
ON THE ANTICYCLOTOMIC IWASAWA THEORY
OF NEWFORMS AT EISENSTEIN PRIMES

OF SEMISTABLE REDUCTION

TIMO KELLER AND MULUN YIN

Abstract. Let f be a newform of weight k � 2r and level N with trivial
nebentypus. Let p ∤ 2N be a maximal ideal of the ring of integers of the coeffi-
cient field of f such that the self-dual twist of the mod-p Galois representation
of f is reducible with constituents φ,ψ. Denote a decomposition group over
the rational prime p below p by Gp. We remove the condition φ|Gp � 1, ω
from [CGLS22], and generalize their results to newforms of higher weights 2r
with r being odd. As a consequence, we prove some Iwasawa Main Conjectures
and get the p-part of the strong BSD Conjecture for elliptic curves of analytic
rank 0 or 1 over Q in this setting. In particular, non-trivial p-torsion is allowed
in the Mordell–Weil group. Using Hida families, we also prove an Iwasawa Main
Conjecture for newforms of weight 2 of multiplicative reduction at Eisenstein
primes. In the above situations, we also get p-converse to the theorems of
Gross–Zagier–Kolyvagin. The p-converse theorems have applications to Gold-
feld’s conjecture in certain quadratic twist families of elliptic curves having a
3-isogeny.
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Introduction

0.1. Statement of the main results. Let f P SkpΓ0pNqq with k � 2r be a
newform with coefficient field Qpfq and coefficient ring Zrf s. Let F be a finite
extension of the completion of Qpfq at a chosen prime above p ¡ 2, and denote
by O the ring of integers in F . Let p be the maximal ideal of O and let π be a
generator of p. Assume that p is an Eisenstein prime for f , i.e., that the mod-p
residual Galois representation ρf of GQ associated with f is reducible. This means
that its semisimplification is the direct sum of two characters. After replacing ρf
by its self-dual twist ρf p1 � rq, these characters are φ,ψ � φ�1ω. (In the case
k � 2, ρf is the Galois representation of GQ acting on Af rpspQq where Af {Q is the
modular abelian variety attached to f). Note that by Serre’s Modularity Conjecture,
a theorem of Khare–Kisin–Wintenberger, simple RM abelian varieties over Q are
attached to newforms of weight 2, and vice versa. For elliptic curves, good Eisenstein
primes are known to be ordinary.

Let K{Q be a Heegner field for N , i.e., an imaginary quadratic field such that
all primes dividing N split completely in K. We further assume that DK is odd
and � �3, and that p � vv splits in K.

In [CGLS22], it is proved for k � 2 and Zrf s � Z that, under the assumption
φ|Gv

� 1, ω (where 1 is the trivial and ω the mod-p cyclotomic character), the
anticyclotomic Main Conjecture and Perrin-Riou’s Heegner point Main Conjecture
hold. From this, the p-converse to Gross–Zagier–Kolyvagin’s theorem and the p-part
of BSD in the analytic rank 1 case (under the assumption that φ is ramified at p
and odd or unramified at p and even, which was later removed by [CGS23]) easily
follow.

However, this excludes in particular the case where Af pQqrps � 0 in the case
k � 2. In this article, we close this gap and generalize the results to all weights 2r
with r being odd and all coefficient rings.

Our main results are the Iwasawa Main Conjectures Theorem A and Theorem B, a
p-converse theorem Theorem E to the theorem of Gross–Zagier–Kolyvagin–Logachëv,
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and the p-part of the BSD formula Theorem C in our situation when p does not divide
the level of f . For newforms of weight 2, we obtain Iwasawa Main Conjectures at
Eisenstein primes of semistable reduction (i.e., good reduction or bad multiplicative
reduction). See Theorem D.

0.2. Method of proof and outline of the paper. First, we assume p does not
divide the level of f from section 1 through section 4. Following the strategies
in [CGLS22], the proof of our Iwasawa Main Conjectures for f is divided into two
steps. We first compare the Iwasawa λ- and µ-invariants of the algebraic side of
and analytic side, then prove a one side divisibility. The starting point is again the
observation that a Main Conjecture should be equivalent to an imprimitive one.
More specifically, for an appropriate Selmer group Xf for f and a corresponding
Bertolini–Darmon–Prasanna p-adic L-function Lf , there is an equality for their
‘S-imprimitive’ versions

CharpXSf qΛnr � pLSf q
as ideals in Λnr, where the p-adic L-function for f lives. Here we consider the
primitive and imprimitive unramified Selmer groups (which are identified with
the corresponding Greenberg Selmer groups in [CGLS22] in their setting) of the
characters φ and ψ and of f over the anticyclotomic Iwasawa algebra Λ :� OJΓK,
where Γ is the Galois group of the anticyclotomic Zp-extension K8 of K. Here
Λnr

� Λb̂ZpZnr
p , for Znr

p the completion of the ring of integers of the maximal
unramified extension of Qp. Denote by F the residue field of F .

In Section 1, we show that the primitive unramified Selmer group of f and
the characters φ,ψ appearing in the semisimplification of ρf are Λ-torsion with
µ-invariant 0. In most cases, we get a simple relation between the λ-invariants

(0.1) λpXSf q � λpXSφq � λpXSψq
as in [CGLS22], but there is a special case when one of the characters is trivial over
GK , where we get

(0.2) λpXSf q � 1 � λpXSφq � λpXSψq.
From here, we can easily get the same comparisons between the corresponding
primitive Selmer groups. We mention that this difference in λ-invariants agrees with
the Iwasawa Main Conjecture for the trivial character, which takes on a different
form from others

CharpX1q � pL1 � T q.
Since we allow one of the characters to be trivial on Gp, the proofs of (0.1) and (0.2)
requires more general ideas than those in op. cit. in that the Selmer groups XS?
(? � f, ϑ) may not be almost divisible in the sense that they might contain non-trivial
finite Λ-submodules. Indeed, the vanishing results of some H0 and H2 cohomology
groups in op. cit. heavily rely on this condition and no longer hold in our situation.
We will compare these groups for f to those of the characters directly and obtain
an expected relation between their Selmer groups.

By Ribet’s Lemma (see [Bel09]), we can find a sub-lattice of the lattice for the p-
adic Galois representation of f such that the associated mod-p Galois representation
of f has no nonzero trivial subrepresentation over GK . More precisely, we can fix a
non-split extension

0 Ñ Fpφq Ñ ρf Ñ Fpψq Ñ 0
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where the first character restricts to ω on Gp so in particular it’s non-trivial over
GK . We can assume this since both the Iwasawa Main Conjectures and the BSD
Conjecture is invariant under isogenies. This choice of the lattice is crucial for our
computations.

In Section 2, we show an analogous formula for the µ- and λ-invariants for the
Katz p-adic L-functions of the characters and the BDP L-function of f{K. That is,

λpLSf q � λpLSφq � λpLSψq,
where LS? � L? �

±
wPS Pwp?q for certain elements Pwp?q in Λ (see Lemma 1.1.1,

section 1.5). Here ? � f, φ or ψ. Using the known results on the Iwasawa Main
Conjecture for the characters proved by Rubin [Rub91], we get the equality between
algebraic and analytic Iwasawa invariants for f .

Hence it suffices to show that the characteristic ideal of the unramified Selmer
group divides the p-adic L-function. For this, we can refer to [CGLS22, §§ 3, 4]
because we chose a lattice Tf such that ρf has no nonzero trivial subrepresentation.
However, some of their arguments only apply to a canonical Galois stable lattice
T̃ of ρf , which is generally different from our choice and might have a trivial
subrepresentation. We will take care of this by fully utilizing the flexibility of
Kolyvagin systems in Theorem 3.0.6. Our modifed Kolyvagin system argument
yields one-side divisibilities of the Main Conjectures, and using the comparison of
Iwasawa invariants from section 1 and section 2 we can turn the divisibilities into
equalities. The Main Conjectures can then be applied to yield the main results of
this paper for the good reduction part.

The first anticyclotomic Iwasawa Main Conjecture we obtain is the following,
which can be seen as a special case of Greenberg’s Main Conjectures.

Theorem A (Theorem 3.0.8 (IMC2)). Let f P SkpΓ0pNqq be a newform of weight
k � 2r where r is odd and p ¡ 2 an ordinary Eisenstein prime not dividing N , and
let K be an imaginary quadratic field satisfying the hypotheses in section 0.1. Let
Xf be the Pontryagin dual of the unramified Selmer groups for f (see section 1.4 for
precise definitions) and let Lf be the corresponding BDP p-adic L-function. Then
Xf is Λ-torsion, and

CharpXf qΛnr � pLf q
as ideals in Λnr.

The assumption that r is odd is a technical assumption that is only used in the
proof of Theorem 3.0.6 to turn the Heegner cycles into a Kolyvagin system. It can be
removed in certain situations (see Remark 3.0.7) and is not considered essential. In
particular, we still have access to a infinite subfamily of some Hida family for which
the Main Conjectures are known, which is the key to showing a Main Conjecture
for a weight 2 form of multiplicative reduction (see section 5.1).

A second Iwasawa Main Conjecture of Perrin-Riou type, which is equivalent to
the one above, is also obtained.

Theorem B (Theorem 3.0.8 (IMC1)). Let f P SkpΓ0pNqq be a newform of weight
k � 2r where r is odd and p ¡ 2 an ordinary Eisenstein prime not dividing N , and
let K be an imaginary quadratic field satisfying the hypotheses in section 0.1. Then
both H1

FΛ
pK,Tq and X � H1

FΛ
pK,Mf q_ have Λ-rank one (see [CGLS22, section 3]

for general definitions), and the equality
CharΛpXtorsq � CharΛpH1

FΛ
pK,Tq{Λκ8q2
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holds in Λ.

We now formulate our main results on the p-part of strong BSD for elliptic curves
of good reduction at Eisenstein primes.

Theorem C (Theorem 4.2.1). Let E{Q be an elliptic curve and p ¡ 2 a prime of
good reduction. Assume that E admits a cyclic p-isogeny with kernel C � Fppφq
for some character φ : GQ Ñ F�

p (equivalently, Erps is reducible). Assume that
ranpEq P t0, 1u.

Then the p-part of the BSD formula holds for E{Q, i.e.,

ordp
� L�pE{Q, 1q

ΩE � RegE{Q

	
� ordp

�TampE{Qq#XpE{Qqrp8s
p#EpQqtorsq2

	
.

Here, L�pE{Q, 1q denotes the leading Taylor coefficient of LpE{Q, sq at s � 1.

Finally, we modify Skinner’s use of Hida families in [Ski14] to prove a Main
Conjecture in the multiplicative reduction case for weight 2 forms in section 5.
The obstruction is again that our imprimitive Selmer groups XS? may have finite
Λ-submodules. In particular, the characteristic ideals are no longer identified with
the Fitting ideals. The formal argument can be carried out by replacing the Selmer
groups by their free parts. We would also need to modify several pieces that go into
the proof into the residually reducible setting.

Theorem D (Theorem 5.1.3). Let f be a newform of weight 2 and p}N an odd
Eisenstein prime of multiplicative reduction. Let K be an imaginary quadratic field
satisfying the hypotheses in section 0.1. Then the following equation holds in Λnr:

CharpXf qΛnr � pLf q.
We remark that our Main Conjecture would yield both rank 0 and rank 1 BSD

formulae at multiplicative primes provided the results in [CGS23] are extended to
higher weight modular forms.

0.3. Examples. Here are the elliptic curves E over Q in the [LMFDB] with
EpQqtors � Z{p, rank 0 or 1, and p a prime of good reduction: p � 3, p � 5,
and p � 7.

Here are concrete examples for each of these three infinite families, an example
of smallest conductor in each case. Our main result implies the p-part of strong
BSD for all their twists that have analytic rank 0 or 1, of which there exist infinitely
many. Case p � 3: 19a3 has torsion subgroup Z{3 and rank 1. Case p � 5: 11a3
(� X1p11q) has torsion subgroup Z{5 and rank 0. Case p � 7: 26b2 has torsion
subgroup Z{7 and rank 1.

There are also examples of higher dimension: The descent computations for
absolutely simple modular abelian surfaces in [KS22] and [KS23, § 6] are not neces-
sary anymore for odd primes of good reduction. For example, the genus 2 curve
X : y2 � 5x6 � 10x5 � 13x4 � 30x3 � 9x2 � 20x� 8 has absolutely simple semistable
RM Jacobian J of squarefree level 5�13 and rank 0 associated to the newform 65.2.a.c.
Note that this curves is not covered by op. cit. The algorithms from op. cit. prove the
prime-to-3 part of strong BSD for J{Q with #XpJ{Qqan � 2. Our results allow us
to also prove the 3-part: Let the good ordinary prime 3 split as pp1 in Zrf s � Zr?3s
such that ρp is irreducible and ρp1 is reducible with a trivial 1-dimensional subrepre-
sentation coming from the 3-torsion. The results and algorithms of op. cit. prove

https://www.lmfdb.org/EllipticCurve/Q/?bad_quantifier=exclude&bad_primes=3&rank=0..1&torsion=%5B3%5D
https://www.lmfdb.org/EllipticCurve/Q/?rank=0-1&bad_quantifier=exclude&bad_primes=5&torsion=%5B5%5D
https://www.lmfdb.org/EllipticCurve/Q/?rank=0-1&bad_quantifier=exclude&bad_primes=7&torsion=%5B7%5D
https://www.lmfdb.org/EllipticCurve/Q/19/a/3
https://www.lmfdb.org/EllipticCurve/Q/11/a/3
https://www.lmfdb.org/EllipticCurve/Q/26/b/2
https://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/65/2/a/c/
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that the Heegner index IK for DK � �131 (so 3 is split in OK) equals p1 times some
ideal lying above 2, and that the Tamagawa product considered as an ideal in Zrf s
equals p1. Hence [KS23, Theorem 5.2.2] proves that XpJ{Qqrps � 0. Our main
theorem implies [CGLS22, eq. (5.5)] with p-torsion replaced by p-torsion through-
out, showing that vp1p#XpJ{Kqrp18sq � 2vp1pIKq � 2vp1pTampJ{Qqq � 2� 2 � 0.
Since p1 ∤ 2, we have XpJ{Kqrp1s � XpJ{Qqrp1s `XpJK{Qqrp1s, hence we get
XpJ{Qqrp1s � 0, so strong BSD holds for J{Q with XpJ{Qq � Z{2. (Note that
the argument with [CGLS22, eq. (5.5)] also provides evidence for the conjecture
that the Tamagawa product divides the Heegner index.)

0.4. A p-converse theorem and applications to Goldfeld’s conjecture. As in
the good ordinary case, we show the equivalence between Theorem D and a Heegner
Point Main Conjecture (Theorem 5.2.1). As a consequence, we obtain the following.

Theorem E (Theorem 4.1.1, Corollary 5.2.2). Let A{Q be a simple RM abelian
variety associated to a newform f and P | p ¡ 2 a prime ideal of its endomorphism
ring O of good ordinary or bad multiplicative reduction such that ρA,P is reducible.

Then
corankOSelP8pA{Qq � r P t0, 1u ùñ rkOApQq � ranpfq � r,

and XpA{QqrP8s is finite.

Our 3-converse theorem has several applications to Goldfeld’s conjecture, im-
proving the bounds for the proportion of rank 1 twists when being combined with
results [BKOS19, Shn21, BFS23] on the average 3-Selmer rank. See Remark 4.1.2.

0.5. Ordering of the characters. Recall the short exact sequence relating the
residual representation ρf to the characters

0 Ñ Fpφq Ñ ρf Ñ Fpψq Ñ 0,
where we assumed that the first character φ restricts to ω on Gp and that the
sequence is non-split. From the invariance of the Main Conjectures and the BSD
formulae, we could as well fix another ordering where the first character restricts to
1 on Gp. As is already noted in Theorem 3.0.6, the use Ribet’s lemma is somewhat
limited, and some results for a different ordering should also be necessary. In fact, our
original approach assumed that locally, the trivial character is a subrepresentation,
regardless of whether the sequence is split or not. This made our computations in
Section 1 easier. However, we had to heavily extend the results on the Kolyvagin
system from [CGLS22, § 3], or rather [How04], to allow non-trivial torsion group
H0pK, ρf q. As our results might be useful for the future, we included them in the
Appendix A. We also deduce a version of the anticyclotomic control theorem which
allows non-trivial torsion in Appendix B. It should be mentioned that a direct proof
of everything with torsion is possible, but we do not include it in this paper for
simplicity.

0.6. Relation to previous works. Results in this paper in the good reduction
case can be seen as direct generalizations of those in [CGLS22] to higher weight
modular forms while removing the technical condition ϑ|Gp

� 1, ω. Thus it would
automatically generalize the results which require the main theorem in op. cit.
as an input, for example [CGS23, Theorem A]. We also obtain generalizations of
the structure theorems in [How04] as well as the anticyclotomic control theorem
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in [JSW17] in the residually reducible case which allow torsion. Since our characters
are more general than those in [CGLS22], the results on the proportion of ranks
of quadratic twists of an elliptic curve over Q with a rational 3-isogeny are also
improved, following [BKOS19].

Finally, we obtain new results for newforms with multiplicative reduction at
Eisenstein primes which include a proof of an Iwasawa Main Conjecture. These
results are analogous to those in [Ski14], but the residually reducible case were
untouched before.

0.7. Future work. As is mentioned before, a generalization of the results in [CGS23]
to higher weight modular forms would yield BSD formulas for elliptic curves at
multiplicative reduction. This is what we will examine in later work.

In our subsequent paper [KY24], we have obtained the anticyclotomic Main
Conjectures for elliptic curves at Eisenstein primes of potentially good ordinary
reduction. As a consequence, we obtain the p-converse theorems in that setting and
the applications to Goldfeld’s Conjecture (see Remark 4.1.2) are much improved
in some situations. We would like to study potentially multiplicative case and
potentially supersingular case in future work, as both see very interesting applications
in arithmetic statistics.

0.8. Notation. Pontryagin duals are denoted by p�q_. The mod-p cyclotomic
character is denoted by ω and the p-adic cyclotomic character by χ. For any
subextension L{K of K̄{K, denote by GL the absolute Galois group of L.

0.9. Acknowledgements. We thank Debanjana Kundu and Otmar Venjakob for
helpful discussions and Ari Shnidman for pointing out the application of our p-
converse theorem to Goldfeld’s conjecture. We also thank MY’s advisor Francesc
Castella for his guidance throughout this project. This work is part of MY’s
forthcoming Ph.D. thesis.

1. Algebraic side

Let f P SkpΓ0pNqqnew be a newform of weight k � 2r ¥ 2 and level N with
trivial nebentypus. Fix an odd prime p ∤ N . Let Zrf s be the coefficient ring of f
with field of fractions Qpfq. Let F be a finite extension of a completion of Qpfq
at a chosen prime above p with ring of integers O. Let p � pπq be the maximal
ideal of O and let F{p be the residue field of O. We use the Pontryagin dual
p�q_ � HomO,ctsp�, F {Oq for locally compact O-modules.

Recall that ω is the mod-p cyclotomic character. Denote by
ρf : GalpQ{Qq Ñ AutF pVf p1� rqq � GL2pF q

the self-dual Tate twist of the p-adic Galois representation attached to f . It has
determinant χ.

Let K � Q be an imaginary quadratic field in which p � vv splits, with v the
prime of K above p induced by ιp. We also fix an embedding ι8 : Q ãÑ C.

We assume that K satisfies the following Heegner hypothesis:
every prime ℓ | N splits in K

Let GK :� GalpQ{Kq � GQ :� GalpQ{Qq be the absolute Galois group of
K, and for each place w of K let Iw � Gw � GK be the corresponding inertia
and decomposition groups, unique up to conjugation. Let Frobw P Gw{Iw be the
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arithmetic Frobenius. For the prime v | p, we assume Gv is chosen so that it is
identified with GalpQp{Qpq via ιp.

Let Γ :� GalpK8{Kq be the Galois group of the anticyclotomic Zp-extension
K8 of K, and let Λ :� OJΓK be the anticyclotomic Iwasawa algebra over O. We
shall often identify Λ with the power series ring OJT K by setting T � γ � 1 for a
fixed topological generator γ P Γ.

We record the following well-known properties of the anticyclotomic Zp-extension
K8{K of an imaginary quadratic field K, i.e., the Zp-extension on which complex
conjugation acts as inversion. Readers who are only interested in the main results
of this paper can directly go to section 1.1.

Lemma 1.0.1 (splitting of primes in K8). Let w | ℓ � p be a place of K. If ℓ is
unramified and split in K, there are only finitely many primes of K8 lying above ℓ.
If ℓ is ramified or inert in K, ℓ splits completely in K8.

Note that this is in contrast to the cyclotomic Zp-extension, in which no primes
are infinitely split.

Lemma 1.0.2 (local behavior of K8 above p). Let K be an imaginary quadratic field
and p � vv a rational prime completely split in K. Let K8{K be the anticyclotomic
Zp-extension.

(i) Γ is the Zp-quotient of limÐÝn GalpKn{Kq, where Kn is the ring class field of
the order Opn :� Z � pnOK . The unramified part of Γ at v | p is cyclic of
order dividing hK � #GalpK0{Kq, and K8,v{K1,v is totally ramified at v.

(ii) The completion K8,v of K8 at v | p is a ramified Zp-extension of Kv �
Qp different from Kv,cyc, the cyclotomic Zp-extension of Kv. In particular,
K8,v XKv,cyc is a finite extension of Kv.

(iii) Let v | p be a place of K. The image of the compositions Gv ãÑ GK ↠ Γ and
Iv ãÑ Gv ↠ Γ are open. If p ∤ hK , the composition Iv ãÑ Gv ↠ Γ is surjective.

Proof. (i) Note that K0 is the Hilbert class field of K, so by class field theory
Frobv P GalpK0{Kq has order equal to the order of v in the class group of
K. All primes above p are totally ramified in Kn{K0, and one has canonical
isomorphisms GalpKn{Kq � PicpOnq � pOK{pnq�{pZ{pnq� from [Cox13,
equation (7.27)].

