ON THE WELL POSEDNESS OF THE MODIFIED
KORTEWEG-DE VRIES EQUATION IN WEIGHTED SOBOLEV
SPACES

J. NAHAS AND G. PONCE

ABSTRACT. We study local and global well posedness of the k-generalized
Korteweg-de Vries equation in weighted Sobolev spaces H*(R) N L2(|z|?"dx).

1. INTRODUCTION

This work is concerned with the initial value problems (IVP) associated to the
k-generalized Korteweg-de Vries (k-gKdV) equation
ou+ Pu+ud,u=0, t,zecR, keZ",
(1.1)
u(z,0) = up(x).
Our goal is to study well posedness of the IVP (1.1) in weighted Sobolev spaces
(1.2) Zsr=H(R)NLA(|2|*), s€eR, r>0.

We shall follow the notion of well posedness given in [10]: the IVP (1.1) is said
to be locally well posed (LWP) in the function space X if for each uyg € X there
exist T > 0 and a unique solution v € C([-T,T] : X) N .... = Y of the equation in
(1.1), with the map data — solution being locally continuous from X to Yr.

This notion of LWP includes the “persistence” property, i.e. the solution de-
scribes a continuous curve on X. In particular, this implies that the solution flow
of (1.1) defines a dynamical system in X. If T' can be taken arbitrarily large, then
the IVP (1.1) is said to be globally well posed (GWP).

We shall be mainly concerned with the modified Korteweg de Vries (mKdV)
equation, i.e. k=2 in (1.1). In [11] Kenig, Ponce and Vega showed that the IVP
(1.1) with k& = 2 is locally well posed in

HY4(R) = (—02)"V/SLA(R) > HY*(R) = J7V*LA(R) = (1 - 02)"/BLA(R).
More precisely, the following result was established in [11]:
Theorem A. ([11]) For any ug € HY/*(R) there exist
(1.3) T = T(| D3/ *uoll2) ~ || Dz uoll3*,
and a unique solution u(t) of the IVP (1.1) with k = 2 such that
we C([-T,T) : HY4(R)),
(1.4) and

|Dy/* Oxullpeor2 + HaacUHLioLsT/? + ||Di»/4u||LgL1TO + ullparge < oo
1
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For any T' € (0,T) there exists a neighborhood V of ug in H'/*(R) such that
the map data — solution ug — u(t) from V into the class defined by (1.4) with T"
instead of T' is smooth.

Moreover, if in addition ug € H*(R) with s > 1/4, then the solution

ue C(-T,T] : H*(R)),

and
105 sl g, + 1240l ooy + 30l 30 < oo

Remarks: (a) The fact that the map data — solution is smooth is a direct
consequence of the proof of Theorem A, based on the contraction principle, and
the implicit function theorem. The estimate for the length of the time interval of
existence (1.3) is inside the proof in [11] (which is partially reproduced in the proof
of Theorem 1 below) or can also be obtained by a scaling argument.

(b) It was shown in [13], and [2] that in an appropriate sense the value 1/4 in
Theorem A is optimal.

(c) In [4] Colliander, Keel, Staffilani, Takaoka, and Tao showed that this LWP
extends to a GWP if s > 1/4. The GWP for the limiting case s = 1/4 was
established by Guo [9] and Kishimoto [14].

Theorem B. ([9], [14]) Let up € H*(R) with s > 1/4. Then for any T* > 0 the
IVP (1.1) with k = 2 has a unique solution

(1.5) we O(=T*,T*] : H*(R)) M veeoe...

Remark: (a) The proof of Theorem B relies on the so called “I-method” intro-
duced in [3], on the Miura transformation [16], and on sharp LWP for the Korteweg-
de Vries (KdV) k =1 in (1.1). This optimal LWP result for the KdV requires the
use of the so called Bourgain spaces X, p, introduced in the context of non-linear
dispersive equations in [1]. Consequently, the precise description of the class in
(1.5) involves those spaces.

