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ABSTRACT. We construct local Arthur packets associated with a dihedral long root A-parameter
of a split reductive group of type G2 over a nonarchimedian local field of characteristic zero.

The construction relies on an exceptional correspondence for the pair (PUs x Z/2Z, G2).

CONTENTS

Introduction

. Acknowledgements

Theta correspondence for unitary groups
Definitions
Theta correspondence for unitary groups
Theta correspondence for Uy x Ug
Theta correspondence for GL; x GL3
Theta correspondence for the pair (PUs x Z/2Z,G5)
The group Go
The group PUs x Gal(K/F)
The dual pair (G2,PUs x Gal(K/F')) and exceptional correspondence
Results of Baki¢—Savin on the nontempered correspondence
Theta correspondence for PGL3 x Go
Local dihedral long root A-packets for Ga
Dihedral long root A-parameters
Howe—PS packets for PUj
From representations of PUs to representations of PUs x Z/2Z
Dihedral long root A-packets for Go
Non-vanishing of theta lifts
The groups U(V3) and U(Vy)
An orbit problem
Non-vanishing criterion for theta lifts
A see-saw argument
Vanishing of theta lifts
Vanishing of the generic part
Twisted coinvariant spaces for 7=

Vanishing of the non-generic part

2020 Mathematics Subject Classification. 11F27; 11F70, 22E50.
Key words and phrases. Arthur packets, theta lifting, exceptional groups.
Declaration of interest: none.

1

o O O Ot N

10
11
12
12
13
13
14
16
16
16
17
19
21
23
24
24
27
28
30
30
31
34



2 RAUL ALONSO, QIAO HE, MISHTY RAY, MARTI ROSET

References 39

1. INTRODUCTION

Let G be a connected reductive linear algebraic group over a number field F. In [Art89,
Art90], J. Arthur has given a conjectural description of the constituents of the square integrable

automorphic representations Az(G) of G. The conjecture predicts that there is a decomposition
A(G) =P Az
P

where each Ay, is (to a first approximation) a near equivalence class of representations and
the sum runs over equivalence classes of discrete A-parameters . A-parameters are admissible
maps
Y : Lp x SLy(C) — LG,

where Ly denotes the conjectural Langlands group of F and *G = G’(C) x W denotes the
L-group of G. Here G(C) is the complex dual group of G and Wg is the Weil group of F'. We
say that v is discrete if the component group Sy, defined as the centralizer of the image of 1) in
G(C) modulo the center of G(C), is finite. Fix such an A-parameter ¢. Arthur’s conjecture gives
a more precise description of the constituents of Ajg,. It first describes the local components
of the representations appearing in Ay y, via the so-called local A-packets, and then determines
which combinations of such local representations appear globally, using the global A-packets and
the multiplicity formula.

Let v be a place of F, let F, be the completion of F' at v and denote by Lp, the group
W, xSUy(C), where W, is the Weil group of F;,. We can pre-compose v with a fixed embedding
Lp, — L to obtain the local A-parameter v, : Lp, x SLa(C) — L@. Define the local component
group of i, as

Spu =0 (Zg 0 (M) Z(G(0))/Z(G(C)) )
where ZG(C) (Im(v),)) denotes the centralizer in @(C) C LG of the image of 1, Z(G(C)) denotes

the center of G (C) and 7y denotes the group of connected components. Arthur predicted that
to each irreducible representation 7, of Sy, , we can attach a unitarizable finite length (possibly

reducible, possibly zero) representation m,, of G(F,). The collection

Ay, = {my, [0y € Trr(Sy, )}

is the local A-packet associated to 1,. There are several requirements on the representations in
Ay,. One of them is that if we let 1, denote the trivial representation of Sy, , then for all but
finitely many v, m;, is the unramified representation with Satake parameter

~1/2
Qu 0
S"Z’v:wv <(bv>< ( 0 q1/2 ))

Here &, denotes a geometric Frobenius element at v and ¢, is the size of the residue field at v.

Given the local A-packets, we define the global A-packet associated to i as

Ay = {7T = @y, | ™, € Ay, for all v and 1, = 1, for all but finitely many U} .
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Note that this is a set of nearly equivalent representations of G(Ar), which is indexed by ir-
reducible representations of Sy A, = [[, Sy,. For a given n = ®,n,, where n, € Irr(Sy,) and
N = 1, for all but finitely many v, set 7, = ®}m,, . Arthur constructed a quadratic character
€ of Sy and used it to determine the multiplicity of each representation 7, € A, appearing in
Ajg ;. This yields the multiplicity formula

Az g = @m,ﬂrn, where m,, = 1 Z ey (s)n(s)

n #S¢ S5€Sy,
It is worth mentioning that the conjecture also predicts when all the representations in Ay ,, are
tempered, which should occur when the A-parameter ¢ is tempered (if ¥ restricted to SLg(C) is
trivial). On the other hand, nontempered A-parameters lead to local A-packets that can contain
both tempered and nontempered representations. An important feature about nontempered A-
parameters is that they usually factor through subgroups “H C YG. Tt is then expected that
we can construct the representations in the (local and global) A-packets associated to 1 from
representations of H.

From now on suppose that G is a split exceptional group of type Go over F. Note that
L@ can be replaced by G(C) and that there are 4 different conjugacy classes of morphisms
SL2(C) — G(C) corresponding to the 4 nontrivial unipotent conjugacy classes in G(C). They
give rise to 4 families of nontempered A-parameters ¢ for Go: if 9|s,(c) corresponds to the
regular orbit, if ¢g1,,(c) corresponds to the subregular orbit, if ¢g1,,(c) gives the short root SL
in Gy and if Y|g1,(c) gives the long root SLy in Ga. For the first three mentioned families of
nontempered A-parameters, Arthur’s conjecture has been verified; see [GG.J02] and [GGO6]. This
work is part of a larger project initiated at the 2022 Arizona Winter School which aims to verify
Arthur’s conjecture for the so-called dihedral long root A-parameters, a type of nontempered
A-parameters for (G3 which belong to the fourth mentioned family. In particular, in this paper
we construct the local nonarchimedean A-packets associated to dihedral long root A-parameters.
We proceed to briefly introduce dihedral long root A-parameters and then we summarize how the
corresponding local A-packets are constructed. For that we use a theta lift from PUs x Z/2Z to
G arising from the exceptional theta correspondence for (PUs x Z/2Z) x G2 studied in [GS04],
[(G523] and especially in [BS].

Let K be a quadratic extension of F' and ¢ be the nontrivial element in the Galois group
Gal(K/F). Denote by x a character of A% /K * which is conjugate symplectic, i.e., X|ax = WK/F
where wg/ is the quadratic character attached to the extension K /F. Moreover, suppose that
X¢ # x. Note that we can regard x as a character of Wg. Let 7 = ®/ 7, be the representation of
GL2(AF) obtained from x by automorphic induction, namely 7 is the automorphic representation
with L-parameter

pr = Indmw/f( X-
Note that the central character of 7 is wg/p- Xjax = 1. Therefore, we regard p, as a representation
of PGL3. Denote by SLy; (resp. SLy ) the long (resp. short) root SLg inside Go. We define the
long root A-parameter of G associated with 7 as

Wyt L % SLy(C) = W x SLy(C) 2224 SLy 4(C) x4, SLay(C) € G(C).
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There is a subgroup SL3;(C) C G(C) corresponding to the root system of type A, formed by
the six long roots of G. Its normalizer inside G(C) is isomorphic to SL3;(C) x Z/2Z. This is at
the same time isomorphic to the L-group of PUs, the projective unitary group in three variables
associated to the extension K/F'.

Ng(c)(SL3y(C)) ~ SLg,(C) x Z/2Z =" PUs.

In Section 4 we verify that 1,; can be conjugated to take values in that normalizer. We can
therefore define the restriction

¥y : L x SLy(C) =~ PU;.

As discussed above, the fact that the A-parameter 1,; factors through an A-parameter of PUj
suggests that we can obtain the local A-packets for v,; from the local A-packets for v,. We
explain this phenomenon when v is a nonarchimedean place of F' which is nonsplit in K, as this
is the most interesting case.

Fix a place of K above v, denote by K, the completion of K at that place and by x, the
corresponding local component of x. The local component group of v, , has two elements.
Therefore, the local A-packet of PUjs associated to 1, has the form

wa,v = {0’,3_70',”_},

I (resp. o, ) corresponds to the trivial (resp. mnontrivial) representation of the local

where o}

component group. These representations can be obtained as theta lifts using the classical local
theta correspondence between the unitary groups U; and Us, as we explain in Section 4. In
particular, o is nontempered and o is supercuspidal.

On the other hand, the local component group of 1;; , has either two elements if X2 #1or
one element otherwise. Therefore, we expect that the local A-packet associated to v-; has the

form
{mh mo b if X3 # 1,
{mi}iftxg =1.

Here, 7 corresponds to the trivial representation of Sy_, ~and, when the local component

Aw‘r,l,v -

group has two elements, 7, is the representation corresponding to the nontrivial representation
of SwTM. Denote by ©py, the exceptional big theta lift from PUs to G considered in [BS] and
by Opu, the corresponding small theta lift. Let ()1 be the non-Heisenberg parabolic subgroup
of G(F)), which has a Levi subgroup isomorphic to GLa(F}), and denote by ig the normalized
parabolic induction from @ to G(F,). The main result of this paper is the following.

Theorem 1.1. Let v be a non-archimedean place of F' which is nonsplit in K. Let Ay, , =
{of,0,} be the local A-packet associated to the A-parameter i, of PUs, where o is nontem-

pered and o, is supercuspidal. Define mf = Opy,(0T). Then:

(1) The representation w," is the unique nonzero irreducible quotient ofzg1 (]det|%)27'v), where
| |F, denotes the normalized absolute value on F,.

(2) If X2 # 1, the representation

(3) If X2 = 1, the representation

5 s nonzero, irreducible and tempered.
v

18 zero.
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Note that as a consequence of the main theorem, we obtain a natural construction of the
elements of the local A-packet Ay _, =~ as the nonzero lifts of the elements of Ay, , via Opys,.
Using a similar strategy, we construct the local A-packet Ay _,  when v is a non-archimedean
place of F that is split in K (see Theorem 4.12).

The first point of the main theorem is a consequence of the work of [BS] on lifts of nontem-
pered representations. To prove the second point we compute Fourier—Jacobi periods of the
minimal representation used to define fpy, to obtain the following non-vanishing criterion: if
the contragradient of a local representation of PUs, when restricted to a suitable two-variable
unitary subgroup, has a quotient with trivial central character, then this representation has
nonzero theta lift to G. We then verify that 7 satisfies this condition if x2 # 1 using a see-saw
argument. In fact, this same reasoning shows that 7 is nonzero in all cases, giving an alter-
native proof of the nonvanishing part in the first point of the theorem. The key ingredient to
prove the third point of the theorem is that the twisted coinvariant spaces for 7, corresponding
to generic characters of the unipotent of the Heisenberg group of G(F),) vanish. This is proven

using that for every such character we have:

e The explicit description of 7 allows to verify that the twisted coinvariant space for ;"
is 1-dimensional.

e The twisted coinvariant space for m @ 7, can be related to a sum of toric periods
+

o are theta lifts of characters in Uj, the non-

for of @ o, . Since the representations o
vanishing of these periods can be expressed in terms of local epsilon factors, as it is done
in [BFGT]. Moreover, in [loc. cit.], it is proven that exactly one of these toric periods

contributes to the sum with precisely dimension 1.

We expect that a similar construction should yield the local A-packets in the archimedean
case, but the theta correspondence in the archimedean case has not been fully analysed yet. We
refer the reader to [BHLHS], where a definition of the local A-packets in this setting, which can
be related to theta lifts in some cases, is proposed.

The p-adic construction presented in this article is used in [loc. cit.] to construct global
dihedral long root A-packets and, under the hypothesis that L(x, 1/2) # 0 and certain conditions
regarding the archimedean construction, verify the multiplicity formula.

We conclude the introduction with notes about the organisation of this paper. In Section
2, we establish notation for unitary groups and recall essential results about the classical local
theta correspondence between U; and Us. In Section 3, we introduce the exceptional group of
type Ga, the local exceptional theta correspondence between this group and PUs x Z/2Z, and
review results about this correspondence that we will need later. In Section 4, we describe the
construction of the local A-packets associated to v, ; for all finite primes. In Section 5, we prove
nonvanishing of the representation 7, in the case x? # 1. Finally, in Section 6, we prove the
vanishing of 7 in the case x2 = 1.

