p-CONVERSE THEOREMS FOR ELLIPTIC CURVES
OF POTENTIALLY GOOD ORDINARY REDUCTION
AT EISENSTEIN PRIMES

TIMO KELLER AND MULUN YIN

ABSTRACT. Let E/Q be an elliptic curve and p = 3 be a prime. We prove the
p-converse theorems for elliptic curves of potentially good ordinary reduction at
Eisenstein primes (i.e., such that the residual representation E[p] is reducible)
when the p-Selmer rank is 0 or 1. The key step is to obtain the anticyclotomic
Iwasawa Main Conjectures for an auxiliary imaginary quadratic field K where
E does not have CM similar to those in [CGLS22] and descent to Q.

As an application we get improved proportions for the number of elliptic
curves in quadratic twist families having rank 0 or 1.
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INTRODUCTION

0.1. Statement of the main results. Let £/Q be an elliptic curve. The Birch—-
Swinnerton-Dyer Conjecture predicts that ords—1 L(E, s), the order of vanishing of
the L-function of E at s = 1, should equal rkz F(Q), the rank of its Mordell-Weil
group. The celebrated theorem of Gross—Zagier and Kolyvagin states that for
re{0,1},
ords=1 L(E,s) =r =1kzE(Q) =7

In fact, they proved a stronger result. Consider the following conditions:

(i) ords=1L(E,s) = r;

(ii) tkzE(Q) = r and #1I(E/Q) < oo.
What they proved is that (i)=(ii) if » € {0,1}, where III(E/Q) is the Tate—
Shafarevich group of F, which is conjectured to be always finite.

Over the past few years, much progress has been made towards a converse to the

above theorem. If p is any prime, one can define the p*-Selmer groups associated
to E, denoted by Sel,»(E/Q). Then there is a third condition:

(iii) corankz, Sel,=(E/Q) = .
(iii) is naturally a consequence of (ii) because the groups fit into an exact sequence

0 - E(Q)®z Qp/Z, — Sel,»(E/Q) — LI(E/Q)[p™] — 0.
The implication (iii)=>(i) is usually called the p-converse to Gross—Zagier—Kolyvagin’s
theorem, which can be formulated in the following way.

Conjecture A. Let E be an elliptic curve defined over Q and let p be a prime. Let
reZ. Then
corankz, Sel,» (E/Q) = r = ords—1 L(E, s) = r.

When r € {0,1}, many important cases of the p-converse theorems have been
essentially obtained, most of which only allow p to be a prime of ordinary reduction
or good supersingular reduction for E. For example, when E[p] is reducible as a
Gal(Q/Q)-module (the Eisenstein case) and does not have the trivial representation
as a Gal(Q,,/Qp)-subrepresentation, the good ordinary case is treated in [CGLS22].
The restriction on F[p] has later been removed and generalized by the authors
in [KY24] to include the multiplicative case, while E cannot have supersingular
reduction in the Eisenstein case.

Our first result is the anticyclotomic Iwasawa Main Conjectures for elliptic curves
at potentially good ordinary Eisenstein primes p > 3. In fact, we formulate and
prove things in terms of a bit more general ‘Heegner pairs’ See Theorem 3.5.1.
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Our main results are the following:

Theorem B. Let E be an elliptic curve defined over Q and let p > 2 be a prime of
potentially good ordinary reduction for E. Assume E[p] is reducible. Let r € {0,1}.
Then

corankz Sel,»(E/Q) = r = ords=1 L(E,s) =,
and so tkzE(Q) = r and #III(E/Q) < .

0.2. Method of proof and outline of the paper. Let £/Q be an elliptic curve
of analytic rank 0 or 1 and K/Q be a Heegner field for E/Q, i.e., such that all
p| Ng split in K and r,,(E/K) = 1. A p-converse theorem for an elliptic curve F
is naturally a consequence of a ‘Heegner Point type’ Main Conjecture of Iwasawa
theory. More precisely, let Sel,»(E/K) and S,(E/K) be the Selmer groups fitting
into the exact sequences

0— E(K)®Qp/Z, — Selpy» (E/K) — Ul,» — 0,
0— BE(K)®Zy, - Sp(E/K) — lim I,» — 0.

Then it is predicted that Sel,»(E/K) = Q,/Z, ® M & M for some finite Z,-module
M such that

lengthy (M) = lengthy (S,(E/K)/Zy - k1) — vp(Tam(E/K)),

where k1 € Sp(E/K) is an element of a ‘Kolyvagin system’ coming from Heegner
points and Tam(E/K) is the product of Tamagawa numbers for E over K. The
Kolyvagin system argument in [How04] gives a partial answer to the above conjecture
in many cases. Namely, one obtains the desired structure theorem, while being able
to show

(0.1) lengthy (M) <lengthy (S,(E/K)/Zy - k1).

Unfortunately, to obtain a p-converse theorem, one would ask for an opposite
inequality, which often requires new ideas in different cases.

One could also consider a more general ‘A-version’ (in fact, it is necessary to do so)
of the above conjecture for A := Z,[T7], the anticyclotomic Iwasawa algebra. Namely,
if K.,,/K is the anticyclotomic Zy-extension of K with subfields {K,, ¢ Ky }nen with
[K, : K] =p", one could consider the ‘limiting Selmer groups’ Sel,«(E/K) =
lim Sel,, (E/K,) and S,(E/K..) = liﬁlsp(E/Kn). They will be closely related
to certain (dual) Selmer groups denoted by X = Hom(HY, (K, M), Q,/Z,) and
HlfA(K , T) respectively, and one expects that X should be pseudo-isomorphic to
A® M ® M where M is a torsion A-module. Moreover, it is conjectured that

chary (M) = chary (Hy, (K, T)/A - k%),

. g . H . .
where chary denotes the characteristic A-ideal and r; °°® is again an element of a

Kolyvagin system coming from Heegner points. Then in the good ordinary case,
the Kolyvagin system argument in [How04] also proves the structure theorem and
shows that char, (M) D char/\(HlfA (K, T)/A - 62°°8) | a ‘one-side divisibility’ of the
Heegner Point Main Conjecture. It was first observed in [CGLS22| that in the
Eisenstein case, one could obtain the reversed divisibility by passing to an equivalent
form of the Main Conjecture and comparing the so-called ‘Iwasawa invariants’.

More precisely, in the good ordinary case, there are three steps in establishing
the equalities in the Heegner Point Main Conjectures:
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I Proving one divisibility using a Kolyvagin system argument;

II Constructing a so-called Perrin-Riou’s requlator map or the big logarithm map
that maps a Heegner class to the Bertolini-Darmon—Prasana p-adic L-function,
establishing the equivalence between the Heegner Point Main Conjecture to the
Greenberg’s Main Conjecture involving Greenberg’s Selmer groups and p-adic
L-functions. This relation is sometimes referred to as the explicit reciprocity
law,

IIT In the setting of Greenberg’s Main Conjecture, comparing the Iwasawa invariants

of the algebraic side (for Selmer groups) and the analytic side (for p-adic L-
functions). An equality of the invariants will turn one divisibility coming from
the corresponding one in the Heegner Point Main Conjecture into an equality.
This in turn implies the equality in Heegner Point Main Conjecture.

Step IIT above heavily relies on the Eisenstein assumption. By the reducibility of
E[p], there is a short exact sequence

(0.2) 0—Fy(p) = Elp] = Fy(y) =0

for some characters ¢ and 1. One can relate the Iwasawa invariants of f to those of ¢
and 1 on both the algebraic side (in terms of Selmer groups) and the analytic side (in
term of p-adic L-functions). Now the Iwasawa Main Conjectures ([Rub91]&[CW78].
Also [dS87]) for the characters bridge the algebraic side and the analytic side. The
Heegner Point Main Conjecture, together with Mazur’s control theorem, typically
yields the p-converse theorem.

In the multiplicative reduction case, one proves the Greenberg’s Main Conjecture
using congruence in a Hida family ([Skil4]). If f is a weight 2 newform with p dividing
its level, there is a Hida family {f;} of higher weight newforms of good reduction
‘lying above’ f. By a limiting process, the Greenberg’s Main Conjectures for fi’s
imply the Greenberg’s Main Conjecture for f. One then shows the equivalence
between the Greenberg’s Main Conjecture and the Heegner Point Main Conjecture by
studying the exceptional behavior of the big logarithm map for f ([Cas15], [KY24]).

In this paper, we extend the Kolyvagin system argument to some new cases in the
additive reduction setting, and show that, with carefully defined Selmer groups, one
could also formulate and prove Heegner Point Main Conjectures as well as control
theorems that would suffice to give a p-converse theorem. In doing so, one needs to
distinguish between three cases (see section 1 for a quick review of types of additive
reduction):

i the potentially good ordinary case;
ii the potentially multiplicative case;
iii the potentially supersingular case.

The first two cases are both considered as potentially ordinary and can be studied
together. In fact, if f is a newform of weight 2 associated to an elliptic curve of
potentially ordinary reduction at p, then it is a twist of an p-ordinary newform with
nebentypus, ie., f = f ®e for some p-ordinary f and a finite order character e, and
we will work with a Heegner pair (f,x.) that is equivalent to f.

In the potentially good ordinary case, we modify the arguments in [CGLS22], or
rather, a generalization in [KY24], to obtain an Iwasawa Main Conjecture over an
auxiliary imaginary quadratic field K that is not the CM field of E (if E does not
have complex multiplication, we could choose any K satisfying certain hypotheses).
Roughly speaking, if f has good ordinary reduction, then one simply considers
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everything twisted by €, and the arguments are not very different from the good
ordinary case without twists.

In the potentially multiplicative case, one can hope to work with a twisted Hida
family {fx ® e} lying above f, where {f,} is a Hida family lying above f. Then
fr ®¢}, are thus automatically twists of good ordinary forms, which makes reasoning
analogous to the ordinary case possible. However, due to the lack of tools of studying
Perrin-Riou’s regulator map, we will not consider the potentially multiplicative case
in this work. Nonetheless, many of our results allow p in the level of the ordinary
modular forms.

A key step in our arguments is to find a suitable finite extension of K where
F obtains good reduction, and show that climbing up the fields only introduce
controllable errors.

The paper is organized as follows:

In section 1, we review the reduction types of an elliptic curve, with a focus on
different cases of additive reduction. We also discuss reduction types of modular
forms for our application.

In section 2, we introduce Iwasawa theory, which will be the main tool to prove
the main results. We also include a structural but comprehensive proof of the
p-converse theorem in the good ordinary case.

In section 3, we study Iwasawa theory in the potentially good ordinary cases,
where we formulate and prove the Heegner Point Main Conjectures, yielding the
proofs of the p-converse theorems.

0.3. Relation to previous works. On one hand, p-converse theorems are conse-
quences of Iwasawa Main Conjectures. When the analytic, hence algebraic rank of
E/Q is 0 or 1, the Iwasawa Main Conjectures have been studied by several authors
in good ordinary case ([CGLS22] for (residually) reducible, [SU14] for irreducible)
and bad multiplicative case ([K'Y24] for reducible, [Skil4] for irreducible), whether
or not a p-converse theorem is explicit.

In this work, we prove the p-converse theorems for elliptic curves of potentially
good ordinary reduction at additive odd primes in the residually reducible case.

On the other hand, p-converse theorems see interesting applications in arithmetic
statistics, allowing the distribution of certain Selmer ranks to control the ranks of
the Mordell-Weil groups.

