ON THE TAMAGAWA NUMBER CONJECTURE FOR

NEWFORMS AT EISENSTEIN PRIMES

MULUN YIN

ABSTRACT. We extend the results of [CGLS22] to higher weight modular forms
and prove a rank 0 Tamagawa number formula (also known as the Bloch-Kato
conjecture) for modular forms at good Eisenstein primes. Under standard
hypotheses (i.e. the injectivity of the p-adic Abel-Jabobi map and the non-
degeneracy of the Gillet—Soulé height pairing), we also discuss some partial
results towards a rank 1 result. A conditional higher weight p-converse theorem
to Gross—Zagier—Zhang-Kolyvagin—-Nekovar is also obtained as a consequence
of the anticyclotomic Iwasawa Main Conjectures.
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INTRODUCTION

0.1. Background. In [CGLS22], Castella, Grossi, Lee and Skinner proved an
anticyclotomic Iwasawa main conjecture for elliptic curves at Eisenstein primes over
an imaginary quadratic field under certain hypothesis. Together with a rank 0 BSD
formula obtained by Greenberg and Vatsal in [GV00], they proved a rank 1 BSD
formula for elliptic curves over Q in the residually reducible setting. Most of their
results have since been generalized to higher weight modular forms in [KY24a],
and several hypotheses have been removed in op. cit. (e.g. the condition that
vla,,¥la, # 1,w where @, are the characters appearing in the semisimplification
of E[p], and w is the mod-p cyclotomic character and G,, denotes the decomposition
group at p) as well as in [CGS23] (e.g. assumptions on the characters coming
from [GV00]).

In [KY24a], most of the results in [CGLS22] have been extended to higher weight
modular forms, but a BSD formula is only obtained for elliptic curves. In this
paper, we will further extend this application to modular forms of arbitrary weight
and prove the Tamagawa number conjecture in rank 0 as well as a higher weight
p-converse theorem. Under standard hypotheses, we will also provide necessary
ingredients towards a rank 1 Tamagawa Number formula. The only incompleteness
is due to the lack of a Gross—Zagier—Zhang type formula for Generalized Heegner
cycles introduced by Bertolini-Darmon—Prasana in [BDP13], which we hope to
examine in future work.

0.2. The main results. Let f € S (T'o(N)) be a newform of weight 2r > 2 and
level N with trivial Nebentypus. Let Q(f) be the coefficient field of f, i.e., the finite
extension of Q generated by the Fourier coefficients {a,(f)}n=1 of f, with ring of
integers Z(f). Fix an odd prime p { N such that a, is a p-adic unit. Equivalently,
this means p is a prime of good ordinary reduction for f. Let F' be a finite extension
of the completion of Q(f) at a chosen place p above p with ring of integers O, and
denote by
ps(1 =) : Gal(Q/Q) - GLa(F)

the self-dual Tate twist of the p-adic Galois representation py attached to f (dual
to Deligne’s construction). We denote from now by V the self-dual representation
attached to f as above. When necessary, we use py instead of V¢ to emphasize that
py is before self-dual twist. Let F be the residual field of F'. We assume p is an
Eisenstein prime for f, meaning that the residual representation p; is reducible.
Then the self-dual twist gives rise to a decomposition

pr(l—r) = F((ew™ Hw)@F((ew™ H ).

We denote characters occurring in % (1 —r) by ¢ and ¢, so v = w.
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Let us briefly explain the ideas that go into the proof of our main results. Recall
that we only consider Eisenstein primes for f, meaning that the semisimplification
of the residual representation

Py =F(p) ®F(¢)
is reducible. Equivalently, there is an extension
(0.1) 0- F(p) — pr— F(y) — 0.

By abuse of notation, we assume py is self-dual so that ¢y = w. However, to make
sense of the residual representation, one needs to make a choice of a Galois stable
lattice Ty in V. Unlike the residually irreducible case, such choice is not unique
up to homothety. Fortunately, both the Iwasawa main conjecture and the BSD
conjecture (see [KY24a]) are invariant under isogeny, so we are free to choose any
lattice (by Ribet’s lemma, this amounts to a choice of the ordering of the characters
appearing in (0.1)). Actually, a choice of the lattice plays a crucial role in the proof
of their main results. For our application, it is sufficient to choose the ‘canonical’
lattice (see section 2.6.1).

A key input in this paper is an anticyclotomic Iwasawa main conjecture for
modular forms proved in [KY24a]. Let K be an imaginary quadratic field and
I'x = Gal(K,/K) be the Galois group of the anticyclotomic Z,-extension of K.
Let Ax = O[I'k] be the Iwasawa algebra and let A% = AK®Z,, Z,', for Z;" the
completion of the ring of integers of the maximal unramified extension of Q,. The
(Greenberg’s) Twasawa Main Conjecture we need takes on the following form:

Conjecture A. Let f € S5 (To(N)) be a newform of weight 2r = 2 and p 1 2N
be an FEisenstein prime of good ordinary reduction for f. If K is an imaginary
quadratic field satisfying the Heegner hypothesis, then Xy is Ay -cotorsion, and

Char(Xy)AR = (E?DP)
as ideals in A

Here the left hand side is the characteristic ideal of a certain Selmer group Xy
for f and the right hand side is an associated p-adic L-function which lives in A%.
The Heegner hypothesis states that every prime dividing N is split in K.

Under Assumption 1.2.1, Conjecture A is now a theorem in [KY24a] if r is odd.
In fact, it is further shown that the above conjecture is equivalent to a Heegner
Point Main Congjecture.

Conjecture B. Let f € ST (T'o(N)) be a newform of weight 2r = 2 and pt 2N be
an Fisenstein prime of good ordinary reduction for f, and let K be an imaginary
quadratic field satisfying the Heegner hypothesis. Then both S and X have Ay -rank
one, and

Chary . (Xiors) = Chary . (S/Ag - £1°8)2)

where Xiors denote the A-torsion submodule of X .

Here S = H;-AK (K, T)and X = H}TAK (K,M;/)Y are (Pontryagin duals of) certain
Ax-adic Selmer groups introduced in [CGLS22, section 3], and k'°® is a A -adic
Heegner cycle conjectured to be non-torsion. Again under Assumption 1.2.1, Theo-
rem B is now a theorem whenever 7 is odd.

A standard consequence of a Heegner Point Main Conjecture is a p-converse
theorem of Gross—Zagier—Kolyvagin (see for example [KY24b]). For higher weight
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modular forms, the Gross—Zagier formula is extended by Zhang and the ‘forward’
theorem of Kolyvagin is extended by Nekovar. It should be noted that the classical
Heegner cycles in Zhang’s formula as well as in Nekovai’s work are different from the
generalized Heegner cycles appearing in the above Heegner Point Main Conjecture.
Their difference is understood well enough to yield the p-converse theorem, yet a
complete proof of the rank 1 Tamagawa Number formula remains mysterious.

Let L(f, s) be the L-function of the Galois representation py. The analytic rank
of f is it’s order of vanishing at s = r (which agrees with the order of vanishing of
the L-function L(Vy,s) at s = 1 after self-dual twist). Let Ay be defined by the
following short exact sequence

0T —>Vy—> Ay -0,
and let Hy (K, Af) be the Bloch-Kato Selmer group for A; over K. Let
AJ  CH'(E¥2(N)/K)o ® O — HL (K, Ay)

cts

be the p-adic Abel-Jacobi map attached to the Kuga-Sato variety £2"~2(N) of level
N and weight 2r (see section 2 for more discussion about this map). Then by work
of Nekovar (see for example [Nek92, Proposition 11.2]), there is an exact sequence

(0.2) 0 — im (AJ) ® Qp/Zy, — Higi (K, Ay) — Mine(f/K) — 0

which defines ek (f/K), necessarily a p-primary group. The algebraic rank of
f is the Z,-corank of the first group. We mention that IInek(f/K) is gener-
ally different from the Tate—Shafarevich group defined a la Bloch-Kato as the
quotient 1pk (f/K) 1= Hy (K, As)/Hpk (K, Af)aiy (see [Masl7, Remark 8.2]).
However note that im (AJ{() ® Q,/Z, maps injectively into Hyy (K, Ay)aiy, and
hence there is a surjection Inek(f/K) — gk (f/K), the latter always being
finite whenever Hyy (K, A;) has finite O-corank. When the p*-part of the classical
Tate-Shafarevich group II(A;/K)[p*] = II(A;/K)[p*] ®z s O is finite, there is
an equality gk (f/K) = HI(Af/K)[p™].

Zhang’s Gross—Zagier formula [Zha97] and Nekovai’s theorem [Nek92] generalize
Gross—Zagier—Kolyvagin theorem to modular forms. Namely, whenever the analytic
rank is less than 1, it’s equal to the algebraic rank. The higher weight p-converse
theorem is the first main result of this paper. See Theorem 4.4.3.

Theorem C. Let f e S5 (Io(N)) be a newform of weight 2r = 2 where r is odd
and p 12N be an FEisenstein prime of good ordinary reduction for f. Assume the
Gillet—Soulé pairing is non-degenerate and all Abel-Jacobi maps are injective. Let
te€{0,1}. Then

corankz (Hpk(Q, 4Ay)) =t = ord,—, L(f/Q, s) = t,
and so dimp(im (AJ]) ® Q) = t and #Ine(f/Q)[p*] < .

Another consequence of the anticyclotomic Iwasawa Main Conjectures over K,
by the descent arguments of [CGS23], is a cyclotomic Iwasawa Main Conjecture
over Q. Let X(f) := Hér(Q, M7})Y be the Pontryagin dual of the p-primary Selmer
group for f over Q and let ,CI}-/ISD be the Mazur—Swinnerton-Dyer p-adic L-function
for f (seesection 1.4 for definitions). Here Aq := Z,[Gal(Q..,/Q)] is the cyclotomic
Iwasawa algebra over Q.
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Conjecture D. Let f € S5¢(T'o(N)) be a newform. Let pt N be an Eisenstein
prime for f, i.e., py is reducible. Then

CharAQ (Hér(Q7 M})V) = (Ll}/ISD)

This conjecture was first proved in [GV00] for elliptic curves (though their
arguments should easily extend to treat arbitrary modular forms) under technical
assumptions that force the Iwasawa p-invariants of both sides to vanish. Later it
was extended in [CGS23] based on [CGLS22] to allow positive p-invariants using
new ideas, with weaker technical conditions, again for elliptic curves. It is now an
unconditional theorem for elliptic curves by the modification of [CGLS22] in [KY24a].
A generalization of the results in [CGS23] to higher weight modular forms would
yield an unconditional proof of this conjecture. However, currently only a direct
generalization of [GV00] is available. If one in addition assumes that the modular
form has weight 2r < p — 1, the above conjecture is proved in [Hir18] under the
assumptions in [GV00]. See Theorem 1.4.2.