(ii) The first claim follows from [LNQD00, Theorem 3.2]; condition (ii) there is
satisfied for K. Thus

GalppK8,v XKv,cycq{Kvq � GalpK8,v{Kvq{GalpK8,v{pK8,v XKv,cycqq
must be a non-trivial quotient of GalpK8,v{Kvq � Zp by an open subgroup,
and hence it must be finite.

(iii) By the (ii), Gv ãÑ GKv
is open. The remaining statements follow from the

(i). □

Corollary 1.0.3 (the localization is an isomorphism away from p). Let A be a
p8-torsion GKw

-module. If ℓ � p is unramified and split with w | ℓ in K, then the
restriction morphism H1pK8,w{Kw, Aq Ñ H1pIw, AqΓ{Iw is an isomorphism.

Proof. See [PW11, Remark 3.1 and Lemma 3.2]. Note that the kernel and cokernel
of the restriction morphism are the first and second Galois cohomology groups of a
p-primary Galois module and that the profinite degree of the absolute Galois group
G8,w of K8,w is prime to p. □
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Lemma 1.0.4 (the dual of the Iwasawa algebra). The Pontryagin dual Λ_ of the
Iwasawa algebra is isomorphic to pF {OqrlimÝÑn

pΓ{Γnq_s � plimÝÑn
F {OqrpΓ{Γnq_s.

Proof. This follows from the exactness property of the Pontryagin dual, which
interchanges projective and injective limits, and the definition of the Iwasawa
algebra as a projective limit. □

Corollary 1.0.5 (Galois cohomology of Iwasawa algebra equals Galois cohomology
over the Zp-extension). One has HipK,Λ_q � HipK8, F {Oq. For the twist of Λ_ by
a character ϑ : GK Ñ F�

ãÑ O�, one has HipK,Opϑq bO Λ_q � HipK8, F {Opϑqq.
If Kϑ is obtained from K by adjoining the values of ϑ, then Kϑ is linearly disjoint
from K8 and one has HipK8, F {Opϑqq � HipK8Kϑ, F {Oq∆ϑ .

Proof. See [CGLS22, proof of Theorem 1.2.2]. Note that their proof works for any
ϑ. □

1.1. Local cohomology groups of characters. Recall that F � O{p is the
residue field of O, a finite field of characteristic p. Let ϑ : GK Ñ F� be a character
with conductor divisible only by primes that are split in K. Since the case where
ϑ|Gp

� 1, ω is already dealt with in [CGLS22], we focus on the complementary cases.
Via the Teichmüller lift F�

ãÑ F�, we shall also view ϑ as taking values in O�. Set
Mϑ :� Opϑq bO Λ_.

The module Mϑ is equipped with a GK-action via ϑbΨ�1, where Ψ: GK Ñ Λ�

is the character arising from the projection GK ↠ Γ. One has a GK-equivariant
isomorphism Mϑ

�ÝÑ HomO,ctspΛ,Opϑqq.
Note that one has an exact sequence

(1.1) 0 Ñ pF {Oqpϑq ÑMϑ
�TÑMϑ Ñ 0.

In this section, we study the local cohomology of Mϑ at various primes w of K.

1.1.1. w ∤ p split in K.

Lemma 1.1.1. Let γw be the image of Frobw in the decomposition group of w | ℓ.
Let Pwpϑq � Pwpℓ�1γwq P Λ with Pw :� detp1�FrobwX | F pϑqIwq the Euler factor
at w of the L-function of ϑ.

The module H1pKw,Mϑq_ is Λ-torsion with characteristic ideal pPwpϑqq. In
particular, it has µ-invariant 0.

Proof. See [CGLS22, Lemma 1.1.1]. Note that their proof works for any ϑ. □

1.1.2. w | p in K.

Lemma 1.1.2. Let X be a finitely generated Λ-module.
(i) If

 XrT s � 0 and
 X{TX is a free O-module of rank r,

then X is a free Λ-module of rank r (and conversely).
(ii) If

 XrT s � 0 and
 rkOX{TX � r,

then rkΛX � r.

Proof. (i) This is [CGLS22, Lemma 1.1.2] (see also [NSW08, Proposition 5.3.19 (ii)]).
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(ii) Consider the structure theorem

X � Λs `à
i

Λ{pfiq `
à
j

Λ{pπmj q

for some distinguished polynomials fi. That XrT s � 0 implies there is no fi.
Then X{TX would have O-rank s because pΛ{pπmj qq{T is finite for any j.
Hence r � s. □

We now study the case ϑ|Gv
P t1, ωu excluded in [CGLS22]. Note that in each of

these cases one property in [CGLS22] fails.

Proposition 1.1.3. Assume that ϑ|Gv
P t1, ωu (all other cases have been considered

in the analogous [CGLS22, Proposition 1.1.3]). Then:
(i) The restriction morphism

rw : H1pKw,Mϑq Ñ H1pIw,MϑqGw{Iw

is surjective.
 If ϑ|Gw � 1, its kernel is a cofree O-module of rank 1. In particular,
kerprwq_ has Λ-rank 0 and it has no non-trivial finite Λ-submodule because
all non-trivial subgroups of O are infinite.

 If ϑ|Gw
� ω, it is an isomorphism.

(ii)  If ϑ|Gw
� 1, H1pKw,Mϑq is Λ-cofree of rank 1.

 If ϑ|Gw
� ω, X :� H1pKw,Mϑq_ satisfies pdΛX ¤ 1, (hence) has no

non-trivial finite (Λ-)submodule, and is generated by 2 elements with
Λ-rank equal to 1.

Proof. Note that Kw � Qp and that Kw,8{Kw is an infinitely ramified Zp-extension
by Lemma 1.0.2 not containing µp because p ¡ 2 and prKwpµpq : Kws, pq � 1.

(i): Since cdpKwq � 1 and Gw{Iw � Ẑ � Frobw, rw is surjective and kerprwq �
M Iw

ϑ {pFrobw � 1qM Iw

ϑ by [Rub00, Lemma I.3.2 (i)]. Let us now determine the
kerprwq by determining its Pontryagin dual as a Λ-module. Dualizing

0 ÑMGw

ϑ ÑM Iw

ϑ
Frobw�1ÝÝÝÝÝÝÑM Iw

ϑ ÑM Iw

ϑ {pFrobw � 1qM Iw

ϑ Ñ 0
and noting that Pontryagin duality transforms Gw-invariants into the quotient by
T , kerprwq_ sits in an exact sequence
(1.2) 0 Ñ kerprwq_ Ñ pM_

ϑ qIw Ñ pM_
ϑ qIw ÑM_

ϑ {T Ñ 0.

If ϑ|Gw � 1, MGw

ϑ � 0, so pM_
ϑ qIw Ñ pM_

ϑ qIw is a surjection of finitely generated
modules over the Noetherian algebra Λ, hence an isomorphism.

If ϑ|Gw
� 1, the exact sequence (1.2) reads

0 Ñ kerprwq_ Ñ ΛIw
Ñ ΛIw

Ñ Λ{T Ñ 0,
i.e.,

0 Ñ kerprwq_ Ñ OrΓ{Iws Ñ OrΓ{Iws Ñ O Ñ 0.
Since Iw � Gw is of finite index by Lemma 1.0.2, Γ{Iw � Z{pm with pm | hK .
Hence all modules are O torsion-free and rkO kerprwq_ � 1. We now prove (ii). Let
X be the Λ-module H1pKw,Mϑq_. It is finitely generated because it is finite mod
pp, T q. We determine XrT s and X{TX if ϑ|Gw

P t1, ωu.
Claim 0: HipKw,Mϑq � HipKw,8, F {Opϑqq and H2pKw,Mϑq � 0 indepen-

dent of ϑ.
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The first statement is Shapiro’s lemma. Note that Kw,8{Kw is a (infinitely
ramified) Zp-extension by Lemma 1.0.2. For the second statement, use the first and
that from [Nek06]

H2pKw,Mϑq � H2pKw,8, F {Oq � H0
IwpKw,8{Kw,Opχϑ�1qq � 0,

where the 0-th Iwasawa cohomology is 0 by [SV16, Remark 5.11, Lemma 5.12].
Claim 1: H1pKw,M1q{T � H1pKw,Mωq{T � 0.
From Claim 0, there is an isomorphism

H1pKw,Mϑq{T �ÝÑ H2pKw, F {Opϑqq.
From (1.4), one gets

0 Ñ H1pKw, F {Opϑqq{pÑ H2pKw,Fpϑqq Ñ H2pKw, F {Opϑqqrps Ñ 0
and

0 Ñ H2pKw, F {Opϑqq{pÑ H3pKw,Fpϑqq Ñ H3pKw, F {Opϑqqrps Ñ 0.
In the first sequence, H2pKw,Fpϑqq � H0pKw,Fpωϑ�1qq_ by Tate’s local duality. In
the second sequence, the H3 terms are 0 since cdpKwq � 2. Hence H2pKw, F {Opϑqq
is p-divisible and finitely generated, hence isomorphic to pF {Oqr for some r. If ϑ � 1,
r � 0, since the middle term in the first sequence is 0, and so H1pKw,M1q{T � 0.
If ϑ � ω, H2pKw, F {Opωqq � H0pKw,Zppωqq_ by Tate’s local duality (extended to
O-modules using that projective limits are dual to injective ones) and the latter is 0.

Claim 2a: H1pKw,M1qrT s � F {O.
Equivalently, pX{TXq_ � 0 for the Pontryagin dual. The long exact cohomology

sequence over Kw for (1.1) gives an exact sequence
(1.3) 0 Ñ H0pKw,Mϑq{T Ñ H1pKw, F {Opϑqq Ñ X_rT s Ñ 0.
By Claim 0, H0pKw,Mϑq{T � pF {Oq{T � F {O, hence pH0pKw,Mϑq{T q_ �
H0pKw,Mϑq_rT s � O.

If ϑ|Gw � 1, the middle term H1pKw, F {Opϑqq is canonically isomorphic to
GalpKab,p

w {Kwq_ � pK�
w q^,p � Z2

p by local class field theory since µp � K�
w . Hence

the Pontryagin dual of the exact sequence (1.3) reads
0 Ñ X{TX Ñ O2 Ñ O Ñ 0,

hence rkOX{TX � 1 and X{TX is O-free, hence X{TX � O and so X_rT s � F {O.
Since XrT s � 0 from Claim 1, apply Lemma 1.1.2 to X :� H1pKw,Mϑq_ to get

(ii) in the case ϑ|Gw
� 1.

Claim 2b: H1pKw,MωqrT s � F {O `O{pn for some n ¡ 0.
If ϑ|Gw

� ω, we look at the sequence (1.3) again:
H0pKw,Mϑq{T � pF {OpωqqGKw,8 {T � 0{T � 0

because µp � Kw,8: GalpKwpµpq{Kwq � pZ{pq� cannot be a quotient of the
Zp-extension Kw,8{Kw if p ¡ 2 by Lemma 1.0.2 (iii). Hence

H1pKw, F {Opωqq �ÝÑ X_rT s � pX{TXq_.
The long exact Galois cohomology sequence of
(1.4) 0 Ñ Fpωq Ñ F {Opωq πÑ F {Opωq Ñ 0
gives the short exact sequence

0 Ñ H0pKw, F {Opωqq{pÑ H1pKw,Fpωqq Ñ H1pKw, F {Opωqqrps Ñ 0.
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We have already seen H0pKw, F {Opωqq � 0, hence one has an isomorphism

H1pKw,Fpωqq �ÝÑ H1pKw, F {Opωqqrps.
One can compute the (finite) F-dimension of H1pKw,Fpωqq using the local Euler–
Poincaré characteristic formula, or by noting that H1pKw,Fpωqq is dual to H1pKw,Fq
by Tate’s local duality, and the latter is an F-vector space of dimension dimFpK�

w q{p �
2 by local class field theory, noting that µp � K�

w � Q�
p since p ¡ 2.

The Galois cohomology of (1.4) also gives an exact sequence

0 Ñ H1pKw, F {Opωqq{pÑ H2pKw,Fpωqq Ñ H2pKw, F {Opωqqrps Ñ 0.
The last term evaluates by Tate’s local duality theorem to

H2pKw, F {Opωqqrps � pH0pKw,Opχω�1qq{pq_ � 0
with χ : GKw Ñ O� the p-adic cyclotomic character and χω�1 its projection χ1 to
the principal units 1� pZp (note that p ¡ 2). Hence

(1.5) H1pKw, F {Opωqq{p �ÝÑ H2pKw,Fpωqq � H0pKw,Fq_ � F
by Tate’s local duality.

Hence we know H1pKw, F {Opωqq mod p (namely F) and its p-torsion (namely F2).
As it is a cofinitely generated O-module (since its p-torsion is finite dimensional),
writing it as pF {Oqr `A with A a finite O-module, A{p � F from (1.5), hence A �
O{pn for some n ¡ 0, and so F2 � H1pKw,Fpωqq � H1pKw, F {Opωqqrps � Fr�1.
Hence r � 1 and H1pKw, F {Opωqq � F {O`O{pn with n ¡ 0, agreeing with the local
Euler–Poincaré characteristic formula 0� 2� 1 � χpKw,Fpωqq � �rKw : Qps � �1.

Determination of H1pKw,Mωq as a Λ-module.
Hence we know from (1.3) that X{TX � O ` O{pn with n ¡ 0 in the case

ϑ|Gw
� ω, so by Lemma 1.1.2 X is not Λ-free and is generated by ¤ 2 elements

over Λ, and that XrT s � 0 from Claim 1. When XrT s � 0, X is Λ-torsion free, and
there is a presentation

0 C Λ2 X 0

0 C{T Λ2{T X{T 0

0 pnO O2 O `O{pn 0

� � �

of X as a Λ-module. Since C � Λ2 is Λ-torsion free and C{T � pnO, C � Λ
by Lemma 1.1.2. Hence the presentation implies that rkΛX � 1 and pdΛX ¤ 1,
hence X has no finite Λ-submodule by [NSW08, Proposition (5.3.19) (i)]. □

1.2. Selmer groups of characters. Let ϑ : GK Ñ F�
p be a character whose

conductor is divisible only by primes split in K (i.e., unramified over Q and have
degree 1).

Let Σ be a finite set of places of K containing 8 and the primes dividing p or
the conductor of ϑ and such that every finite place in Σ is split in K. Denote the
maximal extension of K unramified outside Σ by KΣ. Recall that p splits as vv in
K.
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Definition 1.2.1. (i) The Greenberg Selmer group of ϑ is

H1
FGrpK, Mϑq :� ker

!
H1pKΣ{K, Mϑq resGrÝÝÝÑ

¹
wPΣ,w∤p

H1pKw, Mϑq �H1pKv, Mϑq
)

.

(ii) For S :� Σztv, v,8u, let the S-imprimitive Selmer group of ϑ be

H1
FS

Gr
pK,Mϑq :� ker

!
H1pKΣ{K,Mϑq Ñ H1pKv,Mϑq

)
,

Replacing Mϑ by Mϑrps in the above definitions, we obtain the residual
Greenberg Selmer groups H1

FGr
pK,Mϑrpsq and H1

FS
Gr
pK,Mϑrpsq.

(iii) The Selmer group with unramified local conditions away from v, also called
unramified Selmer group for short, of ϑ is

H1
FnrpK, Mϑq :� ker

!
H1pKΣ{K, Mϑq

resnr,ϑÝÝÝÝÑ
¹

wPΣ,w∤p

H1pIw, MϑqGw{Iw�H1pIv, MϑqGv{Iv

)
.

(iv) For S :� Σztv, v,8u, let the S-imprimitive unramified Selmer group of ϑ
be

H1
FS

nr
pK,Mϑq :� ker

!
H1pKΣ{K,Mϑq Ñ H1pIv,MϑqGv{Iv

)
,

Replacing Mϑ by Mϑrps in the above definitions, we obtain the residual
unramified Selmer groups H1

Fnr
pK,Mϑrpsq and H1

FS
nr
pK,Mϑrpsq.

Note these Selmer groups are Λ-cofinitely generated (by finiteness of the p-Selmer
groups and Nakayama’s lemma), and the Selmer groups are independent of the
choice of Σ as reflected in their notation.

The local conditions for these unramified Selmer groups are relaxed (namely,
the full group) at v and Lv � kerprwq for w P Σztvu where rw : H1pKw,Mϑq Ñ
H1pIw,MϑqGw{Iw is the restriction in Proposition 1.1.3. Note that H1pKΣ{K,Mϑq �
SelΣpK,Mϑq with the Σ-relaxed Selmer group and H1

Fnr
pK,Mϑq � SelΣΣztvupK,Mϑq

with the Σztvu-strict Selmer group by [Rub00, Lemma I.5.3]. Analogously, H1
FS

nr
pK,Mϑq �

SelΣtvupK,Mϑq is the v-strict Selmer group. The S-imprimitive Selmer group has less
local conditions than the Selmer group, omitting the local conditions at S. Hence
one has an inclusion H1

Fnr
pK,Mϑq � H1

FS
nr
pK,Mϑq.

Note that because Kw � Qp and rQppµpq : Qps � p� 1 ¡ 1, ω|Gw
� 1. Hence

also ω|GK
� 1. We need this because we use several times that ω has no invariants

over Gw and GK .

Theorem 1.2.2. Assume that the conductor of ϑ is only divisible by primes that split
in K. Then H1

Fnr
pK,Mϑq_ is a finitely generated Λ-torsion module with µ-invariant

0.

Proof. The first part of this proposition is essentially proved in [Rub91] (with [Rub94]
to remove the assumption on hK). As explained in [CGLS22, Theorem 1.2.2],
the dual Selmer groups H1

Fnr
pK,Mϑq_ are readily identified with the ϑ-isotypic

components of X8 (which are shown to be Λ-torsion in [Rub91, Remark (ii) after
Theorem 4.1]) where X8 is the Galois group of the maximal abelian pro-p extension
of K8Kϑ unramified outside v, Kϑ being the fixed field of kerpϑq.

That µ-invariants is 0 follows from the vanishing result of [Hid10] and the
Iwasawa Main Conjectures in [Rub91] together with [CW78] (or more generally,
[dS87, III.1.10] to remove the assumption on p � 3, that p is an anomalous prime
and that i � 0 which corresponds to the case where ϑ|GK

� 1). More precisely,
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if ϑ|GK
� 1, then the Main Conjecture for ϑ identifies CharpXϑq with pLϑq and

hence the algebraic µ-invariant equals the analytic one which vanishes. If ϑ|GK
� 1,

the Main Conjecture identifies CharpX1q with pL1 � T q so again both µ-invariants
vanish. □

Remark 1.2.3. (i) Recall that from Corollary 1.0.3, the local conditions of our
Selmer group at w ∤ p agree with the Greenberg’s local conditions. This is also
discussed in [CGLS22, Theorem 1.2.2]. As a consequence, our Selmer group
can be alternatively defined as

H1
Fnr
pK,Mϑq :� ker

!
H1pKΣ{K,Mϑq resÝÝÑ

¹
wPΣ,w∤p

H1pKw,Mϑq�H1pIv,MϑqGv{Iv

)
.

(ii) We remark here that Theorem 1.2.2 is crucial in the proof of the fact that the
global-to-local map defining the above Selmer group (as well as the imprimitive
one) is surjective.

Proof. Regarding (ii): We want to show that the conditions (1)–(4) of [PW11,
Proposition A.2] are satisfied for H1pK,Mϑq � H1pK8, F {Opϑqq by Shapiro’s
lemma(see Corollary 1.0.5). The conditions are for K{Q an imaginary quadratic
number field with p � vv and local conditions Lw:
(1) No place w | p splits completely in K8.
(2) The Selmer group is Λ-cotorsion.
(3) H0pK8,HompOpϑq, F {Op1qqq is finite.
(4) rv � rv :� corankΛLv � corankΛLv � rkOOpϑq �: rK : Qsd� d �: δpK,V q.
Condition (1) is satisfied for the anticyclotomic Zp-extension by Lemma 1.0.2.
By Theorem 1.2.2, Xϑ is Λ-torsion; this is condition (2). Denoting by χ the p-adic
cyclotomic character. Then the Cartier dual HompOpϑq, F {Op1qq � F {Opχϑ�1q
has finite GK8

-invariants for any finite order character ϑ. (This is equivalent to
showing that χϑ�1|GK8

� 1. Note that kerpχq � Kcyc, the cyclotomic Zp-extension
of K, is linearly disjoint from Kcyc, so χpGK8

q � χpGK8
GKcycq � χpGKq. Hence

χ|GK8
: GK8

Ñ Z�
p has open image. But multiplying it by the character ϑ�1 with

finite image does not change this property.) This means that condition (3) is satisfied.
Condition (4) is satisfied since one has rv � 1, rv � 0 (from Proposition 1.1.3),
rK : Qs � 2, d � 1 (we have characters) and δpK,F pϑqq � 1 (there is exactly one
archimedean place up to equivalence, and it is complex, and d � 1).

Surjectivity for the S-imprimitive Selmer group immediately follows. □

Consider the (finitely generated) Λ-modules

XSϑ :� H1
FS

nr
pK,Mϑq_,

Xϑ :� H1
Fnr
pK,Mϑq_.

We now determine λpXSϑq in terms of H1
FS

nr
pK,Mϑrpsq.

Lemma 1.2.4 (relation between the p-torsion of the S-imprimitive Selmer group
and the residual one). One has an isomorphism

H1
FS

nr
pK,Mϑrpsq � H1

FS
nr
pK,Mϑqrps.

