equipped with continuous,
linear actions of G, assumed to be unramified outside of a finite set of primes in
the case where L is a global field.

In this subsection, R is assumed to be an Artinian principal idea ring of length k.
Denote its residue field by F. Let T) be an object of Modgwm g, - Fix a generator
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7(%) of the maximal ideal m®) of R(*). We will ignore the indexes and simply write
7 and m when the k are clear from the contexts. Let T(*)* = Hom(T®, R(1)) and
fix a Selmer structure F on 7). Let F* denote the dual Selmer structure on 7%
In all what follows we assume that (T'F), F) and (T*)* F*) satisfy the hypotheses
H.0 and H.3-H.5 in op. cit. §1.3. In particular, we do not assume H°(K, pp)=0
(assumption (h1) in [CGLS22, §3.2]), and H.2 is not necessary for our purpose.

The main result of this appendix is Theorem A.1.1, which follows from Lemma A.1.4
and the arguments in [How04].

We will make the following assumption about stabilizing H groups throughout
this section:

Assumption A.0.1. There is an absolute constant N such that H*(K, 7)) =~ R/x*
when k < N, and HY(K,T®) =~ R/x" for all k > N.

Note that by a version of Proposition 1.3.4 (i) in the case where H°(K, ps) #0,
H°(K,V;/Ty) is still finite (since H(K, V) = 0 because p; is irreducible), this
assumption is satisfied when 7" = T ¢ /7% T where  is the uniformizer of R. For
the exposition, we often denote H'(K, —) by H'(—).

Following [H0w04 Lemma 1.3. 3] and [MRO04, Lemma 3.5.4], for ¢ < k, we would
like to compare H%(K,T™ /m'T®)) and Hx(K, T®[m?]) with Hy(K, T"))[m?].
Note that the first two groups are isomorphic (see [How04, Remark 1.1.4]), we
will use T /m*T*) and T [m?] interchangeably without further explanation in
cohomology groups. In [How04], the vanishing of several H° groups forces the natural
maps between the above groups to be isomorphisms. Since we allow non-trivial H°
groups, we need to study the kernels and cokernels more carefully.

Lemma A.0.2. Let k > i. The injection 7*~": T®) /miT®) — TF) jnduces
morphisms

[Wk_i]Z (Hl(K, 7*) [mi]) ;)) Hl( T(k)/miT(k)) — Hl(K'7 T(k))[mi]
[7%~1]: (HR(K, T® [m']) =) H(K, 7™ /miT®) - HL(K, T®)[m’]
with finite kernel K@ and cokernel C'9 and finite kernel Kg) and cokernel C_(;),

respectively.

i i i Y (k) (k) 0 (k) /o k—irm(k) k
One has | K| = | K| = |00] = BRI aplim 2 > (030,

Proof. We want to point it out that this is essentially already proved in [MRO04,
Lemma 3.5.4]. Cohomology of the following two exact sequences

(i) 0= T® fmiT®) T, (k) 21, (k) /mk—iT(m 50
(i) 0 — T0) mb=ipk) I, k) 22, pik) prip(k)
HO (K, T jmP—i7 () ) o HO(K, T jmim )

sty and O~ Sty
they are finite, so we can speak about their order.) But |p;(H°(K,T"))| =

HO(T(F) HO(T(")
Tt ety and [pe(HO(K, T0))| = sy, so [K0] = [CO] =
[HO (R, T /i T || HO (), 1) fm =i (B |
[HO (K, T*)] '

To pass to Selmer groups, consider the following diagram (omitting K in the co-

homology groups) with the “map defining the Selmer groups” the global-to-local map:

gives K ~ (In particular,
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0 K® K® ker(f)

| | !

0 —— HX(TW™W[m']) —— HY(T™[m']) —— im(map defining Hx(T™[m'])) —— 0

| | I

0 —— HX(T™)[m'] —— HY(T™)[m‘] —— im(map defining Hx(T™))[m]

l | l

0 ----m-= > C’g) oW coker(f)
What is proved in [MR04, Lemma 3.5.4] is equivalent to ker(f) = 0. Thus by the
snake lemma K j(,_f) = K@ and CJ@ < ), The claim follows. ]

Remark A.0.3. In the situations considered by the aforementioned authors (i.e.,
if (h1) holds), we have K = C() = 0. Then it easily follows that Kg) = C’J(Ti) =0,
too. In our situation, three of them are equal and can be described explicitly, but
C’g_f) is only bounded from above. It seems very hard to determine C’;_f) completely,
but as we will see eventually, it is enough to control its growth using induction.