0.4. Eisenstein primes. Let f be the weight 2 newform associated to E. In the
residually reducible setting, one could take the advantage of the congruence of f to
an Eisenstein series G (by the results of [Kril6]), and obtain a congruence of the
p-adic L-functions of f (constructed in [BDP13]) to that of G. These two p-adic
L-functions Ly, L¢ are carefully studied in [CGLS22]. The fact that we could
compare L; to L using congruence without the need to compare interpolation
properties is what allows us to finish the argument in the bad reduction case. In
the non-Eisenstein case, however, one seems unable to argue without comparing
interpolation properties directly, which make the situations much more mysterious.

0.5. Potentially multiplicative reduction. Recall that our proof of the Heegner
Point Main Conjectures is divided into three steps:

e 1. Proving one-side divisibility;

¢ II. Establishing the explicit reciprocity law;

e III. Comparing Iwasawa invariants
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Steps I and III can be easily extended to the potentially multiplicative case. However,
in proving step II we need to use the results from [JLZ21], which do no work any
more. Indeed, they need to assume p is split in the chosen imaginary quadratic
field K, while if f = f ® ¢ is a potentially multiplicative form with er =1=c¢y,
¢ must be a quadratic character such that p | cond(g). Such a character exactly
corresponds to imaginary quadratic fields where p does not split.

It is mentioned in [JLZ21] that a analog of their results which allows non-split p
might be achievable by possible extensions of the work in [AT19]. If so, p-converse
theorems for potentially multiplicative reduction should also be within reach, which
we hope to examine in future work. For future use, some of our results also cover
potentially multiplicative case.

0.6. Higher weight modular forms. The goal of this paper is to prove the p-
converse theorems for elliptic curves at primes of potentially good ordinary reduction.
However, in the potential use of Hida theory to treat the potentially multiplicative
case in weight 2, it is natural to study twists of good ordinary forms of higher
weights (corresponding to ‘Heegner pairs’). It should be mentioned that the ‘twists’
will in general no longer be classical modular forms since these characters will have
infinite order. But we can think of these twists as self-dual twist on the level of
Galois representations. Some of our arguments still work for general Heegner pairs.
On the other hand, a modular form of weight greater than 2 of multiplicative
reduction is no longer ordinary. Therefore we will not consider those situations.

0.7. Applications. We would get better proportions of elliptic curves in certain
families that satisfy the BSD rank conjecture and provide new evidence towards
Goldfeld’s Conjecture. See Theorem 3.8.1.

0.8. Conventions. For any intermediate field L contained in the algebraic closure
Q of Q, we write G, for its absolute Galois group Gal(Q/L). When we say A
and B are pseudo-isomorphic, we mean there is a pseudo-isomorphism from A
to B. Sometimes we need to work with Z,-extensions of K and L. For K. the
anticyclotomic extension of K, we set Ly, := LK.

0.9. Acknowledgements. We thank MY’s advisor Francesc Castella for his guid-
ance throughout this project. This work is part of MY’s forthcoming Ph.D. thesis.

1. PRIMES OF ADDITIVE REDUCTION

In this section we review some fundamental results on the reduction types of
elliptic curves and modular forms at a prime p.

1.1. Reduction types of elliptic curves. Let E be an elliptic curve defined over
Q and F be its reduction modulo p. If E is non-singular, we say that E has good
reduction at p, otherwise E has bad reduction at p. Suppose first that £ has good
reduction at p. Let a, = p+ 1 — #E(F,). We say that E has (good) ordinary
reduction at p if p{ a,, and E is said to have (good) supersingular reduction at p
otherwise. One knows that if E' has supersingular reduction at p, then E[p] must
be an irreducible Gg-module.

Now suppose E has bad reduction. Then E would have a unique singular point
P. If P is nodal, we say F has (bad) multiplicative reduction at p. If p is cuspidal,
we say F has (bad) additive reduction at p. In the multiplicative case, we have
ap = £1, so multiplicative reduction is also considered ordinary.
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The L-function of E is formally defined as an Euler product of local factors at
every prime:

L(E,s) = 1_[ (1— app”® +p1725)71 . H (1-— app75)71
p good p bad

where a,, € {0, £1} depending on the reduction type modulo bad primes p | N.
We also defined the conductor Ng,q of £/Q to be

Ngjq =] [
P
where
0 F has good reduction at p
1 FE has multiplicative reduction at p
To= 2 FE has additive reduction at p > 3

240, FE has additive reduction at p = 2,3,

where §, > 0 is a technical constant.

1.2. Reduction types of modular forms. By modularity theorem, every elliptic
curve is associated with a weight 2 newform f(z) = > anq" € So(T'o(Ny))"*™ where

g = €2™% in the sense that their L functions agree:

L(E,s) = L(f,s) = Zann_s.

The conductor Ng of the elliptic curve agrees with the level Ny of the newform.
We could then decompose Ny into a product Ny Nada such that € | Ny, implies
¢ is of multiplicative reduction and ¢ | Nyqq implies ¢ is of additive reduction. In
general, if we have a modular form f € Si(To(NV))*Y, we say p is a good prime for
fif p1 N, that p is a multiplicative prime for f if p|N and that p is an additive
prime for f if p? | N.

Following [Kat04], we can also talk about potential good reduction for a modular
form.

Definition 1.2.1 (Remark 12.7 in [Kat04]). There exists a finite extension K of Q,
having the following properties. For any finite place v of F' which does not lie over
p, the representation of Gal(K/K) on Vg, (f) is unramified. For any finite place v
of F which lies over p, the representation of Gal(K/K) on Vg, (f) is crystalline.

1.3. Primes of additive reduction. When E/Q has additive reduction at a prime
p and is viewed as an elliptic curve defined over Q,, one could enlarge the field
so that E can gain good reduction or multiplicative reduction over some finite
extension of Q,. For this reason, additive reduction as sometimes referred to as
unstable reduction. On the other hand, good reduction and multiplicative reduction
do not change when extending the ground field, so they are both called semistable
reduction.

When FE has complex multiplication, it has potentially good reduction everywhere.

1.4. Field of semistable reduction. Most of the time, we do not need to make a
specific choice of an extension L,,/Q, where E gains semistable reduction. However,
it is convenient to record what can be said about such extensions. We have the
following result from [Con].
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Proposition 1.4.1 (Proposition 6.5 in [Con]). Pick N > 3 not divisible by p.
Then E acquires semistable reduction at all places of the finite Galois splitting field

Q(E[N])/Q) of A[N].

Lemma 1.4.2. There is a prime q = 3 of good reduction for E such that E
acquires good reduction over Qu(E[q])/Qp and such that this field extension has
degree coprime to p.

Proof. If p > 3, one can choose ¢ = 3 and Gal(Q(F[q])/Q) is a subgroup of GLy(F'3),
which has order 48. In particular, one can assume there is a finite extension L/Q
with a place u | p so that E gains semistable reduction over L, with [L,, : Q,] being
coprime to p.

When p = 3, then there is a prime 3 < ¢ # 1 (mod 3) of good reduction for
E such that E acquires good reduction over Qs(E[q])/Qs. Note that this is a
solvable extension with Galois group G isomorphic to a subgroup of GLa(F,).
Hence by [KS23, Theorem 2.14] and since GLy(F,) is not solvable for ¢ > 5, it must
be

(a) contained in a Borel subgroup,
(b) contained in a normalizer of a (split or non-split) Cartan subgroup, or
(c) exceptional, i.e., having projective image in Sy.

We prove that we can find a prime ¢ as above such that 3 { #G.

(a) In this case 31 #G = (¢ — 1)? - ¢ because of our assumption on q.

(b) The normalizers of a Cartan have order dividing 2(¢q — 1) in the split case, which
is coprime to 3 if ¢ # 1 (mod 3), and 2(g+ 1) in the non-split case. But if ¢ > 2
is a prime of good ordinary reduction, then according to the proof of [KS23,
Lemma 2.32] the image of Galois p3(Gq,) contains a non-trivial semisimple
split element, so we are not in the normalizer of a non-split Cartan case. But
there is such a ¢ # 1 (mod 3): If F is not CM, the density of ordinary primes
is 1, so we are good. If £ has CM by an imaginary quadratic field K, then we
just need K # Q(v/=3). But if K = Q(\/=3), E is isogenous to y? = 23 — 1,
which has potentially supersingular reduction at 3.

(¢) This cannot happen for ¢ > 5 a prime of good reduction according to [KS23,
Proposition 2.45]. O

2. IwWASAWA THEORY

In this section, we discuss some important tools from Iwasawa theory. Let E be
an elliptic curve over Q and f € Sa(I'g(IV))**" be the weight 2 newform associated
to E. Let p be a prime number. Throughout the paper, K denotes an imaginary
quadratic field satisfying the following hypotheses:

Assumption 2.0.1. (i) p =vv is split in K;
(ii) K satisfy the Heegner hypothesis, i.e., every prime ¢ | N is split in K;
(iii) the discriminant Dg of K is < —3 and odd.

Let K.,/K be the anticyclotomic Z,-extension of K and denote by T its Galois
group I' = Gal(K,,/K) = Z,. For ecach n € N, let K,, € K, be the subfield with
[K, : K] = p™. The Iwasawa algebra A := Z,[I'] can be identified with a formal
power series ring Z,[T] be sending a topological generator yeI' to 1 + 1.
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For a torsion A-module M, one knows that there is a pseudo-isomorphism (i.e., a
A-morphism with finite kernel and cokernel)

M~ DM 0 D AGY)
i=1 j=1

where each f; is an irreducible distinguished polynomial with f; = T9°¢(f?) (mod p).
We define the A, p-invariants of M to be

The characteristic ideal chara (M) of M is the A-ideal generated by the characteristic
polynomial

fa(M) = p O T £
i=1

Example 2.0.2. If My, My are two A-torsion modules with chara (M;) c chary (M),
then charp (M;) = chary (M) if and only if A(M1) = M Ms) and p(M;) = u(Ms).

2.1. Selmer structures and Kolyvagin systems. To state the Iwasawa Main
Conjectures from which our p-converse theorem follows, we first need to introduce
suitable Selmer groups. They generalize the usual Selmer groups Sel,»(E/K) and
Sp(E/K) in the introduction. The following discussions are taken from [CGLS22,
section 3.1].

2.1.1. Selmer structures. Let (R, m) be a complete Noetherian local ring with field
of fractions of characteristic 0 and with finite residue field of characteristic p, and let
M be a topological R[G k]-module such that the G g-action is unramified outside a
finite set of primes. A Selmer structure F on M is finite set ¥ = X(F) of places of
K containing oo, the primes above p and the places where M is ramified, together
with a choice of R-submodules (called local conditions) Hx (K, M) c H* (K, M)
for every w € . The associated Selmer group is then defined as

H' (K, M) }

HU (6 0) o= ke (163 0) = T gm0
F w

weX

where K is the maximal extension of K unramified outside X.
Some local conditions we will see frequently are the following:

(K, M) =0 (resp. Hy (K, M) =

e The strict (vesp. relazed) local condition: H! vel

str
HY (K, M));
e The unramified local condition: H. (K., M) = ker(H" (K, M) — H' (K", M))
where K is the maximal unramified extension of K.
When M is unramified at a prime w { p, we also called the unramified local
condition the finite local condition H}(Kw,M) = H! (K,, M). The singular
quotient is defined by the exact sequence

0 = Hj(Ky, M) - H' (K, M) - H (K, M) — 0.
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Let %y = Z(M) be the set of degree 2 rational primes (that is, inert in K) of
¢ # p at which M is ramified. For K[/] the ring class field of conductor ¢, we define
the transverse local condition at A | £ € £, by

HL (K, M) = ker(H (K[¢]x, M) — H (K, M))

where K[¢] is the completion of K[{] at any prime A above .