Note that one has a surjection SelΣpK,Mϑrpsq ↠ SelΣpK,Mϑqrps by [Rub00,
Lemma I.5.4].
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Proof. The long exact cohomology sequence of 0 ÑMϑrps ÑMϑ ÑMϑ Ñ 0 (note
that Mϑ is π-divisible since Λ_ is) yields a short exact sequence

0 Ñ H0pKΣ{K,Mϑq{π Ñ H1pKΣ{K,Mϑrpsq Ñ H1pKΣ{K,Mϑqrps Ñ 0,

with an analogous short exact sequence with KΣ{K replaced by Kv. This allows us
to first study the p-torsion of the Greenberg Selmer groups, which recovers [CGLS22,
Lemma 1.2.4] for arbitrary characters (their assumption ϑ|Gv

� 1 is not essential).
Indeed, by the snake lemma one has a commutative diagram with exact rows
(Gr,ϑ)

0 kerprGr,0
v

q H1
FS

Gr
pK, Mϑrpsq H1

FS
Gr
pK, Mϑqrps

0 H0pKΣ{K, Mϑq{p H1pKΣ{K, Mϑrpsq H1pKΣ{K, Mϑqrps 0

0 H0pKv, Mϑq{p H1pKv, Mϑrpsq H1pKv, Mϑqrps 0

r
Gr,0
v

r
Gr,1
v

We have to study the kernel and the cokernel of

rGr,0
v : H0pKΣ{K,Mϑq{pÑ H0pKv,Mϑq{p.

But its domain and codomain are 0: H0pKΣ{K,Mϑq � H0pKΣ
8{K8, F {Opϑqq and

H0pKv,Mϑq � H0pKv,8, F {Opϑqq, both isomorphisms by Shapiro’s lemma, which
are both π-divisible: If ϑ � 1, they are F {O; and if ϑ � 1 but ϑ|Gv

� 1, they
are 0 and F {O. Otherwise 0 � H0pKΣ

8{K8,Fpϑqq �ÝÑ H0pKΣ
8{K8, F {Oqrps (and

similar for the local H0) shows that they are torsion p-groups with trivial π-torsion,
hence 0. In particular, the middle row gives the identification H1pKΣ{K,Mϑrpsq �
H1pKΣ{K,Mϑqrps.

We then study the imprimitive Selmer groups with unramified local conditions.
There is a similar diagram

(nr,ϑ)
0 kerprnr,0

v
q H1

FS
nr
pK, Mϑrpsq H1

FS
nr
pK, Mϑqrps

0 H0pKΣ{K, Mϑq{p H1pKΣ{K, Mϑrpsq H1pKΣ{K, Mϑqrps 0

0 kerpfϑq H1pKv,Mϑrpsq

kerpresMϑrps
q

H1pKv,Mϑq

kerpresMϑ
q
rps

r
nr,0
v

r
nr,1
v

fϑ

where again we need to study the domain and codomain of rnr,0
v . But the domain

remains the same, so still kerprnr,0
v q � 0. We claim that the codomain kerpfϑq � 0

as well.
From here and onward, we use ω̃ (resp. 1̃) to denote a character ϑ of GK whose

restriction to Gv is ω (resp. 1) which may or may not be ω (resp. 1) on GK .
When ϑ|Gv

� ω, Proposition 1.1.3 (i) shows that kerpresMω̃
q � 0. Actually,

the same argument shows that kerpresMω̃rpsq � 0 as well, since both M
Gv
ω̃ and

Mω̃rpsGv are 0. Therefore, if ϑ|Gv
� ω, the above two diagrams agree, so kerpfω̃q �

H0pKv,Mω̃q{p � 0.
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When ϑ|Gv
� 1, however, we need to study the map f1̃ in the bottom row more

carefully. Note that in general for C a p-divisible submodule of A we have an
isomorphism
(1.6) A{Crps � Arps{Crps.
Notice that from Proposition 1.1.3 (i), kerpresM1̃q � F {O. A similar argument shows
that for M1̃rps, the exact sequence (1.2) reads

0 Ñ kerpresM1̃rpsq_ Ñ FrΓ{Iws Ñ FrΓ{Iws Ñ F Ñ 0,
so kerpresM1̃rpsq � F.

Note also that from the last row in the first diagram (Gr,ϑ), since H0pKv,M1̃q{p �
0, there is an identification H1pKv,M1̃rpsq � H1pKv,M1̃qrps. Therefore the domain
of f1̃ is identified with H1pKv,M1̃qrps

kerpresM1̃rps
q . Let A � H1pKv,M1̃q and C � kerpresM1̃q �

F {O. The map f1̃ then looks like

Arps{F f1̃ÝÑ A{pF {Oqrps � Arps{pF {Oqrps � Arps{F,
where the identification in the middle comes from (1.6). However, f1̃ is induced by
the natural map H1pKv,M1̃rpsq �ÝÑ H1pKv,M1̃qrps :� Arps, so f1̃ must itself be an
isomorphism on the quotients. Hence kerpf1̃q � 0 as well.

Hence in both cases ϑ|Gv
� ω and 1, H1

FS
nr
pK,Mϑrpsq Ñ H1

FS
nr
pK,Mϑqrps is an

isomorphism by the snake lemma applied to the second diagram. □

Proposition 1.2.5. The S-imprimitive Selmer group XSϑ is Λ-torsion with µ-
invariant 0 and λ-invariant

λpXSϑq � λpXϑq �
¸

wPΣ,w∤p
λpPwpϑqq.

Moreover, H1
FS

nr
pK,Mϑrpsq is finite and if ϑ|Gv

� ω, dimFH1
FS

nr
pK,Mϑrpsq � λpXSϑq.

Proof. When ϑ|Gv
� 1, ω, this is [CGLS22, Proposition 1.2.5]. Now we obtain

from Remark 1.2.3 that the restriction map defining H1
Fnr
pK,Mϑq using unramified

local conditions is surjective, so the sequence
(1.7)

0 Ñ H1
FnrpK, Mϑq Ñ H1pKΣ{K, Mϑq Ñ

¹
wPΣ,w∤p

H1pKw, Mϑq �H1pIv, MϑqGv{Iv Ñ 0

is exact. From the definitions, this readily yields the exact sequence
(1.8) 0 Ñ H1

Fnr
pK,Mϑq Ñ H1

FS
nr
pK,Mϑq Ñ

¹
wPS

H1pKw,Mϑq Ñ 0,

which combined with Theorem 1.2.2 and Lemma 1.1.1 gives the first part of the
proposition.

Essentially the same proof in loc. cit. shows H2pKΣ{K,Mϑq is 0. More precisely,
we adopt the arguments from Greenberg in [Gre89], as we now explain.

First note that because GalpKΣ{Kq has p-cohomological dimension 2, H2pKΣ{K,Mϑq
is cofree. Proposition 3 in op. cit. yields the following equation of Λ-coranks:

corankΛpH1pKΣ{K,Mϑqq � corankΛpH2pKΣ{K,Mϑqq � 1.
Since corankΛpH1pKΣ{K,Mϑqq ¤ 1(it follows from the exact sequence (1.7), to-
gether with Theorem 1.2.2, Lemma 1.1.1 and Proposition 1.1.3), this gives the
cotorsionness of H2pKΣ{K,Mϑq, so H2pKΣ{K,Mϑq � 0.
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Then [Gre89, Proposition 5] shows that H1pKΣ{K,M1̃q_ has no finite Λ-submo-
dules. From Proposition 1.1.3, we see that PS :� pH1pKv,M1̃q

kerpresM1̃
q q_ fits into an exact

sequence
0 Ñ PS Ñ Λ Ñ O Ñ 0,

so PS is a free Λ-module of rank 1. Then (1.7) and (1.8) readily yields

XS1̃ �
H1pKΣ{K,M1̃q_

PS

as Λ-modules, and by [GV00, Lemma 2.6] we conclude that XS1̃ has no finite
Λ-submodules.

Since XS1̃ is torsion with µ-invariant 0 by Theorem 1.2.2, the finiteness of
H1

FS
nr
pK,M1̃qrps (and hence of H1

FS
nr
pK,M1̃rpsq by Lemma 1.2.4) follows from the

structure theorem. It then follows that H1
FS

nr
pK,M1̃q is divisible, and in particular

H1
FS

nr
pK,M1̃q � pF {OqλpXS

1̃ q,

which together with Lemma 1.2.4 gives the formula for λ-invariant.
The same argument shows that H1

FS
nr
pK,Mω̃rpsq is finite, except that XSω̃ might

have some finite submodules (also from Proposition 1.1.3) so we don’t obtain a simple
formula about the λ-invariant. The computation will be postponed to section 1.4. □

Corollary 1.2.6. (i) Assume ϑ|Gv
� ω. Then H2pKΣ{K,Mϑrpsq � 0.

(ii) When ϑ|Gv
� 1, one has an exact sequence

0 Ñ H1
FS

nr
pK,M1rpsq Ñ H1pKΣ{K,M1rpsq Ñ H1pKv,M1rpsq{ kerpresM1̃rpsq Ñ 0.

Proof. (i) When ϑ|Gv
� 1, ω, this is proved in [CGLS22]. Assume ϑ|Gv

� 1.
The cohomology long exact sequence induced by multiplication by p on M1̃ yields

an isomorphism

(1.9) H1pKΣ{K,M1̃q
pH1pKΣ{K,M1̃q

� H2pKΣ{K,M1̃rpsq.

On the other hand, from the exactness of (1.7) we deduce the exact sequence

(1.10) 0 Ñ H1
FS

nr
pK,M1̃q Ñ H1pKΣ{K,M1̃q Ñ H1pIv,M1̃qGv{Iv Ñ 0.

Since H1pIv,M1̃qGv{Iv is a quotient object of H1pKv,M1̃q, the dual of H1pIv,M1̃qGv{Iv

is a subobject of H1pKv,M1̃q_. By Proposition 1.1.3 (ii) the latter is free of Λ-rank
1, so the dual of H1pIv,M1̃qGv{Iv has no p-torsion, too. Since we showed in Theo-
rem 1.2.5 that H1

FS
nr
pK,M1̃q is divisible, it follows from (1.10) that H1pKΣ{K,M1̃q_

has no p-torsion, and so
H2pKΣ{K,M1̃rpsq � 0

by (1.9).
(ii) By Remark 1.2.3 (ii), the global to local map defining the imprimitive unram-

ified Selmer group H1
FS

nr
pK,M1̃q is surjective. By Theorem 1.2.5, H1

FS
nr
pK,M1̃q is

divisible. Now with our Lemma 1.2.4, the proof of the second claim in Corollary
1.2.6 in op. cit. applies almost verbatim to our case. This finishes the proof. □
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1.3. Local cohomology groups of ρf . Recall that f P SkpΓ0pNqqnew is a new-
form of weight k � 2r. Let T :� Tf be the self-dual twist of the p-adic Galois
representation of f , V :� Vf :� Tf bO F , and W :�Wf :� Vf {Tf . Let Mf be the
GK-module

Mf :� T bO Λ_.

Note that one has an exact sequence

0 ÑWf ÑMf
�TÑMf Ñ 0.

Recall that by 1̃ (resp. ω̃) we mean a character ϑ of GK with ϑ|Gp
� 1 (resp. ω)

which may or may not be 1 (resp. ω) on GK . Compared to [CGLS22], we then have
two new cases to deal with:

(i) 0 Ñ Fp1̃q Ñ ρf Ñ Fpω̃q Ñ 0
(ii) 0 Ñ Fpω̃q Ñ ρf Ñ Fp1̃q Ñ 0

We will see in section 1.4 that the choice of the ordering of the characters appearing
in the decomposition in ρf will not matter. For our convenience, assume we are in
case (ii). This assumption is in effect throughout section 1.3 and section 1.4.

Proposition 1.3.1. Let ρ be an irreducible 2-dimensional p-adic Galois representa-
tion whose residual representation ρ has semisimplification the direct sum of two
1-dimensional characters. Then there is a lattice such that the associated Galois
representation is a non-split extension of those two characters in a given ordering.

Proof. See [Bel09, Proposition 1.4] □

Note that Vf is an irreducible GK -module (this follows from the Tate conjecture
for abelian varieties if k � 2 and in for newforms of general weight from [Rib77,
Theorem 2.3]), but becomes reducible when restricted to GKv

because it is crystalline
with distinct Hodge–Tate weights and characteristic polynomial having a unit
root [BC09, Theorem 8.3.6]. Hence by isogeny invariance of the BSD Conjecture,
we can assume ρf |GK

non-split with no trivial subrepresentation and that there is a
short exact sequence

0 Ñ Fprφq Ñ ρf |GK
Ñ Fp rψq Ñ 0

with φ � rφ|GKv
� ω.

Theorem 1.3.2. The p-adic Galois representation ρf |GKw
is crystalline with Hodge–

Tate weights tr, 1� ru.
Proof. This is because p ∤ N [Sch90, Theorem 1.2.4 (ii)] (note that the condition
p ¥ k there can be removed by [Tsu99]). It has Hodge–Tate weights tr, 1 � ru
since we have Hodge–Tate weights t0, k � 1u before taking the self-dual twist by
1� r [Sch90, 4.2.0]. □

We first compute some H0 cohomology groups.

Proposition 1.3.3. Let p ¡ 2 be a prime. Let K{Q be an imaginary quadratic
field with p � vv split in K and K8|K be the anticyclotomic Zp-extension.

Assume the reduction ρf � Vf {Tf rps of Vf a 2-dimensional residual Galois
representation of GQ which is a non-split extension

0 Ñ Fpφq Ñ ρf Ñ Fpψq Ñ 0
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with φ � εωk�1 and ψ � ε�1 and ε unramified at p. Then H0pGK8
, ρf q � 0 (i.e.,

ρf remains non-split over GK8
).

Proof. Since ρf is non-split, it defines a nonzero extension class in

Ext1
FrGK spFpε�1q,Fpεωk�1qq � Ext1

FrGK spF,Fpε2ωk�1qq � H1pK,Fpε2ωk�1qq;
here we use that twisting by ε induces an isomorphism on Ext1. Thus it suffices to
show that res : H1pK,Fpε2ωk�1qq Ñ H1pK8,Fpε2ωk�1qq is injective.

Let L � Kpε2q. It is an extension of K of degree dividing p#F � 1q{2, hence
coprime to p. It is also unramified at p. Since Kpωk�1q{K is totally ramified at p as
p ¡ 2 and K � Qp?�3q,Qp?�1q, one has KpωqXL � K. Note that Kpωk�1q � K
because otherwise 2 | p� 1 � ordpωq | pk � 1q, but k is even.

Now consider the commutative diagram of inflation-restriction sequences

0 H1pK8|K, Fpε2ωk�1qGK8 q H1pK, Fpε2ωk�1qq H1pK8, Fpε2ωk�1qq

0 H1pLK8|L, Fpε2ωk�1qGLK8 q H1pL, Fpε2ωk�1qq H1pLK8, Fpε2ωk�1qq

inf res

inf res

The middle vertical arrow is injective by restriction-corestriction because p ∤ rL : Ks.
The lower left group is 0 because Fpε2ωk�1qGLK8 � Fpωk�1qGLK8 � 0 since no
non-trivial p-th root of unity is contained in K8 because it is a Zp-extension of
K and µppKq � t1u since p ¡ 2 and K � Qp?�3q,Qp?�1q; note that ωk�1 � 1.
Hence the lower restriction morphism is injective, hence by commutativity and
exactness of the diagram the top restriction is injective. □

For simplicity, in the local cohomology groups, we write the characters as 1 and
ω instead of 1̃ and ω̃ since we do not care about their global behavior.

Proposition 1.3.4. Let w | p. Assume the Galois representation ρf does not have
a trivial subrepresentation. Assume that for w | p, ρf |GKw

is an extension of the
trivial representation F by Fpωq.

(i) H0pK,Vf {Tf q � 0.
(ii) H0pKw, Vf {Tf q is finite and cyclic, i.e., isomorphic to O{pa with a ¥ 0.

(iii) H0pKw,Mf q is finite and cyclic, i.e., isomorphic to O{pb with b ¥ 0.

Proof. (i) Follows by assumption on Tf by Proposition 1.3.1.
(ii) Note that we have Vf {Tf � Mf rT s, hence H0p?, Vf {Tf q � H0p?8, Vf {Tf qrT s

for ? P tK,Kwu, so (ii) follows from (iii).
(iii) Note that ρf |GKw

is crystalline with Hodge–Tate weights tr, 1� ru by Theo-
rem 1.3.2. By [BC09, Theorem 8.3.6], ρf |Gw

is reducible
0 Ñ F pσq Ñ ρf |Gw

Ñ F pτq Ñ 0
with characters σ, τ having Hodge–Tate weights tr, 1� ru. By [BC09, Propo-
sition 8.3.4], tσ, τu � tεχr, ε�1χ1�ru with ε an unramified character of
GKw

. But for m � 0, εχm is non-trivial on GK8,w
by Lemma 1.0.2 (ii).

Hence H0pK8,w, F pεχmqq � 0, so H0pK8,w, F {Opεχmqq � F {O is finite
and cyclic whenever r ¡ 1. (Note that H0pK8,w, F pεχmqq � 0 implies
H0pK8,w, F {Opεχmqq is finite by [KO20, Lemma 2.7]). Hence in order to
show H0pK8,w, Vf {Tf q is cyclic, it remains to show that for one of ? � φ,ψ,
the invariants H0pK8,w, F {Op?qq � 0.
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Note that at least one H0pKw,Fpφqq,H0pKw,Fpψqq is 0 (since one of them
is ω when restricted to Gw). Since ordpω|GK8

q � p� 1 (since p� 1 is coprime
to p), also at least one H0pK8,w, F {Opφqq,H0pK8,w, F {Opψqq is 0. Hence
H0pK8,w, Vf {Tf q � F {O and the finiteness result in the above paragraph
shows that we cannot have equality.

Now if r � 1, ρf is the p-adic Galois representation attached to an abelian
variety A{Kw with good reduction. Since A{Kw has good reduction, its Néron
model A {OKw

is an abelian scheme. It satisfies the Néron mapping property
A pOKw

q �ÝÑ ApKwq. Since A is an abelian scheme, A rpns is a finite flat
group scheme over OKw for all n ¥ 1. Now for any finite flat group scheme G
over OKn,w , one has an exact sequence

0 � G0pOKn,w
q Ñ GpOKn,w

q Ñ GétpOKn,w
q

coming from the connected-étale sequence. Since OKn,w
is a Henselian local

ring, GétpOKn,w
q � GétpFnq for the finite residue field Fn of OKn,w

. Note that
since K8,w{Kw is infinitely ramified, the GétpOKn,w

q will eventually stabilize
for nÑ8 if G � A rpns since an abelian variety has only finitely many points
over a finite field. Hence Arp8spK8,wq � H0pKw,Mf q is finite.

For future use, we mention that the same argument gives the finiteness of
H0pKw,Fil�pMf qq if one replaces G by Gét throughout. □

Lemma 1.3.5. Let w | p in K. Then H1pKw,Mf q has Λ-corank 2.

Proof. Let X :� H1pKw,Mf q_. Consider the exact sequences

(1.11) 0 Ñ Vf {Tf ÑMf
�TÝÝÑMf Ñ 0

and

(1.12) 0 Ñ ρf Ñ Vf {Tf �πÝÝÑ Vf {Tf Ñ 0.

We aim to study the O-rank of X{T and mimic our argument in Proposition 1.1.3 (ii).
We will show that XrT s � 0 and the O-rank is 2, then the Λ-rank of X is 2 by the
topological Nakayama lemma as in Lemma 1.1.2.

We would like to study the following short exact sequence coming from (1.11)

(1.13) 0 Ñ H0pKw,Mf q{T Ñ H1pKw, Vf {Tf q Ñ X_rT s Ñ 0,

where the first term is finite by Proposition 1.3.4 (i).
By (1.12), there is an exact sequence

(1.14) 0 Ñ H1pKw, Vf {Tf q{pÑ H2pKw, ρf q Ñ H2pKw, Vf {Tf qrps Ñ 0.

We claim that the last term in the above sequence is 0. Indeed, H2pKw, Vf {Tf q � 0
because it’s dual to H0pKw, Tf q which must vanish because H0pKw, Vf {Tf q is finite
by Proposition 1.3.4 (ii). Note that there is a sequence

0 Ñ H0pKw,Fpωqq � 0 Ñ H0pKw, ρf q Ñ H0pKw,Fp1qq � F,

so H0pKw, ρf q has F-dimension 0 or 1. From local duality and self-duality of ρf ,
H2pKw, ρf q � H0pKw, ρf q_ has the same dimension. Now we consider two cases.

Case I: dimFpH2pKw, ρf qq � dimFpH0pKw, ρf qq � 0.
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In this case, from the local Euler characteristic formula [NSW08, Theorem 7.3.1],
H1pKw, ρf q has F-dimension 2. By (1.12), there is an identification

(1.15) H1pKw, Vf {Tf qrps � H1pKw, ρf q{pH0pKw, Vf {Tf q{pq.
Since in this case H0pKw, Vf {Tf q � 0, from (1.15) we see that H1pKw, Vf {Tf qrps
has F-dimension 2. Therefore H1pKw, Vf {Tf q{p � 0, so H1pKw, Vf {Tf q is O-cofree
of rank 2. Hence X{T is also O-free of rank 2.

Case II: dimFpH2pKw, ρf qq � dimFpH0pKw, ρf qq � 1.
From (1.14), we see that H1pKw, Vf {Tf q{p also has F-dimension 1. Again by

the local Euler characteristic formula, H1pKw, ρf q has F-dimension 4. Since in
this case H0pKw, Vf {Tf q is non-trivial, we see from Proposition 1.3.4 (ii) that
H0pKw, Vf {Tf q{p � F. So by (1.15), H1pKw, Vf {Tf qrps has F-dimension 3. Hence
rkOpX{T q � corankOpX_rT sq � corankOH1pKw, Vf {Tf q � 2.

Now we show that XrT s � 0. Indeed, the same arguments in Proposition 1.1.3
Claim 0 shows H2pKw,Mf q � 0. We therefore have an identification X_{T �
H1pKw,Mf q{T � H2pKw, Vf {Tf q � 0. Now by Lemma 1.1.2 ((i) for Case I and (ii)
for Case II), X has Λ-rank 2. □

Similarly as in Proposition 1.1.3, we define the restriction map for Mf by

resMf
: H1pKw,Mf q Ñ H1pIw,Mf qGw{Iw .

Define resMf rps by replacing Mf with Mf rps in the above definition.

Lemma 1.3.6. kerpresMf
q is finite and cyclic. Moreover, when H0pKw,Mf q is

non-trivial, kerpresMf rpsq � F and when H0pKw,Mf q � 0, kerpresMf rpsq � 0.