A.1. Proof of a structure theorem of finite level Selmer groups. To ease
notation, let (T, F, L) denote the Selmer triple (T, Ford, Lf), and let p = p,. For
any k > 0, let

R® = R/m*R, T® = T/mbT, L™ ={teL: I, cp*Z,},

and let N®) be the set of square-free products of primes ¢ € £*).

Recall that we have the self-duality 7 ~ T* and (T*))* ~ 7%,

Theorem A.1.1. For every n € N*) where k » 0, there is an R -module M*) (n)
and an integer € such that there is a pseudo-isomorphism with kernel and cokernel
bounded independent of k (which can be computed explicitly):

(A.1) H (K, T®) ~ (RE)2 @ M) (n) @ MD ().
Moreover, € can be taken to be € € {0,1} and is independent of all k for which
HY (K, T®) is not free, and n.
Proof. We follow the ideas in [How04, sections 1.4-1.5]. As in Theorem 1.4.2 in op.
cit., we still define
__ H[w?] __ H[m]
S omH[ms]T T msH [ms ]
where H = H5(K, T™*)) is a finitely generated R*®-module and 1 < s < k.

We also define

 HREK,T® /msT*)
* T proj(HE(K, T®) /ms+1T(k)))

Vs

Hps (K, (719)*[m)
7 (K, (T09)*[m+1])

) Qs:

1 )
Here proj denotes the canonical projection and @4 can be identified with Hp T [m])

AL (K, 70 [me+1])
by self-duality. To further ease notation, let H(T[m']) denote Hx (K, T*) [m]). We

may then identity Ps; with % and rewrite Q5 as % Note that
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these isomorphisms may not be canonical, but as will be clear momentarily, we only
care about the sizes of these groups.

The Cassels—Tate pairing (see [How04, Proposition 1.4.1, Theorem 1.4.2]) gives a
nondegenerate pairing of finite dimensional R*) /m-vector spaces

( ) )5,1: Ps X Qs - R(k)[m]

However, in our case, Ps (resp. Qs) is not necessarily isomorphic to Vy (resp. Wy).
Moreover, K, := ker(P; — ;) is not the same as P;_;. What the arguments

in [How04, Theorem 1.4.2] show for our case is that for each s < k, £= is even
Vs

dimensional as R /m-vector spaces. We claim that v (which is no longer

K
(independent of k). This will be proved in the following series of lemmas, where we

compare the dimensions of % and Vv‘gl using direct computations.

More precisely, we will assume 7 is not free as an R*)-module (otherwise it
automatically has the desired structure (A.1) with M*)(n) = 0 and ¢ = 1), and show
that Vifil is even dimensional for all 1 < s < k except at N and some 1 < Ny < N+1
independent of s to be defined later, where N is given as in Assumption A.0.1.

When N = Ny, all Vz/jl will be even. See Lemma A.1.4 for the precise statement.

Then by the structure theorem for finitely generated R(*)-modules, there is a finitely
generated R*)-module M*) such that

H ~ (R(k))f eoMP eMP @ E®,

identified with P-Z ) is also even dimensional for all but maybe two s’s bounded

where the “error term” E®*) = E(1) @ E(*2) is a direct sum of two (possibly
isomorphic) cyclic R*)-modules of lengths between 1 and N + 1. Since this proof
(and those of the following lemmas) still works if we replace F by any F(n), we also
get

H () (K, T®) = (RW)= @ M®) (n) @ MF) (n) @ BX) (n)
for some R*®)-module M*) where E*)(n) again consists of two cyclic summands of
lengths between 1 and N + 1.