Concerning LWP in the weighted spaces Z, ,- defined in (1.2) T. Kato [10] showed
that persistent properties holds for solutions of the IVP (1.1) for any m € Z* in

Zsm = H(R)NL*(|2]*™), s>2m, m=1,2, ...
More precisely:

Theorem C. ([10]) Let m € Z*. Let u € C([-T,T] : H¥(R)) N ..... with s > 2m
be the solution of the IVP (1.1). If u(x,0) = ug(x) € L?(|z|*™dx), then

uwe C([-T,T] : Zsm).

Remarks : (a) We recall the best known LWP and GWP results in H*(R) for
the IVP (1.1) with k # 2:

- for k = 1 LWP is known for s > —3/4 (see [12] for the case s > —3/4 and [2],
[9] and [14] for the limiting case s = —3/4), and GWP is known for s > —3/4 (see
[4] for the case s > —3/4 and [9] and [14] for the limiting case s = —3/4),

- for k = 3 LWP is known for s > —1/6 (see [7] for the case s > —1/6 and [20]
for the limiting case s = —1/6) and GWP is known for s > —1/42 (see [8]),

-for k > 4 LWP is known for s > (k —4)/2k (see [11]). In [15] for the case k =4
it is shown that there exist local smooth solutions which develop singularities in
finite time.
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(b) The proof of Theorem C in [10] is based on the commutative property of the
operators

(1.6) D=x-3t)2, L=0,+02, so [[;£]=0.

In particular, if {U(t) : t € R} denotes the unitary group of operators describing
the solution of the linear IVP

(1.7) o+ 030 =0, t xcR, v(x,0) = vo(z),
(1.8) Utyvo(z) = (e )" (x),

then from (1.6) one has that
xU(t)vo(x) = U(t)(zvo)(z) + 3tU(t)(0%vo) (),
(1.9) ie.
LU (t)vo(z) = U(t)(zvo) ().
(¢) The form of the operator I' suggests that one should expect persistence in
Zs y only if s > 2r.
In [17] for the case of the mKdV, J. Nahas extended locally the result in Theorem
C to the optimal range of the parameter s, accordingly to Theorem A and (1.6),
ie. s >1/4and s > 2r > 0. Also in [17] for the case k > 4 in (1.1) Theorem C
was extended to the optimal range s > (k —4)/4k and s > 2r > 0.

Our first result gives a significantly simplified proof and slightly stronger version
of these results. We shall concentrate in the case of the mKdV equation £k = 2 in

(1.1).

Theorem 1. Let u € C([-T,T] : H/*(R)) denote the solution of the IVP (1.1)
with k = 2 provided by Theorem A. If ug, |z|"ug € L*(R) with r € (0,1/8], then

uwe C([-T,T) : HY*R) N L*(|z|* dz)),
(1.10) and
([l]"wll L5 1o < o0.

For any T' € (0,T) there exists a neighborhood V' of ug in HY*(R)N L?(|z|*"dx)
such that the map o — u(t) from V into the class defined by (1.4) and (1.10) with
T’ instead of T is smooth.

Moreover, if in addition vy € Zs, with s > 1/4 and s > 2r' > 2r, then the
solution

uwe C([-T,T): Zs,)
with
I3 Btz + 130l g + 13000 g ags + g e < .

Remarks: (a) We observe that Theorem 1 guarantees that the persistent property
in the weighted space Z;, holds in the same time interval [-T, T] given by Theorem
A, where T depends only on ||D315/4u0\|2 (see (2.10)).

(b) In [6] Ginibre and Tsutsumi obtained results concerning the uniqueness and
existence (in an appropriate class) of local solutions of the IVP (1.1) with k = 2
and data ug in the weighted space L2((1 + |z|)"/*dz). Theorem 1 shows that for
data ug € Zy,4,1/8 the solution provided by Theorem A and that obtained in [6]
agree.
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(¢) Our simplification of the proof of Theorem 1 comes from the use of a new
point-wise formula deduced by Fonseca, Linares, and Ponce in [5]. Roughly, this
formula extends the operator I' in (1.6), (1.8) and (1.9) to the case of fractional
weights |z|", r € (0,1). More precisely, the following result was established in [5]
(Lemma 1.2) :

Lemma A. ([5]) Let {U(t) : t € R} be the unitary group of operators defined in
(1.8). If

ug € Zs, = H*(R) N L?(|z[*"dx), s>2r with re€(0,1),
then for allt € R and for almost every x € R

(1.11) 2" U (t)uo(z) = U (t) (|| uo) () + U (#){¥+(0) (&)} (z),
with
(1.12) 14 (@o)ll2 < e(1+ [t]) (luoll2 + [[D* uol2)-

The proof of Lemma A given in [5] is a consequence of a characterization of the
Sobolev space

L (R") = (1= A)"*2LP(R"), a€(0,2), pe(1,00),

due to E. M. Stein, see [19].