Lastly, given a submodule N (resp. quotient) of M and a local condition F on
M, we define the propagated local condition on N, still denoted by F, to be the
preimage (resp. image) of Hx(K,,, M) under the natural map

HY(K,,N) - H'(K,, M)

(resp. HY(K,, M) —» H'(K,, N)).

As in [How04], we call a Selmer triple (M, F,.%) the data of a Selmer structure F
on M and a subset ¥ c % with £ nX(F) = . Given a Selmer triple (M, F,.%)
and given pairwise coprime integers a, b, ¢ divisible only by primes in .4, we define
the modified Selmer group H}_—}?(c)(K, M) by choosing 2(F(c)) = E(F) u {w | abc}
and the local conditions
HY (K, M) ifA|a
0 ifA|b
H{ (Ky, M) ifX|c
HL (K, M) if Xt abe

Ho (o) (K, M) =

Definition 2.1.1. Let Quot(M) denote the quotient category of M whose objects
are quotients M /IM of M by ideals I of R and whose morphisms from M/IM to
M /I'M are the maps induced by scalar multiplication r € R with I < I'.

A local condition functorial over Quot(M) is called Cartesian if for any injective
morphism N — M the local condition F on N is the same as the local condition
obtained by propagation from M to V.

Remark 2.1.2. By [MR04, Lemma 1.1.9], the unramified local condition is Carte-
siamn.

2.1.2. Kolyvagin systems. From now on let T' be a compact R-module with a
continuous linear G i-action that is unramified outside a finite set of primes. For
each \ | L € L4 = A4 (T), let Iy be the smallest ideal containing ¢ + 1 for which
the Frobenius element Froby € Gk, acts trivially on T/I,T. By class field theory,
A splits completely in the Hilbert class field of K, and the p-Sylow subgroups of
Gy = Gal(K[(]/K[1]) and k /F are identified via the Artin symbol, where k)
is the residue field of A. Hence by [MR04, Lemma 1.2.1], there is a finite-singular
comparison isomorphism

of = H}(Kx,T/I,T) = T/I,T = Hy(K\, T/I,T) ® G¢

Given a subset .Z < %, let .4 denote the set of square-free products of primes
e ¥, and for each n € 4, define

Li=Y I, cR, G,=QGC,

£n Ln

with the convention that 1 € 4", I; =0 and G, = Z.
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Definition 2.1.3. A Kolyvagin system for a Selmer triple (T, F,.%) is a collection
of classes

K= {Kn € H,lF(n) (K7 T/InT) ® Gn}nEJV
such that (¢f ® 1)(locy(ky,)) = locy (k) for all nl e A .
We denote by KS(T, F,.¥) the R-module of Kolyvagin systems for (T, F,.%).

2.2. The Iwasawa Main Conjectures. In this section we introduce some Iwasawa
Main Conjectures that will be needed in the proof of the p-converse theorems. We
also discuss some strategies in proving known cases and how they could be adapted
to new cases.

2.2.1. The Heegner Point Main Conjecture. When E has good ordinary reduction
at a prime p, several Iwasawa Main Conjectures have been formulated and proved
in e.g. [CGLS22]. The one that serves as a key ingredient in the proof of p-converse
theorems is the following Heegner Point Main Conjecture first formulated by Perrin-
Riou [PR&T].

Fix a modular parametrization

m: Xo(N) - E.

Then the Kummer images of Heegner points on X, (V) over ring class fields of K of
p-power conductor give rise to a class k18 € § == yl_nSp(E/Kn). The group S is
naturally a A-module and the class £ is known to be non-A-torsion by results of
Cornut and Vatsal [Cor02], [Vat03]. We put X := Homg,, (lim Sel,» (E/K5,), Qp/Zp).

Conjecture 2.2.1 (The Heegner Point Main Conjecture). Let E/Q be an elliptic
curve and p > 2 be a prime of good ordinary reduction, and let K be an imaginary
quadratic field satisfying the Heegner hypothesis. Then both S and X have A-rank
one, and

chary (Xtors) = chary (S/A - ,{Heeg)2’

where Xiors denote the A-torsion submodule of X .

Under Assumption 2.0.1, the above conjecture is now a theorem by combined
results of [CGLS22], [CGS23] and [KY24] in the Eisenstein case. The proof uses
a variation of Kolyvagin system arguments systematically studied in [How04] (for
the ‘2’-divisibility) and a comparison of Iwasawa invariants on both sides to turn
the divisibility into an equality. To perform the comparison, one needs to go to a
different yet equivalent type of Iwasawa Main Conjecture, the Greenberg’s Twasawa
Main Conjecture.

2.2.2. The Greenberg’s Main Conjecture. Let G be the modified Selmer group
(called the (Greenberg’s) unramified Selmer group) obtained from Sel,»(E/K,) =
limy Sel, (E/K5,) by relaxing (resp. imposing triviality) at places above v (resp. ).
Let Xg = Homgz,(6E, Q,/Z,) be its Pontryagin dual. From the work of Bertolini-
Darmon—Prasanna, there is a p-adic L-function Lg = Ly € A" interpolating the
central values of the L-function of f/K twisted by certain characters of I" of infinite
order. Here A™ := A®Zp Z)* where Z;" is the completion of the ring of integers of
the maximal unramified extension of Q.
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Conjecture 2.2.2 (Greenberg’s Iwasawa Main Conjecture). Let E/Q be an elliptic
curve and p > 2 a prime of good ordinary reduction for E. Let K be an imaginary
quadratic field satisfying the Heegner hypothesis where p splits. Then Xg is A-torsion,
and

charA(%E)A“r = (LE)

as ideals in A™T.

As is already observed in [Casl7, Appendix A] (see also [BCK21, Theorem 5.2]),
in the good ordinary setting, the Greenberg’s Main Conjecture is equivalent to
the Heegner Point Main Conjecture, and is therefore also a theorem now by the
results of the aforementioned authors in the Eisenstein case. The proof uses an
explicit congruence of f to a certain Eisenstein series G and compares the algebraic
side (the Selmer groups for f and those for the two characters appearing in the
semisimplification of ﬁf) and the analytic side (the interpolation properties of the
p-adic L-function of G (hence that of f) to those of the same characters).

2.3. Prototype: Iwasawa Main Conjectures with good ordinary reduction.
In this subsection we introduce the ingredients that go into the proof of Theorem 2.2.1
and Theorem 2.2.2 in [CGLS22] and subsequent papers. We assume that F is an
elliptic curve and f is a weight 2 newform associated to F.

We begin with a proof of one divisibility using Kolyvagin system argument
systematically developed in [How04] (modified in [CGLS22] in the Eisenstein case).
Recall the notations from section 2.1.2. We start with stating some hypotheses that
the Selmer triples (T, F,.%¢) we will consider shall satisfy.

(H.0) T is a free R-module of rank 2.

(H.1) T/mT is reducible with H°(K,T/mT) = 0.

(H.2) For every v € X(F) the local condition F at v is Cartesian.

(H.3) There is a perfect, symmetric R-bilinear pairing

(,): T xT— R(1)

which satisfies (s7,¢77 ') = (s,t)° for every s,t € T and o € Gx. Here 7
is a fixed complex conjugation. We assume that the local condition F is
its own exact orthogonal complement under the induced local pairing

()Y HY(K,, T) x HY(K,,T) - R
for every place v of K.
The Selmer triple of particular interest is (T, Ford, L&), where

e a: I' > R is a character with values in the ring of integers of a finite
extension ®/Q,, and R(«) is the free R-module of rank 1 on which Gk acts
via the projection G — I' composed with «;

o T, = T,F ®z, R(a) admits a Gx-action given by p, = pp ® o where
pe: Gq — Autg, (T,E) gives the Gq-action on the Tate module of £

e Forq is the ordinary Selmer structure on V, = T, ® ® defined with
Y(Fora) = {w | pN} and

im (H (K, Fil}, (V,)) = H (K, Va))  if w ]| p;

HY (K., V,) =
Fora ) {Hir(Kw, Vo) else,

where Fil},(T,E) = ker{T,F — T,E} is the kernel of reduction at w and
Fil} (T,) = Fil}(T,E) ® R(«a), Fil} (V,) = Fil}(T,) ® ®.
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Let Forq also denote the Selmer structure on T, and A, =T, ® P/R =

Va/Tw by propagating Hé_-or (K, Vy) under the maps induced by the exact
sequence

0-T,—>V,—> A, —0;
o Let L ={le LH(I,E): as = ¢+ 1= 0(mod p)}, where ay = £ +1 —
|E(Fy)|, and A = N (ZLE).

This Selmer triple satisfies the hypotheses (H.0) to (H.4) as in [CGLS22], from

which they deduced the following important intermediate result using a Kolyvagin
system argument.

Theorem 2.3.1 (Theorem 3.2.1 in [CGLS22]). Assume E(K)[p] = 0. Suppose
a # 1 and there is a Kolyvagin system ko = {Kan} € KS(Ta, Ford, Lr) with
Ka,1 # 0. Then Hlf‘ord(K’ T,) has rank one, and there is a finite R module M, such
that
Hy, (K, Aq) = (®/R) ® Mo ® M,
with
length (M,) < lengthy(Hy, (K,Ts)/R - ka1) + Ea
for some constant E, € Zxq depending only on Co, T,E, and rkz, (R).

vp(a(y) —a (7)) a#al,

1

Here C, =
0 a=a -,

where v, is the p-adic valuation

normalized so that v,(p) =1 and vy €T is a topological generator.

This partial result is an analogue of (0.1) with an ‘error term’. As is explained
in [CGLS22], this error term is needed to avoid the use of the classical ‘big image’ as-
sumption (that is, pg |a : Gk — Endg, (T, F) is surjective, which is automatically
satisfied in the residually irreducible setting).

To obtain a reversed divisibility using tools from Iwasawa theory, one needs to
consider everything ‘A-adically’. Consider the A-modules

Mg = (T, FE) ®z, AV and T = MyQ1) = (T,E) ®z, A
where the G g-action on AV is given by thee inverse U~! of the tautological character
U:Gg » T — A*.
For w a prime above p, put
Fil} (Mp) = Fil},(T,E) ®z, AY and Fil}(T) = Fil}(T,E) ®z, A.
Define the ordinary Selmer structure 75 on Mg and T by

im (H' (K, Fil}; (M HY(K, M o
HY, (K., Mg) = {lm( (K, Bl (M) = AT, M) 10w

0 else,
and 1 . 1
) b d
HY (Ko T) = {10m (H'(K.,, Fil}(T)) - HY(K,, T)) ;flsl:.|p’
Denote by

X =Hf, (K, Mp)" = Home(H, (K, Mg), Qp/Zy)
the Pontryagin dual of the associated Selmer group Hl}-A(K , Mg). Also recall the
Zr defined earlier.
The following theorem, first obtained in [CGLS22, Theorem 3.4.2] by specializing
at all height one primes of A except at p and Py = (v — 1), is later modified
in [CGS23, Theorem 6.5.1] to hold without the need to invert any prime.
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Theorem 2.3.2 (See Theorem 3.0.2 in [KY24].). Suppose there is a Kolyvagin
system € KS(T, Fp, ZLr) with k1 # 0. Then HlfA(K,T) has A-rank one, and
there is a finitely generated torsion A-module M such that

(i) X ~A@ M@ M,

(ii) chary (M) divides charA(H;_-A (K, T)/AKq).