If we assume that ¢|q,,?|c, # 1,w, then we can apply the control theorems for
higher weight modular forms in [LV21]. Note that a consequence of this additional
hypothesis is that H*(Q, A;) = 0. Similar to (0.2), there is a short exact sequence

(0.3) 0 — im (AJE) ® Qp/Z)p — Hpk (Q, Ay) — lxer(f/Q) — 0

that defines Inek(f/Q). As a corollary of the cyclotomic Iwasawa Main Conjecture
and the cyclotomic control theorem, we obtain the p-part Tamagawa Number formula
in the rank 0 case. See Theorem 4.3.1.

Theorem E (p-part Tamagawa Number Conjecture in rank 0). Let f € S5 (T (N))
be a newform of weight 2r < p — 1 where pt 2N is an Eisenstein prime for f, i.e.,
Py is reducible. Assume that the sub-representation F(p) of p; is either ramified
at p and even, or unramified and odd when restricted to the decomposition group.
Assume L(f,r) # 0. We have

ordp(L (g;r) ) = ord, (#1TTxer (f/Q)#Tam(A;/Q))

Here Qy is the period attached to f as in eq. (1.1).

We also prove an anticyclotomic control theorem that is good for a rank 1
Tamagawa Number formula. However, due to the lack of a Gross—Zagier—Zhang
type formula and insufficient understanding of the relation between the generalized
Heegner cycles and the L-function, we will not try to prove the rank 1 formula here.

Under the hypotheses in Theorem 3.3.1, one has the following.

Theorem F (Anticyclotomic Control Theorem). Let f=. be a generator of the
characteristic ideal Charp, (X2.(Mjy)) of the torsion Ax-module X2 (M), then

_ #1pk (f/K) - C*(Ay)
(#H(K, Af))?

where C’E(Af) and 6, are in Theorem 3.3.1 accounting for Tamagawa numbers, local
and global index depending on a choice of a Heegner cycle.

#0/f.(0) (#0,)?,

Finally, we also do some computations towards the verification of a rank 1
Tamagawa Number formula in section 4.5.
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0.3. Methods of proof and outline of the paper. As this work is a direct
generalization of the results in [CGLS22], the main ideas of proofs are similar.
However, as the situations are more mysterious for higher weight modular forms
than for elliptic curves and less is known, we often need to first establish analogues of
existing results, or do some extra verification and comparison that are unnecessary
in weight 2.

In section 1, we review some background knowledge from Iwasawa theory. In par-
ticular, we discuss the anticyclotomic Iwasawa Main Conjectures proved in [KY24a]
and a cyclotomic Iwasawa Main Conjecture in the style of [GV00] for higher weight
modular forms. These will be the foundation for our proofs of the Tagamawa
Number formulas. We also discuss how to use the Main Conjectures before self-dual
twist to study the Tamagawa Number Conjectures after self-dual twist.

In section 2, we review the constructions of Heegner cycles and p-adic Abel—
Jacobi maps in two different settings. The first setting is based on Kuga—Sato
varieties over the modular curve X;(N), where we have the theory of Bertolini—
Darmon—Prasana that relates the Abel-Jacobi image of Heegner cycles over T'; (V)
to their p-adic L-functions. This provides a p-adic Gross—Zagier formula we will
need to study a rank 1 Tamagawa Number formula. On the other hand, there is
a second setting where everything is defined over the congruence subgroup I'(N).
The combined work of Zhang [Zha97] and Nekovat [Nek92] provides a generalization
of the classical Gross—Zagier—Kolyvagin’s theorem to higher weight modular forms,
where the Heegner points for elliptic curves are replaced by the Heegner cycles over
T'(N), while no analogue is known for I';(N). As far as the Tamagawa Number
conjecture is concerned, it should not matter which kind of Heegner cycles we choose,
as they only show up in intermidiate steps. However, due to the above asymmetric
situation, we do not have enough tools to unite them. Nevertheless, we mention a
few comparison results of Thackery [Tha22] that relate the indices of the Heegner
cycles in the Abel-Jacobi images that is good enough for a p-converse theorem.

In section 3, we discuss three control theorems with exact formulae for modular
forms, one cyclotomic and two anticyclotomic (one of Greenberg type and one of
Jetchev—Skinner—Wan type, see Theorem F). The cyclotomic control theorem over
Q is good for the rank 0 Tamagawa Number Conjecture and is the main result
of [LV21], while the anticyclotomic control theorem over K of Jetchev—Skinner—Wan
type is needed for the rank 1 result and is discussed in [Tha22] in the irreducible
setting. We explain how to adapt these results to the residually reducible case.
On te other hand, the control theorem of Greenberg type will be needed for the
p-converse theorem. Since we do not have access to a general cyclotomic main
conjecture, it is sufficient to consider the cyclotomic control theorem where there is
no global torsion, i.e. when HO(Qp, Ay) = 0. However, the anticyclotomic control
theorems do allow non-trivial global torsion.

In section 4, we first prove the rank 0 Tagamawa Number formula (Theorem E)
by combining the Main Conjectures from section 1 and the control theorem from sec-
tion 3. This result is also necessary for a rank 1 formula. Then we prove a p-converse
theorem (Theorem C) to the theorem of Gross—Zagier—Zhang—Kolyvagin—Nekovar.
In doing so, we need to choose some auxiliary imaginary quadratic fields K where
the Iwasawa Main Conjectures hold, and we also need to compare different Heegner
cycles to related the global L-functions to the p-adic ones. Finally, we compute some
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specific p-indices appearing in the anticyclotomic control theorem using Fontaine—
Laffaille theory, and study the compatibility of all computational results towards
the rank 1 Tamagawa Number formula.

0.4. Relation to previous works. Our main results are based on the Iwasawa
Main Conjectures studie by several authors. The cyclotomic Iwasawa Main Conjec-
ture for elliptic curves in the good Eisenstein case was first proved in [GV00] and
generalized for some higher weight modular forms in [Hir18]. The anticyclotomic
Main Conjectures for elliptic curves in the good Eisenstein case was first proved
in [CGLS22] and generalized for some higher weight modular forms in [KY24a].

Prior to this work, control theorems for modular forms have been studied in [LV21]
(cyclotomic) and [JSW17] (anticyclotomic). We explain how to adapt them in the
Eisenstein case.

A p-converse theorems for modular forms in the irreducible setting was given
in [LV23]. Their approach is based on Kolyvagin’s Conjecture and is different from
ours.

Tamagawa Number conjecture formula in rank 0 and 1 for motives of modular
forms are discussed in [LV23]. A higher weight BSD formula in rank 1 is also
obtained in [Tha22]. All these results are in the residually irreducible setting.

0.5. Notations. For any subextension L/Q of Q/Q, we let G, = Gal(Q/L) denote
its absolute Galois group. For a cohomology group H'(-, —), we write H'(L, —) in
place of H" (G, —).

0.6. Future Work. A generalization of [CGS23] to higher weight modular forms
would hopefully remove the technical assumptions in [GV00]. In particular, elliptic
curves with non-trivial torsion groups will be covered and therefore we hope to
extend the cyclotomic control theorem from [LV21] to allow torsion as well.

On the other hand, since a rank 1 result on the p-part Tamagawa Number
Conjecture is desired, we hope to examine a Gross—Zagier type formula for Heegner
cycles defined over T'; (N).

0.7. Acknowledgment. This is part of the author’s forthcoming Ph. D. thesis.
We thank his advisor Francesc Castella for his guidance.

1. IWASAWA THEORY

To state the main results in [KY24a] that yield a proof of Conjecture A in
the introduction, we first recall the algebraic side and the analytic side of the
anticyclotomic Iwasawa theory.

Let K < Q be an auxiliary imaginary quadratic field in which p = vT splits, with
v the prime of K above p induced by ¢,. We also fix an embedding ¢ : Q — C.

Let Gk = Gal(Q/K) c Gq := Gal(Q/Q), and for each place w of K let
I, € Gy © Gk be the corresponding inertia and decomposition groups. Let
Frob,, € G, /I, be the arithmetic Frobenius. For the prime v | p, we assume G, is
chosen so that it is identified with Gal(Q,/Q,) via tp.

Recall that F'/Q,, is a finite extension of Q, containing the Fourier coefficients
of f. Let O denote its ring of integers and F be its residue field. Denote by p a
prime ideal of O lying above p. Let " := Gal(K../K) be the Galois group of the
anticyclotomic Z,-extension K, of K, and let Ax := O[I'] be the anticyclotomic
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Iwasawa algebra. We shall often identify Ax with the power series ring O[T] by
setting T' = v — 1 for a fixed topological generator v € I'.
Throughout, we assume the Heegner hypothesis

(Heeg) every prime [ dividing N splits in K.

1.1. The algebraic side. In this section, we define the Selmer groups and discuss
some of its important properties. The goal is to describe the Iwasawa theoretic
results on the algebraic side which will be compared to those on the analytic side in
the next section.

Let ¥ o {v,v,00} be a finite set of places of K. We define the Selmer group with
unramified local conditions for f as

HF, (K, My) = ker (Hl(KE/K, M) - H' (I, Mp) ¥/ x - T Hl(Iw,Mf)GW/I“’)

w|l#p,lex

where K% is the maximal extension of K unramified outside ¥ and M F=Tr @A)
For a set S c ¥\{v,7, o0}, we define the S-imprimitive Selmer group for f as

s, (6 0Mg) = r (G 1 M) = B (1 M)

It is proved in [KY24a] that these Selmer groups are A g-cotorsion and the global-
to-local maps defining the Selmer groups are surjective. Let X; and %f denote the
Pontryagin dual of the primitive and imprimitive Selmer groups for f respectively.

Replacing My with M¢[p] in the above definitions, we also get the (primitive and
imprimitive) residual Selmer groups for f.

For a character ¥ : Gxg — F* whose conductor is only divisible by primes split
in K, define My = O(Y¥) ®o A),. Replacing M; with My in the above definitions,
we also contain the Selmer groups for 9.