(d) As in [17] the result in Theorem 1 extends to the local solutions of the IVP
(1.1) with k& > 4 the optimal range of the parameters s,r accordingly to remark
(a) after Theorem C, i.e. s > 2r > 0 with s > (k — 4)/2k. This will be clear from
our proof of Theorem 1 given below, so we omit the details. For the cases k£ = 1
and k = 3 a weaker version of these results was proven in [18]. The main difference
between the cases k = 2,4,5,... and &k = 1,3 is that for the later the “optimal”
well-posedness results are based on the spaces X, ; which makes fractional weights
difficult to handle.

As a consequence of Theorem B and our proof of Theorem 1 we obtain the
following global version of Theorem 1:

Theorem 2. Let s > 1/4 and T* > 0. If ug € Zs, with s > 2r > 0, then the
solution u of the IVP (1.1) with k = 2 provided by Theorem 1 extends to the time
interval [=T*,T*] with

we C([-T%,T%] : Zs).

2. PROOFS OF THEOREM 1 AND THEOREM 2

Proof of Theorem 1:

We shall restrict our attention to the most interesting case s = 1/4 and r = 1/8,
i.e. Ug € Zl/4,1/8°

We begin with a brief review of the argument used in the proof of Theorem A in
[11]. The details of this proof will be used latter to complete the proof of Theorem
1.

First, let us assume that

uy € HY4(R).
For w: R x [-T,T] — R with T to be fixed below, define
2.1) p1 (w) :||Dglc/4wHL;°L§ + Haﬂcw”LgoL;ﬂ + ||D;;/4w||LgL1TO
+ Dy Ozw|| gz + [lwllparss-
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Denote by ®(v) = ®,,,(v) the solution of the linear inhomogeneous IVP
(2.2) Opu+ O3u + 0?00 =0 u(z,0) = up(x).

The idea is to apply the contraction principle to the integral equation version of
the IVP (2.2), i.e.

t
(2.3) u(t) = ®(v(t)) = U(t)ug — / Ut —t")(v? Opv)(t')at'.
0
From the linear estimates concerning the group {U(t) : ¢ € R} established in
[11] one has that
(2.4) WT (U o) < ol DY *uolla,  ¥T > 0.

Here and below ¢y will denote a universal constant whose value may change
(increase) from line to line. Hence,

t
uf(/o Ut —t")v?0,u(t)dt))
(2.5)
< Co\IDi/4(023xv)llL1TLg < COTl/QIIDi/4(v23zv)HL;L;-

Using the calculus of inequalities in the Appendix in [11] (Theorem A.8) one gets
that

1D3/*(v* 820) | L2 13,
< ol D/ (W)l 2000 0 1001l o 572 + collv® [z 1 D/* Oavll e s
< collvllzazg 1 D3/ 0l s ngo 1050l a0 52 + collvlfa pe 10" Ouvll e ra
< co(pd (v))°.
Inserting the estimates (2.4), (2.5), and (2.6) in the integral equation (2.3) it
follows that
T
ui (®(v)) < col| Dy *uoll2 + co / ID;/* (v* 9,0)|2(t)dt
0

2.7
27) < coll DY uglls + co TV [ DY4(0? 0,0) |2z

< ol DY *uglz + co T2 (1] (v))?.
A similar argument leads to the estimate
(2.8) pi (@(v) = @(2) < o T2 (uf (v) + pf (9))° pf (v — ).