That ¢ is independent of n € N is due to the “parity lemma” of [How04,
Lemma 1.5.3], which says p(n) := dimR@)/mH}(n)(K, T) (mod 2) is independent
of n € N. The same argument can be modified to work in our situation. In-
deed, we will see that Hlf-(n)(K, T) and H;-(n)(K, T*))[m] will have the same size if
Hlf(n)(K, 7)) is not free, and differ by @F otherwise. Then if Hlf(n)(K7 T®) is
not free, we have

& + 2dim g0 M (1) ) ] 4+ EO (0)[m] = ditm e H ) (5, T4 [m] = p(m),
so € = p(n) (mod 2), and if H}(n) (K, T™) is free, e = p(n) + 1 (mod 2). O

Lemma A.1.2. For a fizred k> 0 and s < k,

H(T D]
m(H(Tms+1])[m?])
Proof. Recall that ker(Ps — Q) fits in the exact sequence

H(Tm])  wet H(T[m])
mH (T [ms+1]) msH (T [ms+1])’

K= ker(Ps - Qs) =

0 — ker(Ps — Q) —
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so we can write ker(Ps; — Q) = (m” 1)71(m;zt((g[ﬁ:l]])))mH(T[ms]).

We claim that the (well-defined) natural map
(m*H) " (m H(T[m**1]) 0 H(T[m*])
mH (T[ms*1])
induced by quotient after inclusion is surjective.
Indeed, let ¢ € (m*~ 1) "L (msH(T[m*+1])) n H(T[m?]), then m*~tec = mécy for some
co € m*H(T[m*1]). Let a = mcp € mH(T[m**1]) © H(T[m?]), then m* (c—a) =
0so ¢ —a€ H(T[m*])[m* '] and ¢ — @ maps to the class of c.
We now compute the kernel of the above map. By definition, the kernel is
{classes of c € H(T[m®]) : m* tc =0, c=ma,a e H(T[m*])}

={classes of c € H(T[m*]) : m*'c = 0,¢c = ma,m°a = 0,a € H(T[m*"])}

={classes of c € H(T[m*]) : m*tc =0,c =ma,a € H(T[m*])[m*]}

=m(H(T[m**])[m?]),

hence the lemma. O

Lemma A.1.3. For a fized k » 0 and all s < k,
Vs

-1
v, opoz, KGR cE i o1
‘?1'=<\K})|> xRS 1‘X|C(£1>‘/\Cs“lx /10 < KT |KEH),
K 5— F

where KT C5*Y (and similarly KS_,,C%_) are the kernel and cokernel of the
morphism

H(T[m])[m* ] —

Hy (T [m*]) — Hp(TE ) me].

Proof. Denote by N(Ps) := H(T[m?]) and D(P;) := mH(T[m**1]) the numerator

and denominator of Ps. Similarly define N(K;), D(K5), N(Vs—1), D(Vs—1), N(Vs), D(V5).
We will study the following 4 maps separately.

N(Ps) —» N(Vy): This is the map

0 K = H(I[m*]) 2225 H(1)m*] - OF) -
IN(P)| _ KE|
SO NIl = el
D(P;) — D(Vy): This is the map
mH(T[m* 1) 2= m(H(T)[m* ).
To study the kernel and cokernel of this map, we study the following diagram
K K&+ ker(Dp_yy)

|

0 —— H(Tm* ) [m] — H(T[m*']) — 2 im(m(y)) — 0

J{ Dp_v

0 ——— H(T)[m] —— H(T)[m**'] —2 im(m(y) — 0

|

O;f-&-l)

Qi

cokerDp_,y
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(P)| _ Iker(Dpoy)l _ IKSTVL (0]

(V] = Teoker(Dp—v)] = |l 0| 1K

From the snake lemma, we see that B

N(K;) = N(Vi_1): This is the map

H(T[m]) [me 1] F=5 H(T) [m ],
To study the kernel and cokernel of this map, we need to consider the following
diagram with 2 familiar maps:
0 —— K | —— H(T[m*][m*71]) —— H(T[m*])[m*™] —— C5 , —— 0

(s—1) J,: J,NKHV l

0— K™Y — 5 H(T) [ ] ——— H(D)[m™ ] —— Y —— 0

T S N (oY
Kyl et

. . L ) IN(K.)|
Comparing the dimensions, we see that A

D(K,) — D(Vi_1): This is the map
m(H(T[m*])[m*]) 2= m(H(T)[m*]).