1.1. Acknowledgements. This project was proposed by Wee Teck Gan as part of the Arizona
Winter School 2022, and we would like, first and foremost, to thank him for introducing us to
this subject and for all his continued support during the development of the project. Warm
thanks are also due to Petar Baki¢ for his extremely valuable help. We would also like to thank

Hung Chiang and Yu-Sheng Lee for their participation at the outset of this project, as well as the



6 RAUL ALONSO, QIAO HE, MISHTY RAY, MARTI ROSET

rest of our fellow participants in the Arizona Winter School project. We also want to thank Eric
Chen, Sam Mundy and Marco Sangiovanni Vicentelli for several helpful conversations related
to this work. Last but not least, we would like to thank the organizers of the Arizona Winter
School 2022 for providing us with the opportunity to engage in this project and to work for a
week in a wonderful and stimulating environment.

Qiao He is partially supported by a graduate school grant of UW-Madison. Marti Roset
received the support of a fellowship from la Caixa Foundation (ID 100010434). The fellowship
code is LCF/BQ/EU21/11890132.

2. THETA CORRESPONDENCE FOR UNITARY GROUPS

In this section, we work out the local theta correspondence for the dual pair (Uj, Us). We
start by recalling some general structure theory for unitary groups in Section 2.1, followed by
a description of the theta correspondence for general unitary groups in Section 2.2. We then
apply this theory to the dual pair (U, Us) in Section 2.3 for nonsplit places, and (GLj, GL3) in
Section 2.4 for split places.

2.1. Definitions. Let F' be a nonarchimedian local field of characteristic zero and let K be a
quadratic field extension with Gal(K/F') = (c). Let wg/r be the nontrivial quadratic character
of F*/Ng,p(K*). A finite-dimensional Hermitian (resp. skew-Hermitian) space over K is a
finite dimensional vector space over K equipped with a nondegenerate sesquilinear form (, )
satisfying (v, w)¢ = (w, v) (resp. (v, w)¢ = —(w,v)). We adopt the convention that sesquilinear
forms are linear on the first variable and conjugate-linear on the second variable.

For each positive integer n, there are two isomorphism classes of Hermitian spaces of dimension
n over K. Given a Hermitian space of dimension n over K, its isomorphism class is determined
by an invariant known as the discriminant, which we now define.

Let V' be a Hermitian space of dimension n over K. Let {v1,va,...,v,} be a K-basis of V and
let ® = ((v;,v;)) be the matrix of inner products of the basis elements. Then, the discriminant
of V', which we denote by disc(V), is defined by

dise(V) = (—=1)"""V/2 det(®) € F* /Ny /p(K*).
The sign character that classifies V' is given by
(V) = wgyp(disc(V)) € {£1}. (1)

If W is a skew-Hermitian space of dimension m, we can define the discriminant using the

same procedure, but now we get
disc(W) € 6™ F* /[N p(K™),
where § denotes any trace-zero element in K*. We can again attach a sign to W by setting
e(W) = wg/p(d~ ™ disc(W)) € {£1}, (2)

but note that, if m is odd, this definition depends on our choice of §.
For an n-dimensional Hermitian or skew-Hermitian space V', we denote by U(V') the corre-
sponding unitary group. This is an algebraic group over F. Choose a K-basis of V' and let

® be the matrix of the (skew-)Hermitian form on V' with respect to this basis. Then, for any
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F-algebra R, the R-points of U(V') can be described as
U(V)(R) = {g € GL,(K ®Fr R) : g®g' = ®}.

We are primarily interested in the group of F-points of U(V'), which we denote by U(V').

Observe that a Hermitian form becomes skew-Hermitian after multiplication by a trace-zero
element in K and vice versa, without changing the associated unitary groups. Therefore, from
now on we focus on Hermitian spaces.

Let V' be an n-dimensional Hermitian space with Hermitian form (, ). Let a € F* and let
V® denote the Hermitian space with the same underlying space V' equipped with the Hermitian
form a(, ). From the above description of the associated unitary groups, it is clear that U(V*) =
uv).

If n = 2m for a positive integer m, we have that V' ~ VV* from the definition of the discrimi-
nant, and it can be proved that non-isomorphic Hermitian spaces yield non-isomorphic unitary
groups. When m = 1 and €(V') = 1, we can choose a basis {e1,e2} so that V = Ke; @ Keg and

<€1’€l> = <€27€2> =0 and <61,62> =1.

We call this 2-dimensional space the hyperbolic plane and denote it by H. More generally, when
€(V) =1, then V ~ H™. We say that such a V is split and the corresponding unitary group is
quasi-split. In this case, we can choose a basis for V for which the Hermitian form is given by

00 -+ 01
00 -+ 10
®: ..
00

00

Once we fix such a basis, the subgroup of upper-triangular matrices in U(V') defines a Borel
subgroup, which we sometimes refer to as the standard Borel subgroup. Let B’ denote the
F-points of this Borel subgroup and let 7/ C B’ denote the F-points of the maximal torus

consisting of diagonal matrices. Then T” consists of the elements of the form

t(ay,...,an) = diag (am, wnay, (@)™, (afn)_l) ,  with ay,...,a, € K*,

so we get an identification T" ~ (K*)™. If ¢(V) = —1, then V is isomorphic to the orthogonal
direct sum of m — 1 hyperbolic planes and an anisotropic two-dimensional Hermitian space. In
this case, V' is nonsplit and the corresponding unitary group is not quasi-split.

If n = 2m+1, then for an element a € F'* which is not a norm from K*, the Hermitian spaces
V and V® are not isomorphic. It follows that there is only one isomorphism class of unitary
groups in n-variables, which are always quasi-split. We denote any element in this isomorphism

class by U, and its F-points by U,. Then V is isomorphic to the orthogonal direct sum of m

n?

hyperbolic planes and a line. We can choose a basis of V' for which the corresponding Hermitian
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form is given by

0 b
b 0
o= 0],
o6 --- 00
b 0 --- 00

with the class of b in F*/Ng,p(K*) determined by the discriminant of V. Once we fix such
a basis, the subgroup of upper-triangular matrices in U(V') defines a Borel subgroup, which
we sometimes refer to as the standard Borel subgroup. Let B’ denote the F-points of this
Borel subgroup and let 77 C B denote the F-points of the maximal torus consisting of diagonal
matrices. Then T" consists of the elements of the form

t(ap,ai,...,ay) = diag (am, a1, ag, (@)L . (a%)fl) . withag € K'Y, a1,...,am € K*,

so we get an identification 7”7 ~ (K*)™ x K.

2.2. Theta correspondence for unitary groups. Let F' be a nonarchimedian local field of
characteristic zero and let K/F be a quadratic field extension. Let V' be a Hermitian space over
K of dimension n and let W be a skew-Hermitian space over K of dimension m. We can regard
V @Kk W as a vector space over F' equipped with the symplectic form
%TrK/F“ v Ok (G )w).

Let Sp(V ®x W) be the symplectic group associated with this symplectic space. Then we have
a natural map

t:UV)x UW) — Sp(V @g W),
and U(V) and U(W) form a reductive dual pair inside Sp(V ®x W). The aim of this section is
to describe the theta correspondence for this pair.

Fix a nontrivial additive character ¢ : F' — C*. Let Mp(V ®x W) be the metaplectic group
associated with the symplectic space V ® g W, which for us will be an S'-cover of the symplectic
group Sp(V ®x W). Let wy, denote the Weil representation of Mp(V ®x W) corresponding to
the character .

After fixing two characters xy, xw of K* such that

XV|Fx = w}‘(/F and xw|px = W?/zm
the work of Kudla [Kud94] provides a morphism
Doy oaw - UV) X U(W) — Mp(V @k W)

lifting the natural map ¢ : U(V) x U(W) — Sp(V ®@x W). Hence, we can consider the rep-
resentation of U(V') x U(W) obtained as the pullback of wy by Ty, v ,»- We will denote this
representation by Qv w,yi yw v, OF simply by 2. We use this representation to describe the theta
correspondence between U(W) and U(V).
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Definition 2.1. Let 7 be an irreducible smooth representation of U(W). The maximal -
isotypic quotient of € is
Q/ N ker(f).
feHomy (wy (2,7)
This is a representation of U(V) x U(W) and can be written as ©(m)Xx, where ©() is a smooth
representation of U(V'). We denote by Ov.w .y yw (), or simply by ©(m), the representation
of U(V') obtained from 7 following this procedure. It is called the big theta lift of 7.

The following theorem was a conjecture of Howe [How79]. For odd residue characteristic,
a proof was given by Waldspurger [Wal90]. The assumption on the residue characteristic was
removed by Gan-Takeda [GT16].

Theorem 2.2 (Howe duality theorem). Let m, 7’ € Irr(U(W)).

(1) If©(m) is nonzero, it has a unique irreducible quotient. We denote it by Oy.w.r yu (7)),
or simply by O(m). It is called the small theta lift of m.
(2) If () ~ 6(7") £ 0, then m ~ 7’.

It is useful to study theta lifts by considering certain families of Hermitian spaces called Witt
towers. Recall that H denotes the hyperbolic plane. We say that two Hermitian spaces V' and
V' belong to the same Witt tower if there exist integers k,l > 0 such that

VoH ~ vV oH.
Let V; and Vi denote two non-isomorphic 1-dimensional Hermitian spaces and let V2 denote
a 2-dimensional anisotropic Hermitian space. There are two Witt towers of even-dimensional
Hermitian spaces
Wh={H: >0}, Wo={VaaH": k>0},
and two Witt towers of odd-dimensional Hermitian spaces

Wi ={VieH" : k>0}, Wi={VieH: k>o0}

We continue to denote by W a fixed m-dimensional skew-Hermitian space. Fix a character
xw satisfying the condition stated above, i.e., such that xw px = wg ne Since the parity of
the dimension is the same for elements in a fixed Witt tower, we can choose the same splitting

character yy to define the corresponding theta lifts. Thus, we fix characters xoqd and Xeven Such
that Xodd|FX = WK/F and Xeven|FX = 1.

For an irreducible smooth admissible representation = of U(W), we make the following defi-
nitions:

nyy, (1) = min{dim V" : V € Wy and Oy wy e xw (1) 7 0}

) =min{dimV : V € Wy and Ov,w,yeeon,xw .0 (T) 7 0};
# 0};
# 0}.

For the definition of nyy (), we consider that, in the case V = 0, the theta lift of 7 is nonzero

()
(m)

nw; (71') = min{dimV Ve W{ and GV,W,XodeWﬂZJ(W)
() )

nwy, (1) = min{dim V' : V€ Wy and Ov,w,y a0 0w, (T

if and only if 7 is the 1-dimensional representation defined by the character yeven © % © detyy,
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where ¢ denotes the inverse of the isomorphism K*/F* = K defined by z — x /z¢ and detyy
denotes the natural determinant map on U(W).
The following result is a special case of [SZ15, Thm. 1.10] (see also the discussion preceding

the statement of the theorem).

Theorem 2.3. Let w be an irreducible smooth representation of U(W). Then:
oy () + o, () = 2m + 2
nyy; () + n, (1) = 2m + 2.

Moreover, for any Witt tower W and for any V. € W with dimV > nyy(x), the corresponding
theta lift ©(m) is nonzero. The same results hold if we interchange the role of Hermitian and

skew-Hermitian spaces.

2.3. Theta correspondence for U; x Us. We keep the definitions and the notation from the
previous subsection. Let v be a conjugate-symplectic character of K*, i.e., such that VEx =
wr/r- Then, we can make the following choice of splitting characters:

xv=9" xw=7""
We denote by Qv the pullback to U(V) x U(W) of the Weil representation w,, obtained
from this choice of splitting characters. For an irreducible smooth representation 7 of U(W),
we denote by Oy w4 () the corresponding theta lift. Due to the choice of splitting characters,
the theta correspondence preserves central characters.

Assume now that W has dimension m = 1 and V has dimension n = 3. Let V; denote the

1-dimensional Hermitian space in the Witt tower of V.

Proposition 2.4. Let p be a character of U(W). Then,

(1) o @Vl,Wq,w(lWﬁ(ll) = 0, then Oy w.(1) is a nonzero irreducible supercuspidal repre-
sentation of U(V);

(2) if @Vl,W,w,w(M’Yﬁé) # 0, then Oy (1) is a nonzero, irreducible but not supercuspidal
representation of U(V'). Moreover, Oy.w. (1) is a quotient of

UV 1/2 _
@Bg )<'7| |K/ ®M7\K11>'

Proof. This follows from [MVW&7, Théoreme principal, p. 69]. Indeed, any character of U(W) is
a supercuspidal representation. The appearance of the character 'y‘_Kll in our statements follows
from our different choice of lifting characters. With our choices, the first case above follows from

statement 1.b in [loc. cit.]. In the second case, we have that Oy, w. v (M7|}11) = ,wnyll. Therefore,

in this case, it follows from statement 1.c in [loc. cit.] that ry/(Ovwyu(p)) = 7| |}(/2 ® u’yl;{ll,
where U’ denotes the unipotent subgroup of B’ and ry the corresponding Jacquet functor. Thus,
an application of (standard) Frobenius reciprocity shows that Oy, (1) is a subrepresentation
of iggV) ( ~ |;(1/ 2% M’Y|;<11> , whereas an application of the Bernstein form of Frobenius reciprocity
shows that it is a quotient of igsv) (7\ |}</2 ® u’yﬁ(ll), as desired. O

Remark 2.5. Most of the previous theorem can also be deduced from [Gan22, §2.12].
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We will also need a criterion to determine whether ©y; w., (1) is nonzero. Fix an element
0 € K* of trace equal to zero. We adapt the sign characters as defined in (1) and (2) to our

case. In particular, we set

e(W) := wg p (67" disc(W)) € {£1}.