The imprimitive residual Selmer groups allow us to compare f with the characters
¢, appearing in the semisimplification of p;. Using the known results about the
characters, it is shown in [CGLS22] that the Iwasawa p-invariants of the Selmer
groups are vanishing and the A-invariant of f is related to those of the characters.
For example, in the setting of loc. cit. (i.e. when f corresponds to an elliptic curve,
with some technical conditions), one can show that for ? = f, ¢, 1,

A(X7) = dimp, Hs (K, M2[p])
and there is a short exact sequence
0 = Hig (K, Mo[p]) — Hkg (K, Mylp]) - Hbg (K, Mop]) 0,
so we have the following simple relation
AXF) = MED) + A&)).

In general cases, the above relation between the A-invariants should be satisfied,
even if the above sequences may not be exact, except in one case when one of
the characters is the trivial character over Gi. This exceptional case is studied
in [KY24a], and the difference is consistent with the Iwasawa main conjecture for
the trivial character which differs from others.

We record the following theorem from op. cit. which compares the algebraic
Iwasawa invariants of f to those of the characters.
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Theorem 1.1.1. Let ¢, be the characters appearing in the semisimplification
of pg. If neither of them is the trivial character on Gk, then the module Xy is
A -torsion with (1(X5) =0 and

AXp) = MX,) + AXy) + D) {MPu(©) + APw () = AM(Pu()}.

wesS

When ¢|lc, or ¥|a, = 1, the same results hold except that the relation between
A -invariants now becomes

AXp) +1=AMX,) + AXy) + Y] {MPu(®)) + APu(®)) = MPu(f))}-

weS

Proof. This is a combination of [KY24a, Section 1.5] and [CGLS22, Section 1.5].
We mention that in the second case, the result holds no matter whether F(1) is a
subrepresentation or a quotient representation of py. O

1.2. the analytic side. In this section, we describe the BDP p-adic L-functions for
f and the Katz p-adic L-function for the characters obtained from [KY24a, section
2.1], and discuss their useful properties. The following hypotheses are in effect
throughout this section. They all come from [CGLS22].

Assumption 1.2.1. (i) p = o0 is split in K
(ii) The Heegner hypothesis
(iii) The discriminant Dk of K is odd and Dg # —3

1.2.1. The Bertolini—-Darmon—Prasanna p-adic L-functions. The Heegner hypothesis
allows one to fix an integral ideal 9t ¢ Ok with

Proposition 1.2.2 (p-adic interpolation property). There exists an element E?DP €
AV characterized by the following interpolation property: IféC € Xp» is the p-adic
avatar of a Hecke character & of infinity type (n,—n) with n = 0 and p-power
conductor, then

Q" 4l(n + Ern—L+1)¢ ()
Q4n (27T)2n+1(\/m)2n—1

This BDP p-adic L-function can also be explicitly constructed using results
from [CH18]. See [CGLS22, Theorem 2.1.1] for more detail in the elliptic curve case.
It should be mentioned that in [KY24a, Theorem 2.1.1] they can pick ¢ = ¢y =1
because it is sufficient for their application to a BSD conjecture for elliptic curves,
but we will assume that we are in a more general case where we can at most say
¢ = ¢ is prime to p (see [BDP13, Assumption 5.12]). From [CH18, Theorem 3.8],
the above interpolation formula still holds (up to p-adic units) when (co,p) = 1.

Note that the above interpolation property characterizes the BDP p-adic L-
function, but one cannot directly plug in the norm character N of infinity type
(r,7) because it’s outside the range of interpolation. The value at N” can be
computed using the main theorem of [BDP13] (see Theorem 4.1.3), and since
L,(f,N") corresponds to the value L(f/K,N"",0) = L(f/K,1,r) = L(f/K,r), it
is the constant term LJ]?DP(O).

L7 (E) =

(I=ap () &P)+&@p ) L(f/K, € 1).
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1.2.2. The Katz p-adic L-functions.

Proposition 1.2.3. There exists an element Ly € A} characterized by the following
interpolation property: For every character & of I' crystalline at both v and v and
corresponding to a Hecke character of K of infinity type (n, —n) with n € Z+o and
n=0 (modp—1), we have

Q2 py (2mD)E 1 —
gz AT+ 5) ——— - (1=9" Hp)EH(v) - (L= 9(p)é@)p )
Ee VDg" ?

Ly(&) =

<[] - 9(0E)e ) - LOxENE,0).

Jite;

The fact that p; is reducible is equivalent to the fact that f has (partial) Eisenstein
descent described in [Kril6, section 3.6], meaning there is a congruence

Yf=9G (modp), j=>1

where ¥ is the Atkin-Serre operator described in section 3.2 of op. cit. and G is
a certain Eisenstein series indexed by ¢ and . By the arguments in [CGLS22,
Theorem 2.2.1], the above congruence in turn yields the congruence between the
p-adic L-functions

‘CBDP = ( (,pw) ’ (EAP)Q (IIlOd pAuKr)’

where & . corresponds to the Pw () factors appearing in Theorem 1.1.1. One
knows that ALy) = A(Ly) from a functional equation and p(Ly) = pu(Ly) = 0 by
a result of Hida ([Hid10]).

Further computation as in [CGLS22, Theorem 2.2.2] gives the following compari-
son of analytic A-invariants.

Theorem 1.2.4. Assume that p} = F(p)®F (¢) as Gq-modules, with the characters
©, ¥ labeled so that p t cond(yp). Then ;L(E];’DP) =0 and

MLEPP) = ML) +MLy) + D AP +A(Pu () = AM(Pu(£))}-
weS

Combining Theorem 1.2.4 with Theorem 1.1.1, together with the Iwasawa Main
Conjectures for the characters proved by Rubin in [Rub91] (see [KY24a, Theorem
2.2.3] for a discussion about the trivial character, where we have A\(¥1) = A(L1) + 1
instead), one knows

AMXy) = MLy)
and
W(Xy) = p(Ly).

We arrive at the first ingredient into the proof of the Iwasawa Main Conjectures.

Theorem 1.2.5. Assume that p7° = F(¢) @ F(p). Then ,u(EJ}?DP) = u(Xy) =
and

ALFPP) = A(%y).
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1.3. The anticyclotomic Iwasawa Main Conjectures. Recall that K is a field
satisfying the Heegner hypothesis (Heeg). Further assume that Dg # —3 is odd.
The main results in this section come from [KY24a, Section 3], which are built upon
earlier works in [CGLS22] and [CGS23].

To prove the Iwasawa Main Conjecture (A) in the introduction, we first notice
that it is equivalent to a ‘Heegner Point Main Conjecture’ of Perrin-Riou type. In
fact, we have the following (the notations come from [CGLS22]):

Proposition 1.3.1. Assume that p = v splits in K and H(K, py) =0. Then the
following are equivalent:

(IMC1) Both Hl}-AK (K,T) and X = H-IFAK (K, M) have A-rank one, and the
equality
Charp, (Xiors) O Chary, (Hx, (K, T)/Ax - ke)?
holds in Ay .
(IMC2) Both Hlfm(K, T) and Xy = H_lpm(K, M;y)Y are A -torsion, and the equality
Chary, (X7)A% 2 (£FP7)
holds in A% .
Moreover, the same result holds for opposite divisibilities.

Proof. This is [CGLS22, Proposition 4.2.1]. O

Using an analog of Howard’s Kolyvagin system argument in [How04], the above
divisibility in (IMC1) was mostly proved in [CGLS22] (where they need to invert
the height one prime (v — 1) € Ak in the sense that the divisibility only holds in
Ak [1/(y —1)]. Their theorems only stated the results in Ag[1/p,1/(y — 1)] since
inverting p was enough for their application, but the argument is already known to
work at p in [How04]) and later completed in [CGS23]. Further modification of the
Kolyvagin system argument for modular forms of higher weight k = 2r where odd r
is discussed in [KY24a].

From the above equivalence, the divisibility in (IMC2) is obtained. But from The-
orem 1.2.5, the divisibility in (IMC2) must in fact be an equality, and hence the
same result holds for (IMC1). Finally, as is discussed in [KY24a, Remark 3.0.9], the
assumption HO(K , ﬁf) can be removed by Ribet’s lemma, and we thus have

Theorem 1.3.2. Assume f has weight 2r with v odd. Assume that p = vv splits in
K. Then the following statements hold:
(IMC1) Both H}_—AK (K, T) and X = H}AK (K, M¢)™ have A-rank one, and the
equality
Chary,. (Xiors) = Chary . (H}AK (K, T)/Ax - kp)?
holds in A .
(IMC2) Both Hlfm(K, T) and Xy = H}fm(K, My)Y are Ag-torsion, and the equality
Chary, (XA} = (£F°F)
holds in A%} .
Some consequences of the anticyclotomic Iwasawa Main Conjectures include the

p-converse theorem ((IMC1)) and some partial results towards p-part BSD formulae
((IMC2)). In fact, (IMC2) can be used to show that a rank 0 p-part BSD formula
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implies a rank 1 formula (more precisely, we need a rank 0 formula for f, the twist
of f by K, see [CGLS22, Theorem 5.3.1]). However, to get a rank 0 result, we need
a cyclotomic Iwasawa Main Conjectures over Q.

1.4. Cyclotomic Iwasawa theory and main conjectures. In the groundbreak-
ing work [GVO00], Greenberg and Vastal studied the cyclotomic Iwasawa main
conjectures for elliptic curves in the residually reducible case for the first time. Let
FE be an elliptic curve and p be an Eisenstein prime for E, then again there is an
exact sequence

0 - Fy(p) = E[p] —» Fp(¥) — 0.

Under the assumption that
(GV) @ is either unramified at p and odd, or ramified at p and even,
they proved the main conjecture

Charag (Xora(E/Qx)) = (£,°7(E/Q))

where Xo1d(E/Qo) = Sely» (E/Q)Y is the dual of the p-primary Selmer group
of E and £]1;/ISD is the Mazur—-Swinnerton-Dyer p-adic L-function. Here Aq is the
cyclotomic Iwasawa algebra. In particular, their extra assumption guarantees that
the p-invariants of both side are vanishing.