To study the kernel and cokernel of this map, we study the following diagram

A~

K K ker(DK_,V)

C C cokerDg v
Note that the first column also appeared in the second case and the middle column

is already studied in the previous case (except we had s — 1 in place of s): we have
IK| _ 1K) |ort

ICl KT e
o = (s) s+1) |~
|D(K)| _ |ker(Drov)| _ |K[|C| _ IKZ'| |C:F1] O]
Now the snake lemma tells us that DWVer)] ~ Teoker(Dnor)] — |61 1K] — (KT 00 K]
Now

v | INWL DV )] [D(P)| IN(KS)]

[ T INEI] IDE] D] [N (Ve
_IC K 1O KL IEE) O |KETY] 108
K21 G (GO eV K] Kl (i)

(s) (s—1)
s — |K§+l| |C]-'| s+1 |C_7-' | s —1 (s—1) (s+1)
=(IKS )77 x T x NOSH % (B 10 ) T xSV x [KEHY)
d (Kl el C3] ' d d

d

Despite that we do not have full understanding of each C’g), we are able to
determine the parity of the dimension of the right hand side by comparing these
cokernels inductively, provided that k is sufficiently large.
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Lemma A.1.4. For a fized k » 0, if Hx(K,T®) is not R*)-free, then there is an

-1
. s+1 C(é) C(-“*l)
No with 1 < Ny < N +1 such that \ﬁs 1|| X ‘é(il‘)‘/|(j'§+l| x ( — |/|C’§71| x
s F

|KJ(1§71)| X |KJ(TS+1)| is an even power of |F| when s # No, N. When s = Ny or N
when N # Ny, the product is an odd power of |F|, and when s = Ny = N, the
product is an even power. Consequently, by Lemma A.1.3, Vi/il is even-dimensional
for all s # Ny, N. When N # Ny, it is odd-dimensional for s = N, Ng. When

N = Ny, it is even-dimensional for s = N = Ny and hence for all 1 < s < k.

Proof. Taking cohomology of the short exact sequence

0 — T®[m*] - 7™ [m*+] 25 70 [m] - 0

yields an exact sequence (omitting K from the cohomology groups)

0 — HY(T®[m])/m* - HY(T® [m*]) - HY(T® [m>*+']) - HY(T® [m]) — ...

Note that T [m®] ~ T") /m* ~ T() /m® ~ T) | we have [H*(T™)[m])/m®| =

HO(TW [m])|[HO(T W [me])| _ [HO(T)|[H(T)]
[HO(T ) [ms+1])] T (TG

We assume k > 2N + 1 and we consider several cases depending on how big
s is and how close it is to k. When 1 < s < N, the above quotient is trivial
by computing dimensions. When s > N, [H*(T®)| = [H°(T¢*+1)| so the above
quotient is (non-canonically) H(K,T) = F.

Now consider the diagram

K(S) K(s+1) K(l)
0 ‘HTIEI?;E!}(ISO_&%(;)” HI(T(k) [ms]) N Hl(T(k) [ms+1]) _ HI(T(k) [m])

lff lf'f“ lf}

0 —— HY(TW)[m*] —— HY(T®)[m* '] —— HY(T")[m]

! | !

c® C(s+D) c®
When 1 < s < N (so k—s > N), by Lemma A.0.2 and Assumption A.0.1,

0 (s) 0 (k—s)
KO = |00 = BTt = (K, TO)] = [F)® and [KO] =

|CG+ | = [F|**1. Note also that K1) = C() = F.
To pass to the Selmer groups, we have the following diagram (noting K O = g0
for all 4):
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R/m*® R/mst1 F

| | |

0 —— HE(TW[m]) —— He (T [m+]) — 2y By (T [m])

lf} lf}“ if}

0 —— HL(TW)[m*] —— HR(TH)[me 1] —2y HL(70))[m]

oy oty oM (cch ~F)
By the structure theorem of finitely generated R*)-modules, the map m‘g2) is
surjective if and only if H}(T(k)) has a summand with height less than or equal
to s. Let Ng := min{s < k : m“&)is not surjective}. Then it is clear that if s = N,
mfz) will also be non-surjective.

Note that when Ny = k, Hx(T®*)) must be a free R*®)-module. We claim that
if Ny # k, then Ny < N + 1. Namely, the lowest height of all non-free summands
of H}_—(T(k)) must have height less than or equal to N. In other words, assuming
HL(T™) is not a free R%-module, as soon as s > N + 1, my will never be
surjective.

Assume by contradiction that Ng > N + 1. Then for all 1 <s < N + 1, me) is
surjective. Consider the following diagram when s < N
0 R/m* R/mstl ————— K (c F)

| | l

L (k) [ms 1 (k) [ys 1 miy s
0 —— HA(T®[m]) —— HR(T®[m*1]) — 2 im(mg,)) —— 0

Jf} J{f}“ Jf;;
)

0 —— HL(TM)[m*] —— HR(T®)[m*+1] —2 5 HL(TH))[m] — 0

| | !