Proof. Similar to (1.2), there are two exact sequences for Mf and Mf rps respectively:
(1.16) 0 Ñ kerpresMf

q_ Ñ pM_
f qIw Ñ pM_

f qIw ÑM_
f {T Ñ 0.

and
(1.17) 0 Ñ kerpresMf rpsq_ Ñ pMf rps_qIw

Ñ pMf rps_qIw
ÑMf rps_{T Ñ 0.

Note that the last term in (1.16) is nothing but the dual of H0pKw,Mf q, which is
finite by Proposition 1.3.4 (iii). Therefore H0pKw,Mf q_ � H0pKw,Mf q � O{pn for
some n ¥ 0.

Note that pM_
f qIw is Λ-torsion because Iw is non-trivial by Lemma 1.0.2(iii),

so kerpresMf
q is also finite because characteristic ideals are multiplicative in exact

sequences of torsion Λ-modules. Moreover, if H0pKw,Mf q � 0, by Noetherian
property of Λ the Λ-module surjection

pM_
f qIw

Ñ pM_
f qIw

must be an isomorphism so kerpresMf
q � 0. Before proving it’s always cyclic, we

first prove the second half of this proposition.
First assume H0pKw,Mf q is non-trivial and hence cyclic, then Mf rps_{T �

H0pKw,Mf rpsq_ � pH0pKw,Mf qrpsq_ � F. Since pMf rps_qIw
� pH0pIw,Mf rpsqq_ �

pH0pIw,8, ρf qq_ is finite (the second equality follows from Shapiro’s lemma), it fol-
lows from sequence (1.17) that kerpresMf rpsq � F.

Now if H0pKw,Mf q � 0, then Mf rps_{T � 0 so again from sequence (1.17) we
see that kerpresMf rpsq � 0.



22 TIMO KELLER AND MULUN YIN

Finally, we show kerpresMf
qrps � F, from which it follows immediate that

kerpresMf
q is cyclic because we have showed it’s finite.

Consider the diagram

0 kerpresq kerpresMf rpsq kerpresMf qrps

0 H0pKw, Mf q{p H1pKw, Mf rpsq H1pKw, Mf qrps 0

0 H0pIw, Mf q{p H1pIw, Mf rpsq H1pIw, Mf qrps 0

cokerpresq

res

When H0pKw,Mf q � 0, we have seen that kerpresMf
q � 0.

Now assume H0pKw,Mf q is non-trivial so H0pKw,Mf q{p � F. In this case also
kerpresMf rpsq � F. Since again H0pIw,Mf qrps � H0pIw,Mf rpsq � H0pIw,8, ρf q, we
have an exact sequence

0 Ñ H0pIw,8,Fpωqq � 0 Ñ H0pIw,Mf rpsq Ñ H0pIw,8,Fp1qq � F.

Here H0pIw,8,Fpωqq � 0 because ω is ramified and Iw{Iw,8 is a pro-p group while
the trivializing extension of ω has order dividing p� 1. Hence H0pIw,Mf qrps � F.
It follows that H0pIw,Mf q � F {O and H0pIw,Mf q{p � F.

Now if H0pIw,Mf q{p � 0, from the above diagram we see that cokerpresq � 0
and the snake lemma yields a surjection

kerpresMf rpsq � F Ñ kerpresMf
qrps,

so kerpresMf
q � F.

If H0pIw,Mf q{p � F, then kerpresq � cokerpresq � F. If both are 0, kerpresMf
qrps �

kerpresMf rpsq � F. If both are F, then the snake lemma yields an injection

kerpresMf
qrps Ñ cokerpresq � F,

so again kerpresMf
qrps � F. □

1.4. Selmer groups of ρf . Similarly as for that of Mϑ, we define an unramified
Selmer group for f by

H1
Fnr pK,Mf q � ker

!
H1pKΣ{K,Mf q

resnr,fÝÝÝÝÝÑ
¹

wPΣ,w∤p
H1pIw,Mf qGw{Iw �H1pIv ,Mf qGv{Iv

)
,

and an S-imprimitive unramified Selmer group, where S � Σ� tv, v,8u, by

H1
FS

nr
pK,Mf q � ker

!
H1pKΣ{K,Mf q

resS
nr,fÝÝÝÝÑ H1pIv,Mf qGv{Iv

)
.

The residual Selmer groups H1
Fnr
pK,Mf rpsq and H1

FS
nr
pK,Mf rpsq are defined in

the same manner.
One can similarly define the Greenberg Selmer groups for f by imposing triviality

at v.
By Ribet’s Lemma [Bel09], from the decomposition ρss

f � Fpφq ` Fpψq one has
an exact sequence

0 Ñ Fpφq Ñ ρf Ñ Fpψq Ñ 0,
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which further induces and exact sequence of GalpKΣ{Kq-modules
0 ÑMφrps ÑMf rps ÑMψrps Ñ 0,

where φ � ψ � ω. The cases left out in [CGLS22] are when one of φ|Gp
, ψ|Gp

is
trivial. Hence we assume this is the case.

Note that by Perrin-Riou’s formula in [KO20, Proposition 2.9], the order of φ
and ψ does not matter: Conjecture 1.2 (1) in op. cit. is true (the Selmer group
is Λ-cotorsion), so Conjecture 1.2 (2) (the anticyclotomic Main Conjecture for our
modular forms)1 is independent of the lattice Tf . Therefore we are free to assume
that φ|Gp

� ω and ψ|Gp
� 1. We then write the global character φ (resp. ψ) as

ω̃ (resp. 1̃). We remark here that the BSD Conjecture is also independent of the
lattice (see for example [Mil06, I.7]).

From now on, by essentially choosing a lattice Tf , we fix the following ordering
of the characters appearing in the above sequence
(1.18) 0 ÑMω̃rps ÑMf rps ÑM1̃rps Ñ 0.

We remark here that the second character 1̃ may be non-trivial or trivial on GK .
Therefore, H0pKΣ{K,M1̃rpsq may or may not be 0. Since the semisimplification ρss

f

is independent from the choice of a lattice Tf , we must study both cases. However,
from [BP19, Theorem 5.2], we can always choose a non-split extension of ρss

f so
that Fp1q (the global trivial character) is never a subrepresentation, so we could
always assume that H0pKΣ{K,Mf q � 0 (equivalently, H0pK, ρf q � 0), i.e., there is
no global torsion for f (it should be mentioned that their assumption (Good Eisen)
is not necessary for our use). We will do so in the rest of this paper. We also include
some partial results without assuming global non-torsionness in the appendix for
interested readers.

Let Xf and XSf denote Pontryagin dual of the primitive and S-imprimitive
unramified Selmer groups of f . This section is devoted to proving the following
relation between the λ-invariants of the imprimitive Selmer groups under the
assumption that there is no global torsion:

Theorem 1.4.1. If φ|Gp
� ω (so ψ|Gp

� 1) and φ|GK
� ω (so ψ|GK

� 1). Then

λpXSf q � λpXSφq � λpXSψq.
If φ|GK

� ω and ψ|GK
� 1,

λpXSf q � 1 � λpXSφq � λpXSψq.
Furthermore, XSf and Xf are both Λ-torsion with µ-invariants 0.

Proof of the theorem: First notice that the sequence (1.18) yields a commutative
diagram

H1
FS

Gr
pK, Mω̃rpsq H1

FS
Gr
pK, Mf rpsq H1

FS
Gr
pK, M1̃rpsq

H1pKΣ{K, Mω̃rpsq H1pKΣ{K, Mf rpsq H1pKΣ{K, M1̃rpsq

H1pKv, Mω̃rpsq H1pKv, Mf rpsq H1pKv, M1̃rpsq

1see also Remark 2.2.4.
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with exact rows. It then follows from Theorem 1.2.5 that H1
FS

Gr
pK,M1̃rpsq and

H1
FS

Gr
pK,Mω̃rpsq are finite (since Greenberg’s Selmer groups are smaller than un-

ramified ones). Now H1
FS

Gr
pK,Mf rpsq is finite and there is an exact sequence

0 Ñ H1
FS

Gr
pK,Mf rpsq Ñ H1

FS
ur
pK,Mf rpsq Ñ kerpresMf rpsqp� Fq,

from which it follows that H1
FS

ur
pK,Mf rpsq is finite.

We have the following 2 diagrams for f with exact rows and columns similar to
those of the characters in Section 1.2 and Lemma 1.2.4:

(Gr,f)
0 kerprGr,0

v
q H1

FS
Gr
pK, Mf rpsq H1

FS
Gr
pK, Mf qrps

0 H0pKΣ{K, Mf q{p H1pKΣ{K, Mf rpsq H1pKΣ{K, Mf qrps 0

0 H0pKv, Mf q{p H1pKv, Mf rpsq H1pKv, Mf qrps 0

r
Gr,0
v

r
Gr,1
v

(nr,f)
0 kerprnr,0

v
q H1

FS
nr
pK, Mf rpsq H1

FS
nr
pK, Mf qrps

0 H0pKΣ{K, Mf q{p H1pKΣ{K, Mf rpsq H1pKΣ{K, Mf qrps 0

0 kerpfq H1pKv,Mf rpsq

kerpresMf rps
q

H1pKv,Mf q

kerpresMf
q
rps

r
nr,0
v

r
nr,1
v

f

Since H0pKΣ{K,Mf q � 0 and as we shall see, kerpfq � F, H1
FS

nr
pK,Mf qrps must

also be finite. Then from the structure theorem it follows that XSf (and hence Xf )
are Λ-torsion with µ-invariants 0. This proves the last part of the theorem.

Remark 1.4.2. As in Remark 1.2.3, the global-to-local map defining the Selmer
groups (both the Greenberg’s one and the unramified one, both primitive and
imprimitive) for f is also surjective in our case, due to [PW11, Proposition A.2].

(1) is already proved.
(2) is a proved above (both primitive and imprimitive).
To see (3), since ρf is self-dual, the cohomology group we consider is identified

with H0pK8, Vf {Tf q. By the comments before [CGLS22, Lemma 3.3.3], we have
ρf pGK8

q � ρf pGQq, so we need to show that H0pQ, Vf {Tf q is finite. Assume this
is infinite, then Vf {Tf � pF {Oq2 has at least a GQ-stable copy of F {O. Since we
could recover Tf � limÐÝVf {Tf rp

ns from Vf {Tf , this implies Tf has a GQ-stable copy
of O. However, this contradicts the irreducibility of Tf as a GQ module, a result of
Ribet in [Rib77].

(4) holds by Lemma 1.3.5 (for Greenberg’s Selmer group) and Lemma 1.3.6 (for
the unramified Selmer group).

To finish the proof of the theorem, it remains to compare the λ-invariants. Recall
that by Lemma 1.3.6, kerpresMf

q is finite. We now have 3 different cases to consider:



ANTICYCLOTOMIC IWASAWA THEORY OF NEWFORMS AT EISENSTEIN PRIMES 25

I H0pKw,Mf q is non-trivial and kerpresMf
q � 0

II Both H0pKw,Mf q and kerpresMf
q are non-trivial

III H0pKw,Mf q � 0 (so also kerpresMf
q � kerpresMf rpsq � 0)

For simplicity, we first assume kerpresMf
q � 0. In this case, the map f is surjective.

Case I:
Note that H0pKv,Mf q is cyclic and non-trivial, so by Proposition 1.3.4 (iii)

one has H0pKv,Mf q{p � F. Therefore kerpfq � 0. Also H0pKΣ{K,Mf q{p � 0
by Proposition 1.3.3.

To apply snake lemma, we add a fourth row to the unramified diagrams and
abbreviate them as follows (here ? � 1̃, f or ω̃):
(nr,?)
0 0 SelpM?rpsq SelpM?qrps

0 H0pKΣ{K, M?q{p � 0 H1pKΣ{K, M?rpsq H1pKΣ{K, M?qrps 0

0 kerpf?q � 0 H1pKv,M?rpsq
kerpresM?rpsq

H1pKv,M?q
kerpresM? q

rps 0

0 coker?rps coker?rps 0

r0
?

r?rps r?[p]

f?

Here dashed lines are used because in the case kerpresMf
q � 0 they may not be

exact. We also remark that the cokernels appearing in the above diagrams are finite
since all groups have finite O-rank.

Note that by the structure theorem of finitely generated Λ-modules (since
µpSelpM?qq � 0) the λ-invariants of SelpM?q can be computed as

λpXS? q � dimFSelpM?qrps � dimFSelpM?q{p,
whereas coker?rps � impSelpM?qrps Ñ SelpM?q{pq by Remark 1.2.3 and Remark 1.4.2,
so in particular

dimFSelpM?q{p
�dimF kerpSelpM?q{pÑ H1pKΣ{K, M?q{pq � dimFim

�
SelpM?q{pÑ H1pKΣ{K, M?q{p

�

�dimFcoker?rps � dimF ker
�

H1pKΣ{K, M?q{pÑ H1pKv, M?q
kerpresM?q

{p
	

.

Denoting the last kernel by K?, we get

λpXS? q � dimFSelpM?qrps � dimFcoker?rps � dimFK?.

Now by Corollary 1.2.6, the last two terms are 0 when ? � 1̃. Hence, if we use
dp�q to represent the F-dimension of an F-vector space, we get the following

Lemma 1.4.3. We have
(i) dpSelpM1̃rpsqq � λpXS1̃ q,

(ii) dpSelpMf rpsqq � λpXSf q � dpcokerfrpsq � dpKf q,
(iii) dpSelpMω̃rpsqq � λpXSω̃q � dpcokerω̃rpsq � dpKω̃q.

The next step is to relate the left hand sides of the above equations. Unlike
in [CGLS22], they do not simply satisfy an additive relation. Instead, we have
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Lemma 1.4.4. If 1̃ � 1 (i.e., the local trivial character is not globally trivial), we
have

dpSelpMf rpsqq � dpSelpMω̃rpsqq � dpKq � dpcokerfrpsq � dpcokerω̃rpsq � dpCq � 1,

where K (resp. C) is the kernel (resp. cokernel) of the map

cokerpH1pKΣ{K,Mω̃rpsq Ñ H1pKΣ{K,Mf rpsqq Ñ coker
�H1pKv,Mω̃rpsq

kerpresMω̃rpsq
Ñ H1pKv,Mf rpsq

kerpresMf rpsq
	
.

If 1̃ � 1, we have

dpSelpMf rpsqq � dpSelpMω̃rpsqq � dpKq � dpcokerfrpsq � dpcokerω̃rpsq � dpCq.
Proof. This is just generalized snake lemma:

0p Fq H1pKΣ{K, Mω̃rpsq H1pKΣ{K, Mf rpsq cokerpgq 0

0 F H1pKv,Mω̃rpsq

kerpresMω̃rps
q

H1pKv,Mf rpsq

kerpresMf rps
q

cokerpgvq 0

cokerω̃rps cokerfrps C 0

g

gv

Here the map g is injective if 1̃ � 1 and it has kernel F if 1̃ � 1.2
To see why the top two rows are exact on the left, first notice that H0pKΣ{K,M?rpsq �

0 for all ? � ω̃, f and 1̃ if 1̃ is globally non-trivial (it’s F otherwise). This
gives exactness of the first row. Now H0pKv,M1̃rpsq � F and H0pKv,Mf rpsq �
H0pKv,Mf qrps � F because we are in Case I.

Thus the map
H1pKv,Mω̃rpsq Ñ H1pKv,Mf rpsq

is injective. Adding the local conditions kerpresMω̃rpsq � 0, kerpresMf rpsq � F, we
get an exact sequence

0 Ñ F Ñ H1pKv,Mω̃rpsq
kerpresMω̃rpsq

gvÝÑ H1pKv,Mf rpsq
kerpresMf rpsq

. □

For later use, we remark that we also get from the above argument that

cokerpgvq � cokerpH1pKv,Mω̃rpsq Ñ H1pKv,Mf rpsqq.
To finish the proof of Theorem 1.4.1, we now relate Kf to Kω̃. The argument

in Corollary 1.2.6 (or more precisely, [Gre89, Proposition 3, Proposition 4] together
with Proposition 1.1.3 and Lemma 1.3.5) implies the vanishing of H2pKΣ{K,M?q.
We can then identify Kf (resp. Kω̃) with K

p2q
f (resp. Kp2q

ω̃ ) in the following two
diagrams (noting that kerpresMf

q � kerpresMω̃
q � 0)

2This is the only place where global trivialness of the character makes a difference on the
algebraic side. Similar difference also appears if we choose the other ordering of the characters, since
it determines whether f has global torsion, as the (local) trivial character is a subrepresentation
in that case. This difference corresponds to a different Iwasawa Main Conjecture for the (global)
trivial character. See Theorem 2.2.3.
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0 Kf K
p2q
f 0 0

0 H1pKΣ{K, Mf q{p H2pKΣ{K, Mf rpsq H2pKΣ{K, Mf qrps � 0 0

0 H1pKv, Mf q{p H2pKv, Mf rpsq H2pKv, Mf qrps 0

�

0 Kω̃ K
p2q
ω̃ 0 0

0 H1pKΣ{K, Mω̃q{p H2pKΣ{K, Mω̃rpsq H2pKΣ{K, Mω̃qrps � 0 0

0 H1pKv, Mω̃q{p H2pKv, Mω̃rpsq H2pKv, Mω̃qrps 0

�

It therefore suffices to relate Kp2q
f to Kp2q

ω̃ .
Corollary 1.2.6 also gives the vanishing of H2pKΣ{K,M1̃rpsq. By local duality

and Shapiro’s lemma, we get H2pKv,M1̃rpsq � H0pKv,8,Fpωqq � 0 as well. We
then obtain the following diagram

(Kp2q
f , K

p2q
ω̃ )

0 K
p2q
ω̃Ñf K

p2q
ω̃ K

p2q
f

0 kerphq H2pKΣ{K, Mω̃rpsq H2pKΣ{K, Mf rpsq H2pKΣ{K, M1̃rpsq � 0

0 kerphvq H2pKv, Mω̃rpsq H2pKv, Mf rpsq H2pKv, M1̃rpsq � 0

0

h

hv

from which we get

(1.19) dpKp2q
ω̃ q � dpKp2q

f q � dpKp2q
ω̃Ñf q.

The middle left vertical map is surjective because its domain and codomain are
quotients of those of H1pKΣ{K,M1̃rpsq Ñ H1pKv,M1̃rpsq which is surjective.

Next, consider the diagram

(Sel,1̃)

0 K SelpM1̃rpsq kerpjq

0 cokerpgq H1pKΣ{K, M1̃rpsq kerphq 0

0 cokerpgvq H1pKv,M1̃rpsq
kerpresM1̃rps

q
cokerpiq 0

C 0 0 0

j

i
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where g, gv are the maps in Lemma 1.4.4. Note that by Corollary 1.2.6, the middle
vertical map is surjective, so is the right vertical map. We thus conclude that

(1.20) dpSelpM1̃rpsqq � dpKq � dpkerpjqq � dpCq.
The above diagram together with the diagram

0 0 kerpresM1̃q � F kerpkq

0 cokerpH1pKv, Mω̃rpsq Ñ H1pKv, Mf rpsqq H1pKv, M1̃rpsq kerphvq 0

0 cokerpgvq H1pKv,M1̃rpsq
kerpresM1̃rps

q
cokerpiq 0

0 0 0 0

k

i

then yields the following diagram

0 K
p2q
ω̃Ñf K

p2q
ω̃Ñf 0

0 kerpjq kerphq cokerpiq 0

0 kerpkq � F kerphvq cokerpiq 0

0 0 0 0

�

�

from which we see

(1.21) dpkerpjqq � dpKp2q
ω̃Ñf q � 1.

Combining equations (1.19), (1.20), (1.21) with Lemma 1.4.3 and Lemma 1.4.4,
we get

λpXSf q � λpXSφq � λpXSψq
if φ � ω̃ � ω (equivalently, if ψ � 1̃ � 1); and

λpXSf q � 1 � λpXSφq � λpXSψq
if φ � ω̃ � ω (equivalently, if ψ � 1̃ � 1q.

Case II: kerpresMf
q � O{πn for some n ¥ 1

In this case, it is necessary that kerpresMf
qrps � F � kerpresMf

rpsq. Since
kerpresMf

q is no longer divisible, the natural injective map

H1pKv,Mf qrps
kerpresMf

qrps Ñ H1pKv,Mf q
kerpresMf

q rps

has cokernel kerpkerpresMf
q{p Ñ H1pKv,Mf q{pq which might be 0 or F. Denote

this cokernel by Cf .
The map

H1pKv,Mf rpsq
kerpresMf rpsq

Ñ H1pKv,Mf q
kerpresMf

q rps
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factors through the above map and has kernel F. The diagram (nr,?) now becomes
(nr,? � f)
0 0 SelpMf rpsq SelpMf qrps

0 0 H1pKΣ{K, Mf rpsq H1pKΣ{K, Mf qrps 0

0 kerpff q � F H1pKv,Mf rpsq

kerpresMf rps
q

H1pKv,Mf q

kerpresMf
q
rps Cf 0

F cokerfrps cokerf rps Cf 0

r0
f

rfrps rf [p]

ff

Therefore as in the Case I we still get

λpXSf q � dimFSelpMf qrps � dimFcokerf rps � dimFKf ,

and hence

(1.22) dpSelpMf rpsqq � λpXSf q � dpCf q � dpcokerfrpsq � dpKf q � 1

by the generalized snake lemma.
Finally, we compare Kf to Kω̃ in this case. Recall that in Case I we showed that

dpKω̃q � dpkerpH1pKΣ{K,Mf q{pÑ H1pKv,Mf q{pqq � dpKp2q
ω̃Ñf q

(here the first kernel coincides with Kf in that case), it suffices to compare KI
f :�

kerpH1pK,Mf q{pÑ H1pKv,Mf̃ q{pq to Kf . This is done by considering the following
diagram

0 0 KI
f Kf

0 0 H1pKΣ{K, Mf q{p H1pKΣ{K, Mf qp 0

0 Cf kerpresMf q{p � F H1pKv, Mf q{p H1pKv,Mf q

kerpresMf
q
{p 0

0 Cf F 0 0 0

�

If Cf � F, Kf � KI
f and (1.22) becomes exactly as in Case I, so the result follows

by the same computation. If Cf � 0, Kf � KI
f � F and (1.22) becomes

dpSelpMf rpsqq � λpXSf q � dpcokerfrpsq � dpKf q � 1,

and dpKω̃q � dpKf q � dpKp2q
ω̃Ñf q � 1. The same result follows from this observation.