This basically proves the main part of Theorem A. More precisely, one has that
the operator ® = @, in (2.3) defines a contraction in the set

(2.9) {v :Rx[-T,T] > R : pf (v) < 2c0|| Dy *uol|2},
with

1
(2.10)

648 || DY uollt

Hence, the IVP (1.1) with k = 2 has a unique solution v € C([-T,T] : H'/*(R))
satisfying

(2.11) pf (w) < 2c0[| D} o2,
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with T as in (2.10).
Now, we assume that
uy € HY*(R),
and define
p2’ (W) = llwllzg 2 + 105wl rg, + p1°(w),
with p]° defined in (2.1) and T > 0 to be fixed below. By (2.4) one has that
(2.12) 1U@ )uollLge £z + 1| 0:U@)uoll ez < colluollz, ¥ To > 0.

[herefore
|| / 2() 'U( )dt ||L°C L2 —+ || () / t/)'l)zdx'l)(t/)dtl ||LC>C>L%—‘
z Tg

< co [0?0svllpy, 1z < coTo" [0*0uvllpzrs,

T}/

(2.13)
1/2
< Ty [Pz, 10wz, < oo I0lrs 10w0lisrs,

< Ty (3" (v)*,
and similarly,
1®(v) = @@) L5 22 + [[P(v) = P(V) || Loe L2,

1 2 ~
< co Ty (13" (v) + 13" (0))° 15" (v = ).
Hence, collecting the above result one has that the operator ® = ®,,, defines a
contraction in the set

{v :Rx [~Tp, To] = R 1 p3°(v) < 2co(||uoll2 + [| DY *uoll2)},
with

1
o <T,
6400 ([luoll2 + | D" uol|2)

with T as in (2.10). This proves the existence of a unique solution
ue C([-To,To] : H*(R)),
satisfying
p3° (w) < 2co(|luoll2 + 1D} *uoll2),
with the map data — solution smooth.
We recall that the L?-norm of this solution is preserved. Also we observe that

formally (2.12)-(2.13) and (2.11) and the integral equation shows that the solution
w in the time interval [T, T satisfies

1020l oo 2. < collulle + colluBpul L 12
< collulls + coT"?|[u*Bpul| 212,
(2.14) < collulla + coT"*|[ullFa pe |0nul L 2,
< collullz + coT" (i (w))? | Owul| Lo L2,
1
< collull2 + 510zl L 2 -

This gives the a prior:i estimate

[0zull oo L2 < 2¢col|uol|2.
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By uniqueness we have
we O(=1,1) : H*(R)) N C([~To, To] - H'*(R)),

therefore, using the L2-conservation law and the a priori estimate in (2.14) we can
reapply the above argument to extend our solution u to the whole interval [—T, T
with 7" as in (2.10) to get that

ue C([-T,T] : H'*(R)),
with
pg (u) < deo([[uollz + (D3 *uol|2)-
Now we turn our attention to the most interesting case in Theorem 1
U € Zy/a1)8 = HYH(R) N L2 (|2|* dx),
and introduce the notation
w3 (w) = 2P w )z re + IS0l g o,
with 7> 0 to be fixed below.

From Lemma A (see (1.11)-(1.12)) and the linear estimates in (2.4) it follows
that

(2.15) 15 (U (tyuo) < colllz|Buollz + co(1 + T)(||uollz + |1 DY *uol|2).-

Hence,

gt
usT(/ U(t =)0 0,0(t)dt') < collla|'®(0*0,) | 11 12
0 T

+co(1+ T) ([0 0av]l gy 12 + 1 D3/ (0*000) | 11 12)
(2.16) T T T

< T |5 (0?0,0)] 2.2
oL+ DT (0200|1212 + [ DY*020,0) 112 ).
We shall use that
|||5'3|1/8(”2 @r:U)HLgLZf

1/8
(2.17) < collvllzarz ||

< colpd ()% 1 (v).