N yol ot (e CW 2 F) ——0

Since K contains coker(R/m* — R/m**!), K, is at least F, so K, = F. Similarly,
when s = N or N + 1, the first row becomes

0—HYT) =2 F - HY(T* %)) = R/aN - HO(T*—"Y) ~ R/xN - K,

and K must be F. Therefore the snake lemma shows that C;f) - C;‘-Hl) is injective
with cokernel Cs. We consider 2 subcases.

Case I: mfl) is never surjective for 1 < s < N + 1. In this case, consider
the rightmost vertical map f. If we replace its domain im(mfl)) by H:(T®) [m])
which is strictly bigger in dimension, since the codomain is fixed and the kernel
cannot be any bigger, its cokernel must change from C; to something strictly smaller.
Therefore Cs # 0 and Cy = F. Then for all 1 < s < N + 1, the dimension of C’g_-s)
increases whenever s increases, so |C’§,—N+2)| > |FVHL > |K§_-N+2)|. But C’g_-s) c Kg_f)
by Lemma A.0.2, contradiction.
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Case II: mfl) is surjective for some 1 < s < N + 1. In this case, the
rightmost vertical map f}-/ agrees with the map fr: Hx(T™ [m]) — Hx(T"))[m]
and is independent of s. Therefore if for one such s the cokernel of f }1-1 (so also that
of f#) is F, then the cokernel is F for all such s. Therefore CJ(I-SH) also has one

more dimension than Cé_-s) when mfl) is surjective. But for other s, the same is true

as in Case I, so again |C’(FN+2)| would be too big. Thus the cokernel of f# must be
0. This in turn means all me) must be surjective because otherwise if we replace
H%(T®*)[m] by im(m¢,, ), the cokernel of f3 must be smaller (since f3 has fixed
domain and kernel), which is impossible. But in this case Ny = k and Hx(T™*)) is
free.

So far we showed that either Hlf-(T(k)) is free or it has a summand with height
lower than N + 1, and as a consequence we may assume mf2) is not surjective for
all s > N which is independent of k. Moreover, in this case f }- will have kernel and
cokernel both equal to F, so in what follows, we will keep this assumption.

We first study the dimensions appearing in this lemma when £ > s > N.

(s) (k—s)
By Lemma A.0.2 and Assumption A.0.1, |[K()| = |C)| = |H0(K’THO()IEI¥((,CI)<)’F G

[HO(K, T*=%))] and |[K+D)| = |0G+D | = [HO(K, T®*—*—1)|. Note also that K(!) =
c) =F. ,

To pass to the Selmer groups, we have the following diagram(noting K M — g
for all 4):

0— H(T)=F —— H°(T**)) —— B’ (%) ———— > F

| ! l

e

0 F HE (T [m*]) —— HE(T® [m**]) ——— HE(T™[m])
lf} lf}“ lf}

™{2)

0 ———— HE(T™)[m"] —— HE(T®)[m™*] ——— Hx(T")[m]
cy cery CP(c ™ xF)

To apply snake lemma, we consider the following diagram where the first two rows
may or may not be changed depending on whether mfl) is surjective:

0 —— F —— HT"* %) —— 0O (1% *"Y) —— K(CF)

| | o

0 —— F —— Hy(T®[m*]) —— HE(T®[m**']) — 2 im(m)) —— 0

|1 Jrs I

s s ™(2)
0 —— HE(T®)[m*] —— HE(TW)[m* ] —2— HE(T®)[m]

e cEty (e c® ~F)
In the rightmost column, if we replace Hx(T(*))[m] by im(mfz)) which is strictly

smaller, the only possibility is C’;-l ) gets strictly smaller because the domain and
kernel of f }-I are determined by other columns(by snake lemma) which do not change.
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This in turn means C’;-l) must be F to begin with, so if we do consider im(mfz)) we
get the following diagram:
0 —— F —— H(T"* %) —— HO(T**"Y) — = K(cF)

| L

0 S F — H};—(T(k) [ms]) N H};—(T(k) [ms+1]) & jm(mfl)) — 0

lf} lf}“ lf;’

0 —— HE(T®)[m*] —— HE(TW)[m**] —2 im(mg,) — 0

| | |

o) oLty 0

When k = s + 1, we have a special diagram
00— K'(cF)

L]

HE(TCH ) [m°]) —— HR(TCH) —25 im(mg)) —— 0

b
.