Their arguments should easily generalize to higher weight modular forms, as we
will explain later. However, since we do not expect the p invariants to be always
vanishing, new ideas are needed to cover the remaining cases. The first attempt
along this line was in [CGS23], where they relaxed the assumption (GV), and they
were able to compare the p invariants of the algebraic side and the analytic side
without assuming their vanishing. The results in [CGS23] were obtained for elliptic
curves only, under a weaker assumption that when restricted to the decomposition
group Gy, ¢|a, # 1,w, which is a weaker assumption (i.e., it implies (GV)). The
removal of the assumptions on characters is done in [KY24a]. We now know the
following

Theorem 1.4.1 (cyclotomic IMC). Let f € S7¢*(To(N)) be a newform. Let pt 2N
be an Eisenstein prime for f, i.e., py is reducible. Then

Charpg (He, (Q, M})Y) = (L}°P).

Here is the Mazur—Swinnerton-Dyer p-adic L-function for higher weight

ﬁl}ASD
modular forms and Hg,(Q, M }) is analogous to the Greenberg’s Selmer group
defined in section 3 where V} is replaced by V(f), the dual of our representation py
before self-dual twist. In other words, the Selmer group here is for the representation
attached to f before the self-dual twist when f is a newform of weight > 2. For
example, this is the convention in [Kat04], where their representation V'(f) attached
to the modular form f is dual to our ps (so that their V(f) has an unramified
sub-representation while our py has an unramified quotient). However, after the
self-dual twist, we arrive at the same representation V(f)(r) = ps(1 —r) = V5.
When f is an elliptic modular form of weight 2, this Selmer group agrees with the
one above.

One would hope to have a higher weight analog of this theorem, based on
generalizations of [CGS23]. However, currently this result is not known. We
therefore will stick to a weaker version where we still impose the conditions on the
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characters. Due to some technical difficulty, we further assume that the weight is at
most p — 1. In such situations, a result is given in [Hirl8, Theorem 0.2]. We want
to mention that here we will study the Main Conjectures for V(f) before self-dual
twist, but the results can still be applied when we eventually pass to the Tamagawa
Number Conjecture for our self-dual V.

Theorem 1.4.2 (cyclotomic IMC). Let f € S (T'o(N)) be a newform. Let
p 12N be an Eisenstein prime for f, i.e., such that py is reducible. Assume that
2 < 2r < p—1. Further assume (GV). Then

Charag (Hg, (Q, M})Y) = (£371).
Here EI}ATT 1s the Mazur—Tate—Teitelbaum p-adic L-function.

Proof. The proof is a consequence of the main result of [Hir18], which studies the
canonical periods for higher weight modular forms at Eisenstein primes. It should
be noted that in the proof of this theorem in loc. cit., only the Iwasawa A-invariants
were compared and hence only an equality up to p-powers was obtained. However,
it seems that the arguments already imply the vanishing of both the algebraic and
analytic p-invariants for f and one can in fact prove the Iwasawa Main Conjecture
without any ambiguity by p-powers. (I

It is implicit in [Hirl8] that the p-adic L-function EI}ATT is an element of Aq
(rather than only in Aq ® Q by construction), at least when 2 < 2r < p — 1. For
completeness, we include a possibly new proof of this integrality result for modular
forms of any weight 2r that might be helpful for future purposes. We begin by
recalling some backgrounds.

Kato in [Kat04] studied one divisibility of the cyclotomic Iwasawa Main Conjecture
over the Iwasawa algebra ZQ = Z,[Gal(Q(pp=)/Q)] for the Z-extension. In
particular, he showed that certain Selmer group ‘divides’ a p-adic L-function Z} in
1{?2 ® Q and when py is irreducible, Z} is integral, i.e. Ly € Jg, and the divisibility
also holds in /((;

Any module M over /QQ comes equipped with an action of A := Gal(Q(u,)/Q)
and we can split M up into the eigenspaces M = (—Bf;g M; where A acts on
M; := M(—i)® by w’. Now each M; is a module over our cyclotomic Iwasawa
algebra Aq for the Z,-extension. In particular, our p-adic L-function El}/ITT is the

0-th component of Kato’s Z}, i.e., corresponding to the trivial character.

As in [GV00], we would also need to know Ll}/ITT is integral in the Eisenstein
case. They showed it via explicit computation in the case of elliptic curves. The
integrality result is later proved by Wuthrich in [Wut14] using a different method. In
fact, Wuthrich first proved the integrality of Kato’s zeta elements for elliptic curves
in the Eisenstein case, and then deduce the integrality of the p-adic L-function
Z} as a consequence of Kato’s integral divisibility. We will generalize Wuthrich’s
arguments to show the integrality of ﬁl}/ITT for a higher weight modular form f.
Note that our result is not a full generalization since we only focus on Aq rather

than the full 1{(3, but it is sufficient for our purpose.
Proposition 1.4.3. Assume ¢,¢|q, # 1,w. Then
Charag (Hg, (Q, M§)) o (L}TT) in Aq.
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In particular, E?/ITT € Aq.

Proof. This result would follow from the same arguments as in [Wut14, Theorem

16] if we consider the 0-th component of all the Iwasawa modules over /Q, provided
that we can show that (analogs of conditions in op. cit.):

(i) There is a Galois stable O-lattice T'(f) of V/(f) for which HY(Q*/Q, T(f)®
Aq) is Ag-free;

(ii) The local integrality holds for this lattice, i.e., in the notation of op. cit.,
(Z(T)o) < HY(T)o,5 for all height 1 prime 3 of Aq (see [Wut14, Lemma
12)).

where V(f) is the p-adic representation attached to f in [Wut14] (also in [Kat04]),
which is dual to our py. In particular, a choice of a Galois stable lattice T'(f) in V'(f)
corresponds to a choice of Ty in V; = py(1 — r) via the relation T(f)¥(1 —r) = T}.
In fact, we will show that any lattice Ty with ¥|g, # 1,w would work. Equivalently,
if we let ¢’, 1)’ be the characters appearing in the semisimplifaction of the residual
representation p(f) of V(f), then ¢'|c,,¢'|c, # 1.

Now let Ty be any lattice such that ¢,¢|q, # 1,w (so ¢'|g,,¥'|q, # 1) and let
H'(T) := HY(Q¥/Q, T(f) ® Aq). We claim that H'(T)[T] = 0 and H'(T)/T is O-
free, from which the result would follow from Nakayama’s Lemma (see e.g. [KY24a,
Lemma 1.1.2]). From the long coholomogy sequence applied to the short exact
sequence

0> T-5 T T/T(=T(f)) -0,

we know there is a surjection H(Q>/Q, T(f)) — H*(T)[T] and that (H(T)/T)tors
is contained in H'(Q*/Q, T(f))tors. However, H(Q*/Q,T(f)) = 0 since it’s O-
torsion free and H(Q®/Q, T(f))/p < H(Q¥/Q, T(f)/p) = H(Q/Q, p(})) = 0.
The last equality follows from the fact that ¢'|q,,¢'|q, # 1. HY(Q”/Q,T(f))tors
is also trivial since there is a surjection 0 = H*(Q¥/Q, p(f)) - H'(Q>/Q, T(f))[p].
Thus H'(T)[T] = 0 and H'(T)/T is O-torsion free (hence O-free). Hence (i) is
satisfied.

In fact, one can show (ii) holds for any lattice. By [Ver23, Theorem 8] (see also
the end of section 2 in loc. cit.), the local integrality will hold for any lattice over
1(22 if it holds for one. It is shown in [Kat04, Theorem 13.14] for Kato’s ‘canonical
lattice’ To, (f), so it indeed holds for any lattice. Now the sames holds for Aq if we
take the 0-th component of the Iwasawa modules. Hence (ii) is also satisfied.

O

Remark 1.4.4. As the assumption in the above proposition is weaker than (GV)
in Theorem 1.4.2, the above integrality result applies in the setting of [HirlS].

Finally, we discuss the interpolation property of the Mazur—Tate—Teitelbaum p-
adic L-function we need for the application to rank 0 Tamagawa Number Conjecture.
As is mentioned earlier, the cyclotomic Main Conjecture proved above is for the
representation attached to f before the self-dual twist, while the control theorem
we will consider later is for the Selmer group for f after self-dual twist. We now fill
this gap, which can be easily done thanks to [Kat04, Proposition 17.2]
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Lemma 1.4.5. Let M}(r) := T(f)(r) ® A§ corresponding to the r-th Tate twist
of V(f). Then the Selmer group Hg, (Q, Mi(r))(—r) = HE, (Q, M%) and it is Aq-
cotorsion. In particular, H, (Q, M}(T)) agrees with the Selmer group Hg, (Q, My)
defined in section 3.

Proof. That the Selmer group is not affected by Tate twists is given in [Kat04,
Proposition 17.2] , after we take the 0-th eigen-components of everything. That it
is cotorion follows from [Kat04, Proposition 17.4]. The last assertion follows from
the fact that the r-th Tate twist of V(f) is the self-dual twist corresponding to our
Vi=ps(l—r). O

If we let ' € Aq be a generating power series of H,(Q, M), then Theorem 1.4.2
says that F' = EI}/ITT. If F € Aq is a generating power series of Hér(Q, M), then
from the above lemma we see that F(1) = F'(x{) := x5(F’) (here ‘=" means they
generate the same O-ideal after evaluation at corresponding characters), where g
is the map Aq — Q, induced by the map I'q = Gal(Q,/Q) — Gal(Q./Q) x
Gal(Q(up)/Q) ~ Gal(Q(up=)/Q) Xore, Z;. Here the first map is given by the lift
& — (x,1) and the second map by the cyclotomic character. Thus L} (x7) =
X6(L3TT) = F(1).

On the other hand, from the interpolation property of the p-adic L-function
LYTT (see e.g. [Kat04, Theorem 16.2(ii)]), one knows

(1) g = -y 00 1){!2(fm')r—

L(f,?“)

where Q = Q is the period depending on the parity + = (—1)""'.
In section 3, we will study F(0) := F(1).

2. HEEGNER CYCLES AND p-ADIC ABEL—JACOBI MAPS

In this section, we introduce the Heegner cycles, which are certain cycles in
the Chow group of the Kuta—Sato variety whose images under the p-adic Abel-
Jacobi in the Bloch—Kato Selmer groups are expected to be non-torsion. They
appear in the (p-adic) Gross—Zagier formulae and eventually allow us to control the
Tate-Shafarevich group.