Theorem 2.6. Let ;i be a character of U(W). The theta lift Oy, w4 (1) is nonzero if and only
if

eV = e (it~ (T (-50) ).

where i = poi and i denotes the inverse of the isomorphism K* /| F* = K1 defined by x — x/xC.

Proof. This is [Rog92, Proposition 3.4]. Indeed, if V; is the 1-dimensional Hermitian space with
Hermitian form (z,y) — 2xy® and W is the 1-dimensional skew-Hermitian space with skew-
Hermitian form (z,y) — dxy® for an element 6 € K* of trace zero, then it follows from [loc. cit.]

that the theta lift 6y, 1., (1) is nonzero if and only if

_ r
3(20) a-tex (oo Tre ) = 1.

Now, in this particular case, we have ¢(V1) = 2, (W) =1 and
1 o 1
€K (2,’W 1,¢(T1“K/F(—5(')))> =y (=6)ex <277M 1aonrK/F)
1

— =0~V (59570 Tongr )

s0 v, w4 (1) is nonzero if and only if

eic (2™ 0T (-5(1) ) = 1(-20),

and, since —6% € Ny /(K ™), the right hand side of the last equation becomes 7(2) = e(V1)e(W),
so we obtain the result in this case. To obtain the result for arbitrary 1-dimensional Hermitian
and skew-Hermitian spaces Vi and W, we just need to observe that scaling the form on one of

these spaces by a € F'* amounts to replacing the Weil representation Qv . o by Qv e, 0O

2.4. Theta correspondence for GIL; x GL3. In this subsection, we briefly review the results
that we will later need regarding the theta correspondence for the pair GL; x GLj3. This is the
case that arises if, in the previous setting, we replace the quadratic field extension K/F by the
étale quadratic F-algebra F' x F. This theta correspondence has been described by Minguez
[Min08].

Let F' be a nonarchimedian local field and fix a nontrivial additive character ¢ : F' — C*.
Let M, ,,(F') denote the space of n x m matrices with coefficients in F' and let S, ,, denote
the space of locally constant compactly supported C-valued functions on M, ,(F). The Weil
representation wy, of the metaplectic group Mp,,,,,,(F) can be realized on the space Sy ;. The

choice of a character v of F* determines a lifting
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of the natural map
t: GL,(F) X GLp(F) — Spoym (F)

defined by

(iy.0(9: 1) F) (@) = 7(det(g))™ | det(g) [/ (g wh)y(det(h))"| det(h)[ >

for all g € GL,(F), h € GL(F), © € My (F) and f € Sy . Observe that our conventions
differ from those adopted in [Min0g].

Using the lifting i, we can define the big theta lift ©(7) of a smooth admissible irreducible
representation m of GLy,(F') and, if it is nonzero, the small theta lift ().

Specialize now to the case m = 1 and n = 3. The main result in [Min08] is as follows.

Theorem 2.7. Let i be a character of GL1(F'). Then ©(u) is nonzero and 6(u) is the Langlands
quotient w(~| ]%2,u7_2,7| |;1/2) ofig%3 (v |¥2®u7_2®7| |;1/2), where B' denotes the standard
Borel subgroup of GLs3.

3. THETA CORRESPONDENCE FOR THE PAIR (PUs x Z/2Z,G3)

In this section, we collect general results on the theta correspondence for (PUs x Z/2Z, G2).
In Section 3.1, we recall the basic facts for the group Gy and its parabolic subgroups that play a
role in this paper. In Section 3.2, we do the same for the group PUs x Gal(K/F'). In Section 3.3,
we discuss the general theory of theta correspondence for (PUs x Z/2Z,(G2). This draws from
theta lifting for (PUs, G2), which we discuss in Section 3.4 following [BS] closely. Finally, we do
the same for the pair (PGL3, G2) in Section 3.5, which we use later for the split places.

3.1. The group G>. Let F be a nonarchimedean local field of characteristic zero, with normal-
ized absolute value denoted by | |. Let G be a split exceptional group of type Go. Let B = TU
be a Borel subgroup of G whose Levi component 7' is a split maximal torus of G. Denote by

{a, B, + B, 20 + 5,3 + B, 3 + 283}

the corresponding set of positive roots, where « is the short simple root and 5 is the long simple
root. For any root v we will denote by w.,, the corresponding reflection on the Weyl group of G.
We can identify
T~F*xF* t— (2a+p)1), (a+B)1)).
Hence, under this identification, if (¢1,t2) € F'* x F*, we have a(t,t3) = t1t2_1 and B(t1,t2) =
3t
Let @1 be the parabolic subgroup corresponding to the root S with Levi decomposition

@1 = L1U;. We have an isomorphism L ~ GLs under the map determined by

t — diag ((a+ 8)(t), a(t)) . (3)

The group @1 is usually called the three-step parabolic of Gs, as U1 admits a three-step filtration
Uy = Ui(1) D Ui(2) D Ui(3) D Ui(4) = 1 given in [BS, Section 3.1]. Similarly, let Q2 be the
parabolic corresponding to the root a. Consider its Levi decomposition Q3 = LoUs. We have

an isomorphism Lo ~ GL9 under the map determined by

t — diag ((2a + B)(t), (a + B)(1)) - (4)
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The group @) is usually called Heisenberg parabolic of G. For i € {1,2}, We denote by dg, the

modular character of Q;.

3.2. The group PUjz x Gal(K/F). Let K be a quadratic extension of F, and let Uz be the
unitary group defined in the previous section, which we identify with matrices in GL3(K) fixing

the Hermitian form determined by

<I>3:€: 0 -1 0
-1 0 O

Let PUj be the quotient of Us by its center. Equivalently, the group PUs is the group of F-points
of the group scheme U;/U;. Denote by B’ the standard Borel subgroup of PUs consisting of
upper triangular matrices with Levi decomposition B’ = T'U’, where T" is the standard maximal
torus of PUs. We have

T ~ K*
via the map

diag(a, b, c) — %.

Note that the Galois group Gal(K/F') acts on PUs by acting on its coefficients. We can then
consider the semidirect product PUs x Gal(K/F) and the subgroups B’ x Gal(K/F) and T" x
Gal(K/F).

3.3. The dual pair (G2,PUs x Gal(K/F)) and exceptional correspondence. We closely
follow [BS, §1]. Let O be an octonion algebra over F' and let J = J3(K) be the set of 3 x 3
Hermitian matrices with coefficients in K. We can define a structure of Jordan algebra over F
on J as follows. Addition on J is given by addition of matrices and regarding multiplication, let
e be as above and define x oy = %(xe#y + ye™ ), where the superindex # denotes taking the
adjoint, so that zz# = det(x). Note that from the expression of e given above, we have e* = e.
The algebra J is equipped with an anti-involution given by the action of the nontrivial element
of Gal(K/F') on the matrix entries. Let

G := Aut(0),
which is a split exceptional group of type G2. On the other hand, let
G’ := Aut(J) ~ PU3z x Gal(K/F),
where Gal(K/F) acts on PUjs by acting on the coefficients. Consider the Lie algebras g = Lie(G)
and g’ = Lie(G"). Then,
h=gagod e,

has a structure of a simple exceptional Lie algebra over F', where the superscript o denotes the
trace zero elements. Let H = Aut(h), which is disconnected quasi-split of absolute type Eg. By

definition of H, we have an inclusion
GxG CcH

and they form a dual reductive pair. Let IT be the minimal representation of H (see [BS, §1.5]
for the definition of minimal representation and [GS05] for its construction). We also use II
to denote the restriction of this representation to G x G’, or the restriction to G x PUs. This
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representation induces correspondences between certain representations of G’ and G, and certain

representations of PUs and G.

Definition 3.1. Let & be a smooth irreducible representation of G’. Define ©(5) to be the
smooth representation of G such that ©(d) X & is the maximal &-isotypic quotient of II, viewed
as a representation of G x G’. Similarly, let o be a smooth irreducible representation of PUsj.
Define Opy, (o) to be the smooth representation of G such that ©py,(c) K o is the maximal

o-isotypic quotient of II, viewed as a representation of G x PUj.

Remark 3.2. Let o be a smooth irreducible representation of PUs. Then, it can be verified that
Opuy,(c) = 0O (Indﬁ%gNGal(K/F)(g)) ’ (5)

where the right-hand side is interpreted as we now explain.
Let o¢ be the representation obtained by twisting o by the action of the nontrivial element
of Gal(K/F'). We then have the following two cases:
(1) Suppose o % o¢. Then, IndggixGal(K/ F)(O') is irreducible and its restriction to PUs is
isomorphic to o @ ¢¢. In this case, the right-hand side of (5) is the theta lift defined in

Definition 3.1, and we have
Opu;(0) = Opu, () = © (Indggngal(K/F)(o.)) ‘

(2) Suppose that o ~ o¢. Then, IndﬁgixGal(K/F)(a) ~ g1 @ oy as representations of the

group PUs x Gal(K/F'), where o1, 09 are two non-isomorphic irreducible representations
of PUs x Gal(K/F) whose restriction to PUs is isomorphic to . In this case, the
right-hand side of (5) is defined as ©(o1) @ O(02), and we have

@PUS(O') = @(0’1) D @(02).

To define a notion of small theta lift of representations of PUs and G’, we need the following
result from [BS].

Theorem 3.3. Let & be an irreducible representation of G'. Then, ©(5) is a representation of
finite length of G. Similarly, if o is an irreducible representation of PUs, we have that Opy, (o)

s a representation of finite length.

Proof. The result for O(d) is given in Theorem 4.1 (iv) of [BS]. More precisely, the statement
for nontempered representations is given in [BS, Proposition 4.3] and it is proven in an anal-
ogous way as [BS, Proposition 4.2]. The statement for tempered representations follows from
Proposition 4.5, Proposition 4.8 and Proposition 4.15 of [BS]. Finally, the result for ©py, (o)
can be deduced from there using the relation between theta lifts from G’ to G and theta lifts
from PUj3 to GG described in Remark 3.2. O

Definition 3.4. Let ¢ be a smooth irreducible representation of G’. Define the small theta lift
of &, denoted by 6(5), to be the maximal semisimple quotient of ©(¢). We similarly define the
small theta lift of a smooth irreducible representation o of PUg, and denote it by fpy, (o).

3.4. Results of Baki¢—Savin on the nontempered correspondence. We now explain a

result of [BS] which determines the exceptional theta lift of nontempered representations. It is
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described in terms of the following correspondence studied by Roberts in [Rob96]. Let @ be the
representation of Ly x (17" x Gal(K/F)) given (with this same notation) in [BS, Section 3.1].
We recall that L; ~ GLg and 7" ~ K*. The representation @ defines a big theta lift from
T" x Gal(K/F) to L; given as follows.

Lemma 3.5. Let @ be the representation of L1 x (T" x Gal(K/F)) introduced above and consider
the lift it induces from T' x Gal(K/F) to Ly. Let x be a character of K*. Then,

(1) If x = x¢, write IndKXNGaI(K/F) X1 D x2 as K* x Gal(K/F) representations. Then,
exactly one of these two characters has a monzero big theta lift by the correspondence
induced by @, which is equal to the automorphic induction of x to GLo(F'), given by the
representation T introduced in Proposition 6.5.

(2) If x # X©, then IndK ><IGal(K/F)( ) is irreducible and its big theta lift by the correspon-

dence induced by @ is equal to the automorphic induction of x to GLa(F).

Proof. This result is given in Section 3.4 of [BS].
U

Let x be a unitary character of K* and s > 0. Consider the character x|Ng/p()|* of K* ~ T".

We may inflate this character to B’ with trivial action on U’. First set

I(x:s) = i * (xINg/p()l°)

to denote a principal series representation of PUs. When y # x¢, then x; :== IndKX xGal(K/ F)

is an irreducible representation of 7" x Gal(K/F). Now x1|Ng/p( )|* is once again inflated to
B’ % Gal(K/F). Set

I(x1,8) = iGgai/m) (I N/r()]°) - (6)
When x = x¢, then

KX xGal(K/F)

Ind X = X1 D X2,

where we denote by y; the character with a nontrivial theta lift to L; via the theta correspon-
dence induced by @ (see Lemma 3.5). Note that the character y2 has then a trivial theta lift via
the correspondence induced by &. We define representations I(x1,s) and I(x2,s) of G’ using
the same formula as in (6).

Proposition 3.6. Let x be a unitary character of K* and let s > 0 be a positive real number.