0 —— HR(TC)[m*] —— HR(TCH) =2 im(mf,,) —— 0

! | |

st 0 0
from which we see C5t1 = K’ by the snake lemma.
Our aim is to compare |C5*!| with |C’J(,_-S)/CJ(1-S+1)| = |K|. Depending on whether
k — s < N there are 2 different possibilities:
Case it s > N and k — s < N. In this case H*(T* ) =~ R/7x*~* and
HO(T=s=1)) = R/x*=5=1 5o from snake lemma we get an exact sequence

O—»K—»Cg?—»C’;-SH)—»O.

Notice that the two mfl) in the two diagrams are indeed the same map because the
rows are identical, since T(*) [m?] ~ T for any i < k. Now if m?l) is surjective,
then K = K’ = K = F. If if mfl) is not surjective, then in the last column if
we replace im(mfl)) by HX(T™ [m])(= HX(T+Y[m])) which is strictly bigger, it
must be that K (and K’) becomes strictly bigger because the codomain is fixed and
the cokernel cannot be smaller. This in turn means K = K’ = 0.

[eiSd +1 .
IC(SFJ'UIACSS | = 0. Moreover, in
F

case i, K;S_l) ~ R/x" st and K}SH) ~ R/m" 51 s0 |KS_1)||KS+1)| is an even
power of F.
Case ii: s > N and k — s > N. In this case H*(T®*~*)) = H(T*—-Y) = R/x",

so we have an exact row

0—-F - R/aY - R/mY — K(cF),

Thus in case i, we always have K = K’ and

which forces K = F. Furthermore, by the snake lemma this means C’;-S ) = CSH).
This also implies mfl) is surjective, so C5*!1 = K’ = F.
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Thus in case ii, K = K’ = F and c (e+1)|/|CS+1| ¥

Finally, note that K$*! = F forall s > N and K2 | = 0if s < N by Lemma A.0.2
and Assumption A.0.1.
To sum up, when k is at least 2N + 2, as s grows from N +2(sos—1>

N) to k, k — s is first greater than N. For such s, ‘C(g+1)‘/|CS+1| |F| =
C(b s—1 s+1 C s

| Zo ‘/| yyand KBV = R/aN = KUY, when s = k— N, ‘é(;f;l')‘/w;w —0
and 19z IC(S)\ jos | = F, and K& = RjxN, KD = R/, when s > k — N,

b o cl s—1 s s+1)
ab o = 1 = Slier ), and KEY 2 Rjpbn and kG

R/ﬂ'k 5=1 In all cases,

-1
(K CR e, [1CETY] (s=1) (s41)
s 1 x /|57 x 2 Ljos ] < [KETY) < kST
(Kl oty |C5| d d

is an even power of |F|.

Now the cases left are when s < N. When m( 5) Is mot surjective, then similarly
as in Case II, m(l) must be surjective. Then for such s, C¢™! = |F| if s = N and

C’S,“ =0if s < N. Also C% ~ C5™, so0 IC(m)l/\cs+1| |F|~! if s = N and

/|C:t = 11if s < N.

When m‘(2) is surjective, in fact, m‘(gl) must be surjective, too. Note that for s < N

‘C(S‘Fl)‘

we have the following sequence

0— F — im(m,)) 25 HR(T™®)[m] - Cy(c ¢ ~F) - 0.

If ngl) is not surjective, then enlarging im(m?l)) would shrink Cj, yielding an
exact sequence

0—F - HR(T®[m]) 15 HL(TM)[m] - 0,

which would mean mf2) are always surjective, a contradiction.
So as long as mfs) is surjective, C} is increasing steadily. And if s +1 < N, then

C:*! = 0 by Lemma A.0.2. So & (s+1)‘/|CS+1| |F|71 if s < N. When s = N,

/|Cs+1| =1.