Now using the Heegner point Kolyvagin system constructed in [CGLS22, Theorem
4.1.1], one obtains a one-side divisibility of the Heegner Point Main Conjecture
under mild hypothesis.

Theorem 2.3.3. Assume E(K)[p] = 0. Then HlfA(K, T) has A-rank one, and
there is a finitely generated torsion A-module M such that

(i) X ~A®M® M,
(i) chary (M) divides charA(H}A(K,T)/Am).

Remark 2.3.4. o The assumption E(K)[p] = 0 (equivalently, the hypothesis
(H.1)) is not essential. Since the Twasawa Main Conjectures are invariant
under isogeny, we are content with working with an isogenous curve which
satisfies the assumption, thanks to Ribet’s Lemma. (See also [KY24, section
0.2, section 1.4].)

e If one considers the most general setting as in [KY24], the k1’ might be a
p-power times the Kolyvagin class constructed in [CGLS22]. The following
equivalence of the anticyclotomic Main Conjectures will also be slightly
different (see [KY24, Theorem 3.0.6, Theorem 3.0.7]). For simplicity we
do not discuss the most general case and leave the details until Chapter 3.

To get the reversed divisibility, we now appeal to the Greenberg’s Main Conjecture
recalled in section 2.2.2. As before, let Fg, denote Greenberg’s local conditions,
that is,

HY(Ky,,—) ifw=u,

Hy, (Ku,—) =10 if w="1,
H. (K, —) else,
where — = Mg or T. In general, one should consider the unramified Selmer groups

introduced in [KY24], where the local condition at ¥ is replaced by
ker (Hl(Kiv _) ﬁ) Hl (Iﬁv _)G?/I?)

where I3 is the inertia subgroup at v. However, it is shown in loc. cit. that
these two Selmer groups generate the same characteristic A-ideals for all relevant
modules. Therefore for simplicity we will stick to the Greenberg’s Selmer group in
this subsection. We first study the comparison between the two types of Iwasawa
Main Conjectures.

Proposition 2.3.5 (Proposition 4.2.1 in [CGLS22]). Assume that p = vT splits in
K and that E(K)[p] = 0. Then the following statements are equivalent:
(i) Both Hy (K, T) and X = Hy (K, Mg)" have A-rank one, and the divisi-
bility
charp (Xiors) D charA(HlfA(K, T)/Ak)?
holds in A.
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(ii) Both HlfGr(K7 T) and Xg = Hlfcr(K, Mpg)Y are A-torsion, and the divisi-
bility
ChaI‘A(%E)Aulr D ([,E)
holds in A™.

Moreover, the same result holds for opposite divisibilities.

Here the K is a class appearing in the equivalence and is closely related to
k1 (see [CGLS22, Remark 4.1.3]). The proof of the equivalence between the two
Iwasawa Main Conjectures is carefully explained in [Casl7, Appendix A], where
the key is the existence of a Perrin-Riou regulator map (or a ‘big logarithm map’)
relating the Heegner point to the BDP p-adic L-function.

Proposition 2.3.6 (Theorem A.1 in [Casl7]). Under Assumption 2.0.1, if [ is
p-ordinary, then there exists an injective A*C -linear map

L. Hl(Kv,Fﬂ*T)z;r — A
with finite cokernel such that

Ly(resy(zf)) =—LE-0_10
where o_1, € I' has order two.

Combining Theorem 2.3.3 and Proposition 2.3.5, we also get the following one-side
divisibility of the Greenberg’s Main Conjecture.

Corollary 2.3.7. Assume that p = v splits in K and that E(K)[p] = 0. Then
Both HlfGr(K, T) and Xg = H.chz- (K, MEg)¥ are A-torsion, and the divisibility

charA(.'{E)A“r D (EE)
holds in A"".

The insight in [CGLS22] is that, in the residually reducible case, the residual
representation F[p] itself, or rather, the two characters ¢, 1) appearing in the short
exact sequence

0—F(p) = E[p] = F(¥) =0,

should already encode enough arithmetic information of F in terms of Iwasawa
invariants. More precisely, they showed that the Iwasawa invariants of E are the
sum of those of the two characters ¢ and 1, i.e.

o MXp) = AMXp) + AMXy) + MPoy.5), (Xp) = p(Xy) +p(Xy) =0,

o MLe) = MLy) + AMLy) + AMPopp,p); M(LE) = p(Ly) + p(Ly) = 0.
Here Xy are defined similarly as Xy by replacing Mg with My = Z,(9) ® A¥ where
V: G — Zy; is the (Teichmiiller lift) of ¢ or ¢, and Ly is the associated Katz p-adic
L-function. P, 4, is a certain factor that cancels on both sides. In [CGLS22] one
needs to put some restrictions on the characters, excluding the trivial character
in particular. Such comparisons were extended to arbitrary characters in [KY24].
When one of ¢ and ¥ is the trivial character (note that one has ¢ = w the mod p
cyclotomic character), the first equation becomes

° )\(%E) +1= /\(}:Lp) + /\(3€¢,) + )\('P%WE).
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In fact, all the p-invariants are vanishing in their (and also our) settings by
results of [Hid10], which plays a crucial role in their arguments. It is this fact that
allows them to interpret the A-invariants of ' and the characters ¢ and v as the
dimensions of some finite Selmer groups, which makes a direct comparison possible.

The final ingredient for the proof of the Iwasawa Main Conjectures for E is the
following consequence of the Iwasawa Main Conjectures for the characters. It is
discussed in detail in [KY24].

Lemma 2.3.8 ([CW78] and [Rub91]. See also [dS87].). Let ¥: Gx — Z) be a
finite order character.
If 9 # 1, then

o (Xy) = p(Ly),
o )\(xg) = )\(,Cﬂ)

If 9 = 1, then the equality between p-invariants still hold, and
o MXy) = AMLy) + 1.

Thus in any case, one gets the equalities
MXEg) = MLEg) and p(Xg) = p(LE).
We then obtain the Main theorem from [CGLS22], [CGS23] and [KY24].

Theorem 2.3.9 (Iwasawa Main Conjectures for good ordinary reduction. See
Theorem 3.0.7, Remark 3.0.8 in [KY24]). Assume that p = vv splits in K. Then
the following statements hold:

(HPMC) Both H}_—A(K, T) and X = H%_—A (K, M;y)Y have A-rank one, and the equality
charp (Xiors) = charA(H}EA (K, T)/Aky)?

holds in Agie.
(GrMC) Both H}GY(K, T) and X5 = Hl}-Gr (K, My)Y are A-torsion, and the equality

charA(%f)A’" = (ﬁf)
holds in A"".

2.4. A control theorem. Another ingredient we need in proving the p-converse
theorem is an anticyclotomic control theorem. In the good ordinary case, it is a
combination of [JSW17, section 3] (which studies the anticyclotomic Selmer group
in the anticyclotomic setting) and [Gre99, section 3] (which studies the ordinary
Selmer group in the cyclotomic setting).

Theorem 2.4.1. Let E/Q be an elliptic curve which has good, ordinary reduction
at p, then the map

Sel,» (E/K) — Sel,» (E/K.,.)"
has finite kernel and cokernel.

Proof. As in [Gre99, section 3], for M an algebraic extension of K, let Pg(M) :=
1 (o}
1T H(f\fn”(ifg]) denote the codomain of the global-to-local map defining the Selmer
group Sel,»(E/M), where n runs through all places of M, and let Gg(M) :=
im (H' (M, E[p™]) — Pg(M)). Then there is a commutative diagram with exact

Trows
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0 — Sel,» (E/K) —— HY(K, E[p"]) —25— Gp(K) —— 0

| s Js
0 — Sely»(E/K,)" —— H' (K, E[p*])T —— Gu(K,).
From snake lemma, it suffices to study ker(h), coker (h) and ker(g), the first two of
which are easily seen to be finite. To show the finiteness of ker(g), it suffices to
consider the kernel of r: Pg(K) — Pr(K..)'', which is a product of the kernels of

 HY(Ky, Ep”]) _ H'(K.,n, E[p”])

w .

im (Kqy) im (k)
for each place w of K, where 7 is any place of K, above w.

In the anticyclotomic setting, one cannot use the arguments in [Gre99] directly
for primes not above p, since not every prime is finitely decomposed in K. Since
the local conditions away from p of the ordinary Selmer groups and those of the
anticyclotomic Selmer groups agree (as they are both defined as the unramified local
conditions), the arguments in [JSW17, Theorem 3.3.7, Cases 1(a)(b), 2(a)(b)] show
that all such ker(r,,) are finite.

It remains to study ker(r,) and ker(ry). The arguments in [Gre99, Lemma
3.4] still apply since the assumptions in Theorem 2.4 from op. cit., namely that
Gal(K ., ,/K,) contains an infinite pro-p subgroup and that the inertia subgroup of
Gal(K o, /Ky) is of finite index are still satisfied for w equal to both v and @ for
the anticyclotomic Zjy-extension K. g

2.5. Proof of the p-converse theorems. We now explain how our p-converse
theorems would follow from the Heegner Point Main Conjecture, at least in the good
ordinary case (see [CGLS22, Theorem 5.2.1] for a reference). In fact, we only need
one divisibility. We first recall a theorem of Kolyvagin, which works for any prime.

Theorem 2.5.1 (Kolyvagin). Let E/Q be an elliptic curve and p be a prime. Let
r€{0,1}. Then

ord,=1 L(E/Q,s) =r = corankgz, Sel,»(E/Q) = r.

Here Sel,» (E/Q) is the usual p™ Selmer group defined similarly as in section 0.2
with K replaced by Q (that definition makes sense for any number field).

The proof of the p-converse theorem relies on a choice of an auxiliary imaginary
quadratic field K over which E does not have CM and the anticyclotomic Iwasawa
Main Conjectures holds.

Proof of the p-converse in good ordinary case. Again let r € {0,1}.

When corankz_ Sel,»(E£/Q) = r, we could choose a K which satisfies Assump-
tion 2.0.1 such that ord,—; L(E¥/Q,s) = 1 — r, where EX is the twist of E by
K. We also assume that E does not have CM by K. Then by Theorem 2.5.1,
corankz, Sel,» (EX/Q) = 1 — r. It then follows that corankz Sel,»(E/K) = 1.
Theorem 2.4.1 then implies that Sel,»(E/K., )" also has Z,-corank 1, or equiva-
lently, X1 has Z,-rank 1. Indeed, from the discussion after [How04, Theorem A],
there is an pseudo-isomorphism from Sel,»(E/K.;)¥ to X. On the other hand,
from Theorem 2.3.2 one has

rkZ,,Xl" = I‘kszr‘ + 2COI'aIlkZPMF =1+ 200rankzp M,

so Mr must be finite.
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This is equivalent to T't fao(M), so by Theorem 2.3.9 (in fact, the divisibility ‘c’
is enough), Tt fA(HlfA(K,T)/AmC), which in turn means (H}fA (K, T)/Ak.)r is
finite, so k.. is non-torsion.