(1) Let o1 be the unique irreducible quotient of I(x1,s) and denote by |det|*T the representa-
tion of Ly obtained as the big theta lift of the character x1|Ng/p( )|* of T' x Gal(K/F)
via the correspondence given by . Then ©(o1) is a nonzero quotient of igl(]det\ST).

(2) If x is Gal(K/F)-invariant, let oo be the unique irreducible quotient of I(x2,s). Then,
©(o2) = 0.

(3) Let o be the unique irreducible quotient of I(x,s). Then Opy,(c) = O(01) is a nonzero
quotient of 281 (|det|*T).

Proof. The proof that ©(c1) # 0 is given in [BS, Proposition 4.2]. The fact that ©(cq) is a
quotient of igl(T) and that ©(o2) = 0 is given in [BS, Proposition 4.3]. The third point can
be proved from the first two points and Remark 3.2 once we make the following observation. If

X is Gal(K/F)-invariant, then IndPUSXGal(K/F)( ) = 01 @ 0. On the other hand, if yx is not
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Gal(K/F)-invariant, Indllzgngal(K/ F)(a) = o1. Alternatively, the third point can be justified

in an analogous way as the proof of the first point, but working with the restriction of II to
G x PU3 and using the following fact. The big theta lift of x|Ng/p( )|* from 7" to L; induced
by the representation @ is equal to the big theta lift of x1|Ng/p( )|* from T' x Gal(K/F) to Ly

induced by the representation @. O

Remark 3.7. Consider the same notation as in Proposition 3.6. In view of Lemma 3.5, |det|*T

can also be described as the automorphic induction of the character x|Ng, p( )|* to GLa(F).

3.5. Theta correspondence for PGL3 x Ga. Following [GS04], we state the results we will
need regarding the exceptional theta correspondence for PGL3 x G. Let H be (the F-points of)
a split adjoint linear algebraic group of type Eg over F'. Denote by II the minimal representation
of H as in [GS04, §5]. There is a dual reductive pair PGL3 x G — H and we can consider the
restriction of II to PGL3 x G. Using the representation II, define the big theta lift ©(7) of an
irreducible admissible representation 7 of PGLj3 in a similar way as above. The next proposition

is a particular case of [GS04, Corollary 9].

Proposition 3.8. Let x1, X2, x3 be characters of F* satisfying x1x2x3 = 1. For every i from
1 to 3, write x; = pi| |3, where p; is unitary and suppose that the characters are ordered so
that s1 > sy > s3. Consider the representation of Ly ~ GLo given by 7 = 7T(X3_1,X2_1). Then,
O(m(x1, x2,X3)) is a nonzero quotient of 182 (7).

4. LOCAL DIHEDRAL LONG ROOT A-PACKETS FOR Go

In this section, we propose a construction of dihedral long root (local) A-packets for the
group Ga, following Arthur’s conjectures. In Section 4.1, we describe the corresponding A-
parameter of Gy in the global setting. This parameter factors through an A-parameter of “PUs.
Thus, in Section 4.2, we discuss Arthur’s conjectures for “PUs in the local nonarchimedean
setting, followed by an explicit construction of the corresponding local A-packets, called Howe—
PS packets. We use the results on the theta correspondence for unitary groups outlined in
Section 2 for this process. This construction was first given by Gelbart and Rogawski in [GR91]
and it gives a unitary version of the original construction of Howe-PS packets, which was done
in the orthogonal-symplectic setting. In Section 4.3, we resolve some details regarding the lift of
representations from PUs to PUs xZ/2Z. Next, in Section 4.4, we describe Arthur’s conjectures
for the dihedral long root A-parameters of G2 in the local nonarchimedean setting and propose a
construction of the corresponding A-packets. We use the results from Section 3 for this process.

Throughout this section F' denotes a number field and Lg denotes the corresponding conjec-
tural Langlands group. We denote by G the F-points of a split group of type Ga over F.

4.1. Dihedral long root A-parameters. Let K/F be a quadratic field extension with Galois
group Gal(K/F) = (c). Let x be a character of Ay /K*, which we can also regard as a character
of the Weil group Wix. Let 7 denote the automorphic representation of GLo obtained from x

by automorphic induction, ¢.e., the automorphic representation with L-parameter

W,
pr = Indy” x.
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The representation 7 is called dihedral with respect to the quadratic field extension K/F. Its
central character is given by wg /- Xjax- Assume that the character y is conjugate-symplectic,
i.e.,
X|Ax = WK/F-

Under this assumption, the representation 7 has trivial central character and can therefore be
regarded as a representation of PGLg. Alternatively, this assumption implies that det(p;) = 1,
and therefore p, defines an L-parameter of PGLy. We will also assume that x # x€, so that p,
is irreducible and 7 is a cuspidal representation.

The root system of GG contains pairs of orthogonal roots, always consisting of a short and a

long root. A choice of such a pair determines a commuting pair of SLs subgroups inside G,
(SLQ’S X SLQ’Z)/,LLQ C G,

where pp = {£1} is embedded diagonally inside SLa s x SLg; in the natural way. Here SLy
corresponds to the short root and SLy; corresponds to the long root. Moreover, the groups SLo
and SLg; are centralizers of each other inside G. Note that the Langlands dual group of G is
G(C) (we abuse notation and denote by G(C) the C-points of our fixed split group of type Ga

over F).

Definition 4.1. The long root A-parameter of G associated with 7 is given by
1 Ly x SLy(C) — Wi x SLy(C) 2299 8L, ((C) %, SL2y(C) € G(C).

There is a subgroup SL3;(C) C G2(C) corresponding to the root system of type Ay formed
by the six long roots of G. Let T,(C) denote the diagonal torus of SLy 4(C). Then T,(C) X,
SL2,(C) C SL3;(C). The group SL3;(C) has index two in its normalizer Ng(c)(SL3,(C)) inside
G(C). Let w denote the standard Weyl element of SLy. Then (w,w) € SLy(C) X, SLa;(C)
belongs to the non-identity component of N (c)(SL3;(C)). Therefore,

NSL2,5(C) (TS(C)) ><,u2 SLQ’Z(C) C Ng(c)(Sng’l(C)) = SLg,l(C) X Z/QZ C G(C)
Note that LPUs = SL3;(C) x Z/2Z. Hence, the parameter t,; factors through an A-parameter
of PUg

Definition 4.2. We denote by v, the A-parameter of PU3 given by

prxid

1/}X : LF X SLQ(C) E— NSLQ’S(C) (TS(C)) X g SLQ’Z(C) C SLgyl(C) X Z/QZ =L PUg.
Restricted to Lg x SLy(C), the parameter 1), yields a 3-dimensional representation given by

X 2®x®Ss,

where x is regarded as a character of Lx via Lx — Wy and Sy denotes the standard 2-
dimensional representation of SLy(C). This information fully determines the equivalence class

of 1, given by SL3(C)-conjugacy.

4.2. Howe—PS packets for PUs. We construct the local Howe-PS packets for PUg associated
to the A-parameter v, at nonarchimedean places using the technique of theta lifting. Let v

be a nonarchimedean place of F' and F; the completion of F' at v. Denote by Lp, the group
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W, xSLa(C). By fixing an embedding L, < L, we can precompose the map v, with the map
Lp, xSLa(C) — L x SLa(C) (which is the identity on SL2(C)) to obtain the local A-parameter

wx,v : Lp, X SLQ(C) —E PU;.

v

Following Arthur’s conjectures, the elements of the local A-packet associated with ¢ and v are
indexed by irreducible representations of the so-called local component group
Z/2Z if v is not split in K,
S = 0 (Zsra(c)(Im(1hy ) /Z(SL3(C))) = S
1 if v is split in K,
where Zgy,, ) (Im(ty,»)) denotes the centralizer in SL3(C) C*PUs of the image of 1., Z(SL3(C))
denotes the center of SL3(C), and 7y denotes the group of connected components. Hence, the

local A-packet of PUj associated to ¢, and v has the form

A = {o;F, 0, } if v is not split in K,
7 {o} if v is split in K.
Here, we denote by o the representation corresponding to the trivial character of S =
Z/2Z, and in the case that v does not split in K, we denote by o, the representation of
PUj corresponding to the nontrivial character of Sy, . Moreover, Arthur’s conjectures predict
that for all but finitely many (nonarchimedean) places, the representation o} is the unramified

representation whose Satake parameter is

a0
Sty = Uxw | Po X 0 q1/2 , (7)

where ®,, denotes a geometric Frobenius at v and ¢, denotes the cardinality of the corresponding
residue field. Fix a nontrivial additive character ¢ : Ap/F — C*. For each prime v of F', we
denote by 1, the corresponding (nontrivial) additive character of F,. To define the representa-
tions of PUs appearing in Ay, , for a nonarchimedian prime v of F, we distinguish two cases,

according to whether v splits in K or not.

4.2.1. Nonsplit case. Suppose that v is not split in K. Denote by K, the completion of K at the
unique place above v. Fix a 3-dimensional Hermitian space V' over K, and identify U(V) ~ Us.
Let Vi denote the 1-dimensional Hermitian space in the Witt tower of V. Fix a trace-zero
element 6 € K and recall the definition of sign of a skew-Hermitian space given in Section 2
(which depends on the choice of §). Finally, let W* and W~ be 1-dimensional skew-Hermitian
spaces over K, satisfying

V) = e (5 v (T, (<00) ) = eV, ®

Let v = x4, which is a conjugate symplectic character. Following Section 2.3, we use this data
to define theta correspondences between the unitary groups defined above. In particular, and
following the notation of Section 2.3, we can consider the representations Qy,yy+ . 4, of U(V') x
UMW), and Qy - .y, of U(V) x U(W™) and the corresponding big theta lifts Oy, y+

Ovw— .-

777’¢"U7

Definition 4.3. We define the following representations of U(V') = Us.
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(1) Denote by 1 the trivial representation of U(W™). Define o;" = Oy yy+ - 4, (1).
(2) Denote by 1 the trivial representation of U(W ™). Define o, = Oy - 4, (1).

By the choice of our lifting characters, the center of U(V') acts trivially on these representations.

Hence, we also view o, and o, as representations of PUs.

Proposition 4.4. The representation o} is the unique nonzero irreducible quotient of the rep-

resentation 2'%[,}3 (xv] |}(/U2) = I(xv, 1/2). In particular, if x, is unramified, the Satake parameter

of o} is given by (7).

Proof. Consider the representation Qy; y+ -, of U(V1) x U(W), which induces a theta lift

Ov,. W+ 4., BY (8) and Theorem 2.6, we have that Oy, y+ - (’yﬁ(ll) # 0. Therefore, it follows

+
v

.UV 1/2 _
ZBS ) ('7| |K/v ®'7‘K}%)-

This representation is invariant under the center of U(V'), and can therefore be viewed as the

representation of PUjs given by Z'EI,JS(XU| \%f) (note that we are denoting the Borel of upper-

from Proposition 2.4 (2) that, as a representation of Us, 0. is an irreducible quotient of

triangular matrices in Uz and in PUs with the same symbol B’). The rest of the assertions

follow from there. 0
Proposition 4.5. The representation o, s nonzero irreducible and supercuspidal.

Proof. The proof is similar to the proof of the previous proposition. Consider the representation
Quy W~ of U(V1) x U(W™), which induces a theta lift Oy, y- 5 4, In that case, (8) and
Theorem 2.6 imply that Oy, - -, (’yl;{ll) = 0 and the result follows from Proposition 2.4
(1). O

4.2.2. Split case. Suppose that v is split in K. Choose a place w of K above v, which deter-
mines an isomorphism Us(F,) ~ GL3(F,). Let v = x,. Using this data, we define a theta
correspondence for the dual pair GL1(F,) x GL3(F,) — Spe(Fy) following Section 2.4. Denote
by © the theta lift defined by this correspondence.

Definition 4.6. Let 1 be the trivial representation of GL;(F,). Define the representation
o = 6(1). It is a representation of U3(F,) ~ GL3(F,) where the center of Us(F},) acts trivially,
and therefore we view o, as a representation of PU3(F,) ~ PGL3(F},).

Note that if x is unramified at v, then it follows from Theorem 2.7 that o is the unramified
representation with Satake parameter sy, . In particular, this holds for all but finitely many

split primes v, as predicted by Arthur’s conjecture.

4.3. From representations of PUs to representations of PU3 x Z/2Z. Consider the same
notation as in Section 4.2. Suppose that v is not split in K, let W, W~ be the skew-Hermitian
spaces introduced in Section 4.2.1 and let o be the representations of PU3 defined in Definition
4.3. Following Remark 3.2, we are interested in knowing whether the induction of the repre-
sentations of to the group G’ = PUs x Gal(K,/F,) is irreducible or decomposes as a direct
sum of two non-isomorphic representations. While this question was already studied in Section
3.4 for the case of principal series, the discussion below will be especially relevant to study the

irreducibility of the lift of o, from PUjs to G via the exceptional theta correspondence.
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Recall the following notation introduced in Section 2.1: if W is a skew-Hermitian space
equipped with a skew-Hermitian form ( , ), we denote W~! the skew Hermitian space with
the same underlying space W and skew-Hermitian form given by —( , ). In particular, in this
section we will consider the spaces (W)~ and (W)~

Proposition 4.7. Assume that x2 # 1. Then, the representations

! !
Inng3 of and Inng3 o,

are irreducible.