Inserting the estimates (2.15)-(2.17), (2.6), and (2.13) in the integral equation
(2.3) it follows that

UHLngfO ||aac'UHLioL;/2

13 (2(v)) < colllz]"*uollz + co (L + T)(|luollz + | D3 *uoll2)

T
deo [ 1ol 502 0,0) oty
0

(2.18) _ T
+oeo(1+ T)/ ([v*0zvll2 + [|1D3/* (v* D) ||2)dt
0

< coll|z]*Bu|l2 + co(1 + T)([[uoll2 + | D3 *uoll2)
+eo T (u (0)? 1d (V) + co(1+ DT (1] (v))°.
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At this point, we observe that the estimate (2.18) provides an a priori esti-
mate of pul'(u) with T as in (2.10) and u the solution constructed in (2.1)-(2.11).
More precisely, the above argument applied to the solution v = wu(z,t) yields the
inequalities

W () < collaluolla +co(1 + ) (uolls + 1D uo |2
+ oo T2 (uf (w))? 3 (w) + co(1+ T)TV2(uf (u))?
<col||z""*uoll2 + co(1+ T)([[uoll2 + | Dy *uol2)

1 1
+ 503 (W) + 5 (14D (w),

by using that
coT"?(uf (w)* <1/2,
(see (2.10) and (2.11)). Hence,
w3 () <2coll|z[*Suoll2
+2¢o(1 + T)(|[uoll2 + [ D3/ uollz2) + (1 + T)uf (u)
(2.19) 1
<2co|l|x]"Bugll2 + 6co | Iluoll2 + DA *uoll2 + TV i—
8¢l Da” " uoll3
= M (uo).

A similar argument to that employed to deduce (2.18) shows that
13 ((0) = 8(@)) < e V(] (0) + uf (@) 3 (v =)
+ o2 T (0) i (v) T (v~ T)
t+eo(1+ ) TV (ul (v) + pd (@) ] (v - 9).
Finally, we define
F(w) = i (w) + 41 (w),
and consider a general data
o € Zyya1/8 = HYH(R) N L2 (=] *da).
Thus, using the notation in (2.2)-(2.3) and collecting the above information we have
uT (D5, (v)) <colllz]/Stoll2 + co(1 + T) ([0 |2 + [| DL *tio]l2)
e T2+ T) (1 (0))°
<coll[]"*ao|l2 + co([[oll2 + | D3 *io =)
+co T([liiol2 + | DY 47iol|2) + co T2(1 + T) (™ (v))?,

and

W7 (D, (0) — By (B) < co TV2(1+ T) (7 (0) + T (@))% (0 — ).
Defining
§ = |[ollz + | D3/ *tol|2 + ([l *do]2,

it follows that the operator @y, (see (2.3)) defines a contraction in the set

Qz ={v:Rx[-T,T] = R : ;ﬁ(v) < 2¢d},
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into itself if
coT 2 (1 + T)(2¢00)? < 1/10,
and
Cof(s + Cofl/2(1 =+ f)(2605)3 S 605.
So we need to have
coT?(14T)(2¢06)? <1/10, and T <1/5.
Hence, it suffices to take

~ 1 1
T() = min{ 5 W}.

This guarantees LWP results in H'4(R) N L?(|z|'/®) for the TVP (1.1) with
k = 2 in the time interval [T, T]. We recall that a priori we know that in the
time interval [T, 7] with T as in (2.10) one has that

sup ([[u(t)llz + 1D/ *u(®)ll2 + ]/ *u(t)]|2)

)

< Jluoll2 + 2col| Dy *uoll2 + M (uo),
with M{ (ug) defined in (2.19). Thus, taking
S0 = lluoll2 + 20| D3/ *uo 2 + Mg (uo),

we obtain a uniform estimate for T(y) in the whole time interval [—T,T] which
allows us to reapply the local existence theorem above 2T/ T(c?g)—times to get the
local solution to the whole time interval [T, T].

Proof of Theorem 2:

We shall consider the most interesting case s = 1/4, and recall that the L?-norm
of the solution u(t) is preserved.

By Theorem B for any given T* > 0 and uo € H'/* (R) one has that the corre-
sponding solution u = u(z,t) of the IVP (1.1) with k = 2 satisfies

we C([-T*,T*] - HY*R))N ...

Let
K = max || DY%(t)]|s.
[=T~*,T~]
Following (2.10) we define
; 1
- 64§ KA

and split the interval [T, T*] into 2T*/T" sub-intervals. In each of these sub-
intervals we can apply Theorem 1 to get the desired solution to the whole interval
[—T*,T%].
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