Case III: H0pKw,Mf q � 0
In this case, it is necessary that kerpresMf

qrps � F � kerpresMf
rpsq by Lemma 1.3.6.

We only study what can be different from Case I.
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The diagram (nr,? � f) now becomes

0 0 SelpMf rpsq SelpMf qrps

0 H0pKΣ{K, Mf q{p � 0 H1pKΣ{K, Mf rpsq H1pKΣ{K, Mf qrps 0

0 kerpff q � H0pKv, Mf q{p � 0 H1pKv, Mf rpsq H1pKv, Mf qrps 0

0 cokerfrps cokerf rps 0

r0
f

rfrps rf [p]

ff

which agrees with Case I.
H0pKv,Mf q � 0 also implies H0pKv,Mf rpsq � 0, so we get an exact sequence

0 Ñ H0pKv,M1̃rpsq � F Ñ H1pKv,Mω̃rpsq Ñ H1pKv,Mf rpsq.
This is exactly the final ingredient in the proof of Lemma 1.4.4. Now exactly the
same arguments as in Case I give the desired relation. □

1.5. Comparison I: Algebraic Iwasawa invariants. We’re now ready to state
the main result of the algebraic side.

Let
Pwpfq :� Pwpℓ�1γwq P Λ

with Vf � Tf bQℓ and Pw � detp1� FrobwX | Vf,Iwq.
Recall that we have fixed the ordering of the characters appearing in the following

decomposition:
0 Ñ Fpφp� ω̃qq Ñ ρf Ñ Fpψp� 1̃qq Ñ 0.

Theorem 1.5.1. Assume that φ|Gp
� ω and φ|GK

� ω.
Then the module Xf is Λ-torsion with µpXf q � 0 and

λpXf q � λpXφq � λpXψq �
¸
wPS

 
λpPwpφqq � λpPwpψqq � λpPwpfqq

(
.

In the case where φ|GK
� ω, the same results hold except that the relation between

Λ-invariants now becomes
λpXf q � 1 � λpXφq � λpXψq �

¸
wPS

 
λpPwpφqq � λpPwpψqq � λpPwpfqq

(
.

Proof. With our Theorem 1.4.1 and Remark 1.4.2, the proof is the same as that
of [CGLS22, Theorem 1.5.1]. □

2. Analytic side

Let f P SkpΓ0pNqq with k � 2r be a newform, p ∤ 2N and K an imaginary
quadratic field satisfying the Heegner hypothesis. As on the algebraic side, we
assume p � vv is split in K. We further assume that the discriminant DK of K
is odd and DK � �3. Recall that Λ � OJΓK denotes the anticyclotomic Iwasawa
algebra, and set Λnr � Λb̂Zp

Znr
p , for Znr

p the completion of the ring of integers of
the maximal unramified extension of Qp. This is where the BDP p-adic L-function
lives.

In this section, we continue to study the case ρss
f � Fpφq ` Fpψq. Note that

the cases when φ|Gp
� 1 (resp. ω) but φ|GK

� 1 (resp. ω) are already studied
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in [CGLS22]. We therefore only state the theorems we need and explain how to
extend the results to the case where φ|GK

� 1.

2.1. p-adic L-functions.

2.1.1. The Bertolini–Darmon–Prasanna p-adic L-functions. Thanks to the Heegner
hypothesis, we can fix an integral ideal N � OK with

OK{N � Z{N.
Proposition 2.1.1 (p-adic interpolation property). There exists an element Lf P
Λnr characterized by the following interpolation property: If ξ̂ P Xp8 is the p-adic
avatar of a Hecke character ξ of infinity type pn,�nq with n ¥ 0 and p-power
conductor, then

Lf pξ̂q � Ω4n
p

Ω4n
K

�4Γpn� k
2 qΓpn� k

2 � 1qξ�1pN�1q
p2πq2n�1p?DKq2n�1

�p1�appfqp�rξpppq�ξppp2qp�1q2�L�f{K, ξ, k
2

�
.

Here and in the following p-adic units may be ignored in the expressions.

Proof. This is proved in [CGLS22, Theorem 2.1.1], using results from [CH18]. We
remark here that the assumption p ∤ p2k � 1q! can be directly removed from op. cit.
so for arbitrary weights we would be able to study all odd primes.

More precisely, [CH18, Prop. 3.8] gives

Lf pξ̂q � Ω2k�2n
p � Lalgp 1

2 , πK b ψξq � eppf, ψξq � ξpN�1q � 2#Apψq�3c0εpfq � u2
K

a
DK ,

where

Lalgp 1
2 , πK b ξq � Γpn� rqΓpn� r � 1q

2p2πq2n�1p?DKq2n
Lp 1

2 , πK b ξq
Ω4n
K

,

since Impϑq �
?
DK

2 . Note that we can take c � c0 � 1 for our application to
the weight 2 BSD formula (see for example [CGLS22, Theorem 5.1.3] where the
summation is over σ P GalpH{Kq), so in particular p ∤ c0 and

eppf, ξq � p1� appfqp�rξpppq � ξppp2qp�1q2.
Also notice that uK � 1 if DK   �4, Apψq � 1 since pDK , Nq � 1. The global root
number εpfq � �1 is ignored since it’s a unit. Now as in [CGLS22, Theorem 2.1.1],
put η�1ξ in place of ξ for a Hecke character η of infinity type pk2 ,�k

2 q, and notice
that ηpNq is also a unit since p ∤ N , we get the desired interpolation property. □

Remark 2.1.2. We mention that the period ΩK is denoted by Ω8 in [CGLS22].
But as is pointed out in [CGS23, Remark 2.3.2], the Ω8 defined in the next theorem
(coming from Katz, de Shalit and Hida–Tilouine) is different from the ΩK in this
proposition (coming from [BDP13]) and they satisfy the relation Ω8 � 2πi � ΩK .

2.1.2. Katz p-adic L-functions.

Theorem 2.1.3. There exists an element Lf P Λnr characterized by the following
interpolation property: For every character ξ of Γ crystalline at both v and v̄ and
corresponding to a Hecke character of K of infinity type pn,�nq with n P Z¡0 and
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n � 0 (mod p� 1), we have

Lϑpξq �
Ω2n
p

Ω2n8
� 4Γpn� k

2 q �
p2πiqn� k

2

?
DK

n� k
2
� p1� ϑ�1ppqξ�1pvqq � p1� ϑppqξpv̄qp�1q

�
¹
ℓ|C
p1� ϑpℓqξpwqℓ�1q � LpϑKξN

k
2
K , 0q.

Proof. See [Kri16, Theorem 27]. Similarly as in [CGLS22, Theorem 2.1.2], we take
χ � ϑKξN

k
2
K , k1 � n � k

2 , k2 � �n � k
2 (note that the infinity type of the Hecke

characters in these 2 papers differ by a sign. Also the weight in [Kri16] is k while
the weight in [CGLS22] is 2k). □

2.2. Comparison II: Analytic Iwasawa invariants.

Theorem 2.2.1. Lf � pE ι
φ,ψq2 � pLφq2 pmod pΛnrq.

Proof. See [CGLS22, Theorem 2.2.1]. Note that when φ|GK
� 1, we always have

full Eisenstein descent by [Kri16]. If φ|GK
� 1, we would only get partial Eisenstein

descent in some cases. However, the proof in [CGLS22] essentially only requires
partial Eisenstein descent because only the constant term of G (a certain Eisenstein
series in loc. cit.) can be different and the p-depletion of G does not see the constant
term.

We remark here that the formula in [Kri16, Theorem 37] now becomes

LGpξq �
Ω2n
p

Ω2n
K

� Γpn� k
2 qφ�1p?�DKqξp̄tqt

gpφq � 1

p2πiqn� k
2
?
DK

n� k
2

�Ξ
ξ�1N

� k
2

K

pφ,ψω�1, N�, N�, N0q � LpφKξN
k
2
K , 0q,

where we take χ�1 � ξN
k
2
K , ψ1 � φ, ψ2 � φ�1 � ψω�1, and j � n� k

2 . Here we’re
using NKpt̄q � 1 is a unit since p ∤ c because t | N .

From Remark 2.1.2, the above formula becomes

LGpξq �
Ω2n
p

Ω2n8
� Γpn� k

2 qφ�1p?�DKqξp̄tqt
gpφq � p2πiq

n� k
2

?
DK

n� k
2

�Ξ
ξ�1N

� k
2

K

pφ,ψω�1, N�, N�, N0q � LpφKξN
k
2
K , 0q,

which agrees with the formula in [CGLS22, eq. (2.7)]. □

Combining the above inputs, as in [CGLS22], we obtain the following:

Theorem 2.2.2. Assume that ρss
f � Fpφq`Fpψq as GQ-modules, with the characters

φ, ψ labeled so that p ∤ condpφq. Then µpLf q � 0 and

λpLf q � λpLφq � λpLψq �
¸
wPS

tλpPwpφqq � λpPwpψqq � λpPwpfqqu.

Theorem 2.2.3. Assume that ρssf � Fpψq ` Fpφq. Then µpLf q � µpXf q � 0 and

λpLf q � λpXf q.
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Proof. The proof relies on the one-variable Iwasawa Main Conjectures for the
characters which is already explained in Theorem 1.2.2. We will add a little more
detail. When φ|GK

R t1, ωu, the proofs are identical to those in [CGLS22]. Note
also that in those cases the results on the algebraic side (see Theorem 1.5.1) are also
compatible. We explain how to modify the arguments to the case where ψ|GK

� 1.
It is essentially proved in [Rub91] that for any character ϑ of GK , we have

CharpH1
Fnr
pK,Mϑqq � CharpU8{C̄8qϑ,

where U8 and C8 are the local units and elliptic units defined in op. cit. As is
mentioned in the remarks after Theorem 4.1 there, the further identification

CharpU8{C̄8qϑ � CharpLϑq
is done in [CW78]. Notice that they need to assume (i) p ¡ 3; (ii) p is not
anomalous for their elliptic curve E; and (iii) i � 0 where i is the power of χ
acting on the isotypic components pU8{C̄8qpiq, with χ giving the canonical action
of GalpKpErπsq{Kq on Erπs. Notice that our mod p character ϑ is the reduction of
χ, where the trivial character 1 corresponds to i � 0 and ω corresponds to i � 1.

The above assumptions are not needed in a more general theorem [dS87, III.1.10]
of de Shalit, but the result is different when ϑ|GK

� 1. We remark here that the
i � 0 case can also be studied directly using the idea of [Yag82, Lemma 28] where
pi1, i2q � p0, 0q, which also yields

CharpU8{C̄8q1 � CharpL1 � T q,
showing that λpX1q � λpL1q � 1. Together with Theorem 1.5.1, this yields the
equation λpXf q � λpLf q, as expected. □

Remark 2.2.4. The above arguments imply that the standard Iwasawa Main
Conjectures for the trivial character is different from others, namely the algebraic λ-
invariant is bigger than the analytic λ-invariant by 1. Actually, it is always predicted
that some global torsion terms should appear (see, for example, [Gre94]). However, in
our setting, even if f has global torsion, it must be finite (from Proposition 1.3.4 (iii))
and will not affect the λ-invariants, so our use of Perrin-Riou’s formula in section 1.4
is justified.

3. Proofs of the Iwasawa Main Conjectures

We will directly adopt the notations and the arguments from [CGLS22] to prove
the main theorems of this paper, some of which are further generalized in [CGS23].
More precisely, we will prove two Iwasawa Main Conjectures at a time. In the
Kolyvagin system argument, we need to replace their assumption EpKqrps � 0 by
H0pK, ρf q � 0 so that their arguments apply to arbitrary weight modular forms.
By the arguments in the beginning of section 1.4, we are allowed to make this
assumption. We will list the intermediate results we need and comment on what
should and should not be changed.

Let f P SkpΓ0pNqqnew be a newform and let Zrf s be the coefficient ring of f with
field of fractions Qpfq. Let F be a finite extension of the completion of Qpfq at a
chosen prime above p ∤ 2N with ring of integers O. Let π P O be a uniformizer and
F :� O{π be the residue field of O. Throughout this section, assume that

(h.1) H0pK, ρf q � 0.
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As before, Γ � GalpK8{Kq denote the Galois group of the anticyclotomic Zp-
extension of K. We let α : Γ Ñ R� be a character with values in the ring of integers
R of a finite extension Φ{Qp. Let

r :� rkOR.

Let ρf : GQ Ñ GL2pF q be the unique semisimple p-adic Galois representation
unramified outside pN and such that ρf pFrobℓq has characteristic polynomial

T 2 � aℓℓ
1� k

2 T � ℓ

for all ℓ ∤ pN .
Let T be an Galois stable lattice and consider the GK-modules

Tα :� T bO Rpαq, Vα :� T bO Φ, Aα :� T bR Φ{R � Vα{Tα.

Let γ P Γ be a topological generator, and set Cα �
#
vppαpγq � α�1pγqq α � α�1,

0 α � α�1.

One last thing we need to explain is how to define the filtration on Vf , Tf and
Af . Recall that in the case of elliptic curves one defines Fil�wpTpEq as the kernel
of the reduction map TpE Ñ TpẼ at a place w of K above p. For p-ordinary
modular forms (good ordinary or multiplicative), one can define Fil�wpTf q on any
Galois stable lattice Tf of Vf (without self-dual twist) by the characterization that
Fil�pTf q :� Tf {Fil�pTf q is the unique quotient of Tf that is unramified. However,
note that after a self-dual twist for weight k ¡ 2, the GQp action on Fil�pTf q
(by abuse of notation) will be given by an unramified character multiplied by a
non-trivial power of the cyclotomic character χ.

One then defines the filtration on Tα, Vα, Aα, T and Mf (or A) in the same
way as they do in [CGLS22], and use these in the definition of the ordinary Selmer
groups.

The first remarkable result from [CGLS22] is the following theorem generaliz-
ing [How04, Theorem 2.2.10].

Theorem 3.0.1. Suppose α � 1 and that there is a Kolyvagin system κα �
tκα,nunPN P KSpTα,Ford,Lf q with κ1 being non-torsion. Then H1

Ford
pK,Tαq has

rank one, and there is a finite R-module Mα such that

H1
Ford

pK,Aαq � pΦ{Rq `Mα `Mα

with
lengthRpMαq ¤ lengthRpH1

Ford
pK,Tαq{R � κα,1q � Eα

for some constant Eα P Z¥0 depending only on Cα, Tf , and rkOpRq.
In [CGS23, section 6], the above result was generalized so that the error term

can be made independent of α, at the expense of requiring α to be ‘sufficiently close
to 1’. More precisely, they have

Theorem 3.0.2. Assume α � 1 pmod ϖmq. Then there exist non-negative integers
M and E depending only on TpE and rkZp

pRq such that if m ¥ M and if there is
a Kolyvagin system κα � tκα,nunPN P KSpTα,Ford,Lf q with κ1 being non-torsion.
Then H1

Ford
pK,Tαq has rank one, and there is a finite R-module Mα such that

H1
Ford

pK,Aαq � pΦ{Rq `Mα `Mα
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with
lengthRpMαq ¤ lengthRpH1

Ford
pK,Tαq{R � κα,1q � E

and the ‘error term’ E is independent of m.

We mention that Theorem 3.0.1 (in combination with our Theorem 1.5.1 and The-
orem 2.2.3) is sufficient as an ingredient for us to get a desired BSD formula in rank
1, but together with Theorem 3.0.2 it leads to a stronger result on the anticyclotomic
Main Conjecture, in the sense that the divisibility in [CGLS22, Theorem 3.4.1] holds
more generally without the need to invert γ � 1 (see [CGS23, Theorem 6.5.1]).

Thanks to the highly axiomatized arguments from [CGLS22], [CGS23], we only
need to explain how to get the error term C1 in op. cit., as everything else can be
directly extended to our more general setting.

According to the proof of [CGLS22, Proposition 3.6], we only need to find one
non-trivial scalar matrix in O� X impρf |GK8

q.
Lemma 3.0.3. The intersection U � O� X impρf |GK8

q contains infinitely many
scalar matrices. Here by abuse of notation O� denotes O� � I2, the invertible scalar
matrices in GL2pOq.
Proof. Note that by the discussion above [CGLS22, Lemma 3.3.3], we have

ρf pGQq � ρf pGK8
q.

Since ρf is a Hodge–Tate representation, Bogomolov in [Bog80] showed the image
(possibly after embedding GL2pF q in GL2npQpq for some n) is open in its algebraic
envelope. Since ρf is irreducible by [Rib77], so is its natural projection in PGL2pF q.
We also know impρf q must be infinite. Actually, there will be infinitely many deter-
minants since det ρf � χk�1 from op. cit. Now by the classification of all algebraic
subgroups of GL2pF q (see [NvdPT08], whose results work over any algebraically
closed field of characteristic 0), we see that the algebraic envelope of impρf q must be
F� times a minimal group (in Theorem 4 of op. cit., only (2)(a)(b) have infinitely
many determinants, yet they are reducible), therefore it must contain infinitely
many scalar matrices. So does the image. □

Remark 3.0.4. It is mentioned in [CGLS22] that f has no CM by K under their
assumptions. When f has no CM, there is a more straightforward proof of this
openness result, using Momose’s results (see for example [Rib85]) generalizing the
open image results of Serre.

For U � O� X impρf q as in Lemma 3.0.3, let
C1 :� mintvppu� 1q : u P Uu.

Since U is an open subgroup of O�, 0 ¤ C1   8.

The rest of the proof of Theorem 3.0.1 and Theorem 3.0.2 can be directly borrowed
from the corresponding papers. We next explain how to apply Iwasawa theory
to prove the Main Conjectures. First we study a consequence of Theorem 3.0.1,
Theorem 3.0.2.

Theorem 3.0.5. Suppose there is a Kolyvagin system κ P KSpT,FΛ,Lf q where κ1
is non-torsion. Then H1

FΛ
pK,Tq has Λ-rank one, and there is a finitely generated

torsion Λ-module M such that
(i) X � Λ`M `M ,
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(ii) CharΛpMq divides CharΛpH1
F pK,Tq{Λκ1q in Λ.

Proof. With Theorem 3.0.1 and Theorem 3.0.2, this theorem follows exactly as
in [CGLS22] and [CGS23], using specializations at height one primes of Λ. We
mention that in the aforementioned papers the divisibilities hold only after inverting
p, which is sufficient to their applications, but the computation works for the prime
p too, as is readily explained in [How04, Theorem 2.2.10]. □

The next result allows us to construct a non-trivial Kolyvagin system.

Theorem 3.0.6. Assume f has weight 2r where r is odd. There exists a Kolyvagin
system κHg P KSpT,FΛ,Lf q such that κHg

1 P H1
FΛ
pK,Tq is non-torsion.

Proof. Let T̃ � T̃ bΛ where T̃ is the canonical Galois stable lattice in the self-dual
Galois representation Vf constructed in [Nek92, Section 3] (see also the beginning
of [CH18, Section 4.2]). Note that this T̃ is in general different from our chosen T
so (h.1) may not hold for T̃ , though they do have the same residual representation.
In what follows, we use a tilde to denote relevant modules associated to the canonical
lattice. We will follow the construction in [CH18] and [LV16] to show that one
can find a non-trivial Kolyvagin system for T̃, and then use it to get a non-trivial
Kolyvagin system on our chosen T.

The construction of Generalized Heegner cycles for T̃ and how they form a Koly-
vagin system are essentially given in [LV16, Section 4]. However, we need to further
take into consideration some local uncertainty coming from potential local torsion.
We explain how to modify their construction to our situation, following [CGLS22].
As in op. cit., we do not assume p ∤ hK or the ‘big image’ result. The first change
appears in [LV16, Theorem 2.4], where the vanishing of H0pK8, W̃ q now follows
from our Proposition 1.3.4(iii) (whose proof did not use Fpωq is a subrepresentation
of ρf so it works for T̃ too). Note that for the construction of Kolyvagin systems,
the axioms (H.0)–(H.5) are not needed. Their Lemma 4.2 still works if we first
replace p with a generator π of p, but this then implies the original result for p.
Finally, the map induced by restriction

H1pKrns, T̃{InT̃qGpnq Ð H1pK, T̃{InT̃q
may not be an isomorphism since we do not assume (h.1). However, we claim that
it has kernel and cokernel bounded independent of n.

Note that we have the identifications H1pK, T̃{InT̃q � limÝÑi
H1pKi, Vf {T̃ rInsq and

H1pKrns, T̃{InT̃q � limÝÑi
H1pKirns, Vf {T̃ rInsq by Shapiro’s lemma.

As in the proof of [DLF21, Proposition 7.17], there is a canonical isomorphism
GalpKipVf {T̃ rInsq{Kiq �ÝÑ GalpQpVf {T̃ rInsq{Qq (using that Ki and QpVf {T̃ rInsq
are linearly disjoint because of their ramification). Hence the fixed submodule
H0pKirns, Vf {T̃ rInsq under these groups are contained in H0pK8, Vf {T̃ rInsq �
O{πN , which is uniformly bounded independent of n and i by Proposition 1.3.4.

Hence in the Hochschild–Serre spectral sequence
Ep,q2 � HppKirns{Ki,HqpKirns, Vf {T̃ rInsqq ñ Ep�q � Hp�qpKi, Vf {T̃ rInsq,

the Ep,02 are of uniformly bounded exponent. Letting p � 1, 2, the 5-term exact
sequence gives us the desired result for the kernel and cokernel of the restriction.