Proof. Following Remark 3.2, we need to show that, for ? € {4+, —}, we have that o % (o.)°.

However, it follows from [[KS96, Lemma 2.1(ii)] that ()¢ =~ (c7)¥, where ()" denotes the

v
?)v_

contragredient of o). Therefore, we need to prove that o 2 (o

Recall that we take v = x,,. The representation o = Ov.w? .4, (Lyw?) is the isotypic compo-

nent of the Weil representation
Qvw? .,
where the center of U(V) acts trivially. According to [Gan22, §2.5], the dual of this Weil
representation is
Qvw? i, = Qvwe a1, = Bvwn-15-16,

and thus (o7)V is the isotypic component Qv (w?)-1 41,5, Where the center of U(V) acts trivially.
Equivalently, we have that (07)Y = Oy qy2y-1,-1 4, (Layzy-1)-

According to [AG17, Theorem 4.3(4)], respectively [AG17, Theorem 4.5(1)], and using the

notation in [loc. cit.], the L-parameter associated with the representation o}, respectively o, ,
is v 2@yl - }(/3 @ - ]_(1/ 2, respectively 772 @ vS3. On account of the previous paragraph, and

)Y and (o, )" the corresponding L-parameters

using again [loc. cit.], for the representations (o
1y (1/2
are 2 ® v 1| : |K/U

(07)V belong to different L-packets and are therefore non-isomorphic. We note that, although

v

@ 7—1‘ . |I—(1/2 and 72 D 7_15’2. Since v # fy_l, we conclude that O'Z and

the results in [AG17] rely on the local Langlands correspondence, this is known for the group
Us by the work of Rogawski [Rog90]. O

Proposition 4.8. Assume that x> = 1. Then, the representations
Indg&3 ol and Indg{J3 o,
are not irreducible.

Proof. Following Remark 3.2, we need to show that, for ? € {+, —}, we have that o. ~ (o)°.
? ?

However, it follows from [[TKS96, Lemma 2.1(ii)] that (¢7)¢ =~ (7)Y, where ()" denotes the

?)\/'

contragredient of o”. Therefore, we need to prove that o’ ~ (o7

Recall that we take v = x,. The representation JZ = ®V,W7,7,¢v(lw7) is the isotypic compo-
nent of the Weil representation
LAV
where the center of U(V) acts trivially. According to [Gan22, §2.5], the dual of this Weil

representation is

Qvw? v, = Qw? 418, = Qv 14,4,
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and thus (o])" is the isotypic component Qy (W1 5,0, Where the center of U(V') acts trivially.
Note that we used that y~! = 5, which holds because x2 = 1. Also, the condition y? = 1
implies that x, = x$. By Hilbert’s Theorem 90, we can write —1 = a/a® for some a € K*.
Therefore, we deduce that wr/p(—1) = xv(—1) = xv(a)/x5(a) = 1. In particular, it follows
that —1 € Ng,p(K*) and hence (W?)~! ~ W7, which shows that o, ~ (¢7)V. O

v

4.4. Dihedral long root A-packets for GG5. We discuss local nonarchimedian A-packets asso-
ciated to the dihedral long root A-parameter introduced in Definition 4.1. As before, we obtain

the local A-parameter 9., at a place v, whose component group SwTM is given by

Z/2Z if p,, is irreducible (or, 7, is a discrete series representation),

Sprie = . . . . . . .
1 if p; is reducible (or, 7, is not a discrete series representation).

4.4.1. Nonsplit case. Let v be a nonarchimedian place of F which does not split in K, and
denote by K, the completion of K at the unique place above v. We continue to use ¢ to denote
the generator of Gal(K,/F,). In this case, 7, is the smooth irreducible representation of PGLq
with L-parameter p;, = Ind%ﬁ; Xv- The representation Ind%ﬁ; Xo is irreducible if and only if
Xv # X5 Thus we have the equivalent characterization for a nonsplit v:

Z)2Z i xo # X5,
S¢T,l,v = .
1 if x» = ch)‘

Arthur’s conjectures predict that the local A-packets are as follows:

VI if ¢
Ay, = i TP ©)

{m} if X0 = X5-
Here, 7} is indexed by the trivial character of Sy, and 7, by the nontrivial character of Z/2Z
when it occurs. Arthur’s conjectures also predict that, for all but finitely many places, 7, is the

unramified principal series representation whose Satake parameter is given by

a2 g
Sy 10 = Yriw (év X ( § 1/2>> ) (10)
0 Qv

where, as before, ®, denotes a geometric Frobenius at v and ¢, denotes the cardinality of the
corresponding residue field.

We carry out the construction of the expected local A-packets using the exceptional theta
correspondence for the pair (G2, PU3sxZ/2Z) introduced in Section 3.3. Recall that Definition 4.3
gives us the construction of the representations o, and o, of PUs.

Definition 4.9. With the notation fpy, established in Definition 3.4 in mind, we define

(1) mf = Opu, (o),
(2) m, = Opu,(o,).

Observe that the local A-packet for PUs as constructed in Section 4.2.1 always has two
elements when v is nonsplit in K, but the local A-packet for G2 as in (9) is expected to have
two elements when y, # x5 and one otherwise. We construct the latter A-packet by lifting the

two representations {o,", o, }. We show in subsequent sections that there is no discrepancy in
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the size of the packets; indeed we will see that, while 7" is always nonzero, 7, vanishes if and

only if x, = x§. This is summarized in the following theorem.

Theorem 4.10. The lifting of the local A-packet {o}},0., } for a nonsplit place v via the excep-
tional theta correspondence for the dual pair (G, PUs x Gal(K,/F,)) yields the following:

(1) w} is nonzero and it is equal to the unique irreducible quotient of the parabolically induced
representation iG (\det\l/zn) For all but finitely many nonsplit places v, the represen-
tation T} is the unmmzﬁed principal series with Satake parameter given by (10).

(2) If xo # X5, the representation 7, is nonzero, irreducible and tempered.

v
o U8 zero.

(3) If xv = X&, the representation 7
Proof. We prove the first point of the theorem and outline the proofs for the second and third
points, which will be completed in the next sections.

(1) According to Proposition 4.4, the representation o, is the unique irreducible quotient
of zPUS(XW| |1/2) = I(xv, 1/2). Now note that x, is unitary (because x is conjugate sym-
plectic) and that the automorphic induction of x| ]}(/3 is equal to |det|'/27,. It therefore
follows from Proposition 3.6 and Remark 3.7 that Opy, (o) is a nonzero quotient of
igl(\det|1/2n}). Since 7, is a tempered representation, we deduce that zgl(| det |1/27,)
has a unique irreducible quotient (see [Mui97, p. 468]), which yields the desired descrip-
tion for m = Opy, (o).

(2) If x» # X5, it follows from Theorem 5.5 that 7, is not zero, and it follows from Propo-
sition 6.1 that it does not have any generic subquotient. Therefore, the fact that =~
is irreducibile and tempered follows from Proposition 4.7, [BS, Remark 4.4] and [BS,
Proposition 4.15], as we explain in Theorem 6.2 and in its proof.

(3) If xy» = x§, the vanishing of 7, follows from Theorem 6.17.

]

4.4.2. Split case. Let v be a nonarchimedian place of F' which splits in K and let w and w’ be
the places of K lying above v. There are natural identifications F;, ~ K,, ~ K,s. Since y is

conjugate-symplectic, we have that x,, = x5' and X, is unitary. Therefore,

Pro = Xw D Xw = Xw @ X;l

B (0 xwt), where

here we are using P to denote the Borel of GLy(F,) consisting on upper triangular matrices.

and 7, = T(Xw, Xo') 18 equal to the normalized parabolic induction ig

Since pr, is reducible, it follows that the component group Sy, , is trivial.

The choice of the prime w determines an isomorphism PUs(F,) ~ PGL3(F,). We construct
the predicted singleton A-packet by using theta lifting from PGL3(F,) to Ga(F,). Recall from
Section 4.2.2 that o, is the theta lift of the trivial character 1 of F* to GL3(F)‘) using theta
correspondence for the dual pair (GL1, GL3) and we interpret the result, which has trivial central
character, as a representation of PGL3. More precisely, applying Theorem 2.7, with 4 = 1 and

'Y:Xun

U+ _W(X'LU’ ‘Fv 7Xw 7X’LU’

1/2

=),

the Langlands quotient of iB S(xwl 1E @ Xa? @ Xul |F %), where B’ is the standard Borel
subgroup of GL3. Let ©pgr,, stand for big theta lift from PGL3(F,) to G2(F,) and let 7, =
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(x5! |}{J2, x2), which can be viewed as a representation of Q. It follows from Proposition 3.8

that ©pgr, (o)) is a nonzero quotient of ig;(ﬂ,), and therefore that it has finite length.

Definition 4.11. Define
Ty = OpaLy (o))

to be the maximal semisimple quotient of Opgr, (o).

Theorem 4.12. The representation w} is the unique irreducible quotient of igf(|det 11/27,).

+

T s the unramified principal

For all but finitely many nonsplit places v, the representation

series with Satake parameter given by (10).

Proof. Let 7, = m(x5!| \;/f,xfu) = i]G;LZ(F”)(X;H \;/f,xfu) be as above. Then, it follows from
Proposition 3.8 that Opgr,(0;") is a nonzero quotient of zgz (7y). Following a similar procedure

as in the proof of Proposition 6.4 below, it can be seen that
-Go [~ -G 1/2
iGa(Tv) =i (| det | 27,).

Indeed, this isomorphism follows from (12) and (13) of the proof of Proposition 6.4 after we
replace the character p used there by the character x,. Since the representation on the right
hand side has a unique irreducible quotient (see [Mui97, p. 468]), the result follows. In fact,
similarly as in the case of Remark 6.6 below, it can be proved that Opgr, (o)) is equal to the

unique irreducible quotient of this representation, given by zgz (xw © det). O

5. NON-VANISHING OF THETA LIFTS

Let K/F be a quadratic extension of local fields of characteristic zero and consider the notation
introduced in Section 3. In this section, we prove the following criterion regarding non-vanishing
of theta lifts from PUs to G: if the contragredient of a representation 7 of PUs (viewed as a
representation of Usz) has an irreducible quotient with trivial central character when restricted
to a suitable two-variable unitary subgroup, then ©py,(7) # 0. This criterion is proven by
computing Fourier—Jacobi periods: with the notation introduced in Section 3.1, we show that,
for any nontrivial character ¢’ of U1(2)/U;(3),

HOHIPU3 (HU1 (2),9"> T) 7é 0.

The key to prove this result is a description of I, (9) 4/ in terms of Weil representations attached
to two-variable unitary subgroups and SLe. In Section 5.1, we provide a suitable description of
two-variable unitary subgroups; in Section 5.2, we introduce the symplectic spaces that deter-
mine the aforementioned Weil representations, and, in Section 5.3, we prove the criterion.

Fix a nontrivial additive character ¢ : F' — C* and fix also a conjugate-symplectic character
x : K* — C*. Let 0" and o~ be the representations of PUj introduced in Definition 4.3 with
respect to these data, and let 77 and 7~ be their corresponding small theta lifts to the group
G, as introduced in Definition 4.9. In Section 5.4, we use a see-saw argument to verify that
o, and, under the condition that x? # 1, also o, satisfy the hypothesis of the non-vanishing
criterion. As a consequence, 7T # 0, and, if 2 # 1, also 7~ # 0, proving the non-vanishing

statements in Theorem 4.10.
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5.1. The groups U(V3) and U(VY). Let V5 and Vj be 2-dimensional Hermitian spaces over K
such that V5 is split and V4 is nonsplit.

Assume that, with respect to some K-basis, the Hermitian form on V5 is defined by the
Hermitian matrix ®3 € Hy(K). Then we can describe U(V3) in the following way:

U(1a) = {g € GLy(K) : gPag’ = P2}

Using this description, the group U(V3) acts on the 4-dimensional F-space of Hermitian 2 x 2
matrices Ho(K) by the rule

(g, A) — gAg" for g € U(V5) and A € Hy(K),

and this action preserves the quadratic form defined on H2(K) by the determinant map. More-

over, it stabilizes the 3-dimensional F-subspace
Q={Ac HyK): Tr(AD;') = 0}.

This action defines a homomorphism from U(V2) to SO(Q), the F-points of the special orthogonal
group associated with the 3-dimensional quadratic F'-space Q. The kernel of this homomorphism
is the center Z(U(V2)) of U(V2). This allows us to identify PUy(Va) = U(V2)/Z(U(V2)) with
an index-2 subgroup of SO(Q), which we will denote by SO(Q)". Actually, one can show that
SO(Q)* consists of the elements in SO(Q) whose spinor norm belongs to NK/F(KX)/(FX)2 C
FX /( FX )2.