2.1. Kuga—Sato varieties. We start by considering the Kuga—Sato varieties in two
similar settings. Let £(N) — X (N) be the universal generalized elliptic curve over
the compact modular curve X (N) of level T'(N). The Kuga-Sato variety £2"~2(N)
is then defined as the canonical desingularization of the (2r — 2)nd fiber product of
E(N) with itself over X (N).

In [BDP13, section 2.1], a different universal generalized elliptic curve £ (N) —
X1(N) was considered, where X1(N) is the compact modular curve of level T'y (IV),
thus yielding a different Kuga—Sato variety Wo, o := (‘:’12”*2(N ) constructed in
the same way. Cycles constructed from different Kuga—Sato varieties have been
considered by different people. We will compare these cycles near the end of this
work. In fact, [BDP13] introduced a generalization of the Kuga—Sato varieties.
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2.2. Masoero’s Heegner cycles over I'(IV). In this section, we introduce Heegner
cycles over I'(N) constructed in [Mas17, Section 4.1] (see also [Tha22, Section 5.2]).
Again let K = Q(+/—D) be an imaginary quadratic field satisfying Assumption 1.2.1.
The N-isogeny C/Ox — C/M~! induces a Heegner point 21 € Xo(N) which is
rational over the Hilbert class field K of K by the theory of complex multiplication.
A lift € 7 1(x1) of x; under the canonical projection 7 : X(N) — Xo(NV)
corresponds to an elliptic curve E, of full level N and complex multiplication by
Ok . Fix the unique square root x/—D with positive imaginary quadratic part. Let
I' /5 € B, x E; be the graph of /=D and let i, T o (1) = E272 < E2772(N).
We call

Ay = HpIL(iz) (17 25) € LpIL.CH" (¥ *(N) /K1 ® Zy)

Masoero’s cycle, where the projector IIgII. are as in [Mas17, Section 2.1, Section
3.1] (see also [Tha22, Section 5.1]).

2.3. Zhang’s cycles. For later use, we also briefly explain the cycles constructed by
Zhang in [Zha97] built from Heegner cycles from the previous section. We follow the
arguments in [LV23, Section 4.1 and Section 4.2]. We denote £2"~2(N) by W4 _,.

Let E. be the elliptic curve as beforg and let Z(z) be the divisor class on F, x E,
of I' /=5 — E, x {0} u {0} x E,. Let I' denote the cycle

NI (iy) s (Z(x)" ™) € HpIl.CH" (W, /K1)
Let Wy,.(E,) denote the cycle
> sen g*(Z(z)"') e CH' (W, _,)q,
9€Gar_2

where G, _o denotes the symmetric group of 27 — 2 letters which acts on E2"~2 by
permuting the factors.
Then from Lemma 4.1 in op. cit., we get the relation

HpW,.(E:)
(2r — 2)!
Zhang’s cycle Sy, (E,) with real coefficients is defined by
Sor(Ey) = c- War(Ey),

where ¢ € R is a positive constant such that the self-intersection of So,.(E,) on each
fiber is equal to (—1)"~L. In fact, from [LV23, Equation (4.12)], we know

. 1

(=1 /(2r —2)- (V=2Dg)1’

Zhang’s cycles are closely related to Masoero’s cycles, as we will see in section 2.7.

(2.1) = € BIL.CH" (W3,_5)q-

2.4. BDP’s Heegner cycles over I';(N). In this subsection we study a special
case of the generalized Heegner cycles introduced in [BDP13]. We will follow the
construction in [BDP17, Section 4]. Note that for our purpose, it is enough to
consider the classical Heegner cycles corresponding to r; = 2r — 2,79 = 0 in the
notations of loc. cit..

Recall that f € S5 (To(N)) is a newform of weight 2r > 2. We continue to
assume the Heegner hypothesis (Heeg), which guarantees the existence of an ideal
N c O with

Ok /N ~ Z/NZ.
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Let A = C/Og be an elliptic curve defined over the Hilbert class field Ky of K
with CM by K and fix a generator ¢ of the cyclic group A[N]. The pair (A4,t) then
defines a point P on the modular curve X;(N) which is defined over an abelian
extension of K.

For an ideal a € Ok, write A, for the elliptic curve C/a~
canonical isogeny of degree Na,

¢a: A=C/Og — C/a~! = A,.

Let Wa,_s be the Kuta—Sato variety of dimension 2r — 1 over X;(N). We now
construct a cycle

! and let ¢, denote the

Aq € CH (War—2/K1)o,q

for every ideal a € Ok that is prime to N.

Let ¢, denote the image of ¢ under the map ¢,. Then the pair (Aq,ty) defines a
point P, on the modular curve X;(N). The fiber of Wa,_5 over P, is canonically
isomorphic to A2"~2. Now define

T = (graph of NN—D)" € Z' (A x Ag)
and let
Ay = ew (T € CH (War_o/K)q.
Here ey is the projectors on W described in [BDP13, Section 2.1]. It should
be noted that A, can be shown to be homologically trivial on W5, o using the
arguments in Section 2.2 and section 2.3 in op. cit..

We mention that the above cycle is different from the one considered in [BDP13]
in that they consider the cycles ABPP corresponding to r; = ry = 2r — 2 that live
in CH4T_3(X2T,2/K1)O’Q, where X27‘72 = W27‘72 X A27-_2. According to [B])P137
Section 2.4], ABPP contains at least as much information as A,. We will come back
to the comparison of the cycles in section 2.7.

Finally, we remark that the Heegner point k4 in Theorem 1.3.2(IMC1) can be
compared to certain Heegner class k1 (see [CGLS22, Remark 4.1.3]) which in turn
is essentially constructed from the cycles ABPY (see for example, [CH18, section

4]). In section 2.7 we will see that under some reasonable hypothesis, (Abel-Jacobi
image of) A, is non-torsion if and only if (that of) ABPF is non-torsion.

2.5. The Bloch—Kato logarithm. To define the p-adic Abel-Jacobi maps, we first
recall the Bloch—Kato logarithm studied in [BK07]. We first recall some definitions
from p-adic Hodge theory.

Let F' be a finite extension of Q, and let V be a finite dimensional Gp-
representation. Let Byr be Fontaine’s ring of p-adic periods and let Dyg (V) =
(V ®q, Bar )¢#. Then Dgg (V) is a F-vector space equipped with a decreasing
filtration

{Fil'Dar (V) }rez
satisfying UFil"Dgg (V) = Dgr (V) and nFil"Dgg (V) = 0. We say that V is a de
Rham representation if dimq,(Dgr (V)) = dimq, (V).
For a de Rham representation, The Bloch-Kato exponential map is a morphism

Dgr (V)
Fil’Dgr (V)
with image H.(F,V) c H'(F, V).

exppy — Hl(F, V)
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The Bloch—Kato finite subspace H}(F, V) c HY(F,V) is defined as
H}(F,V) = ker(H'(F,V) » H'(F,V ®q, Beris))

where Beris © Bgr is the ring of crystalline periods. Let Deis (V) = (V ®q,
Beris )GF . Then D is a Fy-vector space equipped with a crystalline Frobenius
action ®, where Fy is the maximal unramified extension of Q, in F. Suppose
D (V)q’:1 = 0 where ® is the Frobenius operator, then one could identify
HL(F, V) with H}(F , V). Moreover, expp;, would become an isomorphism onto its
image H.(F, V).

If V is a de Rham representation with D (V)®=! = 0, then the Bloch-Kato
logarithm is defined by the inverse of exppy,

Dagr (V)
Fil’Dyg (V)
For our application, we will let F' be a finite extension of the completion of Q(f)

at a prime p | p and let V be the self-dual twist of V; as in the introduction. In
particular, all assumptions above are satisfied and the logarithm maps extends to

Dgr (V)
Fil’Dgg (V)
where the middle isomorphism is given by the de Rham cup product pairing

<,>: Dgr (V) X Dgr (V) — I

with respect to which Fil®(Dgg (V)) and Fil'(Dgg (V)) are exact annihilators of
each other.

One could choose a differential w in Fil'Dgg (V), thus defining a map log,, :
H} (F,V) — F by composing log - with evaluation at w.

logpy : Hy(F,V) S

logpy : Hy(F, V) =R ~ (Fil'(Dgr (V)Y ~ F

2.6. p-adic Abel-Jacobi maps. Similar to the Heegner cycles, one can study
p-adic Abel-Jacobi maps in different settings. In this section we discuss some
background, and the exact maps that are referred to as the p-adic Abel-Jacobi maps
will be made clear in the next section.

2.6.1. p-adic Abel-Jacobi map over T'(N). Here we briefly recall the p-adic Abel-
Jacobi map discussed in [Mas17].

Recall the p-adic sheaf F over Y(IV) in Section 2.1 in loc. cit. defined by

F = lir_nSmeT*Q(Rlﬂ'*(Z/p"))(r —1).
Let
Jp = TpHg (Xy ® Q. j2F)(r)-

Then the Hecke algebra T over Z generated by the Hecke operators Ty acts on
Jp. If we write Iy for the kernel of the map T — Ogqy) sending 77 to as, one knows
the continuous G'q-representation

Api={ze Jp|ly -z =0}

is O-free of rank 2 by [Nek92, Proposition 3.1]. In fact, A, ® F is identified with
the self-dual twist of Deligne’s representation attached to f, which in turn can be
identified with our Vy (see [Tha22, Section 5.4]). Thus we can think of A, ® O as a
Galois stable lattice T of V.
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One knows that there is a map (eq. (3) in [Mas17])
Hg, (W3,_,®Q, Zy(r)) > Jp > Ap

For any number field L, there is a p-adic Abel-Jacobi map defined by (see [Tha22,
Section 5.6])

® : CH"(W3,_o/L)o ®z Zp — H' (L, Hgy (W3, o ® L, Z,y(r)).

Composing ® with the map that is H!(L,-) of the above map and then applying
®O or ®F give the maps

AJS  CH" (WS, _y/L)o ® O — HY(L, TY).
and

AJS  CH"(Wh,_o/L)o ® F — H'(L, Vy).
In particular, from [Mas17, Corollary 3.2], one knows the images are in H} (L,Ty)
and H} (L, V) respectively.

Remark 2.6.1. Here in the construction, T} is naturally the ‘canonical lattice’ in
Vy. Start from now, we will only work with this Ty. Note that our setting is that
the subrepresentation F(p) of py is either ramified at p and even, or unramified and
odd for one (and hence for all) Galois stable lattice T in Vy so all the results apply
to this choice.