Thus there is a power pN for some N P Z¥0 independent of n (one can take
N � 0 if (h.1) holds for T̃ , for similar reason to that in [CGLS22, Theorem 4.1.1]
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combined with Proposition 1.3.3) such that pN κ̃n P H1pKrns, T̃{InT̃qGpnq has a
unique image κn in H1pK, T̃{InT̃q. Here the κ̃n still denotes the class in [LV16,
eq. (4.2)]. The construction in [LV16, Section 4] now almost gives a Kolyvagin
system in our setting, and here we explain some modifications of their arguments.
Note that if their arguments work for their κn, they also work for our κn (except
for the differences we explain below) since multiplying by a p-power does not affect
the local behaviors.

First, we give a different reasoning for the right vertical map H1pKv, T̃�
n q Ñ

H1pKrnsw, T̃�
n q in the diagram (22) in loc. cit. to be injective. In fact, we will di-

rectly adopt the ideas of Howard in [How04, Lemma 2.3.4, Case (iii)]. One can iden-
tify H1pKv, T̃�

n q � H1pKv, limÐÝm IndKm

K pT̃�{Inqq with limÐÝm H1pKv, IndKm

K pT̃�{Inqq
which by Shapiro’s lemma is further identified with limÐÝm H1pKm,v, T̃

�{Inq, where
Km is the m-th layer in the anticyclotomic tower K8{K and by abuse of notation we
denote a place in Km above v still by v. Similarly, H1pKrnsw, T̃�

n q can be identified
with limÐÝm H1pKmrnsw, T̃�{Inq for w a prime of Kmrns above v. Now from the
inflation-restriction exact sequence the kernel of the above map is identified with

limÐÝ
m

H1pKmrnsw{Km,v,H0pKmrnsw, T̃�{Inqq.

We first claim that for all large m, GalpKmrnsw{Km,vq � GalpK8rmsw{K8,vq. This
follows from the fact that for all large m, v is totally ramified in K8 and hence K8
and Kmrns are linearly disjoint (at least when p ∤ hK , otherwise we can increase m
to kill the finite difference). Now for any 1 � n P N (the case n � 1 will be treated
separately), we have p | In by the choice of Kolyvagin primes (see e.g. the definition
of LE before [CGLS22, Theorem 3.2.1]), so T̃�{In is finite and H0pKmrnsw, T̃�{Inq
must also stabilize for large m. In other words, for sufficiently large m, we have

H0pKmrnsw, T̃�{Inq � H0pKm�1rnsw, T̃�{Inq � H0pK8rnsw, T̃�{Inq
Consequently, for n � 1 the above kernel can be identified with

limÐÝ
m

H1pK8rnsw{K8,v,H0pK8rnsw, T̃�{Inqq.

Since the inverse limit is with respect to the corestriction on the above H0 groups
(hence is identified with the norm map), and GKmrnsw acts on H0pKm�1rnsw, T̃�{Inq
trivially by the above identification, we can interpret the inverse limit as one with
respect to multiplication by p on the fixed module

H1pK8rnsw{K8,v,H0pK8rnsw, T̃�{Inqq.
Since the module is finite as a consequence of the finiteness of both GalpK8rnsw{K8,vq
and H0pK8rnsw, T̃�{Inq, the inverse limit is trivial.

Second, the cokernel of the trace map H0pKrnsw, Ã�q Ñ H0pKv, Ã�q in [LV16,
Lemma 4.12] can fail to be trivial (their ‘A’ is our ‘Mf ’). In other words, their
κn may not lie in the desired Selmer group H1

FΛpnqpK, T̃{InT̃q. For example, when
H0pKv, Ã

�q � 0 (e.g. when Fp1̃q is a non-split subrepresentation of ρf or when
the sequence 0 Ñ Fpω̃q Ñ ρf Ñ Fp1̃q Ñ 0 is locally split, or more generally in
the ‘anomalous case’), by local Euler characteristic formula one can show that
H1pKv, Ã

�qrps and hence H1pKv, Ã
�q � 0. This non-vanishing phenomenon can

occur even in the residually irreducible case (but it can be avoided if one assumes
ap � 1 pmod pq).
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The way to fix it is to use a fixed p-power independent of n to kill the cokernel
so that, after multiplying the classes κn by this p-power, they belong to the Selmer
groups and form a Kolyvagin system. We must show the existence of such p-
powers. To bound the cokernel of the trace map, it suffices to bound the codomain
H0pKv, Ã�q.

We argue that H0pKv, Ã�q is finite similarly as what we do in Proposition 1.3.4.
When the weight of f is 2r ¡ 2, our self-dual twist has the effect that the action
of GQp

on V � is an unramified character multiplied by a non-trivial power of the
cyclotomic character. Since K8 is the anticyclotomic Zp extension, H0pK8,v, V �q �
0 and hence H0pKv, Ã�q � H0pK8,v, Ã�q is finite. When f has weight 2, the
finiteness follows from passing to abelian varieties.

Thus we have shown that H0pKv, Ã�q is finite (necessarily independent from n)
and so is the cokernel of the trace map. Hence there is an integer t P Z¥0 such that
pt annihilates the cokernel. It is then not hard to see that ptκn P H1

FΛpnqpK, T̃{InT̃q
in the notation of [LV16] for all 1 � n P N . For n � 1, the same result follows from
the fact that the image of H8 in H1pKv, T̃q lies in H1

ordpKv, T̃q (see Lemma 4.12 in
loc. cit.). Moreover, the Kolyvagin system relation is also preserved by multiplying
every class with a fixed p-power. We define κ�Hg

n to be the modification of ptκn (one
can take t � 0 if the trace map is indeed surjective. For example, this is the case if
one assumes φ,ψ|Gp

� 1, ω) in [LV16, Theorem 4.13]. Here we assume r is odd so
the factor p�1qr�1 in [CH18, (K2)] disappears and the factors on both sides differ
at most by a sign. Then κ

�Hg is a Kolyvagin system for T̃ .
That the class is non-trivial follows from [CH18, Proposition 3.9, Theorem 4.9].

Indeed, the left hand side of the equation in Theorem 4.9 in op. cit. is nonzero
by Proposition 3.9 there, so the right hand side is nonzero. Therefore the class
zf � 0. But this is just coresKr1s{Kβ0r1s in [LV16, Proposition 4.9]. Therefore from
its construction it’s easy to see the first Kolyvagin class κ̃1 is non-trivial. Since κ1

is the image of pN κ̃1 in H1pK, T̃q, κ1 and κ
�Hg
1 � ptκ1 are also non-trivial.

We now explain how to construct a Kolyvagin system on our chosen T which
satisfies (h.1). Let T 1 � TXT̃ which has finite index in both T and T̃ . Choose an m P
Z with pmT̃ � T 1. Now the map T̃ Ñ pmT̃ Ñ T 1 induces a map T̃ Ñ T1. Now the
classes κ�Hg

n P H1
FpnqpK, T̃{InT̃q are mapped to their images κHg1

n P H1pK,T1{InT1q
and it is not hard to check that in fact κHg1

n P H1
FpnqpK,T1{InT1q by functoriality.

Moreover, the Kolyvagin system relation is also preserved, i.e., κHg1
n is a Kolyvagin

system for T 1. Now the map T 1 Ñ T maps κHg1
n to κHg

n P H1
FpnqpK,T{InTq which

is a Kolyvagin system for T .
Finally, that κHg

1 is non-torsion follows from the fact that H1
FΛ
pK,Tq is torsion

free (see for example [How04, Theorem 2.2.9] where the condition H0pK8, ρf q � 0
follows from (h.1) and Proposition 1.3.3). □

Remark 3.0.7. The above theorem is the only place where the assumption that r
is odd is used. It is not necessary if the B1 in [CH18, eq. (7.2)] is zero, e.g., when
ρ�f is surjective.

We are ready to prove the two Iwasawa Main Conjectures similar to those
in [CGLS22]. Here in the statement one needs to work with a seemingly different
Kolyvagin class ‘κ8’ coming from the equivalence between the Main conjectures, but
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as is noted in [CGLS22, Remark 4.1.3], κ8 and κ1 generate the same Λ-submodule
in H1

FΛ
pK,Tq.

Theorem 3.0.8. Assume f has weight 2r where r is odd. Assume that p � vv splits
in K and H0pK, ρf q � 0 Then the following statements hold:
(IMC1) Both H1

FΛ
pK,Tq and X � H1

FΛ
pK,Mf q_ have Λ-rank one, and the equality

CharΛpXtorsq � CharΛpH1
FΛ
pK,Tq{Λκ8q2

holds in Λac.
(IMC2) Both H1

Fnr
pK,Tq and Xf � H1

Fnr
pK,Mf q_ are Λ-torsion, and the equality

CharΛpXf qΛnr � pLf q
holds in Λnr.

Proof. We first treat the t � N � 0 case in Theorem 3.0.6. We begin by noting that
(IMC1) and (IMC2) are equivalent; in fact, an either side divisibility in one of them
is equivalent to a corresponding divisibility in the other (see [CGLS22, Prop. 4.2.1]
and [BCK21, Thm. 5.2] combined with Proposition 1.3.3. See also [Cas17, Appendix
A]). Here we should mention that the equivalence is done with the Greenberg Selmer
groups, but they generate the same characteristic ideals as the unramified Selmer
group do. Theorem 3.0.5 shows one divisibility of (IMC1), which translates to
a divisibility of (IMC2). Using the equality between the algebraic and analytic
Iwasawa invariants (see Theorem 1.5.1 and Theorem 2.2.3), the divisibility in (IMC2)
is turned into an equality. Hence (IMC1) also holds.

Now if t ¡ 0 or N ¡ 0, the proof in [Cas17, Appendix A] would yield a new
equivalence involving a fixed p-power:
(IMC1’) Both H1

FΛ
pK,Tq and X � H1

FΛ
pK,Mf q_ have Λ-rank one, and the divisi-

bility
CharΛpXtorsq � CharΛpH1

FΛ
pK,Tq{Λ � ppt�Nκ8qq2

holds in Λac.
(IMC2’) Both H1

Fnr
pK,Tq and Xf � H1

Fnr
pK,Mf q_ are Λ-torsion, and the divisibil-

ity
CharΛpXf qΛnr � ppt�NLf q

holds in Λnr.
(the same result holds for the opposite divisibilities, but we will not need it). In
our situation, Theorem 3.0.5 applied to the Kolyvagin system κHg

n � ptκn (again
noting the relation between κ1 and κ8) shows the divisibility in (IMC1’). Hence
we obtain (IMC2’) from the equivalence. However, since we know both Xf and Lf
have vanishing µ-invariants and equal λ-invariants (all computed independently), we
obtain from (IMC2’) exactly the same equality in (IMC2). Now from the equivalence
between (IMC1) and (IMC2), we obtain (IMC1) as before. □

Remark 3.0.9. As is explained in the beginning of section 1.4, the above theorem
still holds without assuming H0pK, ρf q � 0.

As a corollary of our anticyclotomic Main Conjectures, we also obtain the following
Mazur’s Main Conjecture for elliptic curves unconditionally in the Eisenstein case
using the main results of [CGS23]. Let ΛQ :� ZpJGalpQ8{QqK be the cyclotomic
Iwasawa algebra over Q. Let XordpE{Q8q be the Pontryagin dual of the p-primary
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Selmer group Selp8pE{Q8q for E and let LMSD
p pE{Qq be the Mazur–Swinnerton-

Dyer p-adic L-function.

Theorem 3.0.10. Let E{Q be an elliptic curve, and let p ¡ 2 be a prime of good
reduction for E. Suppose that p is Eisenstein. Then XordpE{Q8q is ΛQ-cotorsion
with

CharΛQpXordpE{Q8qq � LMSD
p pE{Qq,

and hence Mazur’s Main Conjecture holds.

Proof. This is the main result of [CGS23]. Their technical assumption on the local
behaviors of the characters in the semisimplification of Erps can be removed if one re-
places the appeal to [CGLS22, Theorem 4.2.2, Corollary 4.2.3] by our Theorem 3.0.8
and Theorem 3.0.9 (specialized to weight 2 case). □

4. Proofs of the p-converse and the p-part of BSD formula

In this section, we discuss several applications of our results in the previous
sections, whose proofs are direct generalizations of those in [CGLS22, § 5]. We will
only consider the weight 2 cases.

4.1. The p-converse theorem.

Theorem 4.1.1. Let A{Q be a simple RM abelian variety associated to a newform
f and P | p ¡ 2 a prime ideal of its endomorphism ring O � EndpAq of good
reduction such that ρA,P is reducible.

Then
corankOSelP8pA{Qq � r P t0, 1u ùñ rkOApQq � ranpfq � r,

and XpA{QqrP8s is finite.

Proof. The proof of [CGLS22, Theorem 5.2.1] works if one replaces the reference
[Mon96, Theorem 1.5] there by [Nek18, Theorem C] and replaces [CGLS22, Corollary
4.2.3] by our Theorem 3.0.8 (IMC1). □

The p-converse theorem has the following applications to Goldfeld’s conjecture
in quadratic twist families with a 3-isogeny where 3 is a prime of good or bad
multiplicative reduction. We thank Ari Shnidman for communicating and explaining
them to us.

Remark 4.1.2. (i) Better proportions of quadratic twists of (algebraic and ana-
lytic) rank 1 in [BKOS19, Theorem 2.5] for a fixed elliptic curve, in particular a
lower bound of 3

4 � 5
12 � 5

16 � 31.25 % in the most advantageous cases (for exam-
ple, when it’s the curve having Cremona label 19a3). Note that the proportion
claimed in [CGLS22, Remark 5.2.4] is only for a subfamily (corresponding to
good reduction and with their assumptions on the isogeny character) of the
twists. Indeed, for the twists Ed of the curve E � 19a3, the results in loc.
cit. only apply when d � 2 pmod 3q whereas our result also covers the cases
when d � 1 pmod 3q, covering at least 3

8 � 3
8 � 3

4 of the proportion of the
3-Selmer rank 1 twists. The twists with d � 0 pmod 3q correspond to bad
additive reduction and are not covered by our p-converse theorems. However,
potentially good ordinary primes are studied in our subsequent work [KY24]
and combined with our work, we can get the full lower bound 5

12 � 41.67% of
rank 1 twists for the above curve 19a3.
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(ii) Our result seems not to improve the bounds for rank 0 in [BKOS19] in the
situation of (i), but it allows one to quantify how often the BSD rank conjecture
holds. Namely, their results give us that at least 1

4 of the twists have 3-Selmer
rank 0, hence at least 3

4 � 1
4 � 3

16 of them have analytic rank 0. Together
with (i), 3

16 � 5
16 � 1

2 of the twists satisfy the BSD rank conjecture.
(iii) Similar improvements apply to quadratic twist families of abelian varieties A of

GL2-type over Q with a 3-isogeny, as in [BFS23, Theorem 1.4, Corollary 7.2]
and [Shn21, Theorem 1.5]. For example, in the context of the latter result
(where the abelian varieties all have good reduction at 3), our Theorem 4.1.1
gives an unconditional lower bound of 5

16 for the proportion of twists with
rank 1 over the RM ring.

4.2. The p-part of BSD formula.

Theorem 4.2.1. Let E{Q be an elliptic curve and p ¡ 2 a prime of good reduction.
Assume that E admits a cyclic p-isogeny with kernel C � Fppφq for some character
φ : GQ Ñ F�

p (equivalently, Erps is reducible). Assume that ranpEq P t0, 1u.
Then the p-part of the BSD formula holds for E{Q, i.e.,

ordp
� L�pE{Q, 1q

ΩE � RegE{Q

	
� ordp

�TampE{Qq#XpE{Qqrp8s
p#EpQqtorsq2

	
.

Here, L�pE{Q, 1q denotes the leading Taylor coefficient of LpE{Q, sq at s � 1.

Proof. This follows from [CGLS22, Theorem 5.3.1], where the use of Theorem 4.2.2
in op. cit. is replaced by our Theorem 3.0.8 (IMC2). We remark that the assumption
that the character is either ramified at p and even, or unramified at p and odd
coming from [GV00] is now removed by [CGS23] in both the rank 0 and rank 1
formulae, and the assumption that φ|Gp

� 1, ω is removed by us.
In particular, we take k � 2, r � j � 0 and χ � NK in [BDP13, Theorem 5.13].

Note that Lppf,NKq in loc. cit. corresponds LEp0q because it corresponds to the
value Lpf{K,N�1

K , 0q � Lpf{K,1, 1q � Lpf{K, 1q (see [BDP13, section 4]).
Note that to make the arguments in [CGLS22, Theorem 5.3.1] work, we need an

anticyclotomic control theorem which allows torsion submodules. This is done in
Appendix B. The formula in [CGLS22, Theorem 5.1.1] then becomes

#Zp{fEp0q � #XpE{Kqrp8s�
�

#pZp{p 1�ap�p
p q � logωE

P q
rEpKq{tors : Z � P sp �#pEpKqtorsqp

�2

�
¹
w

cwpE{Kqp,

where xp � pordppxq denotes the p-part of a rational number x. Alternatively, one
could continue to work with an isogenous curve which has no torsion, and use the
invariance of BSD formulae to get the same results with torsion. We remark that in
the control theorem from [JSW17], their anticyclotomic Selmer group is actually
the ‘Greenberg Selmer group’ for f (which agrees with the unramified Selmer group
in [CGLS22]). However, since kerpresMf

q is finite by Lemma 1.3.6, these two Selmer
groups generate the same characteristic ideals.

Together with the above formula coming from the control theorem and the
fact that EpKqrp8s � EpQqrp8s ` EKpQqrp8s (because p ¡ 2), equation (5.7)
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in [CGLS22] becomes

ordp
� L1pE, 1q

RegpE{Qq � ΩE �
±
l clpE{Qq

	
� ordpp#XpE{Qqq � 2ordppEpQqtorsq

� �
�

ordp
� LpEK , 1q

ΩEK �±l clpEK{Qq
	
� ordpp#XpEK{Qqq � 2ordppEKpQqtorsq

	
where the right-hand side vanishes by [CGLS22, Theorem 5.1.4], a result of Greenberg–
Vatsal. □

5. Proof of the Iwasawa Main Conjecture with multiplicative
reduction

Let f P S2pΓ0pNqq be a newform of weight 2 with coefficient field Qpfq. Let F
be a finite extension of the completion of Qpfq at a chosen prime above p � 2 and
let O be its ring of integers. Let p be the maximal ideal of O and let F � O{p be
the residue field of O. Let Λ � OJT K and Λnr � Λb̂Zp

Znr
p . Let ρf be the residual

representation attached to f and assume ρf is reducible. Then there are characters
φ,ψ such that there is an exact sequence
(5.1) 0 Ñ Fpφq Ñ ρf Ñ Fpψq Ñ 0.
Further assume that p || N , so f has bad multiplicative reduction at p. In this
section, we prove the Iwasawa Main Conjectures for such forms using Hida families,
following the ideas in [Ski14].

5.1. Hida arguments. As in the good reduction case, define the unramified Selmer
group for f by

H1
FnrpK, Mf q � ker

!
H1pKΣ{K, Mf q

resnr,fÝÝÝÝÑ
¹

wPΣ,w∤p

H1pIw, Mf qGw{Iw�H1pIv, Mf qGv{Iv

)
.

For a finite set Σ of places of K which contains 8 and the primes above divisors
of N , and such that the finite places in Σ are all split in K, let S � Σztv, v̄,8u and
define the S-imprimitive Selmer group for f by

H1
FS

nr
pK,Mf q � ker

!
H1pKΣ{K,Mf q

resS
nr,fÝÝÝÝÑ H1pIv,Mf qGv{Iv

)
.

Let Xf :� H1
Fnr
pK,Mf q_ and XSf :� H1

FS
nr
pK,Mf q_ denote the dual Selmer groups.

According to [Ski14, Section 3.1], replacing F by a finite extension if necessary,
for each integer m ¡ 0 we get
(a) a newform fm P Skm

pΓ0pNqq with Qpfmq � F, km ¡ 2 and km � 2 pmod p�1q
and such that appfmq P O�;

(b) an equality of ideals pLSf , pmq � pLSfm
, pmq � Λnr;

(c) ρf � ρfm
is reducible. In particular, the characters appearing in their semisim-

plifications are the same (both globally and locally);
(d) XSf pfmq is a torsion Λ-module and CharpXSfmqΛnr � pLSfm

q � Λnr;
(e) XSfm,free has no nonzero finite Λ-submodules, so FittpXSfm,freeq � CharpXSfm,freeq.

Here XSfm,free denotes the Λ-free part of XSfm
and Fitt denotes the Λ-Fitting

ideal. The same is true for f .
(a) and (c) follow from Hida theory. Similarly as in op. cit., (b) comes from
a 2-variable p-adic L-function (adding a ‘weight’ variable) for the Hida families
constructed in [Cas20, Theorem 2.11] which works for Eisenstein primes. (d) follows
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from Theorem 3.0.8 (IMC2) for good ordinary forms fm in the previous sections, the
surjectivity of global-to-local maps (Remark 1.2.3 and Remark 1.4.2) and the equality
of local factors appearing in the definition of the imprimitive Selmer groups and
p-adic L-functions. Note that by Theorem 3.0.6 we only know the Main Conjectures
for a subfamily with weights km � 2 pmod 4q. But such subfamily is always infinite
so the following limiting argument applies. (e) comes from basic properties of Fitting
ideals.

Lemma 5.1.1. The µ-invariants of XSf and XSfm
are 0.

Proof. This is essentially proved in Theorem 1.4.1 since the proof only relies on the
extension (5.1). Note that the characters can be arbitrary. □

By (c) above, for every fm, we also have an extension

0 Ñ Fpφq Ñ ρfm
Ñ Fpψq Ñ 0.

Theorem 1.5.1 then implies that λpXSf q � λpXSfm
q. On the other hand, since the

µ-invariants are 0, λpXSf q (resp. λpXSfm
q) determines XSf,free{pm (resp. XSfm,free{pm).

Thus there is an equality of ideals

pFittpXSf,freeq, pmq � pFittpXSfm,freeq, pmq.
Then following the arguments in [Ski14, Section 3.1], we have the following result.

Lemma 5.1.2. CharpXSf qΛnr � pLSf q � Λnr.