There is an injection H}A (K, T)r — S,(E/K) coming from taking first cohomol-
ogy of the short exact sequence

0->T-5T—T,E—0.

It then follows that k., has non-torsion image in S,(E/K), but by construction the
image is a nonzero multiple of coresg, /i (y1) where y; is the classical Heegner point.
Therefore by Gross—Zagier formula ord,—; L(E/K,s) = 1. Since ords—1 L(E/K,s) =
ords—1 L(E/Q, s) + ords—1 L(EX /Q, 5), it follows that ords—1 L(E/Q) = r. O

3. IWASAWA THEORY OF ELLIPTIC CURVES AT PRIMES OF POTENTIALLY
ORDINARY REDUCTION

In this section we treat the case where F/Q is an elliptic curve and p is a prime of
potentially good ordinary reduction for E. We let L be a finite extension of K where
E gains good reduction, and K is an imaginary quadratic field satisfying Assump-
tion 2.0.1 as before. Some of our arguments also allow potentially multiplicative
reduction.

To obtain a p-converse theorem in the potentially ordinary case, one would
naturally hope to argue as in the good ordinary case (see section 2.5), namely, proving
an Iwasawa Main Conjecture and appealing to a control theorem. However, several
definitions no longer make sense in the bad reduction case, including Fil} (7, E)
which was defined as the kernel of reduction of the Tate module at a place w | p in
K. In particular, one needs to find a reasonable substitute of the ordinary Selmer
group.

Note that one could on the other hand always define, regardless of the reduction
type, the Bloch—-Kato Selmer group H]13K (F, V) with the following local conditions:

Hlllr(Fan) 111’])00,
H]13K(Fw7 V)= ker(Hl(FW V) — Hl(va 14 ®q, Beis)) w|p,
0 w | oo,

where B.,is is Fontaine’s ring of crystalline periods, F' is any number field and w is
a prime of F', and V = T, F ® Q. One could also defined the Bloch-Kato Selmer
groups for T := T, E and A :=V /T = E[p™] via propagation in terms of the short
exact sequence

0-T—->V->A-0.

The Bloch-Kato Selmer groups Hgy (K, A) (resp. Hyy (K, T)) agree with the
classical Selmer groups Sel,=(E/K) (resp. Sp(E/K)). When E has ordinary reduc-
tion at p, they almost agree with the ordinary Selmer groups H}Dr LK, A) (resp.
H}m L(K,T)) we defined in section 2.3, which were necessary for our arguments. In
fact, when E has ordinary reduction at a place w of F' above p, the local conditions
Hpx (F,, V) and H. 4(F,,V) agree, where, in the multiplicative case (which is
necessarily of weight 2 by [Skil4, Lemma 2.1.2]), the one dimensional subspace
Fil* (V) is defined so that V/Fil™ (V) is unramified. It is sometimes inconvenient
to work with the Bloch-Kato Selmer group directly. We will therefore define some
appropriate Selmer groups that turn out to be the same as the Bloch—Kato ones.
Then we formulate and prove the Heegner Point Main Conjecture and a control
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theorem as in the good ordinary case. The p-converse theorem will follow as a
consequence. First we need to study Galois representations attached to elliptic
curves of potentially ordinary reduction.

3.1. Potentially ordinary reduction and twists. In this subsection, let f be a
newform of weight 2 associated to an elliptic curve E. In general, one difficulty in
studying Iwasawa theory for f at bad primes lies in the fact that the Euler factor at
p is trivial, which makes it hard to obtain local information. For example, in [CH18],
to study generalized Heegner cycles one needs to assume there is a p-adic unit root
of the Hecke polynomial 7% — a,(f)T + p, which doesn’t exist if a,(f) = 0. In
this subsection we recall the work in [Nek06] which says that if E has potentially
ordinary reduction, then f comes from a twist of an ordinary newform f. This fact
allows us to study the unit a,( f ) to get useful information about f. We will then
use the theory developed in [JL.Z21], a generalization of [CH18], to study so-called
Heegner pairs.
We begin with the following key observation.

Theorem 3.1.1 (Proposition 12.11.5 (iv) in [Nek06]). Let E be an elliptic curve
defined over Q and assume E has potentially ordinary reduction at p. Let f be the
associated weight 2 newform. Then there is a finite order character ¢ such that
f®e! is ordinary at p.

Thus there exists a weight 2 newform f ordinary at p such that f = f ®e, in the
sense that a,(f) = ae(f)e(£) where ao(f) (resp. a¢(f)) are the Fourier coefficients
of f (resp. f) for all (¢, p- cond(e)) = 1.

Now there are 2 situations:

Case I f is a potentially good ordinary modular form of weight 2 for which f has
good reduction.

Case II f is a potentially multiplicative modular form of weight 2, in which case f
necessarily has multiplicative reduction at p.

Since we assume f has trivial nebentypus, f is force to have nebentypus €2, i.e.,
f € So(To(N’),e72), where N’ is the level of f. Since we assume f has additive
reduction at p, € must be ramified at p, i.e. p | cond(e). In particular, if f also has
trivial nebentypus (e.g., when we are in case II), € must be a quadratic character
ramified at p, or equivalently, € correspond to an imaginary quadratic field & where
p does not split.

We see that an elliptic curve E with corresponding weight 2 form f that has
potentially ordinary reduction at p is always associated with a pair ( 1, €) such that
f=f®eand f is ordinary. We choose V(f) to be the p-adic Galois representation
attached to a modular form so that when f corresponds to an elliptic curve E, V()
agrees with Vg := T,E®Q, (i.e., it is dual to Deligne’s construction). In particular,
the characteristic polynomials of arithmetic Frobenius at £ 4 pN agree with the
Hecke polynomial of f. On the other hand, to study a potentially multiplicative
form of weight 2, one would naturally hope to study a twisted Hida family {fi ®e}
consisting of twists of good ordinary forms. As we will see shortly, the correct thing
one should consider are ‘Heegner pairs’, where in some sense corresponds to self-dual
twists of the representations attached to modular forms with nebentypus.

Recall that our fixed imaginary quadratic field K satisfies the Heegner hypothesis,
i.e., every prime ¢ | N is split in K. Since N’ | lem(N, cond(g)?), we further assume
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the prime divisors of cond(g) are also split in K, so that every prime ¢ | N’ is also
split in K. Hence there exists an ideal M c Ok such that

Ox/N = Z/N'Z.

Choose a Hecke character y of infinity type (0,0) whose restriction to Aéz is e72

(equivalently, the restriction to O is €2 = 5;1. See [BDP13, section 4]). Such a

Hecke character exists thanks to [JLZ21, Remark 2.1.2]. Now the pair (f,x) is a
Heegner pair to which one could associate a Heegner point Z(F x)-
The following results from op. cit. will be adapted.

Proposition 3.1.2 (Theorem B in [JLZ21]). Let (f,x) be a pair of an p-ordinary
form f € S3(To(N’),e72) and a Hecke character x of finite type (M,e~2) and
infinity type (0,0). If pt N', then there is a Perrin-Riou regulator map that maps

Z(fx)w to the BDP p-adic L-function L,(f)(x) up to a unit.

The above result is a generalization of Proposition 2.3.6 to pairs (f, x), and will
be revisited in section 3.4. In particular, it covers case (I) above. This will be
the key in showing the equivalence of the Heegner point Main Conjecture and the
Greenberg’s Main Conjecture once suitable definitions and formulations are in place.
In fact, the original result from [JL.Z21] also covers modular forms of higher weights,
where the Hecke characters will also have nonzero infinity type. We will not consider
such Heegner pairs in this work.

With the above definition of Heegner pairs, the natural question to ask is how
do they relate to our potentially good ordinary form. In general, Hecke characters
with fixed central character is not unique (in fact, they can differ by some finite
order anticyclotomic characters). The corresponding G g-representations are also
different. However, their anticyclotomic theory will not the detect the difference.
In what follows, we will specifically construct a Heegner pair whose corresponding
G i-representation agrees with the one for our potentially good ordinary form.

Proposition 3.1.3. Let f = f®5 be a weight 2 form associated to an elliptic curve
of potentially good ordinary reduction at p. Then there is a Heegner pair (f, Xe) such
that V(f ®@¢)|a, agrees with V(f)|a, ® x&2 where xS is the Galois character
over Gk associated to the Hecke character x. over K.

Proof. Consider the following commutative diagram
A% /K AU Gal(K™/K)

SN Gal
reSK/Q(\JNmK/Q lﬂK/Q \\2%

~

AS/Q* S GalQ/Q) — C
571

where ¥ q is the natural map induced by the inclusions Q ¢ K and Q2P c Kb,

We fix the character ! which will determine £y by a choice of the normalization
of the Artin maps. We follow the convention in [JLZ21], so that uniformizers map
to geometric Frobenius elements. In other words, for any ¢{ Np, o maps Frob§®
to e(¢)~*. We claim that x. := e~ ' o Nmy/q is the desired Hecke character such
that (i) (f,xe) is a Heegner pair and (ii) V(f)|gx = V(f ® €)|a, agrees with
V(Hlerx ® xS
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We first check (i). This follows from the fact that x| AL = Xe oTesg/q =

el o Nm K/Q OTeSk/q = ¢~2 since composing norm with restriction introduces a
square.

Now we check (ii). First note that Gal(K?"/K) is isomorphic to the profinite
completion of A[X“/K ¥, so by the universal property of profinite completion, there
is a map x&* from Gal(K*®/K) to C, such that x. = & o Artgx. This is
the Gg-character corresponding to x. (note that Gg-characters factor through
Gal(K®*/K)). To check the two G k-representations agree, it suffices to check that
the traces of the arithmetic Frobenius elements at A | £ in K for a density 1 set of
rational £ 4 pN match on both sides. Hence we consider two cases depending on if £
is either inert or split in K.

Case (I): £ is inert in K. In this situation, there is a unique prime A\ above ¢
and the inclusion of Frob}" from G\ to Gy (the decomposition groups) is (Frobs™)2.
Hence the trace of Frob3™ under V(f ®¢)|g, is (ace(£))2. On the other hand, recall
that 9 maps Frobf*® to £(¢)~!, so it maps Frob?" to (¢) and the trace of Frob%"
under x5#! will be £(£)2. Thus the trace of Frob3™ under V(f)|q, ® x&! is aZe(£)?
which agrees with that for V(f ®e).

Case (II): ¢ splits in K. In this situation, there are two places A1, A2 above ¢ and
the inclusion of Frob}” from G), to Gy is Frob§™ for i = 1,2. As in the previous
case, one easily checks that the traces of Frobﬁ‘\’;i under both G g-representations are
awe(l). O

According to [JLZ21, Remark 2.3.3], V := V(f) ® x5! satisfies V7 = V*(1)
(note that their choice of V,(f) is dual to our V(f)). By abuse of notation, we will

occasionally use — ® ¢ to mean — ® 2! where — can be V(f), Ty or Fil* of them.

Thus according Proposition 3.1.3, V(f) = V(f ®¢) = V(f) ® ¢ makes sense.
Finally, we note that Proposition 3.1.2 does not cover cases (II). However, the
Heegner cycles associated to a Heegner pair is still available, and one could possibly
argue as in [KY24, section 5] to study (twists of) multiplicative forms using Hida
arguments.
From now on, we assume pt N’.