We summarize the behavior of the terms appearing in the lemma in the following
table:

. . N N+1
since mé\l') is surjective, CI(V T K'~F. So ‘C(gﬂ)l
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(s=1) St 1
el e RSO IR
G-1> N) |F|
N<S<k—N||F| (s—1=N2>No: IFI EY [ EY
(S —1=N< No) :
S =N <No L [FI~ [F[™ [F["" | F]
S =N =No [F|” [F[~ [F[™ [F["7" | F]
S=N> Ny |F|_1 1 |F|N |F|N—1 |F|
No<S<N 1 1 [FlErt Rt |1
S=No<N |1 [F[ [F[ PP 1
S<No<N |[F[ F| FT [P |1
We’re now able to determine the parity of the length of ||K +1“ X C(b+1)\/|05+1| X
(< ‘Cs |/| D7 x ESTY) < KSETY ] as a power of |F| via direct computation

in dlﬁerent cases, depending on the relation between Ny and N.
Case 1: Ny = N + 1. In this case, when s = Ny and s = N we get an odd
dimension, and even dimensions for all other s < N + 1.
Case 2: Ny = N. In this case, when get even dimensions for all s < N + 1.
Case 3: Ny = N — 1. Same as in Case 1.
Case 4: 1 < Ny < N — 1. Same as in Case 1.
Case 5: Ny = 1. Same as in Case 1. O

APPENDIX B. AN ANTICYCLOTOMIC CONTROL THEOREM

In this section we follow [JSW17, section 3] and [Gre99, sections 3 and 4] to prove
an anticyclotomic control theorem with torsion, i.e., allowing H’(K, W) # 0. We
use the notations from [JSW17] and will also explain the difference between theirs
and ours.

First, we make all the assumptions in [JSW17, section 3.1] except (irredx) and
(HT) (which fails if the weight of f is higher than 2). For our application to BSD
formula in weight 2 we may still assume (HT), but we will also explain how to
remove it for higher weights.

The first result we need from op. cit. is the following:

Proposition B.0.1. One has
#HE, (K, W) = #lpk (W/K) - (#6)%,

where 8, = coker{H}_—BK (K,T) oy, H}(K, W)/H"(Ky, T)tors}. In particular, H}ac (K, W)
has finite order.

Proof. See [JSW17, Proposition 3.2.1]. Note that by Remark 3.2.2 in op. cit., we
do not need (irredg) to get W* =T7.

We mention that in the residually reducible setting, H} (K, T) may no longer be
a free O-module. In particular, their §, fits into the exact sequence

(B.1) 0 — HY(K, T)ors — HEH(K,T) 225 HA(K,, T)/H} (K, T)iors — 60 — 0,

where ker(loc,) may not be 0. This observation will be helpful for our application
to modular abelian varieties in appendix B.3. (]
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The main result of this appendix is the following anticyclotomic control theorem
which allows torsion.

Theorem B.0.2 (Anticyclotomic control theorem). The A-module X2 (Mjy) is
A-torsion, and if f2 (T) is a generator of its characteristic A-ideal Char(XZ (M;)),
then

#Hx, (K, W) C¥(W)

= —
OO = a0 (e wy - i (1, )
where
CZ(W) = #H (K, W)#H (K, W) [ #Hu (K, W)- [ [ #H Ky, W),
weSH\X,w split weD
H' (K, W)

We also define P = H T and G = im{H'(K°/K, W) locs, P}
(Kuw, W)
weS\ Fac
We remark that their S and X are different from ours in section 1. Their choice
of v, is also different from ours. For our application, the X above would be taken
as our ¥ — {v, 7,0} in the earlier sections and their S will be chosen to be our
¥ U {v,v} so that X2 (M) is the dual of the imprimitive Greenberg Selmer group

H}_-gr (K, My). In particular, P = IMi’JWWM)V x H'(Kw, W). In the rest of this
appendix, we explain how to adapt the proofs in [JSW17, section 3] to our setting,
following [Gre99)].

We begin with recalling [Gre99, Lemma 4.2] which says
H.17-'Z (K, Mf)r

B.2 O/f3(0) ~ —2e 1 =7
(B.2) #OILO) ~ G R A

provided H_17_-2 (K, My)" is finite. For now we assume this finiteness result so we
have the above computation of #0O/f2 (0). We will first study the numerator.