2.6.2. p-adic Abel-Jacobi map over T'1(N). We next consider the p-adic Abel-Jacobi
map for classical Heegner cycles over I'y (V) defined in [BDP17].

Let K be an imaginary quadratic field satisfying Assumption 1.2.1. In particular,
p =T is split in K. As in [BDP17, Seciton 2.4], let V = H2T_1((W2T_2)§, Qp(r)).
Let V; be the self-dual Galois representation attached to a modular form f €
S3ev (To(N)).

Taking j = r, the map B, : CH" (Wa,—o/K1)o.q — (Fil"Hir ' (War—2) 1, 0)) ¥
in [BDP17, section 2.4] is the p-adic Jacobi map that relates classical Heegner cycles
over I'1(N) to the BDP p-adic L-function (see Theorem 4.1.3 or [BDP17, Theorem
4.1.3]). It is defined as a composition

By :=PDologg, v ©d0,0

where d¢ ,, is the composition
CH" (War—2/K1)o.q - H' (K, H>" ™ (War_2) 7, Qp(r) =% H' (K, B~ (War—2) e, Qu (1)),

of restriction and dy = AJ the étale Abel-Jacobi map, log v is the Bloch-Kato
logarithm in the previous section and PD denotes Poincaré Duality:

. _Dar(V) _ Hi  (War 2k, )
Fil’Dar (V) Fil'H3E (War—2)k, ,
The composition makes sense because the image of dy, is contained in the

subgroup H}(KU7 H* Y (War_2)5, Qp(r))) by [Nek00, Theorem 3.1(i)].

We mention that the map &y also induces a map CH" (Wa, 2/K1)o0.q — H' (K1, V)
(see [Tha22, Section 5.6]).

We recall the differential wy € Fil'Hag ' (War—2)k, ,) = Fil* "Hig "(War—2)x, )
associated to f in [BDP13, Corollary 2.3] (see also Lemma 2.2(3) there). The above
map (3, can be then composed with ‘evaluation at wy’. From the discussion at the
end of the last subsection, one can also view w; as in Fil'Dgg (V).

PD =~ (FiI'H3E N (War—2)k,,)) Y-
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Finally, we mention that one can also make sense of the above maps with X5, _o
in place of Wy,._o, as is the case in[BDP13]. For example, one can define

55PP  CHY 2(Xa,—2/K1)o,q — H' (K, H" 72 ((X2r—2)7, Qp(2r — 1)),

and
BYPP  CHY (X3 2/K1)o,q = (FIP T HL 2 (Xor—2)k,,)) Y,

where 35PP can be composed with evaluation at w; Aw’ ™'y € F112T71H§E_3((XQT_Q)KLU)
introduced in [BDP13, Section 2.2].

2.7. Abel-Jacobi images of Heegner cycles. In this subsection we focus on the
applications of the results in the previous sections to our self-dual G i-representation
V. Recall that we are working over the canonical Galois stable lattice T of V5.
Recall also that K; denotes the Hilbert class field of K.

For our convenience, we denote by AJJ;{h1 the map

dp : CHT(WQT_Q/KI)O,Q RO — Hl(Kl,Tf).

and we abbreviate the evaluation of 5, = PDOIOgKU$H2r—1((W2T72/K1)?7Qp(r)) oloc, 000
at a differential w € Fil"H3; " (War_2)k, ) as logw(AJfﬁ,l).
By abuse of notation, we also denote by AlJ f(l the map

CH' (W3, _5/K1)o ® O — Hy(K:, Ty)
Assumption 2.7.1. We assume that all p-adic Abel-Jacobi maps are injective.

This is a standard hypothesis in the literature. Sometimes we still call the
Abel-Jacobi images of Heegner cycles ‘Heegner cycles’.

Notice that there is a Gross—Zagier type formula for Heegner cycles over I'(IV)
for modular forms obtained by Zhang (Theorem 4.1.1). However, the p-adic version
of BDP (Theorem 4.1.3) concerns the Heegner cycles over I'1 (IV), while there is no
known formula of Gross—Zagier type for I'1(N). This unfortunate inconsistency is
the main obstacle in obtaining a rank 1 Tamagawa Number formula using current
approaches.

Luckily, there are a few well-understood relation between the different Heegner
cycles in terms of the p-adic Abel-Jacobi maps.

Proposition 2.7.2. [im (AJfﬁ}l) : AJf(hl(Aa)] = [im (AJ{Q) : AJQI(AN)].

Proof. This is [Tha22, Proposition 10.6, Proposition 10.7]. In particular, one knows
the index is independent of a. O

A consequence of this comparison is that the A, is non-torsion if and only if Ay
is non-torsion.
Similarly, one can relate A, to ABPP. Define Jgﬁp as in [Tha22, Section 5.6].

Then one can define AJ;QBDP : CH2T_2(X2T,2/K1)O ®zZ, — H}(Kl, Jgﬁp) which
we also assume to be injective and one has the following relation.

Proposition 2.7.3. [im (AJY ;) : AT 1 (Aq)] = [im (AJ), 5pp) : AJ{(MBDP(AE’DP)].

Proof. This is in [Tha22, Section 10.5]. Again, this index is independent of a. [
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Consequently, A, is non-torsion if and only if AEP? is non-torsion.

These comparisons allow us to take the advantage of the Gross—Zagier—Zhang
formula for Ay to relate the behavior of L-functions to that of ABPF (or rather,
K. But see the end of section 2.4) in the Heegner point Main Conjecture (see The-
orem 1.3.2(IMC1)). More precisely, if one assumes k; is Ax-nontorsion, then
its projection to Hpy (K, Ty), which is 2. [a]ePic(Ox) AJ{(hBDP(AEDP), will be Z,-
nontorsion. This implies ABPY is non-torsion an hence Ay is nontorsion. Finally,
desptie the difference between Masoero’s cycle and Zhang’s cycle, it is implicit
in [Mas17] that

AT (An) = AT, (D).

In particular, if Ay is non-torsion, so is Zhang’s cycle by eq. (2.1). This will be the
key in the proof of Theorem 4.4.3.

3. CONTROL THEOREMS

3.1. A cyclotomic control theorem. In this subsection we recall a cyclotomic
control theorem for modular forms. Again let f be a newform of weight 2r. Aq :=
O[I'q] will denote the cyclotomic Iwasawa algebra over Q, where I'q := Gal(Q.,/Q).
Recall that p | p is a chosen place of Q(f). If one further assumes a,(f) # 1
(mod p), the control theorem is the main result of [LV21] for F = Q. This
additional hypothesis will be satisfied for our application (however, we do not
need to assume it in the next two subsections). Indeed, by the description of the
residual representation attached to a modular form (see e.g. [Kril6, Theorem 34]),
the quotient representation is given by a power of mod-p cyclotomic character
coming from self-dual twist multiplied by an unramified character taking Frob, to
ayp, the unit root of the Hecke polynomial 2% + a,(f) + p?"~!. Now if we assume
¢la,,¥la, # 1,w, then ap, # 1 (mod p). But a,(f) = o +p? " aq, so ap(f) #1
(mod p) as well.
Recall that Vy = ps(1 —r) is self-dual.

Definition 3.1.1. Let L be an number field and let v be any place of L. The
unramified local condition is defined as

Hlllr(va _) = ker(Hl(Lva _) - Hl(Iv’ _))
where I, € G, is the inertia subgroup at v.

Let Beis be Fontaine’s crystalline ring of periods. If v | p, the Bloch—Kato local
conditions on Vy and A; are respectively defined as

H}(Ly, Vy) i= ker(H} (Lo, V) = H'(Ly, Vs ®q, Beris))

and
H}(Ly, Af) :=im (Hj (Lo, V) = H' (Ly, Ay))

where the last arrow is induced by the canonical map H'(L,, V) — H'(L,, Ay).
If v 1 p, the Bloch-Kato local conditions on V; and A are respectively defined as

H}(Ly, V) i= H}, (Lo, Vy)

and
Hj(Ly, Af) :=im (Hj (Lo, V) — H' (Ly, Ay))
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The Bloch-Kato Selmer group of Ay over L is defined as
H (L, Ay)

Hpk (L, Ay) i=ker(H' (L, Af) — | | =2-1L5),
BK ( HH}(LU,AJC)>

v

where v runs over all places of L.

To define Greenberg’s Selmer groups, we need a new type of local conditions.
Again let — be V; or Ay. We first recall a short exact sequence

0 - Fil* (V;) - V; - Fil™ (V;) > 0
such that Fil*(V}) is one dimensional, which is characterized by the fact that
Fil™ (V) is an unramified character times the (1 — r)-th power of the cyclotomic
character coming from the self-dual twist. Define Fil*(T}) = Ty n Fil*(V}) and
let Fil*(Ay) == Fil* (V})/Fil" (T}), Fil” (Ay) := Ap/Fil" (A;). We mention that
when f is weight 2 with associated elliptic curve E of good ordinary reduction at
p, Fil* (T, E) is just the kernel of the reduction map T,E — TpE’ where E is the
reduction of E at p, and Fil* (V,E) = Fil* (T, F) ® Q,.
Let My := 1Ty ®Aé and let —be Vy, Ay or Mjy.

Definition 3.1.2. The ordinary local condition is defined as
H.4(Ly, —) = ker(H'(L,, —) — H'(I,,Fil™ (-)))

The Greenberg’s Selmer group is defined as

H'(L,, M HY(L,, M
A, (L. My) 1= ker(H' (£, 0y) — [ [ gt M0 T e 20,
v|p Hord(LvaMf) olp Hur(LUva)

where v runs through all primes of L.

Remark 3.1.3. From Shapiro’s lemma, we have H' (L, My) = H' (L., Af) where
L, 1s the cyclotomic Z,, extension of L. The same is true for the local cohomology
groups and Selmer groups.