3.2. Twisted ordinary Selmer group. In this subsection, we naturally extend the
definitions for a p-ordinary form to a Heegner pair using results from the previous
subsection. In particular, these Selmer groups also agree with the Bloch-Kato
Selmer groups. For our applications, it is sufficient to work with a Heegner pair
(f, xe) coming from an elliptic curve of potentially good ordinary reduction as before.
However, we choose to work in general contexts where f is any p-good ordinary
form unless otherwise stated.

Let (f,x-) be any Heegner pair. From the p-ordinarity of f, there is a short
exact sequence

0 — Fil"(V(f)) = V(f) = Fil"(V(f)) = 0

such that Fil~ (V' (f)) is unramified.

One then obtains the following twisted sequence

0-Fil"(V(f) ®e - V(f)®e - Fil” (V(f)) ®e — 0,
which will be abbreviated as

0— Fil"(V.) - V. - Fil=(V.) - 0



22 TIMO KELLER AND MULUN YIN

from now. Note that Fil™ (V) may no longer be unramified at p if p | cond(e). For
example, when f = f ® ¢ is a modular form with CM, we have V. = V(f) and one
can explicitly choose € so that p | cond(e) (see [Mii24, section 5]). Even though
we generally assume p | cond(e) since (f, x.) should correspond to a modular form
with additive reduction at p, we do not make it explicit and all the results still hold
if p t cond(e).

Let Fil™(T,) := Fil+(T];)~® g, Wher~e Fil+(Tf) =TFn F11+(X~/(f)) and T is any
Galois stable lattice of V(). Since f is ordinary at p, when f corresponds to an
elliptic curve E, Fil+(Tf) is just Fil}(T,E) = ker(T,E — T,E) as before. Then we
have the natural definitions of the ordinary Selmer groups twisted by e, analogous
to the ordinary Selmer group.

Definition 3.2.1. Let (f, x.) be a Heegner pair and ¢ be the central character of

X- The ordinary Selmer group twisted by ¢ of Vo = V(f) ® ¢ is given by the local
condition

im (H' (K, Fil* (V.)) - H (K, V2)) ifw|p;

Hy  (Ky, Vo) =
f"rd’e( ) {H}H(Kw7 Ve) else,

The ordinary Selmer group twisted by € of T, := Ty®e and A, := V. /T. are defined
via propagation with respect to the short exact sequence

0-T.-V.—-A. -0

As before, we will actually work with the following Selmer triple (T4, Ford,e; ffﬁ),
where
o T = (Tf ®¢e)® R(w),
e Forde is the ordinary Selmer structure twisted by e on Vo = T . @ @
defined with X(Forqe) = {w | pN} and

im (H' (Ko, FilT (V,0)) = HY(Ky, Vao)) if w]p;

H: Ky, Vae)i=
F"”’E( w Vace) {Hlllr(Kw,Va’E) else,

where Fil ™ (T, ) := (Fil+(Tf)®5)®R(a) and Fil* (V,, .) := Fil" (T, . ) ®9®.
Let Forae also denote the Selmer structure on T, . and A, = Th ®
®/R =V, /Ty by propagation.

. jf]e is defined in the same way as £ with T, replaced by T;®e and

as(E) replaced by ag(f)e(£)).
Remark 3.2.2. Recall that if an elliptic curve E/Q has potentially ordinary
reduction at p with associated weight 2 newform f, then f = f Qe for a Heegner pair
(f,x) and Ty = T;®ce. Letting Fil*(T}) denote Fil* (1v.), we formally retrieve the
original definition of the Selmer triple for f (or rather, for E). One should keep in
mind that the filtration is only formally defined and Fil~(V (f)) := V(f)/Fil* (V(f))
may not be unramified. It is unramified up to a finite order character, however.

In the setting of the previous remark, we now compare the ordinary Selmer
groups twisted by ¢ of M(f) to the Bloch-Kato Selmer groups Hyy (K, M(f)),
where M(f) = V(f),T(f) or A(f). ]

We first consider the Selmer groups for V(f) = V(f) ® e. We will show that the
local conditions of both Selmer groups differ by finite amount (more precisely, there
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is a map between them with finite kernel and cokernel). Note that it suffices to
consider the places w = v or T above p, since away from p the local conditions agree.

Choose a finite Galois extension L/K (for example, take L = K(g)) such that the
localization L,, at a place u | w | p trivializes €. Consider the following commutative
diagram

0 —— HY(K,, Fil T (V(f)a)) — H'(Ly, Fil* (V(f)a)) S2E/Ke) 5 0

l !

0 — HY (K., V(f)a) Testu/sn (2, HY (L, V(f)o) ol Lu/E) 4,

where V(f)a = Vi e and Fil* (V(f)s) = Fil" (V,.c), and the maps are the natural
restriction maps. The rows are isomorphisms because the modules in the cohomology
groups are vector spaces (an explicit isomorphism can be given by a composition of
restrictions and corestrictions). It the follows that

i (H' (Ko, Fil* (V(£)a)) = H' (i, V(f)a)
=res; e (im (H (L, FiIY (V(f)a)) = H' (Ly, V(f)a)) S/ 50))

Similarly there is a commutative diagram
0

l

Hik (Ko, V(f)a) ———— Hbg (Lu, V(f)a) G (Fe/Kw)

l |

00— B (K, V(f)a) e gL, V(f)0)G0Kn) g

l l

0 —— H' (Kw, V(f)a ®@Beris ) — Hl(Lua V(f)a @ Beris )Gal(L“/K"“) — 0,
and it follows that

Hpk (K, V(f)a) = reszj/Kw (Hi (L, V(f) o) CoUEw/Ku))

Since L,, trivializes €, when considered as modules over L,,, M, := M F®e s identified
Mj for M = V,T or A, and V. is identified with V(f)a = (T; ® R(e)) ® .
Furthermore, Fil* (V, ) is identified with Fil*(V(f),) := (Fil+(Tf) ® R(a)) ® ®.

In particular,

—— O

im (HY (L, Fil* (Vae)) = H' Ly, Vi o)) G2 L0/ Kw)
can be identified with
im (H' (Lo, FiL* (V(f)a)) = H' (Lo, V(o) @1/ K0),
By p-ordinarity of f, the last group is the same as
(L, V(f)a) S0/,
which is in turn identified with
Hpg (Lu, V(f)a) 10,

Combining the above identifications, we arrive at the following observation.
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Proposition 3.2.3. Let f be a weight 2 potentially p-ordinary newform correspond-
ing to a Heegner pair (f, Xe) such that f = f®e. The ordinary Selmer group of f
of V(f), defined as the ordinary Selmer group twisted by € for V(f) ® ¢ agrees with
the Bloch—Kato Selmer group for V(f).

Consequently, the two types of Selmer groups for T o = Toe and At o = Aq e
also agree, since the local conditions come from propagation.

3.3. One divisibility of the Heegner Point Main Conjecture. In this subsec-
tion, we run a Kolyvagin system argument for the Heegner pair ( 1, Xe) to show one
divisibility of the Heegner Point Main Conjecture, which we first formulate. We will
keep the conventions from section 2 and notations from section 3.2.

Let M. =T. ®z, AY and T. = M (1) = T, ®z, A be as before. Put

Fil™ (M.) := Fil* (T.) ®z, AY and Fil*(T.) := Fil™(T}.) ®z, A.
Define the ordinary Selmer structure Fy . twisted by € on M. and T, by

. 1 - L .
Hl}‘E(Kw,ME) :: {Hn (H (K, Fil"(M.)) > H (K, M.)) ifw]|p

0 else,
and
HL. (Ku T.) e im (H' (K, Fil} (T.)) > H'(K,,T.)) ifw|p
N 0 else,
Denote by

X =Hj, (K, M.)" = Home(Hx, (K, M.),Qy/Z,p)
the Pontryagin dual of the associated Selmer group H}_—A‘E (K, M,).

Conjecture 3.3.1 (Heegner Point Main Conjecture). H}A_E(K, T.) has A-rank one
and there is a finitely generated torsion A-module M such that
(i) X~AOMOM,
(i) chara(M) = charA(H}M(K, T.)/Ak1) where k1 is a class coming from a
Heegner point associated to the Heegner pair (f,x.) as in [JLZ21].

The remaining part of this section is devoted to the proof of the structure theorems
and the ‘D’ divisibility of item (ii) in the above conjecture.

Starting from now, as in [KY24], replacing T’ by a different Galois stable lattice
if necessary, we assume that ¢|g, # 1 in the following short exact sequence

0— F(p) - p;®e — F(y) - 0

where G, © Gk is the decomposition group at p. Note that for our self-dual
representation V., one knows that ¢y = w, the mod-p cyclotomic character. This
assumption is reasonable because one knows the Iwasawa Main Conjectures will
be independent from the choice of a lattice, and our choice is possible thanks to
Ribet’s lemma. A consequence of this assumption is that H° (K, m) =0.

3.3.1. A Kolyvagin system argument. We first need an analog of Theorem 2.3.1.
We will work with the following Selmer triple (T ., ford75,$f~7 .) introduced in sec-
tion 3.2.

We first check the hypothesis (H.0)—(H.3) that the above Selmer triple shall
satisfy.
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e (H.0) is trivially satisfied.

e (H.1) is our running hypothesis (to be removed in the end). Specifically,
we assume H° (K, p;F®e) =0.

o (H.2) is satisfied because the local conditions on T, . come from propagation
from V,, ¢, and hence are Cartesian by [MR04, Lemma 3.7.1].

e (H.3) follows from an analog of [How04, Theorem 2.1.1]. One just need to
take an extra twist by ¢ of everything. Also note that our V. is self-dual
by the comments after Proposition 3.1.3.

It then follows as in the ordinary case that we get the following structure theorem.

Proposition 3.3.2 (Analog of Lemma 6.1.1 in [CGS23]). Assume H®(K, pF®e) =0
and suppose there is a Kolyvagin system ko = {Kaen} € KS(Tays,Fordvg,ff’S)
with kae1 # 0. Then H}fmdyg(K, Tw.e) has rank one, and there is a finite R module
M, such that

Hj

ord,e (K7 Aa,s) = ((I)/R) @ M(X C—B Ma
with

lengthp(M,) < lengthR(H;—ordﬁ(K, To:)/R-Kaei) + Ea
for some constant E, . € Zzo depending only on C,,T, ¢, and rkzp(R),

3.3.2. Iwasawa theory. Now we argue as in the ordinary case to get a desired
divisibility in the Heegner Point Main Conjecture from the above intermediate
result Proposition 3.3.2. The idea is again to use specialization at height-one primes
of A. The proof will be similar to that of [CGS23, Theorem 6.5.1] based on [How04],
and we only explain what is different.

To make sense of specialization at height-one primes, we first need an analog
of [How04, Lemma 2.2.7]. Let Sy be the integral closure of A/PB and let asp be the
character of Gx on Sy via agp : [' = A — ng. From the construction in section
2.2 of op. cit., there are well-defined maps

T. — Toy e and Any, o — M [F]

of G and A-modules. To slightly ease the notations, we write B in place of asp
when there is no ambiguity, and we write Fy . for the Selmer structure associated
to the Selmer triple (T, ford@,.ff’s) in section 3.2.