B.1. Computing Hyx (K, M;)'. As in [JSW17, section 3.3.9], there is a commu-
tative diagram 4

0 —— Hi (K, W) —— H(KS/K,W) —=5— P

E | Jr
0 — Hjs (K, My)F —— HY(KS/K, Mp)" —— P(M;)"
H' (K., My)

where P(My) = T
wl;[\E Fac (Kw’ Mf)

right because locg is surjective, but this surjectivity may fail for us as we do not
assume (irred ). Therefore, we would need to work with a similar commutative
diagram

0 —— Hi (K, W) —— HY(KS/K,W) — ¢ 0

k | I

. In loc. cit., the first row is also exact on the

where G(M;) = im{H' (K5/K, M;) <5 P(M;)}.
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As in loc. cit., coker(h) = 0 since H' (K5 /K, M;)' = H' (KS/K, M;)[y — 1] and
there is an exact sequence
O—>W—>va—71>Mf—>0.
As Hlfac (K, W) is finite from Theorem B.0.1, snake lemma then yields

(B.3) #HE, (K, My)" _ #coker(s) _ #ker(g)

' #HL (K,W) — #ker(s) — #ker(h)’
where ker(h) = H°(K,W) which no longer vanishes in our case. We will see
shortly that ker(g) (and hence coker(s)) is finite, which then gives the finiteness of
HYs (K, Ms)" we needed. It remains to compute ker(g).

B.2. Computing ker(g). We first claim that G(My) = P(My), or in other words,

1
the map H' (K /K, My) locs, (My) = H M
weS\S H]:ac (K, Mf)
surjective. This is nothing but the global-to-local map defining the imprimitive
Greenberg Selmer group, so it is surjective by Remark 1.4.2.
We now prove a lemma.

= H' (K7, My) is

Lemma B.2.1. Hl(KE/K, My) is almost divisible, i.e., its Pontryagin dual has
no non-trivial finite submodules.

Proof. Similarly as in Theorem 1.2.5, this follows from [Gre89, Proposition 3,
Proposition 5]. Note that by Lemma 1.3.5, H*(K>/K, M;) must be cotorsion. Thus
it’s 0 and the result follows. ]

From the proof of Lemma 1.3.5, we see that the O-corank of H' (K5, W) is 2.
Since corankpP = corankoHl(Kr,, W), the same is true for P. The arguments after
Proposition 4.12 in [Gre99] then shows that H'(K*/K, M;)r = 0. Now Theorem
4.7 in op. cit. gives the equation

#ker(g) = g ker(r) - #Hs (K, My)r - #(P/9).
In our case the surjectivity of the map (P — P(My)!) = (HlH(lK(Kiwv)Vd)v xH (K7, W) —
H' (Ky, M £)F) follows from the p-cohomological dimension of G(K, 7/K%) being 1.

Now by Cassels’ Theorem (Proposition 4.13 in op. cit.), since H}_—M (K, W) is
finite by Theorem B.0.1 and H°(K,,, W) is finite by Proposition 1.3.4, we have
P/G = H(K,W)".

Combining this result with (B.2), (B.3) and the computation of ker(r) in [JSW17,
Proposition 3.3.7] (the proof of case 3(b) is the only place where (HT) is used, but
by Proposition 1.3.4, we already have the finiteness of Mva so (HT) is no longer
needed), Theorem B.0.2 follows.

B.3. Applications to newforms and modular abelian varieties A;. Most
part of the computations are already done in [JSW17, section 3.5].

As is already noted in Theorem B.0.1, in our residually reducible setting,
Af(K) @z O = H}(K, T) may no longer be a free O-module, and we need to re-
place Af(K) and H}(K, T') in loc. cit. by Af(K) frors and H}c (K, T)tors respectively.
In particular, from the sequence (B.1), equation (3.5.a) in op. cit. becomes

#(sv = #[Af(KU)/tors ®Z[f]®Zp O: Af(K)/tors ®Z[f] O]
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This means in our application to elliptic curves, the above index becomes [E(K) jors :
Z - P],, which does not include the torsion of E(K). Indeed, as we will see
immediately, E(K)ios has already been considered separately in appendix B.1
and appendix B.2.

It remains to compute the torsion terms H(K, W) and H(K,W)Y. But these
are identified with (A;(K) ®z[s O)[p”] and its dual respectively, both having size
#((Ay(K) ®zf] O)tors)p- When Ay is an elliptic curve, Z[f] = Z, O = Z,, and the
size is #(E(K) ® Zy)[p*] = #(E(K)[p*]) = (FE(K )iors)p-
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