By [LV21, sectoin 3.3.3], when v | p, one has H}(LU,Af) c H! 4(Ly, Af). When
v 1 p, one can show that H}(LU,Af) c H.,(L,, Af) and from [LV21, Lemma 3.1],
the index [HY (L,, Af) : H}(Lq,, Ay)] is finite.
Definition 3.1.4. Let v be a place of a number field L not above p. The p-part of
the Tamagawa number of Ay at v is the integer

co(Af/L) == [H},(Ly, Ay) : Hy(Ly, Af)]
The rest of the section is devoted to the proof of the following cyclotomic control
theorem. As in [LV21, section 2.2-2.3], let
Y := {primes of L at which V is ramified} u {primes of L above p}

v {archimedean primes of L},

which is a finite set. For the following theorem, take L = Q. Let Q> be the maximal
extension of Q unramified outside 3. Then by Lemma 5.2 in op. cit., the Selmer
groups can be redefined as

H'(Q,, Af)
HL LA =ker(HY(Q¥/Q, 4f) — | | s L hake? 4
BK(Q f) el"( (Q /Q f) il H}(Qv,Af))
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and
1 1
HL (Q, M) = ker (H}(Q®/Q, Mj) — —-(QuMp) I1 H(Qe, My)

Hérd(QP’ Mf) tex—{p} Htllr(QZa Mf) '

Now we can state the cyclotomic control theorem we will need.

Theorem 3.1.5. Suppose that Hlng(Q7Af) is finite. Suppose the assumption at
the beginning of this section are satisfied. Then
(i) He(Q, My) is Aq-cotorsion;
(ii) If F is the characteristic power series of the Pontryagin dual ofHér(Q, My),
then F(0) # 0;
(iii) There is an equality

#(O/F(0)) = #Hp (Q. Af) - [] c(47/Q)

VEX  VED

Proof. This is the main result of [LV21]. O

3.2. An anticyclotomic control theorem of Greenberg type. In this section
we introduce an anticyclotomic theorem similar to that in [Gre99], which will be
used in the proof of the higher weight p-converse theorem. The notations are
from section 1. We do not make the assumption from the last subsection that

ap(f) #1 (mod p).
Theorem 3.2.1. Assume that p{2N. Then the map
Hpk (K, Ay) — HE, (K, Mp)'s
has finite kernel and cokernel.
Proof. The proof is similar to that of [KY24b, Theorem 2.4.1]. O

3.3. An anticyclotomic control theorem of Jetchev—Skinner—Wan type.
In this section, we consider another control theorem for the anticyclotomic Selmer
groups introduced in [JSW17]. As is in the case of [CGLS22] (or rather [KY24al),
the anticyclotomic Selmer groups generate the same A -characteristic ideals as the
unramified Selmer groups. This control theorem is thus good for a rank 1 Tamagawa
Number formula. We remark that we do allow non-trivial global torsion in this
section for future use and we do not make the assumption that a,(f) # 1 (mod p).

Recall that K is an imaginary quadratic filed satisfying Assumption 1.2.1. Let
X2 (My) be the Pontryagin dual of the anticyclotomic Selmer group H}fi (K, My)
defined in [JSW17].

Theorem 3.3.1. Assume that
(i) The Or-module im AJg has rank 1
(1) #Mnex(f/K) < o0
(iii) Localization: For each place v | p of K, the localization map Hyyy (K, Ay) —
H}(Kv7 Ay) restricts to a map

(imAJK) ®(9L (L/OL) i (imAJKU) ®(9L (L/OL)

of which the kernel is torsion.
(iv) Local corank 1: For each place v | p of K, the Or-module H}(KU, Ay) has
corank 1.
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Let fX be a generator of the characteristic ideal Chary (X2 (Mjy)) of the torsion
A-module X2 (M), then

_ #Upk (f/K) - C*(Ay)

3.1 0/£2(0 5u)?,
(31) #0/5i00) = B e S o)
where
CE(Af) = #HO(KvaAf)'#HO(KFv Af)' H #Hrllr(vaAf)'H #Hl(KwaAf)a
weSp\X,w split weD
and

(O : Op, -log,,(loc,C))
(Or : 1ogy, (H} (K, T) jrors) ) (HF (K, T ) jiors = Or, - €)
where C is any cycle whose image under the localization map has finite index in
H} (Ky,Ty), and w is any differential such that log,, restricts to an isomorphism
log,, : H}(K,U,Tf)/tors ~ O (as a ring).

v =

Proof. The above formula essentially follows from the computation in [JSW17,
Section 3]. Indeed, it is checked in [Tha22, Section 8.1] that the assumptions
in [JSW17] are satisfied, then equation (3.1) comes from [KY24a, Appendix B] (for
the residually reducible case), similarly as in [Tha22, Theorem 8.1]. Note that the
assumption (7) Congruence: k/2 is not congruent to 0 or 1 modulo p — 1 from loc.
cit. is not necessary because the arguments in [KY24a] do not need to assume the
(HT) hypothesis from [JSW17]. Here §, is the localization map

IOCv/tOI'S : H}”(Ka Tf)/tors - H}” (K’U? Tf)/torsa

and the computation of §, comes from that in [Tha22, Theorem 8.2], noting that
we need to replace H}(K7 T¢) by H} (K, T}) jtors if we allow torsion.
([l

Remark 3.3.2. (i) We now study the assumptions in Theorem 3.3.1. We will
mostly be concerned with the hypothetical situation where one aims to get a
rank 1 Tamagawa Number formula, so assuming ords—rL(f,s) =1, (i) and
(i) are natural consequences of Gross—Zagier—Zhang—Kolyvain—Nekovdr
theorem, where one chooses a cycle Cn coming from the classical Heegner
cycles considered by both Zhang and Nekovdr. From the sequence (0.2),
they already imply Hiy (K, Af) has corank 1. (iv) comes from the fact that
H}(K7 V) is 1-dimensional and propagation turns rank into corank. Now
(%) is a consequence of a standard hypothesis that the localization map
should be surjective or at least non-zero.

(i) In practice, one can take C to be certain Abel-Jacobi image of Heegner
cycles. One could simply take w to be the wy in section 2.6. Both will be
discussed in section 4.5.

4. PROOF OF THE p-PART TAMAGAWA NUMBER CONJECTURE FORMULA

4.1. Preliminaries.
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4.1.1. Gross—-Zagier formulae. Recall the class So,.(E,) defined in section 2.3. Let
V and V' be as in [Zha97, Section 0.3], Extend f to a basis {f = f1, ..., ft} to an
orthonormal basis of V' with respect to the Petersson inner product (-, ) ~) and
let V be the f-eigencomponent of V'. Put s’ to be the image of Sa,(E;) in Vf and
take x to be trivial in loc. cit..

Theorem 4.1.1 (Gross—Zagier-Zhang formula).

247’ 1 2r(f )
LI ,T) = , 9
Proof. This is [Zha97, Corollary 0.3.2]. O

Here the pairing <, > is the Gillet—Soulé pairing, which is only conjectured to
be non-degenerate. We assume it is non-degenerate, so that a Heegner cycle is
non-torsion if and only if L'(f,r) is nonvanishing.

Assumption 4.1.2. The Gillet—Soulé pairing is non-degenerate.

Theorem 4.1.3 (p-adic Gross—Zagier formula). Let Ay be the classical Heegner
cycle over I't(N) and let Cy = 3 1epic(ox) AJ};l (Ay). Then
log,,, (loc,C1)? = (=4D) "1 (1 = p~"ap(f) +p~1) 2Ly (f, Ni).

Here wy is the differential assigned to f as in [BDP13, Corollary 2.3]. In particular,
loc,(Cy) has finite index in H}(KU,T).

Proof. This is [BDP17, Theorem 4.1.3]. We make the choices r1 = 2r—2, j =rs =0

(corresponding to classical Heegner cycles) and x = Ng. That loc,(C}) has finite

index is an obviously corollary since the above formula shows O log,,  (loc,(C1))
log,, . ,>

has finite index in O, « L «—— H}(K,,V) and Oy > log,,, H}(K,,T)

Orlog,, (loc,(C1)). Note that L,(f, N ) is our notation is identified with EIJ?DP (0).

O

4.2. Computation of the local index in the Wach module.

Theorem 4.2.1. In eq. (3.1), we have

#HO(Kw, Ay) )
L—p~ay(f) +p~!

Proof. For brevity, we write (V,T, A) for (V, T¢, Ay).

We begin the proof by noting that w does not play any role in the formula.
Indeed, by Fontaine-Laffaille theory (see for example [LLZ14, Theorem 6.10.8].
See also [BKO07, Section 4]), the Bloch-Kato logarithm takes H}p(KU,T)/tOrs to

(1-¢)~'D
(17@)71D(\Fi10DdR (V
sponding to T'. Here ¢ is a Frobenius action.

The map exp,, is the inverse of a composition of isomorphisms (see section 2.5)

OrdP(OL : 1ng (H}(Kva Tf)/tors)) = Ordp(

3 where D c Dgg (V) is the strongly divisible lattice corre-
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112

lo -w
log,, : H}(Kv, V) £ FinDRaE{V(%/) L L
U U U U
1 _ log (1-p)~'D - m L w m
Hf(Kv,T)/tors f (1*¢)’1DrfFi10DdR oy p"Op + p"OL

where m = ord, (O, : logw(H}(KU, T) jtors))- It is then clear that we could ignore
the last column and compute m with the first three columns.

Now by [BKO07, Theorem 4.5], the index we need to compute is ordp(hl(D)/tO]rs :
(1—)25) where D° := D nFil’(Dgg (V)) and h'(D) = coker (1—¢|po : D° — D).
Consider the commutative diagram

0 0 0
0 DO D = 0
= 1-¢ llfkp
0 po ZFle p WD) —— 0
0 coker (1 — ¢) coker (55 129, hi(D))

where coker (55 LN hl(D)) is identified with coker (1 — ¢) by snake lemma.
1
Therefore m = ordp(%gl/t_c’:)).
We now compute the denominator using the explicit description of the strongly

divisible lattices in Dggr (V) and Wach modules given in [L.Z13, Section 2-5]. Recall
that we have a self-dual twist

pE(l—7) = < XT?)(@) leT;(afl) )

where  is the p-adic cyclotomic character and A(x) denotes the unramified character

of Gq, mapping geometric Frobenius to x. Here « is the unit root of the Hecke
polynomial

T? — ap (/)T +p" .
Letting o/ = p' ", then we get the ‘twisted’ Hecke polynomial
% —p'"ap(f)T +p

having o as a root. In particular, ord,(1 — /) = ord,(1 — p' "a, + p).
Now in the (¢,I')—module in section 5 of op. cit., the matrices P and G giving
the action of ¢ and a « € T" respectively, look like

a *
r=(5 )
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“= < X(g)r @ >

in a basis (vi,v2). Letting (n1,n2) = (7 "vy, 7" lvg), then the matrices of ¢ and ~y
in the basis (n1,n2) are given by

and

and

o [ XY *
= 0 T ( )1—7"
,Y(ﬂ—l—r)x ’y

where ¢(7) = (7 + 1)? — 1. One checks as in op. cit. that the O ® Z,[7]—span of

(n1,n2) is the Wach module N(T'). Since D = %, the matrix of ¢ on D looks
like

1
e ®
/! T
P" = po 1 —1 )
plfr «

so coker (1 — ¢) is given by det(1 — P”) = (1 —p "a)(1 — p"ta™!). Therefore,
ord, (coker (1 — ¢)) = ord, (1 —p~"a)(1 —p"'a™1))

))

) (v is a p-adic unit)

pr_a 1_p17ra

= ord,(( il

1—a

plfra

= ord,(

1—p' "ap(f) 7,

p
Finally, that h'(D)iors = Hj(Ky, T)tors = H' (K, T)tors is identified with H(K,, A)
is because it’s nothing but the image H°(K,, A) — H*(K,,T) and H(K,,V) =
0. O

= ord,(

4.3. Proof of the p-part of Tamagawa Number formula in rank 0. In this
section we prove the p-part of Tamagawa Number formula for the modular form
fesger(To(N)). It is based on the cyclotomic Iwasawa Main Conjectures proved
in [KY24a] and the cyclotomic control theorem Theorem 3.1.5.