Lemma 3.3.3. For every height-one prime P # pA of A and every place w of K,
the induced maps

H}-‘A,E (Kuw, Te/BTe) — H}»‘m,e (Kuw, Tp )

Hy, (Ku Ap.) — B, (K, M.[B])
have finite kernels and cokernels which are bounded by constants depending only on

[Sp : A/F].

Proof. We follow the proof in [How04]. The cases for places w not above p are treated
in [MR04, Lemma 5.3.13], so we assume w | p. We will show that H (K, ,,, Fil™(A.))
is finite so the cokernel of the first map in [How04, eq. (15)] is finite.

To bound the cokernel of the third cokernel of that map, we need the same
finiteness result. When f has weight greater than 2, the Galois action on the
quotient Fil™ (V;) of our self-dual representation V. is an unramified character
times a non-trivial power of the cyclotomic character which stays non-trivial
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over Gg, , by [KY24, Lemma 1.0.2(ii)], so H (K, Fil(VZ)) = 0. Hence
H°(K . 0, Fil™(A.)) = 0 is finite.

When f has weight 2, let L/K be a finite extension that trivializes ¢ and let u
be a place of L above w. By L., we mean the composite field LK .. Then L, . is
a finite extension of K, .

Then H%(Ly, », Fil™(A:)) is naturally identified with H’(Ly, ., Fil~(A)).To show
the latter is finite, we refer to the proof of [KY24, Theorem 1.3.4 (iii)], where it is
proved that HO(K,,, Fil~ (M 7)) is finite, whose proof also works if we replace Ko, by
Ly. So HY(Ly, Fil™ (M) = H*(Ly ., Fil ™ (Af)) is finite.

Since H (K, ., Fil ™ (A.)) is a subgroup of H(L, ., Fil " (A.)), we obtain a bound
of the desired sort.

The rest of the proof is identical to that of [How04, Lemma 2.2.7]. O

From here, one could argue similarly as in [KY24, Theorem 3.0.5] to obtain
the desired conditional result of a one-side divisibility of the Heegner Point Main
Conjecture.

Theorem 3.3.4 (Analog of Theorem 2.3.2). Assume H°(K, p;®¢e) = 0. Suppose
there is a Kolyvagin system k € KS(T., Fa ., ffﬁ) with k1 # 0. Then HlfA,E (K,T.)
has A-rank one, and there is a finitely generated torsion A-module M such that

(i) X ~AN®M® M,
(ii) chary (M) divides charA(HlfA,E(K, T.)/AKq).

That there is indeed a non-trivial Kolyvagin system for the Heegner pair (f, x.) fol-
lows from [JLZ21] (generalizing the results of [CH18]) combined with non-vanishing
results of the BDP p-adic L-function, as is explained in [KY24, Theorem 3.0.6].

Theorem 3.3.5. Assume f has weight 2. Assume p > 2 and that p { N’. Then there
exists a Kolyvagin system xk'°& ¢ KS(T., ]-'A’a,i”f?s) coming from the Heegner pair

(f,xe) such that k%% ¢ H}, (K, T.) is non-torsion.

Proof. For simplicity we only consider the weight 2 case (soa =b=k=j=0
in [JLZ21]), which will be sufficient for our application. Again as in [KY24, Theorem
3.0.6], we need to work with a canonical lattice T that is generally different from
our chosen 7y and may not satisfy the hypothesis (H.1) in section 3.3.1. We use
a tilde to denote relevant modules for the canonical lattice. One then replaces
the appeal to [CH18] by [JLZ21] for the construction of Heegner cycles in [KY24,
Theorem 3.0.6]. To do so, we need a slight generalization of [JLZ21], as we now
explain. In loc. cit. section 3, they only considered the cycles A, coming from
pairs (A, ©m), which only sees the ‘class field’ direction. In other words, they only
considered the variation along the class fields K[p™] and their Heegner cycle Z(Fixo)
is only the base point of a Kolyvagin system. To build the Kolyvagin system, we also
need Heegner cycles that vary in different ‘Kolyvagin’ levels. To do this, we simply
consider cycles Ay,m coming from pairs (Ao, m, Y0, ,m) and consider their images

Z‘giﬂam e H'(K[np™],T.) as in [JLZ21, Proposition 3.5.2] (here we take the ring F

in loc. cit. to be Z,, instead of Q,) under what essentially is the p-adic Abel-Jacobi
map in [CHI18, Section 4.2]. These images are nothing but the zf o, .. in [CHIS,

eq. (4.2)] where their y is our y. that essentially sees the nebentypus of f.



p-CONVERSE THEOREMS AT POTENTIALLY GOOD ORDINARY EISENSTEIN PRIMES 27

That the Heegner cycles can be turned into a Kolyvagin system is now discussed
in [LV16, Lemma 4.12], except that we take xy = x. instead of the trivial character
in op. cit. section 4.1, and is modified in [KY24] to treat the Eisenstein case. By
an abuse of notation, we will use the same notations from [LV16], omitting the .
From [CH18, Section 4], the cycles with nebentypus behaves in the same way as
those with trivial nebentypus. Most results can either be proved directly or by going
up to the field L, so we have access to the geometric object A 7- We now explain
the differences in our situation, which only appear in the case v | p. Note that here
we are only working with weight 2 forms so working with a modification of [How04]
would be sufficient, but we would also like to put ourselves in some general contexts.

First, as in [KY24, Theorem 3.0.6], the restriction map

H'(K[n],T./I,T.)" « H'(K,T./I,T.)

can fail to be an isomorphism. We also introduce a p-power p"¥ independent of
n e A sothat pN & has a unique pre-image in H' (K, T./I,,T.), still denotes by £;.

Secondly, in the study of the diagram (22) in [LV16], the injectivity of the right
vertical map follows from the modified arguments in [KY24, Theorem 3.0.6] since
one only uses T~ /I,, is finite for n # 1 (as usual, the case n = 1 can be studied
seperately).

Thirdly, as is already mentioned in [KY24, Theorem 3.0.6], in general the sur-
jectivity of the trace map trp[,),r can fail, in which case one needs to work with
a Kolyvagin system ‘up to a p-power’. This error can be ignored if one is able to
show the algebraic and analytic p-invariants of f ® € are equal, for example, in the
Eisenstein case (where they both vanish). Since this work may also suggest some
hints for the residually irreducible case, we also discuss the special case where the
trace map is indeed expected to be surjective (e.g., if the characters are non-trivial
in the Eisenstein case, or the ‘non-anomalous case’ in the non-Eisenstein case) where
one would get a fully functioning Kolyvagin system and hence one divisibility of the
Heegner point Main Conjecture.

Case (I): We first put ourselves in the situation where one has the vanish-
ing of HO(LMAE). From the local Euler characteristic formula, one can show
HY(L,,AD) = Hl(Lu,fl}) = 0. Thus the arguments in [LV16] imply the vanish-
ing of H'(L[n]a/Ly, H*(L[n]a, AZ)). Note that H' (K., A=) maps into H'(L,, AZ)
with kernel H'(L,/K,,H%(L,, AZ)), which is 0 if we choose L according to sec-
tion 1.4, since AE_ has p-power order. It follows that one gets the desired vanishing
and trpp,)/r is surjective.

Case (IT): Now in the general case when trp[,}/F is not expected to be surjective,
one can use the same trick as in [KY24, Theorem 3.0.6] to use another fixed p-power
p' (independent of n) to kill the cokernel of the trace map. This is possible since
the codomain H(K,,AZ) (in fact, H*(K,,AZ) = HO(Kv,AJ;)) is finite by the
arguments in [KY24, Proposition 1.3.4] whose proof also works in one replaces K,
by Ly,.

The rest of the modification of [LV16, Lemma 4.12] is the same as in [KY24,
Theorem 3.0.6]. Eventually one passes to our chosen lattice 7' from the canonical

lattice T' to get a desired Kolyvagin system for 7. O

We now arrive at a one-side divisibility of the Heegner Point Main Conjecture
under mild hypotheses.
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Theorem 3.3.6. Assume p > 2 and that pt N’'. Assume that H°(K, pF®e) =0.
Then Hl}-A_E (K, T.) has A-rank one, and there is a finitely generated torsion A-module
M such that

(i) X ~A®@ M M,

(ii) chary(M) divides chary(Hy, (K, T.)/Ar).
3.4. Equivalence between two Iwasawa Main Conjectures. In this section we
will follow [Cas17, Appendix A] to show the equivalence between the Greenberg’s
Main Conjecture and the Heegner Point Main Conjecture. As in the previous
subsection, we will need to replace the appeal to the big logarithm map (or the
Perrin-Riou’s regulator map) in [CH18] by the one for Heegner pairs in [JLZ21].
We continue to assume p t N’'. We first recall some terminologies.
Definition 3.4.1 (Greenberg’s Selmer groups). The Greenberg’s Selmer group for
the Heegner pair (f,x), denoted by H}Gr(K , M) is defined as

HY(K¥/K,M.) — [ H'(Kw,M.) x H (Kg, M.)

wWEX , wip

Denote by X the Pontryagin dual of H;_-Gr(K , M).

Definition 3.4.2 (unramified Selmer groups). The unramified Selmer group for
the Heegner pair (f, x<), denoted by H}_—ur(K, M) is defined as
HY(K¥/K,M.) » [ H'(Kuw, M) x H (I5, M) %=
wEL, wip

These two Selmer groups are identified in the situation of [CGLS22] under their
running hypothesis that ¥|q_ # 1 or w. In [KY24] one needs to consider the
unramified Selmer groups. However, as is already recalled in section 2.3, these
two Selmer groups generate the same characteristic A-ideal (see [KY24, Lemma
1.3.6]). In fact, following Theorem 3.0.7 in op. cit., in showing the equivalence of
the Iwasawa Main Conjectures, we will stick to the Greenberg’s Selmer groups.

On the analytic side, there is a BDP p-adic L-function L. := Ep(f)(xs) =
Xs(ﬁp(f)) corresponding to a Heegner pair (f, x.). We mention that when f = f®e,
from the interpolation property ([BDP13, Theorem 5.13]), there is a relation

‘Cp(f, XE()) = ‘Cp(fa )
We have the following explicit form of Proposition 3.1.2.

Theorem 3.4.3 (The explicit reciprocity law). Assume p = v¥ is split in K. Then
there is an injective A-linear map (the Perrin-Riou’s requlator map)

L, :HY(K,, FilTT,)AY™ — AU
with finite cokernel such that
Lo (27 .0

where 0_1,, € I' is an element of order two.

) = _'CE ° 0‘71,1}7

Proof. This follows from the specialization to the Heegner pair (f,x.) of [JLZ21,
Theorem B, as in [CH18], since we assume p { N'. Here the class zf ), is the
specialization of the class coresg, /x(27,») in Theorem 5.3.1 in op. cit. to the point

(f,a,x). Note that we do not specialize to a finite level m here. In particular, if we
[fo-0] 0

specialize our (7 . . to the m =1 case, we will get zg;
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Now the equivalence between the Iwasawa Main Conjectures follows exactly in
the same way from [Cas17, Appendix A] (the local condition Gr there is the ordinary
local condition for us). One also needs a careful comparison of the class 27,
and m?g as is done in [CGLS22, Remark 4.1.3]. We consider their projection to
HI(K, T.). From the above theorem, we see Z(F ) on projects to zéE{a’O]. On the

other hand, from Theorem 3.3.5, m?g projects to coresKl/Kze[{)’lo] = zg’o]

from [JLZ21, Proposition 3.5.5], zéEfa’O] and zé[){j’o] differ by a unit. Thus, we have
the following.