Similarly, assume that, with respect to some K-basis, the Hermitian form on Vj is defined by
the Hermitian matrix ®, € Hy(K). Then we can describe U(V5) in the following way:

U(Vy) = {g € GLa(K) : ¢gPhg' = h}.

Using this description, the group U(V;) acts on the 4-dimensional F-space of Hermitian 2 x 2
matrices Ho(K) by the rule

(g,A) — gAgJr for g € U(Vy) and A € Ho(K),

and this action preserves the quadratic form defined on Hs(K) by the determinant map. More-
over, it stabilizes the 3-dimensional F-subspace

Q ={Ac Hy(K): Tr(Ad, ') =0}

This action defines a homomorphism from U(V4) to SO(Q’), the F-points of the special orthogo-
nal group associated with the 3-dimensional quadratic F-space Q’. The kernel of this homomor-
phism is the center Z(U(V5)) of U(V4). This allows us to identify U(Vy)/Z(U(V3)) with an index-
2 subgroup of SO(Q’), which we will denote by SO(Q’)". Actually, one can show that SO(Q’)*
consists of the elements in SO(Q’) whose spinor norm belongs to N/ p(K*)/(F*)? € F* /(F*)2.

5.2. An orbit problem. We choose the following description of Us:

Us = {g € GL3(K) : gP3g’ = @3},
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where

-1 0 0
and we have PUs = Us/Z(Us) = U3/U;. Let J = H3(K), and

Ji={geJ: Tr(g03") =1}.
Let Qy be defined as in [BS, §2.1]. Then, as in [op. cit., §3.1.1], we have
QnJi={geJ: Tr(¢P;') =1 and rank(g) = 1}.
The group Us acts on 29 N J; by the rule

(9,A) — gAg" for g€ Usand A € QN Jy,

25

and this descends to an action of PUs on € N Jy. Any matrix A € Q5 N J; can be written as

A= - uu whereu e Mix3(K), A\ € F* and — Audsul = 1.

Observe that, if A € Ng;, r(K*), then we can modify u to account for this factor. Fix an element

Ao € F* which is not the norm of an element in K*. Then, we can decompose the set Qs N Jy

into two subsets:
QN J1)o = {—ulu: ue My3(K), —ubsu’ =1}
(QQ N Jl)l = {—)\QUT’U, DU € M1><3(K), —)\ou(I)guT = 1}.

We claim that these are the orbits for the action of PUs on €25 N J;. Indeed, this follows from
the observation that, if —ufu € (Q2N.J})g, then the subspace (u)" orthogonal to u with respect

to ®3 is a split 2-dimensional Hermitian K-space, and, if —Xouu' € (Q2 N J1)1, then (u)' is a

nonsplit 2-dimensional Hermitian K-space.
For the orbit (Q2 N J1)o, let u = (0,1,0) and choose the element

0 0 0
fo=—ulu=[0 -1 0
0 0 0

Its stabilizer in PUj is the subgroup

* 0 *

* 0 x

For the last identification, let V5 be the 2-dimensional K-subspace spanned by u; = (1,0,0) and

us = (0,0, 1), equipped with the Hermitian form given in this basis by

0 -1
By = .
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For the orbit (22 N J1)1, let ' = (1,0,1/(2)\g)) and choose the element

X 0 —1/2
fi=—o(u) T = 0 0 0
12 0 —1/(4)0)

Let v} =4/, ub = (0,1,0) and uf = (1,0, —1/(2X¢)). Then, with respect to this basis,

~X 0 0 ~1/A0 0 0
fi=l 0 00| and &= 0o -1 o0 |,
0 00 0 0 1/X

and therefore the stabilizer of f; in PUj is given by

1 00
-1 0 -1 0

0 €PU3 s ~{gec GLy(K) : t = ~ U(V]).

. : : 3 {9 2( ) 9<0 1/)\(])9 (O 1/)\())} (2)

For the last identification, let V4 be the 2-dimensional K-subspace spanned by uh and uf,

equipped with the Hermitian form given in this basis by

-1 0
o — .
( 0 1/)\())

As in [BS, §3.1.1], to the element f; we attach the subspace

a 0 y
AF =410 0 0] €Jy~Hy(K).
y 0 c

This subspace is invariant by the action of the stabilizer of fy in PU3, and, under its identification
with U(V3), the action of the stabilizer of fy on Ag agrees with the action described in the
previous subsection. It preserves the determinant form on Ho(K') and the decomposition A& o~
Hy(K) = Q@ Z, with @ defined as above and Z denoting the 1-dimensional subspace of Ha(K)
generated by ®3. The group U(Va) acts trivially on Z, whereas, as described above, its action
on @ identifies PU(V3) = U(V3)/Z(U(V3)) with an index-2 subgroup of SO(Q), which we denote
by SO(Q)™.

Similarly, to the element f; we attach the subspace Af- C J, which, with respect to the basis

uy, ub, uf defined above, is given by

0 00
Af = 0 a y| e ~Hy(K).
0 9y c

This subspace is invariant by the action of the stabilizer of f; in PUs, and, under its identification
with U(V3), the action of the stabilizer of f; on Aj agrees with the action described in the
previous subsection. It preserves the determinant form on Hs(K) and the decomposition Af ~
Hy(K) = Q' & Z', where @' is defined as above and Z’ denotes the 1-dimensional subspace of
Hy(K) generated by ®,. The group U(Vy) acts trivially on Z’, whereas, as described above, its
action on @' identifies PU(Vy) = U(V5)/Z(U(V3)) with an index-2 subgroup of SO(Q’), which
we denote by SO(Q')™.
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5.3. Non-vanishing criterion for theta lifts. Let I' denote a 2-dimensional symplectic space.
Then I' ®p Aé and ' ®p Af are 8-dimensional symplectic spaces. Let wg and wi be the Weil
representations associated with I' @ Ag and I’ ® Af, respectively, for a fixed nontrivial
character ¢’ : F — C*. Let wo,Q, wo,z, wi,q and wy z be the Weil representations associated
with the symplectic spaces '®@p Q, I'®p Z, ' ®r Q" and I' @ Z’, respectively, for the character

1’. Then, under the natural homomorphism
Mp(I' @F Q) x Mp(I' ®p Z) — Mp(I' ®p Af),

the representation wy pulls back to wp g X wp 7, and, under the homomorphism
Mp(T' ®@p Q') x Mp(I' @ Z') — Mp(I' @ AL),

the representation w; pulls back to wy g Kwy 7.

Recall that, in Section 3.1, we defined 1 as the three-step parabolic of G. It has a Levi
decomposition @)1 = L1U;, with Levi subgroup L; ~ GL2 and unipotent subgroup U; equipped
with a three-step filtration Uy = U;(1) D Ui(2) D Ui(3) D Ui(4) = 1 described in [BS, §3.1]. In
particular, the quotient U; /U;(3) is isomorphic to the Heisenberg group associated with a two-
dimensional symplectic space. This yields a natural action of U; /Ui (3) on wy z and wy z via the
Heisenberg representation. From now on, we consider the action of U; /U;(3) on wy = wo oMwp z
and wy = wy s Mw; z given by the trivial representation on the first factors and the Heisenberg
representation on the second factors.

There is also a natural action of the metaplectic group Mp, on each of the representations
wo,Q, wo,z, w1, and wy z. Moreover, the resulting action of Mp, on wy = wpg W wp z and
w1 = wy,qr Mwy 7 factors through SLy. From now on, we let SLy C Lp act on wp and wy via this
action.

Finally, there is a natural action of SO(Q) (resp. SO(Q’)) on wo,q (resp. wi ), and we let
U(V2) (resp. U(VZ)) act on wyp = wo,g Wwp z (resp. w1 = wy,r K wy z) via the embedding
U(Va)/Z(U(Va)) = SO(Q) (resp. U(VJ)/Z(U(V3)) = SO(Q")).

It follows from [BS, §3.1.1] that, as a representation of (SLy x Uy /U1(3)) x PUs,

PU PU
I_IU1 (2),1/)/ = C—Il’ldU(‘z)WO D C-IndU(‘Z,)CL)l.

Now we use this description of I, (9) 4 to prove the following result.

Theorem 5.1. Let 7 be a smooth irreducible representation of PUs and let TV be its contragre-

dient representation. Assume that either of the following two conditions holds:

e The restriction of TV to U(Va) has an irreducible quotient with trivial central character.

e The restriction of 7V to U(Vy) has an irreducible quotient with trivial central character.
Then, the theta lift Opy,(T) is nonzero.
Proof. To prove the non-vanishing of the theta lift, it suffices to prove that the space
PU PU
Hompuy, (HU1(2),¢)’> T) = Hompuy, (C—IndU(‘Z)W(), T)® Hompy, (c-IndU(‘%)wo, T)

is nontrivial.
Assume that the restriction of 7V to U(V3) has an irreducible quotient p with trivial central

character. Let p¥ be the contragredient of p as a smooth representation of U(V5). Note that



28 RAUL ALONSO, QIAO HE, MISHTY RAY, MARTI ROSET

p¥ can be regarded as a representation of PU(V3) ~ SO(Q)". Recall that wy = wo g X wo z,
and U(V3) acts on this space via the action of SO(Q)* on the factor wp . Since any irreducible
representation of SO(Q) (and a fortiori of SO(Q)") appears as a quotient of the Weil repre-

sentation wp g, so does the representation pY. Hence, we can regard p* as a U(Vz)-quotient of
PU3
U(Va

conclude the proof in this case we just need to show that 7 is a PUs-quotient of c-Ind

wp, and, thus, we can also regard C—Indggz) p¥ as a PUs-quotient of c-Ind )&0- Therefore, to

PU \%
U(\;Q)p )

ie.
PU
Hompuy, (C—IDdU(‘%)pV’ T) # 0.
But, dualizing the left-hand side of the previous expression and applying Frobenius reciprocity,

it becomes
Homy ) (1, p),
which is nonzero since p is a U(V3)-quotient of 7V.
The case in which the restriction of 7¥ to U(V4) has an irreducible quotient with trivial central

character can be dealt with in a similar way.
O

5.4. A see-saw argument. In this subsection, we use a see-saw argument to prove that the
contragredient of the representation o™ of Us defined above, when restricted to a representation
of a suitable 2-variable unitary group, has a quotient with trivial central character. We also
prove this for the contragredient of o~ under the assumption that x? # 1. Combined with
the results in the previous subsection, this will conclude the proof of the non-vanishing of the
corresponding theta lifts to the group G.

Recall that x is a conjugate-symplectic character of K*. In general, if W is an m-dimensional
skew-Hermitian space over K and V is an n-dimensional Hermitian space over K, the choice of
characters xw = X" and xy = x" determines a lift 7, ,, : U(V) x U(W) — Mp(V @ W) of
the natural homomorphism ¢ : U(V) x U(W) — Sp(V @k W), and we can use this lift to define
Quw = Z;#,Ww Throughout this subsection, these are the representations that we use to define
theta lifts between different unitary groups.

Let V3 be a 3-dimensional Hermitian space over K. Assume that its Hermitian form, with

respect to some K-basis, is defined by the matrix

As before, let V2 and VJ be 2-dimensional Hermitian spaces such that Vs is split and V4 is

nonsplit. Then, we can write
Vi=ViaWh2VeV;,

where V] and V/ are non-isomorphic 1-dimensional Hermitian spaces over K. Let W and W’ be
l-dimensional skew-Hermitian spaces over K such that Oy, w(1w) # 0 and ©yy - (1wr) # 0.
Observe that, by dichotomy, the spaces W and W’ are not isomorphic. More precisely, we have
that

e(V1)e(W) = exc(1/2, x,¥(Trg p(—0(-))) = e(V{)e(W'),
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where § € K* denotes a trace-zero element which we also use to define the signs ¢(W) and
e(W’) as in (2).
We have that Oy, w(lw) and Oy, w(lw) are both nonzero, because we are in the stable

range. Furthermore, it follows from Proposition 2.4 and Theorem 2.6 that

Ovyw (L) is non-tempered <= ex (1/2, x, ¥(Trg/p(=0()))ex (1/2, X7, ¥ (Trg p(=5(-))) = 1
<= Oy, w(1ly~) is supercuspidal.
In particular, when x? = 1, the statements above always hold.

We define 0 = Oy, w(lw) and o’ = Oy, 1 (1y). Then, we have that {o,0'} = {cT,07},
and, if yY2=1,then c = ot and 0/ = 0.

Proposition 5.2. With the previous definitions, it always holds that ©y, w (1) # 0, and

Oy w(lw) # 0 if and only if 2 #1.
These statements also hold if we replace W by W'.