Proof. We have

pCharpXSf qΛnr, pmq � pCharpXSf,freeqΛnr, pmq
� pFittpXSf,freeqΛnr, pmq
� pFittpXSfm,freeqΛnr, pmq
� pCharpXSfm,freeqΛnr, pmq
� pCharpXSfm

qΛnr, pmq
� pLSfm

, pmq
� pLSf , pmq.

The result then follows from taking limit with respect to m as in [Ski14, section
3.1]. □

Theorem 5.1.3. CharpXf qΛnr � pLf q � Λnr.

Proof. Similar to the good reduction case, this result follows from the comparison
between primitive and imprimitive Selmer groups (see Theorem 1.5.1, whose proof
still works in the multiplicative reduction setting) and the comparison between
primitive and imprimitive p-adic L-functions (see Theorem 2.2.2). We mention that
the same arguments as in [Kri16, Prop. 37] (which has an assumption p ∤ N) still
work since Kriz’s computation of the congruence is with the p-depletion which is
identified with the ppp2qp0qq-stabilization, which allows p in the level. □
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5.2. A p-converse theorem. Similar as in the good reduction case, we also obtain
a p-converse theorem for multiplicative reduction. Via an explicit reciprocity law,
one can argue as in [Cas24] to show that the BDP Main Conjecture proved in the
last section is equivalent to a Heegner Point Main Conjecture which would then
yield a p-converse theorem.

As in [Cas24], one can consider a Heegner class z�8 P H1
FΛ
pK,Tq which is either

a standard Λ-adic Heegner class z8 (denoted as κ8 by us in section 3) in the
non-split multiplicative case, or a derived Heegner class z18 defined by the relation
z8 � pγ � 1qz18 in the split multiplicative case. Here γ is a topological generator of
GalpK8{Kq, and this pγ � 1q factor reflects a trivial zero of the p-adic L-function.
We have the following Heegner Point Main Conjecture for multiplicative primes (the
definitions are the same as those for good ordinary primes).

Theorem 5.2.1. Let f P S2pΓ0pNqq be a newform of weight 2 and assume that
p || N is an Eisenstein prime for f . Then both H1

FΛ
pK,Tq and X � H1

FΛ
pK,Mf q_

have Λ-rank one, and the equality
CharΛpXtorsq � CharΛpH1

FΛ
pK,Tq{Λz�8q2

holds.

Proof. This follows from the explicit reciprocity law [Cas24, Theorem 2.2, Corollary
2.3] for both split and non-split cases, which can be applied to prove the equivalence
of this Heegner Point Main Conjecture to Theorem 5.1.3. In showing the equivalence
using [Cas24, Proposition 3.2] (also [BCK21, Theorem 5.1]), we could again first
assume H0pK, ρf q � 0 (see also Proposition 1.3.3) and deduce the general case using
a combination of Ribet’s lemma and the invariance of the Main Conjectures.

It should be mentioned that in this situation we do not need to consider the t ¡ 0
case from Theorem 3.0.6, since that is only needed to get one divisibility from the
Kolyvagin system argument but not needed for the equivalence. □

Corollary 5.2.2. Let A{Q be a simple RM abelian variety associated to a newform f
and P | p ¡ 2 a prime ideal of its endomorphism ring O � EndpAq of multiplicative
reduction such that ρA,P is reducible.

Then
corankOSelP8pA{Qq � r P t0, 1u ùñ rkOApQq � ranpfq � r,

and XpA{QqrP8s is finite.

Proof. This follows from the proof of [Cas24, Theorem 1.1] for multiplicative primes
and a control theorem of Greenberg (see [Cas24, Theorem 3.4]), where the appeal to
Theorem 1.3 from loc. cit. is replaced by Theorem 5.2.1. Note that their arguments
also work in the Eisenstein case. □

Appendix A. A Kolyvagin system argument

As in [How04], by a coefficient ring R we mean a complete, Noetherian, local
ring with finite residue field of characteristic p. If L is a perfect field, we denote by
ModR,L the category of finitely generated R-modules equipped with continuous,
linear actions of GL, assumed to be unramified outside of a finite set of primes in
the case where L is a global field.

In this subsection, Rpkq is assumed to be an Artinian principal idea ring of length k.
Denote its residue field by F. Let T pkq be an object of ModRpkq,GK

. Fix a generator
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πpkq of the maximal ideal mpkq of Rpkq. We will ignore the indexes and simply write
π and m when the k are clear from the contexts. Let T pkq� � HompT pkq, Rp1qq and
fix a Selmer structure F on T pkq. Let F� denote the dual Selmer structure on T pkq�.
In all what follows we assume that pT pkq,Fq and pT pkq�,F�q satisfy the hypotheses
H.0 and H.3–H.5 in op. cit. § 1.3. In particular, we do not assume H0pK, ρf q � 0
(assumption (h1) in [CGLS22, § 3.2]), and H.2 is not necessary for our purpose.

The main result of this appendix is Theorem A.1.1, which follows from Lemma A.1.4
and the arguments in [How04].

We will make the following assumption about stabilizing H0 groups throughout
this section:

Assumption A.0.1. There is an absolute constant N such that H0pK,T pkqq � R{πk
when k ¤ N , and H0pK,T pkqq � R{πN for all k ¡ N .

Note that by a version of Proposition 1.3.4 (i) in the case where H0pK, ρf q � 0,
H0pK,Vf {Tf q is still finite (since H0pK,Vf q � 0 because ρf is irreducible), this
assumption is satisfied when T pkq � Tf {πkTf where π is the uniformizer of R. For
the exposition, we often denote HipK,�q by Hip�q.

Following [How04, Lemma 1.3.3] and [MR04, Lemma 3.5.4], for i ¤ k, we would
like to compare H1

F pK,T pkq{miT pkqq and H1
F pK,T pkqrmisq with H1

F pK,T pkqqrmis.
Note that the first two groups are isomorphic (see [How04, Remark 1.1.4]), we
will use T pkq{miT pkq and T pkqrmis interchangeably without further explanation in
cohomology groups. In [How04], the vanishing of several H0 groups forces the natural
maps between the above groups to be isomorphisms. Since we allow non-trivial H0

groups, we need to study the kernels and cokernels more carefully.

Lemma A.0.2. Let k ¥ i. The injection πk�i : T pkq{miT pkq ãÑ T pkq induces
morphisms

rπk�is : pH1pK,T pkqrmisq �ÝÑq H1pK,T pkq{miT pkqq Ñ H1pK,T pkqqrmis
rπk�is : pH1

F pK,T pkqrmisq �ÝÑq H1
F pK,T pkq{miT pkqq Ñ H1

F pK,T pkqqrmis

with finite kernel Kpiq and cokernel Cpiq and finite kernel Kpiq
F and cokernel Cpiq

F ,
respectively.

One has |Kpiq| � |Kpiq
F | � |Cpiq| � |H0pK,T pkq{miT pkqq||H0pK,T pkq{mk�iT pkqq|

|H0pK,T pkqq| ¥ |Cpkq
F |.

Proof. We want to point it out that this is essentially already proved in [MR04,
Lemma 3.5.4]. Cohomology of the following two exact sequences

(i) 0 Ñ T pkq{miT pkq πk�iÝÝÝÑ T pkq p1ÝÑ T pkq{mk�iT pkq Ñ 0
(ii) 0 Ñ T pkq{mk�iT pkq πiÝÑ T pkq p2ÝÑ T pkq{miT pkq Ñ 0

gives Kpiq � H0pK,T pkq{mk�iT pkqq
p1pH0pK,T pkqqq and Cpiq � H0pK,T pkq{miT pkqq

p2pH0pK,T pkqqq . (In particular,
they are finite, so we can speak about their order.) But |p1pH0pK,T pkqqq| �

|H0pT pkqq|
|H0pT pkq{miT pkqq| and |p2pH0pK,T pkqqq| � |H0pT pkqq|

|H0pT pkq{mk�iT pkqq| , so |Kpiq| � |Cpiq| �
|H0pK,T pkq{miT pkqq||H0pK,T pkq{mk�iT pkqq|

|H0pK,T pkqq| .
To pass to Selmer groups, consider the following diagram (omitting K in the co-

homology groups) with the “map defining the Selmer groups” the global-to-local map:
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0 K
piq
F Kpiq kerpfq

0 H1
F pT pkqrmisq H1pT pkqrmisq impmap defining H1

F pT pkqrmisqq 0

0 H1
F pT pkqqrmis H1pT pkqqrmis impmap defining H1

F pT pkqqqrmis

0 C
piq
F Cpiq cokerpfq

fF f1 f

What is proved in [MR04, Lemma 3.5.4] is equivalent to kerpfq � 0. Thus by the
snake lemma Kpiq

F � Kpiq and C
piq
F ãÑ Cpiq. The claim follows. □

Remark A.0.3. In the situations considered by the aforementioned authors (i.e.,
if (h1) holds), we have Kpiq � Cpiq � 0. Then it easily follows that Kpiq

F � C
piq
F � 0,

too. In our situation, three of them are equal and can be described explicitly, but
C
piq
F is only bounded from above. It seems very hard to determine Cpiq

F completely,
but as we will see eventually, it is enough to control its growth using induction.

A.1. Proof of a structure theorem of finite level Selmer groups. To ease
notation, let pT,F ,Lq denote the Selmer triple pTα,Ford,Lf q, and let ρ � ρα. For
any k ¥ 0, let

Rpkq � R{mkR, T pkq � T {mkT, Lpkq � tℓ P L : Iℓ � pkZpu,
and let N pkq be the set of square-free products of primes ℓ P Lpkq.

Recall that we have the self-duality T � T� and pT pkqq� � T pkq.

Theorem A.1.1. For every n P N pkq where k " 0, there is an Rpkq-module M pkqpnq
and an integer ε such that there is a pseudo-isomorphism with kernel and cokernel
bounded independent of k (which can be computed explicitly):

(A.1) H1
FpnqpK,T pkqq � pRpkqqε `M pkqpnq `M pkqpnq.

Moreover, ε can be taken to be ε P t0, 1u and is independent of all k for which
H1

F pK,T pkqq is not free, and n.

Proof. We follow the ideas in [How04, sections 1.4–1.5]. As in Theorem 1.4.2 in op.
cit., we still define

Vs � Hrmss
mHrms�1s , Ws � Hrms

msHrms�1s ,

where H � H1
F pK,T pkqq is a finitely generated Rpkq-module and 1 ¤ s ¤ k.

We also define

Ps � H1
F pK,T pkq{msT pkqq

projpH1
F pK,T pkq{ms�1T pkqqq , Qs � H1

F�pK, pT pkqq�rmsq
πsH1

F�pK, pT pkqq�rms�1sq .

Here proj denotes the canonical projection andQs can be identified with H1
F pK,T pkqrmsq

πsH1
F pK,T pkqrms�1sq

by self-duality. To further ease notation, let HpT rmisq denote H1
F pK,T pkqrmisq. We

may then identity Ps with HpT rmssq
mHpT rms�1sq and rewrite Qs as HpT rmsq

msHpT rms�1sq . Note that



ANTICYCLOTOMIC IWASAWA THEORY OF NEWFORMS AT EISENSTEIN PRIMES 47

these isomorphisms may not be canonical, but as will be clear momentarily, we only
care about the sizes of these groups.

The Cassels–Tate pairing (see [How04, Proposition 1.4.1, Theorem 1.4.2]) gives a
nondegenerate pairing of finite dimensional Rpkq{m-vector spaces

p , qs,1 : Ps �Qs Ñ Rpkqrms.
However, in our case, Ps (resp. Qs) is not necessarily isomorphic to Vs (resp. Ws).
Moreover, Ks :� kerpPs Ñ Qsq is not the same as Ps�1. What the arguments
in [How04, Theorem 1.4.2] show for our case is that for each s   k, Ps

Ks
is even

dimensional as Rpkq{m-vector spaces. We claim that Vs

Vs�1
(which is no longer

identified with Ps

Ks
) is also even dimensional for all but maybe two s’s bounded

(independent of k). This will be proved in the following series of lemmas, where we
compare the dimensions of Ps

Ks
and Vs

Vs�1
using direct computations.

More precisely, we will assume H is not free as an Rpkq-module (otherwise it
automatically has the desired structure (A.1) with M pkqpnq � 0 and ε � 1), and show
that Vs

Vs�1
is even dimensional for all 1 ¤ s   k except at N and some 1 ¤ N0 ¤ N�1

independent of s to be defined later, where N is given as in Assumption A.0.1.
When N � N0, all Vs

Vs�1
will be even. See Lemma A.1.4 for the precise statement.

Then by the structure theorem for finitely generated Rpkq-modules, there is a finitely
generated Rpkq-module M pkq such that

H � pRpkqqε `M pkq `M pkq ` Epkq,

where the “error term” Epkq � Epk1q ` Epk2q is a direct sum of two (possibly
isomorphic) cyclic Rpkq-modules of lengths between 1 and N � 1. Since this proof
(and those of the following lemmas) still works if we replace F by any Fpnq, we also
get

H1
FpnqpK,T pkqq � pRpkqqεk `M pkqpnq `M pkqpnq ` Epkqpnq

for some Rpkq-module M pkq where Epkqpnq again consists of two cyclic summands of
lengths between 1 and N � 1.

That ε is independent of n P N is due to the “parity lemma” of [How04,
Lemma 1.5.3], which says ρpnq :� dimRpkq{mH1

FpnqpK, T̄ q pmod 2q is independent
of n P N . The same argument can be modified to work in our situation. In-
deed, we will see that H1

FpnqpK, T̄ q and H1
FpnqpK,T pkqqrms will have the same size if

H1
FpnqpK,T pkqq is not free, and differ by `F otherwise. Then if H1

FpnqpK,T pkqq is
not free, we have

ε� 2dimRpkq{mMpnqpkqrms � Epkqpnqrms � dimRpkq{mH1
FpnqpK,T pkqqrms � ρpnq,

so ε � ρpnq pmod 2q, and if H1
FpnqpK,T pkqq is free, ε � ρpnq � 1 pmod 2q. □

Lemma A.1.2. For a fixed k " 0 and s   k,

Ks :� kerpPs Ñ Qsq � HpT rmssqrms�1s
mpHpT rms�1sqrmssq .

Proof. Recall that kerpPs Ñ Qsq fits in the exact sequence

0 Ñ kerpPs Ñ Qsq Ñ HpT rmssq
mHpT rms�1sq

ms�1ÝÝÝÑ HpT rmsq
msHpT rms�1sq ,
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so we can write kerpPs Ñ Qsq � pms�1q�1pmsHpT rms�1sqqXHpT rmssq
mHpT rms�1sq .

We claim that the (well-defined) natural map

HpT rmssqrms�1s Ñ pms�1q�1pmsHpT rms�1sqq XHpT rmssq
mHpT rms�1sq

induced by quotient after inclusion is surjective.
Indeed, let c P pms�1q�1pmsHpT rms�1sqq XHpT rmssq, then ms�1c � msc0 for some
c0 P msHpT rms�1sq. Let a � mc0 P mHpT rms�1sq � HpT rmssq, then ms�1pc� aq �
0 so c� a P HpT rmssqrms�1s and c� a maps to the class of c.

We now compute the kernel of the above map. By definition, the kernel is

tclasses of c P HpT rmssq : ms�1c � 0, c � ma, a P HpT rms�1squ
�tclasses of c P HpT rmssq : ms�1c � 0, c � ma,msa � 0, a P HpT rms�1squ
�tclasses of c P HpT rmssq : ms�1c � 0, c � ma, a P HpT rms�1sqrmssu
�mpHpT rms�1sqrmssq,

hence the lemma. □

Lemma A.1.3. For a fixed k " 0 and all s   k,
| Vs

Vs�1
|

| Ps
Ks

|
� p|Kpsq

F |q�2 � |Ks�1
s |

|Ks
s�1|

� |Cpsq
F |

|Cps�1q
F |

{|Cs�1
s | �

�
|Cps�1q

F |
|Cs

F |
{|Cs

s�1|
��1

� |Kps�1q
F | � |Kps�1q

F |,

where Ks�1
s , Cs�1

s (and similarly Ks
s�1, C

s
s�1) are the kernel and cokernel of the

morphism
H1

F pT ps�1qrmssq Ñ H1
F pT ps�1qqrmss.

Proof. Denote by NpPsq :� HpT rmssq and DpPsq :� mHpT rms�1sq the numerator
and denominator of Ps. Similarly defineNpKsq, DpKsq, NpVs�1q, DpVs�1q, NpVsq, DpVsq.
We will study the following 4 maps separately.
NpPsq Ñ NpVsq: This is the map

0 Ñ K
psq
F Ñ HpT rmssq NPÑVÝÝÝÝÑ HpT qrmss Ñ C

psq
F Ñ 0.

So |NpPsq|
|NpVsq| �

|Kpsq

F |
|CpsqF | .

DpPsq Ñ DpVsq: This is the map

mHpT rms�1sq DPÑVÝÝÝÝÑ mpHpT qrms�1sq.
To study the kernel and cokernel of this map, we study the following diagram

K̄ K
ps�1q
F kerpDPÑV q

0 HpT rms�1sqrms HpT rms�1sq impmp1qq 0

0 HpT qrms HpT qrms�1s impmp2qq 0

C̄ C
ps�1q
F cokerDPÑV

mp1q

DPÑV

mp2q
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From the snake lemma, we see that |DpPsq|
|DpVsq| �

| kerpDPÑV q|
|cokerpDPÑV q| �

|Kps�1q
F |

|Cps�1q
F |

|C̄|
|K̄| .

NpKsq Ñ NpVs�1q: This is the map

HpT rmssqrms�1s NKÑVÝÝÝÝÑ HpT qrms�1s,
To study the kernel and cokernel of this map, we need to consider the following
diagram with 2 familiar maps:
0 Ks

s�1 HpT rmssrms�1sq HpT rmssqrms�1s Css�1 0

0 K
ps�1q
F HpT qrms�1s HpT qrms�1s C

ps�1q
F 0

� NKÑV

Comparing the dimensions, we see that |NpKsq|
|NpVs�1q| �

|Kps�1q
F |

|Ks
s�1|

|Cs
s�1|

|Cps�1q
F | .

DpKsq Ñ DpVs�1q: This is the map

mpHpT rms�1sqrmssq DKÑVÝÝÝÝÑ mpHpT qrmssq.
To study the kernel and cokernel of this map, we study the following diagram

K̄ K̂ kerpDKÑV q

0 HpT rms�1sqrms HpT rms�1sqrmss impmp1qq 0

0 HpT qrms HpT qrms�1srmss impmp2qq 0

C̄ Ĉ cokerDKÑV

mp1q

DKÑV

mp2q

Note that the first column also appeared in the second case and the middle column
is already studied in the previous case (except we had s� 1 in place of s): we have
|K̂|
|Ĉ| �

|Kpsq

F |
|Ks�1

s |
|Cs�1

s |
|CpsqF | .

Now the snake lemma tells us that |DpKsq|
|DpVs�1q| �

| kerpDKÑV q|
|cokerpDKÑV q| �

|K̂|
|Ĉ|

|C̄|
|K̄| �

|Kpsq

F |
|Ks�1

s |
|Cs�1

s |
|CpsqF |

|C̄|
|K̄| .

Now
| Vs

Vs�1
|

| Ps
Ks
| � |NpVsq|

|NpPsq|
|DpVs�1q|
|DpKsq|

|DpPsq|
|DpVsq|

|NpKsq|
|NpVs�1q|

� |Cpsq
F |

|Kpsq
F |

|Ks�1
s |

|Kpsq
F |

|Cpsq
F |

|Cs�1
s |

|K̄|
|C̄|

|Kps�1q
F |

|Cps�1q
F |

|C̄|
|K̄|

|Kps�1q
F |

|Ks
s�1|

|Cs
s�1|

|Cps�1q
F |

�p|Kpsq
F |q�2 � |Ks�1

s |
|Ks

s�1|
� |Cpsq

F |
|Cps�1q

F |
{|Cs�1

s | � p |C
ps�1q
F |
|Cs

F |
{|Cs

s�1|q�1 � |Kps�1q
F | � |Kps�1q

F |.

□

Despite that we do not have full understanding of each C
piq
F , we are able to

determine the parity of the dimension of the right hand side by comparing these
cokernels inductively, provided that k is sufficiently large.
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Lemma A.1.4. For a fixed k " 0, if H1
F pK,T pkqq is not Rpkq-free, then there is an

N0 with 1 ¤ N0 ¤ N � 1 such that |Ks�1
s |

|Ks
s�1| �

|CpsqF |
|Cps�1q

F |{|C
s�1
s |�

�
|Cps�1q

F |
|Cs

F |
{|Css�1|

��1

�

|Kps�1q
F | � |Kps�1q

F | is an even power of |F| when s � N0, N . When s � N0 or N
when N � N0, the product is an odd power of |F|, and when s � N0 � N , the
product is an even power. Consequently, by Lemma A.1.3, Vs

Vs�1
is even-dimensional

for all s � N0, N . When N � N0, it is odd-dimensional for s � N,N0. When
N � N0, it is even-dimensional for s � N � N0 and hence for all 1 ¤ s   k.

Proof. Taking cohomology of the short exact sequence

0 Ñ T pkqrmss Ñ T pkqrms�1s msÝÝÑ T pkqrms Ñ 0

yields an exact sequence (omitting K from the cohomology groups)

0 Ñ H0pT pkqrmsq{ms Ñ H1pT pkqrmssq Ñ H1pT pkqrms�1sq Ñ H1pT pkqrmsq Ñ . . .

Note that T pkqrmss � T pkq{ms � T psq{ms � T psq, we have |H0pT pkqrmsq{ms| �
|H0pT pkqrmsq||H0pT pkqrmssq|

|H0pT pkqrms�1sq| � |H0pT̄ q||H0pT psqq|
|H0pT ps�1qq| .

We assume k ¡ 2N � 1 and we consider several cases depending on how big
s is and how close it is to k. When 1 ¤ s   N , the above quotient is trivial
by computing dimensions. When s ¥ N , |H0pT psqq| � |H0pT ps�1qq| so the above
quotient is (non-canonically) H0pK, T̄ q � F.