. Now

Proposition 3.4.4. Assume p = vv splits in K and that p 1 N'. Assume that
HO(K, pf®s) = 0. Then the following statements are equivalent:

(HPMC) Both H}Aﬁg(K, T.) and X = HlfA’E(K, M.)Y have A-rank one, and the
divisibility
charp (Xiors) 2 charA(HlfA)E (K, TE)/Az(f,X),%)z

holds in Agie.
(GrMC) Both H}Gr(K, T.) and X5 = H;_-Gr(K, M)V are A-torsion, and the divisi-
bility
charp (X)A™ o (L)
holds in A™.

Moreover, the same result holds for the opposite divisibilities.

3.5. Comparing Iwasawa invariants. In this section, we compare the Iwasawa p-
and A-invariants of the Greenberg’s Selmer groups and the BDP p-adic L-function. In
fact, since these definitions do not see the reduction type of f at p, all the arguments
are exactly the same as in the ordinary case in [KY24]. The equalities between the
Iwasawa invariants of both sides combined with the one-side divisibility obtained in
the previous subsection, force the equality in the Iwasawa Main Conjectures to hold.

More precisely, the analysis on the algebraic side is exactly as in [KY24]. On the
analytic side, recall the relation f = f ® ¢ where f has nebentypus ¢~2. Since p is
an HKisenstein prime for f, it is also an Eisenstein prime for f . In particular, there
is an exact sequence

0 F(¢) = 7 = F(¥) = 0,

from which we obtain a congruence between the non-constant terms of f and a
certain Eisenstein series G¥*¥'"' (see [Kri16, Remark 32, Theorem 34]). In other

words, f is of partial Eisenstein descent in the sense of op. cit..
Similarly, there is also an exact sequence

0= F(ge) - py — F(ue) -0,

from which we obtain a congruence between the non-constant terms of f ®e, which is
another newform, and a certain Eisenstein series G¥=%=". As in [CGLS22, section
2.2], this yields a congruence between the BDP p-adic L-functions

L. = (Lgpeven)*(mod pA™),
and moreover for the Katz p-adic L-functions L., and L. an equality

ﬁGgoa,wa,N = g(;E,wEEWE
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for a certain factor introduced inloc. cit.. Since (pe)(1e) = 1, the same arguments
in [CGLS22, Theorem 2.2.2] show that the Iwasawa invariants on the analytic side
are compatible with those on the algebraic side.

Now as in [KY24], using the Iwasawa Main Conjectures for the characters proved
by Rubin in [Rub91] (together with [CW78]. See also [dS87, I11.1.10]), one obtains
the following theorem.

Theorem 3.5.1. Assume we are in Case (I) of section 3.1, i.e., pt N’'. Assume
that p = vv splits in K. Assume that H(K, P;® €) =0. Then

w(X) = p(Le) = 0 and A(X) = A(L:).
Consequently,
charp (X)A™ = (L.) holds in A™,
or equivalently,

chary (Xiors) = charA(H}_-A (K, T)/Ar)? holds in A.

Remark 3.5.2. e As in [KY24, Theorem 3.0.8], the proof of the Main Con-
jectures heavily rely on the vanishing of the u-invariants, especially in the
situation where Nt > 0.

o As in [KY24, Remark 3.0.9], the assumption HO(K,W) = 0 can be
removed from Ribet’s lemma and Perrin-Riou’s formula.

3.6. Control theorems for potentially good ordinary reduction. In this
subsection, we prove the control theorems for potentially good ordinary reduction.
The proof is similar to that of Theorem 2.4.1, mainly following [Gre99]. In particular,
we assume V, corresponds to an elliptic curve of potentially ordinary reduction at p,
so that f is a weight 2 newform. In particular, when E is an elliptic curve, we have
T.=T,E, V. =T,E®Q, and A, = E[p™].

We begin by noting that the proof will only be different at places above p. More
precisely, as in the good ordinary case, it suffices to show the map r,, has finite
kernel for each place w of K, and for w t p the argument is the same as those
in Theorem 2.4.1. On the other hand, the study of ker(r,) and ker(rz) in [Gre99,
Lemma 3.4] makes use of the kernel of reduction E[p*] — E[p*] where E is the
reduction of E at v and v respectively, which becomes more mysterious in if F has
additive reduction at p. Luckily, for the p-converse theorems, we do not need to
understand the kernels completely, and it suffices to show they are finite. In fact, we
will choose an extension which trivializes € as before, so that V. is identified with
V7 over this extension and one could apply the arguments from the ordinary case.
It then remains to show climbing up the field only introduces finite errors.

Theorem 3.6.1 (Control theorem). With notations from Theorem 2.4.1, in the
potentially good ordinary but not ordinary case, ker(r,) and ker(rz) are finite.

Proof. In our notation, for w = v, v, the map r,, reads as

- HY(K,, A) HY(K,, M.)

M (Ku A0) (Ko M)

As in section 3.2, the Bloch—Kato local condition for A agrees with the twisted

ordinary local condition coming from a Heegner pair (f,x). Similarly, the Bloch-
Kato local condition for Mg can be identified with a twisted ordinary local condition.

w
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Therefore the map r,, is identified with
H' (K, A.) N H'(Kw, M)
P (im (H (Ko, Fil* (V2)) » H' (Kw, V2)))  im (H' (K, Fil* (M.))) - H' (Ku, M:))

where p, denotes propagation from H'(K,,, V.) to H' (K, A.). From now on, we
simply write im (H'(—, Fil*(—=))) for images and ignore the codomain when it is
clear from the context. 3

As before, let L, /K, be an extension that trivializes e. We first assume f is of
good reduction. Then as in the good ordinary case (see [Gre99, Lemma 3.4]), for
G := Gal(L,/K,), the ‘restricted’ map

H'(L,, A:)¢ H'(L,, M.)%
—

P (im (H' (Lo, FiI™ (V)¢ im (H(L, FilT (M.))))¢
has finite kernel.

From snake lemma applied to the maps defining ker(r,,) and ker(r,), to get
finiteness of ker(r,,), it suffices to show finiteness of the map

H' (K, A.) HY(L,, A.)¢
r: — .
P (im (H' (Ko, FiIT (V) pa(im (H(Ly, Fil7(V2))))¢
Again from snake lemma applied to the commutative diagram

T

ker(t) ker(s) ker(r)
py(im (H' (K, Fil* (V7)) —— H' (K, A.) H!(K,,Ac)

px (im (H' (K, Fil*(V2))))

: l I

. . YL, ,A)C
palimn (' (L, Fil ' (V2) 9 —— B (L, A0)F ——

coker (t)

)

it suffices to show both ker(s) and coker (¢) are finite. Now from the inflation-
restriction exact sequence, ker(s) = H'(Gal(L,/K,), ASL“)7 which is finite since
Gal(L,/K,) and AGE = E(L,)[p™] are both finite (the latter by [KY24, Proposi-
tion 1.3.4 (iii), weight 2 case]. One can replace their K, by L,).

It remains to study coker (¢). First note that ker(t) is finite because it injects into
ker(s). We will show that py (im (H' (K, Fil* (V2)))) and p4 (im (H*(L.,, Fil* (V.))))¢
have the same Z, -corank, from which the finiteness of coker (¢) follows.

Since the restriction map H'(K,, FilT(V.)) — H'(L,,FilT (V%)) is an isomor-
phism of vector spaces (the composition of restriction and corestriction is a scalar
multiplication. See for example [NSWO08, Corollary 1.5.7]), they have the same
Q,-dimensions. We claim that propagation takes Q,-dimensions to Z,-coranks,
i.e., if a subspace of Hl(Kw,VE) has Q,-dimension d, then its propagation into
H'(K,,V.) has Z,-corank d.

Let V' be a d-dimensional subspace of H'(K,,, Vz), and let p, (V") be its propa-
gation to Hl(Kw7 A.). Then there is an exact sequence

0 - ker(ps) > V' > pe (V') >0
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where ker(py) is a subspace of H'(K,,T:), and is hence a finitely generated Z,-
module. Denoting the Z,-rank, the Q,-dimension and the Z,-corank of the three
terms in the above exact sequence by 7, d, c respectively, one sees that there must
be an identity r = d = c.

The same is true for subspaces of Hl(Lu,VE)G since propagation commutes
with invariants. Therefore, from the isomorphism in the previous paragraph, both
Py (im (HY (K, Fil* (V7)) and py (im (H*(L,, Fil* (V2))))€ have Z,-corank d. Thus
coker (t) is finite.

Note that all we use is that over the extension L,, the map r, has finite kernel,
and that the restriction maps only introduce some finite errors. Thus the same
arguments work when f has multiplicative reduction, by the discussion of the
multiplicative reduction in [Gre99, section 3], except that the appeal to [KY24,
1.3.4 (ii)] is now modified as in Lemma 3.3.3 to fit the multiplicative case. O

3.7. The p-converse theorems for potentially good ordinary reduction.
Combining everything above, we arrive at the main theorem in this section.

Theorem 3.7.1. Let E be an elliptic curve defined over Q and let p > 2 be a prime
of potentially good ordinary reduction for E. Assume that E[p] is reducible. Let
r€{0,1}. Then

corankz, Sel,» (E/Q) = r = ords—1 L(E, s) = r,
and so rkzE(Q) = r and III(E/Q) < 0.

Proof. Let ( 1, Xe) be the Heegner pair associated to E. As in the good ordinary case,
the proof relies on the choice of an imaginary quadratic field K. The only difference
is that in addition to the hypotheses K should verify, we further require that the
prime divisors of cond(e) are split in K. As in the proof of [CGLS22, Theorem 5.2.1],
this only impose a finite number of congruence conditions on Dy, so the existence
of K is still guaranteed. By replacing the appeal to Theorem 2.4.1 (resp. Theo-
rem 2.3.2, Theorem 2.3.9) to Theorem 3.6.1 (resp. Theorem 3.3.6, Theorem 3.5.1),
the rest of the proof is exactly the same as that in section 2.5. 0

3.8. Applications to Goldfeld’s Conjecture. As in [KY24, remark 4.1.2], our p-
converse theorem has the following applications to Goldfeld’s Conjecture in quadratic
twists families with a 3 isogeny where 3 is a prime of potentially good ordinary
reduction.

Corollary 3.8.1. We can obtain better proportions of quadratic twists of (algebraic
and analytic) rank 1 in [BKLOS19, Theorem 2.5] for a fized elliptic curve, in
particular a lower bound of 15—2 =41.66... % in the most advantageous cases (for
example, when it’s the curve having Cremona label 19a3). For the twists E4 of the
curve E = 19a3, earlier results in [CGLS22] and [KY24] only apply when d = 1,2
(mod 3), covering at least % + % = % of the proportion of the 3-Selmer rank 1 twists.
Our result also cover the twists with d = 0 (mod 3) (2 of all) that correspond to
additive reduction (necessarily potentially good ordinary because the original curve
is). Consequently, in this family, all curves with 3-Selmer ranks 0 or 1 have algebraic
and analytic rank equal to the 3-Selmer ranks, so at least 15—2 (rank 1) + i (rank 0)
2

= 3 twists satisfy the BSD rank conjecture. This provides strong evidence for the

Goldfeld conjecture.
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