Proof. Observe that Vj is the first element in its Witt tower, whereas V5 is the second element
in its Witt tower, the first one being a zero-dimensional Hermitian space. The trivial character
on U(W) (or on U(W’)) is said to lift in dimension zero if and only if x? = 1. Therefore the

result follows from the conservation relation in Theorem 2.3. |

We denote by o¥ and (¢”)¥ the contragredient of the smooth PUs-representations o and o”,

respectively.

Proposition 5.3. The restriction of the representation " to U(Va) has a unique irreducible

quotient with trivial central character.
Proof. Consider the see-saw diagram

U(V3) U(W) x U(Ww)

=<

U(V1) x U(12) AU(T)

and recall that we choose xy. = x* and xw = X as splitting characters. This choice is compatible
with respect to the see-saw diagram above. Let G; = U(Vy) x U(V,) and H; = AU(W). Let 7

be an irreducible representation of U(V2) with trivial central character. Then, we have
HOHIG1 (O’, lU(V1) X 7’) = HomGlel (Q, 1U(V1) X7 lU(W))
= Hompg, (1U(W) & @V27w(7'), 1U(W)) .

Since 7 has trivial central character, the big theta lift Oy, w (7) is zero unless 7 = Oy, w (luw)),
which is nonzero because of Proposition 5.2. In this case, Oy, w (1) = lymy) and therefore the
space above is one-dimensional.

It follows from the previous discussion that the restriction of o to U(V2) has a unique irre-
ducible quotient with trivial central character, which is isomorphic to Oy, w (1yw)). By [HKS96,
Lemma 2.1(ii)], we know that oV ~ ¢¢, with the notation of Remark 3.2. Therefore, we con-
clude that the restriction of 0¥ to U(V2) has a unique irreducible quotient with trivial central

character. O



30 RAUL ALONSO, QIAO HE, MISHTY RAY, MARTI ROSET

Proposition 5.4. Assume that x> # 1. Then, the restriction of the representation (o')V to

U(V3) has a unique irreducible quotient with trivial central character.

Proof. This can be proved by a see-saw argument as in the previous proposition, replacing V1, Va,
and W, with V{, V3, and W', respectively. Note that the hypothesis x? # 1 is needed to ensure
that the theta lift 7 = 0y - (1ywr)) is nonzero, which follows in this case from Proposition 5.2.
When running the previous argument, with H; = AU(W’), this yields

Hom <1U(W’) ® Oy w (7)), 1U(W’)) = Homp/ (Lywn © Luwn, Luwr))
which is one-dimensional. O

Now, an application of Theorem 5.1 yields the following result.

Theorem 5.5. With the previous definitions, we have the following:

(1) The representation Opu,(c™) of G is nonzero, and thus 7 is nonzero.
(2) If x* # 1, the representation Opy,(c~) of G is nonzero, and thus ©— is nonzero.

6. VANISHING OF THETA LIFTS

Let K/F be a quadratic extension of local fields of characteristic zero. Fix a nontrivial additive
character ¢ : ' — C* and a conjugate-symplectic character xy : KX — C*. Let o™ and ¢~ be
the representations of PUs introduced in Definition 4.3 with respect to these data and let 7+
and 7~ be their corresponding small theta lifts to the group G, as introduced in Definition 4.9.
In this section we will prove some vanishing results for the representation 7.

In Section 6.1, we prove that 7~ does not have any generic subquotient. This result, combined
with the non-vanishing of 7~ when x? # 1 proved in Theorem 5.5, implies that 7~ is irreducible
if x? # 1. This completes the proof of the second part of Theorem 4.10. The rest of the section
considers the case when x? = 1 and proves the vanishing of 7~ in that situation, completing
the proof of the third point of Theorem 4.10. For that, we study the twisted coinvariant spaces
of 7% corresponding to generic characters of the unipotent radical of the Heisenberg parabolic

subgroup of GG. More precisely, for every such character ¥ g:

e In Section 6.2, we obtain an explicit description of 7+ which allows us to verify that the
twisted coinvariant space for 71 with respect to g does not vanish.

e In Section 6.3, we express the twisted coinvariant space for 77 @ 7~ with respect to ¥'g
as a sum of toric periods for ¢ @ o~. Since the representations o& are theta lifts of
characters in Uy, the non-vanishing of these periods can be expressed in terms of local
epsilon factors, as it is done in [BFG™]. Moreover, in [loc. cit.], it is proven that exactly

one of these toric periods contributes to the sum with precisely dimension 1.

As a consequence, we obtain that the twisted coinvariant spaces for 7~ with respect to any
generic character of the unipotent radical of the Heisenberg parabolic subgroup of G are zero,
from which we deduce that 7~ does not have a nontrivial non-generic quotient. Combining this
fact with the results in Section 6.1, we conclude the vanishing of 7.

6.1. Vanishing of the generic part. In this subsection, we prove that 7~ does not have any
generic subquotient. When x? # 1, we deduce from this that 7~ is irreducible. The proofs rely
on results of [BS, §4.3-4.4].
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As before, let B’ be a Borel subgroup of PU3z and let U’ be its unipotent radical. It has a
filtration 0 C U’(2) C U’, where U'(2) ~ F and U’'/U’(2) ~ K. Via the last identification, we
can define a character 1y of U’ corresponding to a nontrivial additive character 1) o Tr x/F of
K.

According to [BS, Corollary 4.6], in order to prove the vanishing of the generic part of 77, it
suffices to prove the vanishing of the space of Whittaker periods

Homy((07)",vyr) € Homyyrg)((07) ", 1)

Note that, as explained in the proofs of Proposition 4.7 and of Proposition 4.8, the representation
(7)Y is the big theta lift of a character of U; to a representation of Us. In particular, we can
use the explicit description of the coinvariant spaces of theta lifts in this setting described in
[Gan22, Section 2.12, Guided Exercise (ii)] to affirm that

(@ ) = (@)

V' is supercuspidal, as (07)Y ~ (¢7)¢ by [HKS96, Lemma 2.1(ii)] and o~ is super-

Since (07)
cuspidal, the right-hand side is equal to zero, implying the vanishing of the space of Whittaker
periods.

We write the result as a proposition for reference.

Proposition 6.1. The representation 7~ does not have any generic subquotient.
From there, we obtain the following result.

Theorem 6.2. If x? # 1, the representation 7~ is irreducible and tempered.

Proof. Note that Indg{JS o~ is irreducible (by Proposition 4.7) and tempered (because o~ is
supercuspidal). We also make the following two observations:

e By [BS, Remark 4.4], every irreducible quotient of 7~ is tempered.
e By Proposition 6.1, every irreducible quotient of 7~ is non-generic.

Now, Theorem 5.5 implies that there exists a nonzero irreducible quotient of 7—. Moreover,
[BS, Proposition 4.15] together with these two observations imply that such quotient is unique.

Hence, 7~ is irreducible and tempered as desired. Il

6.2. Twisted coinvariant spaces for 7+. We assume from now on that x? = 1. This implies
that x is Gal(K/F)-invariant, hence there exists a character p of F* such that x = po Ng/p.

1

Fix a choice of such character . Note that u # p=! as p? = wr /- Denote by P the Borel of

GL2(F) consisting on upper triangular matrices.

Proposition 6.3. Consider the same notation as above. We have:
(1) The automorphic induction of X|Ng/p( )2 from K* to GLo(F) is the irreducible rep-

1/2

resentation | det |/ *T, where

(2) Regard |det |'/?7 as a representation of Ly ~ GLy, i.e.

[det|V2r = il (] 2 @ | [Y2). (11)

Then, % is the unique irreducible quotient of zgl(\ det |'/27).
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/2 is Galois invariant.

Proof. We start proving the first point. Note that (1o Ng/p)|Ng/p( )
Thus, the automorphic induction of this character to GLy(F') is the irreducible principal series
12 g Wi/ F |12,
Note that we used that, since wy/p # | |1, such principal series is irreducible. Using the relation

corresponding to the character of the diagonal torus in GLa(F') given by ul |

= wg /F, we can rewrite the automorphic induction as

G — G
PLz 1/2 1| ’1/2) | de t‘1/2 Lo(F )(

(ul | [y ),

proving the first point. Since 77 = fpy,(c™), and we saw in the proof of Theorem 4.10 that
zgl(\ det |'/27) has a unique irreducible quotient, the second point of the proposition follows
from the first one, Proposition 3.6 and Remark 3.7. U

In view of the previous proposition, the next proposition will provide a description of 7 in
this case.

Proposition 6.4. The unique irreducible quotient of zgl(] det |/27) is given by 182 (1o det).

Proof. The key to prove this proposition is to rewrite normalized parabolic inductions for the
parabolic Q1 (resp. @2) in terms of the parabolic Q2 (resp. (1) and to use intertwining
operators.

Using the isomorphism induced by (3), it can be seen
i@, (| det [V27) = i i (ul M2 @ p ' [V2) = iG a3 (ul [P+ 8) - w7 [P (a)), (12)

where in the last expression we are extending i \1/2 (a+B) - u~ Y |'?(a) from a character of T

to a character of B. Now, using that ’LQI i =

i, (1 det Y27 = i (] 20+ 8) w7 [V2()) -
This can be rewritten as

i (ul 12+ 8) - 17 1V2(@)) =G (17 V220 + ) - w3+ 8))

G L -
= QT (UnLy) (M 112 e “2> v

where in the last equality we proceeded in a similar way as in (12) and used the isomorphism

zB, we obtain

(13)

induced by (4). By Proposition 1.1 (i) of [Mui97], the representation of Ly ~ GLy given by
~1| |¥/2 ® p?) is irreducible and we have an isomorphism

L —1y1/2 |2\ o ;L 2 =1y 11/2
ZT%UQLQ) (/’L ‘ | / s b ) _ZT%UOLQ) (,U/ , W ‘ ’ / )

L
ZT%UOLQ) (1

Hence,
G L2 ( 71‘ ‘1/2® 2\ . G ;L2 20l 12
Q2'T(UnLy) \ M ) =1 r(unLy) (B @ H ||
~ i (122a+ B) - p 7 P2+ B)) =i (ul M2+ 8) - 1()),

where we used that 2a + 8 = a + (o + ). Now, we can use Proposition 1.1 (i) of [Mui97] to
obtain

i (4l P20+ 5)1(@0) 2 Gy (112 00%) = G, (17 @l 7).
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Proceeding in a similar way as above, we deduce
igli;}UﬂLl) (’uQ ® M’ ’1/2> = Zg (MQ(O‘ + /8) ',U«‘ |1/2(O‘)>
~ i (] 12020+ 8) -l 70k B)) = i,y (] 12 @ 0l 172).

By Proposition 1.1 (ii) of [Mui97], we have that i%“%UnLg) (1] |2 @ p| |7Y/2) has a unique irre-
ducible quotient given by podet. It follows that if (| det 1127) = iggi;iUnh) (] M2 @ p| [71/2)
has a quotient given by 182 (p o det). Finally, note that u? = wg/Fp # 1 so, in particular, p is
unitary. Hence, Theorem 3.1 (i) of [Mui97] affirms that 282 (1 o det) is irreducible, and we are

done. O

We therefore obtain the following corollary.

Corollary 6.5. Suppose that x*> = 1 and let i be a character of F* such that x = p o Ng/p-

Then,
at = 182 (o det),

where Qo denotes the Heisenberg parabolic of Gs.
Proof. This follows from Proposition 6.3 and Proposition 6.4. O

Remark 6.6. Even though we will not need it explicitly, it can be verified that in fact Opy,(c™) =
182 (o det).

We use the previous corollary to determine the non-vanishing of the twisted coinvariant spaces
of .

Proposition 6.7. Consider the same notation as above. Let ¢’ be a character of Us. We have

dim (Homg, (7", ¢")) > 1.

Proof. By Corollary 6.5, it is enough to see that
dim (Homg, (282 (podet),¢")) > 1.
Using the definition of normalized induction, we have

i§,(nodet) = { G2 = C | flaw) = (1o det)(q)3y, (a)f (x) for g € Qs, @ € G,

where we consider locally constant functions. The group G acts on the left of this space as
follows: if g € G and f € 182 (1o det), then (g - f)(z) = f(zg) for every z € G. Restrict the
representation ng(u odet) to a representation of Us. Let C2°(Usz) be the regular representation
(consisting on smooth functions with compact support) of Us. Then, we have an injective map
of Us-representations
C(Uz) — 282 (o det).
We proceed to describe it. The Bruhat decomposition of G2 with respect to the parabolic
subgroup Qs is
G2 = Q2 U QawgQ2 U Q2wgasQ2 U Q2wgagas@2
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(see [JR97, Page 289]). Hence, we can find the following Us-invariant subspace of 182 (p o det)

{#+ Quugasaslia = C| flaz) = (1o det) @3 (@) (@) for 4 € @, © € Qapasasl }
~ {f : wgagagUQ — C},

where we again consider locally constant functions. Note that we used that the big cell in the
Bruhat decomposition of G2 given above is the one corresponding to wgagas and therefore we
have a natural bijection QowgagagUsz ~ Q2 x Uz. If we further restrict the second space to
functions of compact support, we obtain the desired Us-representation subspace of ng (o det)
isomorphic to the regular representation C2°(Us).