Now consider the diagram
Kpsq Kps�1q Kp1q

0 |H0pT̄ q||H0pT psqq|
|H0pT ps�1qq|

H1pT pkqrmssq H1pT pkqrms�1sq H1pT pkqrmsq

0 H1pT pkqqrmss H1pT pkqqrms�1s H1pT pkqqrms

Cpsq Cps�1q Cp1q

fs
1 fs�1

1 f1
1

When 1 ¤ s   N (so k � s ¡ N), by Lemma A.0.2 and Assumption A.0.1,
|Kpsq| � |Cpsq| � |H0pK,T psqq||H0pK,T pk�sqq|

|H0pK,T pkqq| � |H0pK,T psqq| � |F|s and |Kps�1q| �
|Cps�1q| � |F|s�1. Note also that Kp1q � Cp1q � F.

To pass to the Selmer groups, we have the following diagram (noting Kpiq
F � Kpiq

for all i):
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R{πs R{πs�1 F

0 H1
F pT pkqrmssq H1

F pT pkqrms�1sq H1
F pT pkqrmsq

0 H1
F pT pkqqrmss H1

F pT pkqqrms�1s H1
F pT pkqqrms

C
psq
F C

ps�1q
F C

p1q
F p� Cp1q � Fq

fs
F

ms
p1q

fs�1
F f1

F

ms
p2q

By the structure theorem of finitely generated Rpkq-modules, the map msp2q is
surjective if and only if H1

F pT pkqq has a summand with height less than or equal
to s. Let N0 :� mints ¤ k : msp2qis not surjectiveu. Then it is clear that if s ¥ N0,
msp2q will also be non-surjective.

Note that when N0 � k, H1
F pT pkqq must be a free Rpkq-module. We claim that

if N0 � k, then N0 ¤ N � 1. Namely, the lowest height of all non-free summands
of H1

F pT pkqq must have height less than or equal to N . In other words, assuming
H1

F pT pkqq is not a free Rpkq-module, as soon as s ¥ N � 1, msp2q will never be
surjective.

Assume by contradiction that N0 ¡ N � 1. Then for all 1 ¤ s ¤ N � 1, msp2q is
surjective. Consider the following diagram when s   N

0 R{πs R{πs�1 Ksp� Fq

0 H1
F pT pkqrmssq H1

F pT pkqrms�1sq impmsp1qq 0

0 H1
F pT pkqqrmss H1

F pT pkqqrms�1s H1
F pT pkqqrms 0

0 C
psq
F C

ps�1q
F Csp� Cp1q � Fq 0

fs
F

ms
p1q

fs�1
F f11

F
ms
p2q

Since Ks contains cokerpR{πs Ñ R{πs�1q, Ks is at least F, so Ks � F. Similarly,
when s � N or N � 1, the first row becomes

0 Ñ H0pT̄ q � F Ñ H0pT pk�sqq � R{πN Ñ H0pT pk�s�1qq � R{πN Ñ Ks,

and Ks must be F. Therefore the snake lemma shows that Cpsq
F Ñ C

ps�1q
F is injective

with cokernel Cs. We consider 2 subcases.
Case I: msp1q is never surjective for 1 ¤ s ¤ N � 1. In this case, consider

the rightmost vertical map f11
F . If we replace its domain impmsp1qq by H1

F pT pkqrmsq
which is strictly bigger in dimension, since the codomain is fixed and the kernel
cannot be any bigger, its cokernel must change from Cs to something strictly smaller.
Therefore Cs � 0 and Cs � F. Then for all 1 ¤ s ¤ N � 1, the dimension of Cpsq

F
increases whenever s increases, so |CpN�2q

F | ¥ |FN�1| ¡ |KpN�2q
F |. But Cpsq

F � K
psq
F

by Lemma A.0.2, contradiction.
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Case II: msp1q is surjective for some 1 ¤ s ¤ N � 1. In this case, the
rightmost vertical map f11

F agrees with the map f1
F : H1

F pT pkqrmsq Ñ H1
F pT pkqqrms

and is independent of s. Therefore if for one such s the cokernel of f11
F (so also that

of f1
F ) is F, then the cokernel is F for all such s. Therefore Cps�1q

F also has one
more dimension than Cpsq

F when msp1q is surjective. But for other s, the same is true
as in Case I, so again |CpN�2q

F | would be too big. Thus the cokernel of f1
F must be

0. This in turn means all msp2q must be surjective because otherwise if we replace
H1

F pT pkqqrms by impmsp2qq, the cokernel of f1
F must be smaller (since f1

F has fixed
domain and kernel), which is impossible. But in this case N0 � k and H1

F pT pkqq is
free.

So far we showed that either H1
F pT pkqq is free or it has a summand with height

lower than N � 1, and as a consequence we may assume msp2q is not surjective for
all s ¡ N which is independent of k. Moreover, in this case f1

F will have kernel and
cokernel both equal to F, so in what follows, we will keep this assumption.

We first study the dimensions appearing in this lemma when k ¡ s ¡ N .
By Lemma A.0.2 and Assumption A.0.1, |Kpsq| � |Cpsq| � |H0pK,T psqq||H0pK,T pk�sq|

|H0pK,T pkqq| �
|H0pK,T pk�sqq| and |Kps�1q| � |Cps�1q| � |H0pK,T pk�s�1qq|. Note also that Kp1q �
Cp1q � F.

To pass to the Selmer groups, we have the following diagram(noting Kpiq
F � Kpiq

for all i):
0 H0pT̄ q � F H0pT pk�sqq H0pT pk�s�1qq F

0 F H1
F pT pkqrmssq H1

F pT pkqrms�1sq H1
F pT pkqrmsq

0 H1
F pT pkqqrmss H1

F pT pkqqrms�1s H1
F pT pkqqrms

C
psq
F C

ps�1q
F C

p1q
F p� Cp1q � Fq

fs
F

ms
p1q

fs�1
F f1

F
ms
p2q

To apply snake lemma, we consider the following diagram where the first two rows
may or may not be changed depending on whether msp1q is surjective:

0 F H0pT pk�sqq H0pT pk�s�1qq Kp� Fq

0 F H1
F pT pkqrmssq H1

F pT pkqrms�1sq impms
p1qq 0

0 H1
F pT pkqqrmss H1

F pT pkqqrms�1s H1
F pT pkqqrms

C
psq
F C

ps�1q
F C

p1q
F p� Cp1q � Fq

fs
F

ms
p1q

fs�1
F f11

F
ms
p2q

In the rightmost column, if we replace H1
F pT pkqqrms by impmsp2qq which is strictly

smaller, the only possibility is Cp1q
F gets strictly smaller because the domain and

kernel of f11
F are determined by other columns(by snake lemma) which do not change.
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This in turn means Cp1q
F must be F to begin with, so if we do consider impmsp2qq we

get the following diagram:
0 F H0pT pk�sqq H0pT pk�s�1qq Kp� Fq

0 F H1
F pT pkqrmssq H1

F pT pkqrms�1sq impms
p1qq 0

0 H1
F pT pkqqrmss H1

F pT pkqqrms�1s impms
p2qq 0

C
psq
F C

ps�1q
F 0

fs
F

ms
p1q

fs�1
F f12

F
ms
p2q

When k � s� 1, we have a special diagram
0 K 1p� Fq

H1
F pT ps�1qrmssq H1

F pT ps�1qq impms
p1qq 0

0 H1
F pT ps�1qqrmss H1

F pT ps�1qq impms
p21qq 0

Cs�1
s 0 0

fs1

F

ms
p1q

� f13
F

ms
p21q

from which we see Cs�1
s � K 1 by the snake lemma.

Our aim is to compare |Cs�1
s | with |Cpsq

F {Cps�1q
F | � |K|. Depending on whether

k � s ¤ N there are 2 different possibilities:
Case i: s ¡ N and k � s ¤ N . In this case H0pT pk�sqq � R{πk�s and
H0pT pk�s�1qq � R{πk�s�1 so from snake lemma we get an exact sequence

0 Ñ K Ñ C
psq
F Ñ C

ps�1q
F Ñ 0.

Notice that the two msp1q in the two diagrams are indeed the same map because the
rows are identical, since T pkqrmis � T piq for any i ¤ k. Now if msp1q is surjective,
then K � K 1 � Kp1q � F. If if msp1q is not surjective, then in the last column if
we replace impmsp1qq by H1

F pT pkqrmsqp� H1
F pT ps�1qrmsqq which is strictly bigger, it

must be that K (and K 1) becomes strictly bigger because the codomain is fixed and
the cokernel cannot be smaller. This in turn means K � K 1 � 0.

Thus in case i, we always have K � K 1 and |CpsqF |
|Cps�1q

F |{|C
s�1
s | � 0. Moreover, in

case i, Kps�1q
F � R{πn�s�1 and K

ps�1q
F � R{πn�s�1 so |Kps�1q

F ||Kps�1q
F | is an even

power of F.
Case ii: s ¡ N and k � s ¡ N . In this case H0pT pk�sqq � H0pT pk�s�1qq � R{πN ,
so we have an exact row

0 Ñ F Ñ R{πN Ñ R{πN Ñ Kp� Fq,
which forces K � F. Furthermore, by the snake lemma this means Cpsq

F � C
ps�1q
F .

This also implies msp1q is surjective, so Cs�1
s � K 1 � F.
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Thus in case ii, K � K 1 � F and |CpsqF |
|Cps�1q

F |{|C
s�1
s | � |F|.

Finally, note that Ks�1
s � F for all s ¥ N and Ks

s�1 � 0 if s   N by Lemma A.0.2
and Assumption A.0.1.

To sum up, when k is at least 2N � 2, as s grows from N � 2 (so s � 1 ¡
N) to k, k � s is first greater than N . For such s, |CpsqF |

|Cps�1q
F |{|C

s�1
s | � |F| �

|Cps�1q
F |
|CpsqF | {|C

s
s�1|, and Kps�1q

F � R{πN � K
ps�1q
F ; when s � k�N , |CpsqF |

|Cps�1q
F |{|C

s�1
s | � 0

and |Cps�1q
F |
|CpsqF | {|C

s
s�1| � F, and K

ps�1q
F � R{πN , Kps�1q

F � R{πN�1; when s ¡ k �N ,
|CpsqF |
|Cps�1q

F |{|C
s�1
s | � 1 � |Cps�1q

F |
|CpsqF | {|C

s
s�1|, and K

ps�1q
F � R{πk�s�1 and K

ps�1q
F �

R{πk�s�1. In all cases,

|Ks�1
s |

|Ks
s�1|

� |Cpsq
F |

|Cps�1q
F |

{|Cs�1
s | �

�
|Cps�1q

F |
|CsF |

{|Css�1|
��1

� |Kps�1q
F | � |Kps�1q

F |

is an even power of |F|.

Now the cases left are when s ¤ N . When msp2q is not surjective, then similarly
as in Case II, msp1q must be surjective. Then for such s, Cs�1

s � |F| if s � N and

Cs�1
s � 0 if s   N . Also CsF � Cs�1

F , so |CpsqF |
|Cps�1q

F |{|C
s�1
s | � |F|�1 if s � N and

|CpsqF |
|Cps�1q

F |{|C
s�1
s | � 1 if s   N .

When msp2q is surjective, in fact, msp1q must be surjective, too. Note that for s ¤ N

we have the following sequence

0 Ñ F Ñ impmsp1qq
f11

FÝÝÑ H1
F pT pkqqrms Ñ Csp� Cp1q � Fq Ñ 0.

If mSp1q is not surjective, then enlarging impmsp1qq would shrink Cs, yielding an
exact sequence

0 Ñ F Ñ H1
F pT pkqrmsq

f1
FÝÝÑ H1

F pT pkqqrms Ñ 0,

which would mean msp2q are always surjective, a contradiction.
So as long as mspsq is surjective, CsF is increasing steadily. And if s� 1 ¤ N , then

Cs�1
s � 0 by Lemma A.0.2. So |CpsqF |

|Cps�1q
F |{|C

s�1
s | � |F|�1 if s   N . When s � N ,

since mNp1q is surjective, CpN�1q
N � K 1 � F. So |CpsqF |

|Cps�1q
F |{|C

s�1
s | � 1.

We summarize the behavior of the terms appearing in the lemma in the following
table:
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|C
psq

F |

|C
ps�1q
F |

{|Cs�1
s | |C

ps�1q
F |

|C
psq

F |
{|Cs

s�1| |Kps�1q
F | |Kps�1q

F | |Ks�1
s |

|Ks
s�1|

N   S   k �N |F|
ps� 1 ¡ Nq : |F|

|F|N |F|N 1ps� 1 � N ¥ N0q : |F|
ps� 1 � N   N0q : 1

S � N   N0 1 |F|�1 |F|N |F|N�1 |F|
S � N � N0 |F|�1 |F|�1 |F|N |F|N�1 |F|
S � N ¡ N0 |F|�1 1 |F|N |F|N�1 |F|
N0   S   N 1 1 |F|s�1 |F|s�1 1
S � N0   N 1 |F|�1 |F|s�1 |F|s�1 1
S   N0 ¤ N |F|�1 |F|�1 |F|s�1 |F|s�1 1

We’re now able to determine the parity of the length of |Ks�1
s |

|Ks
s�1| �

|CpsqF |
|Cps�1q

F |{|C
s�1
s |�

p |C
ps�1q
F |
|Cs

F |
{|Css�1|q�1 � |Kps�1q

F | � |Kps�1q
F | as a power of |F| via direct computation

in different cases, depending on the relation between N0 and N .
Case 1: N0 � N � 1. In this case, when s � N0 and s � N we get an odd

dimension, and even dimensions for all other s ¤ N � 1.
Case 2: N0 � N . In this case, when get even dimensions for all s ¤ N � 1.
Case 3: N0 � N � 1. Same as in Case 1.
Case 4: 1   N0   N � 1. Same as in Case 1.
Case 5: N0 � 1. Same as in Case 1. □

Appendix B. An anticyclotomic control theorem

In this section we follow [JSW17, section 3] and [Gre99, sections 3 and 4] to prove
an anticyclotomic control theorem with torsion, i.e., allowing H0pK,W q � 0. We
use the notations from [JSW17] and will also explain the difference between theirs
and ours.

First, we make all the assumptions in [JSW17, section 3.1] except (irredK) and
(HT) (which fails if the weight of f is higher than 2). For our application to BSD
formula in weight 2 we may still assume (HT), but we will also explain how to
remove it for higher weights.

The first result we need from op. cit. is the following:

Proposition B.0.1. One has

#H1
Fac

pK,W q � #XBK pW {Kq � p#δvq2,

where δv � cokertH1
FBK

pK,T q locvÝÝÑ H1
f pK,W q{H1pKv, T qtorsu. In particular, H1

Fac
pK,W q

has finite order.

Proof. See [JSW17, Proposition 3.2.1]. Note that by Remark 3.2.2 in op. cit., we
do not need (irredK) to get W� � T τ .

We mention that in the residually reducible setting, H1
f pK,T q may no longer be

a free O-module. In particular, their δv fits into the exact sequence

(B.1) 0 Ñ H1
f pK,T qtors Ñ H1

f pK,T q locvÝÝÑ H1
f pKv, T q{H1

f pKv, T qtors Ñ δv Ñ 0,

where kerplocvq may not be 0. This observation will be helpful for our application
to modular abelian varieties in appendix B.3. □
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The main result of this appendix is the following anticyclotomic control theorem
which allows torsion.

Theorem B.0.2 (Anticyclotomic control theorem). The Λ-module XΣ
ac pMf q is

Λ-torsion, and if fΣ
ac pT q is a generator of its characteristic Λ-ideal CharpXΣ

ac pMf qq,
then

#O{fΣ
ac p0q �

#H1
Fac

pK,W q � CΣpW q
#H0pK,W q �#H0pK,W q_ ,

where

CΣpW q � #H0pKv,W q�#H0pKv,W q�
¹

wPSpzΣ,w split

#H1
nrpKw,W q�

¹
wPΣ

#H1pKw,W q.

We also define P �
¹

wPSzΣ

H1pKw,W q
H1

Fac
pKw,W q and G � imtH1pKS{K,W q locSÝÝÝÑ Pu.

We remark that their S and Σ are different from ours in section 1. Their choice
of v, v is also different from ours. For our application, the Σ above would be taken
as our Σ � tv, v,8u in the earlier sections and their S will be chosen to be our
ΣY tv, vu so that XΣ

ac pMf q is the dual of the imprimitive Greenberg Selmer group
H1

FS
Gr
pK,Mf q. In particular, P � H1pKv,W q

H1pKv,W qdiv
� H1pKv,W q. In the rest of this

appendix, we explain how to adapt the proofs in [JSW17, section 3] to our setting,
following [Gre99].

We begin with recalling [Gre99, Lemma 4.2] which says

(B.2) #O{fΣ
ac p0q �

H1
FΣ

ac
pK,Mf qΓ

H1
FΣ

ac
pK,Mf qΓ

,

provided H1
FΣ

ac
pK,Mf qΓ is finite. For now we assume this finiteness result so we

have the above computation of #O{fΣ
ac p0q. We will first study the numerator.

B.1. Computing H1
FΣ

ac
pK,Mf qΓ. As in [JSW17, section 3.3.9], there is a commu-

tative diagram
0 H1

FΣ
ac
pK,W q H1pKS{K,W q P

0 H1
FΣ

ac
pK,Mf qΓ H1pKS{K,Mf qΓ PpMf qΓ

s

locS

h r

where PpMf q �
¹

wPSzΣ

H1pKw,Mf q
H1

Fac
pKw,Mf q

. In loc. cit., the first row is also exact on the

right because locS is surjective, but this surjectivity may fail for us as we do not
assume (irredK). Therefore, we would need to work with a similar commutative
diagram
0 H1

FΣ
ac
pK,W q H1pKS{K,W q G 0

0 H1
FΣ

ac
pK,Mf qΓ H1pKS{K,Mf qΓ GpMf qΓ

s

locS

h g

where GpMf q � imtH1pKS{K,Mf q locSÝÝÝÑ PpMf qu.
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As in loc. cit., cokerphq � 0 since H1pKS{K,Mf qΓ � H1pKS{K,Mf qrγ � 1s and
there is an exact sequence

0 ÑW ÑMf
γ�1ÝÝÝÑMf Ñ 0.

As H1
Fac

pK,W q is finite from Theorem B.0.1, snake lemma then yields

(B.3)
#H1

Fac
pK,Mf qΓ

#H1
Fac

pK,W q � #cokerpsq
# kerpsq � # kerpgq

# kerphq ,

where kerphq � H0pK,W q which no longer vanishes in our case. We will see
shortly that kerpgq (and hence cokerpsq) is finite, which then gives the finiteness of
H1

FΣ
ac
pK,Mf qΓ we needed. It remains to compute kerpgq.

B.2. Computing kerpgq. We first claim that GpMf q � PpMf q, or in other words,

the map H1pKS{K,Mf q locSÝÝÝÑ PpMf q �
¹

wPSzΣ

H1pKw,Mf q
H1

Fac
pKw,Mf q

� H1pKv,Mf q is

surjective. This is nothing but the global-to-local map defining the imprimitive
Greenberg Selmer group, so it is surjective by Remark 1.4.2.

We now prove a lemma.

Lemma B.2.1. H1pKΣ{K,Mf q is almost divisible, i.e., its Pontryagin dual has
no non-trivial finite submodules.

Proof. Similarly as in Theorem 1.2.5, this follows from [Gre89, Proposition 3,
Proposition 5]. Note that by Lemma 1.3.5, H2pKΣ{K,Mf q must be cotorsion. Thus
it’s 0 and the result follows. □

From the proof of Lemma 1.3.5, we see that the O-corank of H1pKv,W q is 2.
Since corankOP � corankOH1pKv,W q, the same is true for P . The arguments after
Proposition 4.12 in [Gre99] then shows that H1pKΣ{K,Mf qΓ � 0. Now Theorem
4.7 in op. cit. gives the equation

# kerpgq � # kerprq �#H1
FΣ

ac
pK,Mf qΓ �#pP{Gq.

In our case the surjectivity of the map pP Ñ PpMf qΓq �
� H1pKv,W q

H1pKv,W qdiv
�H1pKv,W q Ñ

H1pKv,Mf qΓ
�

follows from the p-cohomological dimension of GpK8,v{Kvq being 1.
Now by Cassels’ Theorem (Proposition 4.13 in op. cit.), since H1

Fac
pK,W q is

finite by Theorem B.0.1 and H0pKw,W q is finite by Proposition 1.3.4, we have
P{G � H0pK,W q_.

Combining this result with (B.2), (B.3) and the computation of kerprq in [JSW17,
Proposition 3.3.7] (the proof of case 3(b) is the only place where (HT) is used, but
by Proposition 1.3.4, we already have the finiteness of MGKv

f so (HT) is no longer
needed), Theorem B.0.2 follows.

B.3. Applications to newforms and modular abelian varieties Af . Most
part of the computations are already done in [JSW17, section 3.5].

As is already noted in Theorem B.0.1, in our residually reducible setting,
Af pKq bZrfs O � H1

f pK,T q may no longer be a free O-module, and we need to re-
place Af pKq and H1

f pK,T q in loc. cit. by Af pKq{tors and H1
f pK,T q{tors respectively.

In particular, from the sequence (B.1), equation (3.5.a) in op. cit. becomes
#δv � #rAf pKvq{tors bZrfsbZp

O : Af pKq{tors bZrfs Os.
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This means in our application to elliptic curves, the above index becomes rEpKq{tors :
Z � P sp, which does not include the torsion of EpKq. Indeed, as we will see
immediately, EpKqtors has already been considered separately in appendix B.1
and appendix B.2.

It remains to compute the torsion terms H0pK,W q and H0pK,W q_. But these
are identified with pAf pKq bZrfs Oqrp8s and its dual respectively, both having size
#ppAf pKq bZrfs Oqtorsqp. When Af is an elliptic curve, Zrf s � Z, O � Zp and the
size is #pEpKq b Zpqrp8s � #pEpKqrp8sq � p#EpKqtorsqp.
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