Theorem 4.3.1. Let f € S (T'o(N)) be a newform with trivial nebentypus, and
let p > 2 be a prime of good ordinary reduction for f. Assume that p is an Fisenstein
prime for f, i.e., the residual representation p; is reducible, and that 2 < 2r <p—1.
Assume further that the sub-representation F(p) of p; is either ramified at p and
even, or unramified and odd when restricted to the decomposition group G,. If
L(f,r) # 0, then

L(f.7)

ord,( o; ) = ordy (F# ek (f/Q) - Tam(A;/Q))

where Tam(f/Q) = [, ce(As/Q) is the product over the bad primes € of f of the
Tamagawa numbers of f.
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Proof. From [LV23, Theorem 4.21], since L(f,r) # 0, Hyi (Q, Af) is finite and from
the sequence (0.3), im (AJq) ® Qp/Z, = 0 and Iye(f/Q) = Hpk(Q, Af). In
particular, HINek(f/Q) = HIBK(f/K) = HI(Af/K)[py‘]
Let Far € Aq be a generator of the characteristic ideal of Hér(Q, M;y)Y, then
from Theorem 3.1.5, there is an equality
#(0/Fer(0)) = #1(A;/K)[p"] - [] e(45/Q).
VEX , VFED
Under the given assumptions, the cyclotomic Iwasawa Main Conjecture, namely the
equality
(Far(0)) = (L5 (xp)) € Aq
follows from Theorem 1.4.2 (see also the end of section 1.4).
On the other hand, from eq. (1.1) ,up to a p-adic unit (note that k = 2r <p—1),

e L(fi7)
06 = 1= E =) =
f ap Qf
where «, is the unit root of 2% —a,(f)z +p*"~!. Whenr > 1,1 — p;—_l is obviously

a unit. When r =1, 1 — a%, is still a unit since o, = a,(f) # 1 (mod p).
]

4.4. Proof of a higher weight p-converse theorem. In this section, we prove The-
orem C in the introduction. We will follow closely the arguments in [CGLS22,
Theorem 5.2.1]. As in the case for elliptic curves, the p-converse theorem is a
consequence of the anticyclotomic Heegner Point Iwasawa Main Conjecture ((IMC1)
in Theorem 1.3.2), an anticyclotomic control theorem Theorem 3.3.1 as well as
essentially a Kolyvagin’s theorem ([Nek92, Theorem]. See also [Vig20, Remark 5.4]).

We assume the Gillet—Soulé pairing is non-degenerate in this section.

We first recall Nekovar’s theorem.

Theorem 4.4.1. Assume pt2N. Let yo = coresKl/KAJf{1 (Ay) € im (AJ{() be a
Heegner cycle and assume yg is non-torsion. Then

(i) im (AJL)®@Q = F - yo,
(ii) Mnek(f/K) is finite.

A natural consequence of this is that, in the event where yq is non-torsion, from
the sequence (0.2), Hy (K, Ay) must be of corank 1 and im (AJIf{) ® Qp/Z, must
be its maximal divisible subgroup. Thus there is an equality

Mgk (f/K) = Hxex (f/K).

The version of the Gross—Zagier—Zhang—Kolyvagin—Nekovai’s theorem we will need
is the following.

Theorem 4.4.2. Let t € {0,1}. If ords—. L(f/Q,s) = t, then
dimp(im (AJ) ® Q) = corankz, (Hpk (Q, Af)) = t,
and lHNek(f/Q)[p‘I‘] < 0.

Proof. This is a combination of Theorem 4.1.1 and Theorem 4.4.1. The proof is
similar to that of [LV23, Theorem 4.21]. O

We now state and prove the converse theorem.
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Theorem 4.4.3. Let f € S5 (To(N)) be a newform of weight 2r = 2 with r odd
and pt 2N be an Eisenstein prime of good ordinary reduction for f. Assume the
Gillet-Soulé pairing is non-degenerate and all Abel-Jacobi maps are injective. Let
te{0,1}. Then

corankz (HEk(Q, Af)) =t = ords=, L(f/Q, 5) = t,

and so dimg(im (AJfQ) ®Q) =t and #Ulnex(f/Q)[p”] < .

Proof. We will choose a suitable imaginary quadratic field K where we obtain the
anticyclotomic Iwasawa Main Conjectures, depending on ¢ € {0,1}. Let % denote
the twist of f by K.

We first assume corankz, (Hik (K, Af)) = 1. Choose an imaginary quadratic
field K such that

(a) Dg < —41is odd,
(b) every prime ¢ dividing N splits in K,

(c) p splits in K, say p = v,

(d) L(f*/Q,s) #0.
The existence of such K (in fact, of an infinitude of them) is ensured by [FH95, Theo-
rem B.1]. Now by Theorem 4.4.2, the last condition implies corankz,, (Hik (Q, Apx)) =
0 and therefore corankz, (Hpk(K,Af)) = 1. From Theorem 3.2.1, this implies
corankzp(H}AK (K, M;y))t'x) = 1. Now from Theorem 1.3.2(IMC1), (Xiors)r, must

be finite so (Hl}-AK (K, T)/AKk + ke)r must be finite as well, which implies that k.,
is non-torsion.

There is an injection H-17:AK (K, T)r, < Hg (K, Ty) coming from the first coho-
mology of the short exact sequence

0—>T£>T—>Tf—>0.

It then follows that x,, and hence k1 has non-torsion projection in Hlng(K ,Tf), but
by construction the projection of k1 is nothing but Z[a]ePiC(OK) AJ%;LBDP(AE’DP).
By the discussion at the end of section 2.7, this also means Zhang’s cycle S, (F,)
is non-torsion. Now Theorem 4.1.1 implies ord;_,.L(f/K,s) = 1 (assuming non-
degeneracy of the Gillet—Soulé pairing). Since ords—,L(f/K,s) = ords—.L(f/Q, s)+
ords—,. L(f5/Q, s), it follows that ord,—.L(f/Q) = 1.

The rank 0 case is completely analogous and we replace the condition (d) by

(@) ords—, L(f%,s) = 1.
The existence of infinitely many such K follows from [FH95, Theorem B.2] and
by Theorem 4.4.2 again one has corankz, (Hi (K, Ay)) = 1. By passing to Zhang’s
cycle and applying Theorem 4.1.1, one again gets ords—, L(f/K, s) = 1 which implies
L(f,r) #0. 0

4.5. Some discussion of the p-part of Tamagawa Number formula in rank
1. Finally, we talk about some ingredients that might potentially yield a proof of
the p-part of Tamagawa Number formula in rank 1.

Step 0: We begin by recalling that, when the analytic rank is 1, there is an
identification HInek(f/K) = Mgk (f/K) (see remarks after Theorem 4.4.1). When
HI(f/K)[p™] < oo, they are also identified with III(f/K)[p™].
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Step 1: As in the proof of Theorem 4.3.1 in rank 1 case, we choose a K
satisfying Assumption 1.2.1 such that L(f%,r) # 0. Thus ords—,.L(f/K) = 1, and
by Theorem 4.4.2 we have #1I(f/K) < 0.

Step 2: From Theorem 1.3.2(IMC2), there is a p-adic unit u € (Z;")* for which

foe(0) = u- LFPF(0),
where f2 is a generator of Chary, (X2 (My)) = Chary, (Xy).
Step 3: From Theorem 3.3.1, taking w = wy, there is an equality
HI(K,Af)-C*(A
#0/75(0) =TE ) )
(#H(K, Af))
# (Or : Of - log.,,; (loc,,C))
(OL : Ingf (H}(Kvm Tf)/tOI‘S))(H}c(K, Tf)/tors :O0r - C)
From Theorem 4.1.3, there is an equality
LFPP(0) = log,, (loc,C1)?/(=4D)" "1 x (1 =p~"ap(f) +p~1)?,

where C is the classical Heegner point over I'1(N) as in Theorem 4.1.3.
From Theorem 4.2.1, taking w = wy, there is an equality

#HO(Kw’Af) )
L—pray(f)+p~ 17

One would naturally hope to take C' = C;. Then one would get (up to a p-adic
unit)

)%

ord,(Oy, : logw(H}(Kv, T) ftors)) = ordp(

#UL(K, Ay) - Tam(f/K)
(#H(K, Aj))?
However, to understand the term on the right, a Gross—Zagier formula for C; is
needed.

On the other hand, if we choose Cn = coresKl/KAJf(1 (An) = coresKl/KAJf{1 ()
corresponding to a classical Heegner cycle over I'(IV), then Theorem 4.1.1 provides
a desired description of [H}(K Tf) pors = Or - Cn]. However, it seems difficult
to compare [H}-(K, Tt) jtors = Or - C1] to [H}-(K, Tt) jtors = Or - Cn]. One could
again appeal to Proposition 2.7.2 to relate the indices of the Heegner points in the
Abel-Jacobi images. However, a direct comparison of im (AJ{QJ) and im (AJ{Q)
seems not easy.

= [H}‘(K7 Tf)/tors :0r, - 01]2.
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