Taking (Us, 1’)-coinvariants, which preserve injectivity by smoothness, we get

Ce(U2)ur = (iGy (o det)) .

Since, C°(Uz) is the regular representation, we have that C2°(Usz)y,, is 1-dimensional, and
the result follows from there. O

Remark 6.8. Consider the same notation as above and suppose in addition that v’ is generic.
It follows from [JR97, Theorem 3] that dim (HomU2 (zgz (o det), v’ )) < 1. Hence, we have

dim (HomU2 (1S, (o det), 1//)) — 1

6.3. Vanishing of the non-generic part. In this subsection, we show the vanishing of the
non-generic part of 7~ when y? = 1 by proving that the corresponding generic Fourier coefficients
along the unipotent U, are all zero.

Recall that J = J3(K), the set of 3x3 Hermitian matrices defined in Section 3.3. Let P = M N
be the Heisenberg maximal parabolic subgroup of H, where H is as defined in Section 3.3, and
let P = MN be the parabolic subgroup opposite to P. Let Z (resp. Z) be the center of N
(resp. N). Then N/Z and N/Z are commutative, and we have that N/Z = n/3 and N/Z = /3,
where 1, 3, 1 and 3 denote the Lie algebras of N, Z, N and Z, respectively. According to [(:S98,
(2.5)], we have the following decompositions:

nij=FaeJoJ & F"
A3=F"oJ ®JaF.
The Killing form on b induces a non-degenerate pairing between N/Z = n/3 and N/Z = /3
which is given by
((myu,u™, "), (y*, 0" 0,9)) = 2y™ + (u, ™) + (v, u™) + ya™.
The following theorem gives a useful description of the minimal representation II of H.
Theorem 6.9. [MS97, Theorem 7.1] Let II be the minimal representation of H. Let 11z and

IIn be the mazimal Z-invariant and N -invariant quotients of I1. Then 11z has a P-equivariant
filtration

0—Cxr(Q) =1z - Iy —0,

where Q is the smallest nontrivial M-orbit in N/Z and C°(Q) denotes the space of locally

constant, compactly supported functions on Q.
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Moreover, the action of P on C2°(2) is given by

m(n)f(z) = P((n,z)) f(x), neN,
m(m)f(z) = | det(m)|*/° f (m~tam), me M,

where det denotes the determinant of the representation of M on N/Z.

Now we consider Go N P = LoUs = GLoUs, the Heisenberg parabolic subgroup of G2. Notice
that
Uy)Z2F*®oFe* o Fed FCF*®J* @ JOF=N/Z,
where e is an element of J that is invariant under the action of G’ = PU3 X us9, normalized by
(e*,e) = 3. An element (a,b,c,d) € Us/Z defines a binary cubic form

ax® + b’y + cxy? + dy?,

which defines a cubic separable algebra if and only if the corresponding GLy-orbit of (a, b, ¢, d)
is generic. Moreover, the restriction of (, ) defines a non-degenerate pairing between Us/Z and
Uy/Z. Hence, a point n = (a,b,c,d) € Us/Z corresponding to a cubic separable algebra E
defines a character ¥ (z) == ¢ ((z,n)) on Us/Z.

We define the twisted Jacquet module Il, 4, to be the maximal quotient of II on which the
action of Us is given by the character . Theorem 6.9 enables us to describe the PUs-module
Iy, 4, explicitly as stated in the following proposition, which is essentially a summary of [GS98,
Proposition 2.8] and [G598, Lemma 2.9].

Proposition 6.10. Let E be a cubic separable F-algebra and let Xp = {A € H{(K) : fa = fu},

where

o H§(K):={Ac M3(K): A=ecAle '};
o fa is the characteristic polynomial of A € H§(K);
e fg is a fized monic cubic polynomial such that E = Flz|/ (fp(zx)).

Then, we have the following isomorphism of PUs-modules:

HUQ,TPE = CcOO(XE)

Proof. Since v is not trivial, we have (IInx)y, 4, = 0. Hence, taking (Us, 1 g)-coinvariants in

the short exact sequence in Theorem 6.9, we obtain that C°(Q2)y,.4, =~ Hyy -

Now we show that C2°(Q)y, 4, =~ CF(XEg). For n € Uy and f € C°(§2), we have

m(n)f(z) = ¢((n, z)) f(2)
by Theorem 6.9. It follows from the proof of [GS98, Lemma 2.9] that the natural projection

map C(Q) - C°(Q)y,, ¢, can be realized as the restriction map C°(Q) — C°(X};), where
Xp={A€J: facr =fr} CQ.

An element z € PU3 acts on X}, by A — 2Az'. The map A — Ae~! defines a bijection of
PUs-sets between X, and Xg, with PU3 acting on the latter by conjugation. ]
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In the statement and proof of the following lemma, we regard HS(K), M3(K) and any cubic
separable F-algebra E as Jordan algebras with multiplication defined by
1
Toy= §(xy+yﬂs)
Of course, on E this agrees with the standard multiplication.

Lemma 6.11. Let E be a cubic separable F-algebra. The following PUs-sets are in natural
bijection:
(1) the set Xg defined above, with PUs acting by conjugation;
(2) the set of embeddings i : E — HS(K) of Jordan algebras over F, with PUs acting by
conjugation;
(3) the set of embeddings i : E ®@p K — M3(K) of K-algebras which are compatible with the
anti-involution defined by the nontrivial element ¢ € Gal(K/F') on each side, given on
E ®r K by the natural Galois action and on M3(K) by A — eAte™!, with PUs acting

by conjugation.

Proof. An embedding i : E — H§(K) of Jordan algebras over F' is determined by the image of
the element z € E = F[z|/(fr(z)). Since ¢ is an embedding, the characteristic polynomial of
i(x) must be equal to fg. This gives a natural bijection between (1) and (2).

Observe that there is an isomorphism of K-algebras

Mg(K) Rp K = Mg(K) X Mg(K)

given on pure tensors by A®a + (aA,aA). Under this isomorphism, the action of the nontrivial
element ¢ € Gal(K/F), which acts on M3(K)®p K via its natural action on the right factor K,
is given on M3(K) x M3(K) by (A, B) — (B, A). Moreover, the anti-involution on M3(K)®p K
defined by A ® a — eAfe™! ® a corresponds to the anti-involution on M3(K) x M3(K) defined
by (A, B) — (eBTe 1, eATe ). Therefore, the subspace H§(K) ®p K maps to

{(A,eATe ™) Ae M3(K)} C M3(K) x M3(K),

and, by projection onto the first factor, we obtain an isomorphism HS(K) ®p K = M3(K)
of Jordan algebras over K. Moreover, under this isomorphism, the nontrivial element ¢ €
Cal(K/F) acts on M3(K) by A +— eAfe™ | so that M3(K)GE/F) is the set of matrices H§(K) C
HS(K)®p K = M3(K). It follows from these remarks that there is a natural bijection between
(2) and (3). O

We now prove that the sets appearing in the previous lemma are always non-empty.

Lemma 6.12. There exists an embedding i : E @p K — Ms3(K) of K-algebras compatible
with the anti-involution defined by the nontrivial element ¢ € Gal(K/F') on each side, given on
E ®p K by the natural Galois action and on M3(K) by A — eAfe™L.

Proof. For any A € F*, we define the following Hermitian pairing on the K-vector space EQpr K.
Forzr®a,y®be FQp K, we define

(x ®a,y @ b)y = Aab® Tr(zy),
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where Tr : £ — F denotes the trace form, and we extend the pairing additively. Choosing
a suitable A, the Hermitian space (F ®p K, (, )») is isomorphic to the Hermitian space (V =
K3,®3 = e). This provides an embedding

Er K — EndK(E RF K) ~ EndK(V) = Mg(K)

The actions of ¢ € Gal(K/F) on E ®p K and on M3(K) defined in the statement amount to
taking the adjoint with respect to the corresponding Hermitian pairing. Therefore, the previous

embedding is compatible with the action of c.
O

Given a cubic separable F-algebra E, let T'p ;- denote the algebraic group over F' such that,
for an F-algebra R,

IE,K(R) - {x €EE®rR®r K : NE®FR®FK/E®FR(x) - 1}7

and let T g denote the corresponding group of F-points. An embedding i’ : E®p K — M3(K)
compatible with the anti-involution defined by the nontrivial element ¢ € Gal(K /F') on each side,
as described in the previous lemma, defines an embedding of algebraic groups i : Ty i — Us.

For an F-algebra R, the corresponding map on R-points is the map
(E®r K ®p R)' — Us(R)

obtained by restricting the map induced by 7' to norm-1 elements. Let i, : E @p K — M3(K)
be an embedding compatible with the action of ¢ € Gal(K/F') and let ig be the corresponding
embedding of algebraic groups I'p x < Us. Let Xg denote the set of embeddings of algebraic
groups T’y ;¢ = Uz which are conjugate to ip by an element of Us (F). The group PUjs acts on
Xg by conjugation.

Proposition 6.13. Let E be a cubic separable F-algebra. There is a bijection of PUs-sets
between Xg and XE.

Proof. By Lemma 6.11, we just need to show that there is a bijection of PUs-sets between Xp
and the set of embeddings of K-algebras i’ : E ®@p K < Ms3(K) which are compatible with the
anti-involution defined by the nontrivial element ¢ € Gal(K/F') on each side. Such a map can
be extended to an embedding of F-algebras

E®pr K®p F — M3(K®p F)

compatible with the action of ¢ € Gal(K/F). Giving such a map is equivalent to giving an
embedding of F-algebras
F x F x F < M;(F).

Therefore, it becomes clear that, after choosing an embedding K < F, any two embeddings
ih,ih + E®p K — M3(K) compatible with the action of ¢ € Gal(K/F) are conjugate by an
element of Uz(F) ~ GL3(F). In particular, any embedding i’ : E @ K < M3(K) compatible
with the action of ¢ € Gal(K/F) is conjugate to i, by an element of Us(F). Moreover, if
a € U3(F), then a-i)-a~! defines an embedding E ®pr K — Mj3(K) compatible with the action
of ¢ € Gal(K/F) if and only if the cocycle 7+ a~! - 7(a) defines a cohomology class in

ker (H'(F,Tp i) — H'(F,Us)) .
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This is the same condition that a € Uz(F) must satisfy in order that a - ig - a~! defines an
embedding of algebraic groups T'p o — Uj. Furthermore, a € Uz(F F) fixes if, if and only if
a € io(Tp x(F)) and thus if and only if it fixes 49. Hence, it follows that the map defined above
sending an embedding i’ : E ®@p K < M3(K) compatible with the action of ¢ € Gal(K/F) to
an embedding of algebraic groups ¢ : T'g, j < Ug provides the desired bijection. |

Let 7~'E 5 denote set of PUs-orbits of Xg.

Corollary 6.14. Let E be a cubic separable F-algebra. Then,

Mipp 2 P cIndiz? 1.

ZETE,K
Proof. 1t follows from Proposition 6.10 that
HUzﬂlJE = CSO(XE)

Proposition 6.13 establishes a bijection of PUgs-sets between Xg and X g. The stabilizer of an
embedding of algebraic groups i : T'p i — Us for the conjugation action of PUs is i(Tk k).
Therefore, decomposing X g into PUs-orbits, we obtain

@ C- IndP U3

€T K

Corollary 6.15. Let E be a cubic separable F'-algebra. Then,
dim Homy, (©pu, (07), ¥ i) + dim Homyy, (Opu, (0 7), ¥p) = 1.

Proof. It follows from the previous corollary and an application of Frobenius reciprocity for

compact induction that the left-hand side is equal to
3 (dirn Homy(r,, ) ((07)", 1) + dim Homyr, ) ((07)", 1)) .
iG'i-E,K
Since both o™ and ¢~ are unitary representations, this sum can be rewritten as

Z (dim Homi(TEyK)(oJr, 1) + dim Homy(7, .y (0™, 1)) ,

Z'€7-E,K
which is equal to 1 by [BFG™, Corollary 4.2]. O
Proposition 6.16. If x> = 1, the representation m~ does not have a nonzero non-generic

subquotient.

Proof. Combining Proposition 6.7 and the previous corollary, it follows that, for all character
Yg of Uy corresponding to a cubic separable F-algebra E as above,

Homy, (7™, vg) = 0.

Therefore, it follows from [BS, Lemma 4.13] that any non-generic subquotient of 7~ is finite-
dimensional. Since 7~ is tempered by [BS, Remark 4.4], it cannot have any finite-dimensional
subquotient, which concludes the proof. [l
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Combining Proposition 6.1 and Proposition 6.16, we finally obtain the following.

Theorem 6.17. If x> = 1, the representation ©~ is zero.
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