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-
Setting

g € Si(Ng, xg), h € Sm(Nh, xn) newforms with / = m (mod 2).

K /Q imaginary quadratic field of discriminant —Dg and with
attached quadratic character ek.

1 Hecke character of K of conductor f, infinity type (1 — k,0) for
some even k > 2 and central character e, = ek XgXh-

Ny, = NK/Q(f)Df@ N = lem(Ny, Ng, Np).
p > 5 prime with (p, N) = 1.
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-
Setting

Vg, Vj, are the p-adic Galois representations attached g and h.
Tg € Vg and Tj, C Vj are Galois-stable lattices.
by is the p-adic avatar of 1.

We are interested in the Gk-representation
V= Ve @ Va(yy')(1 — o),

where ¢ = (k+ 1+ m—2)/2.
T=T,® Th(wqgl)(l — ¢) is a Gk-stable lattice in V.

Radl Alonso (Princeton) Anticyclotomic Euler systems Il 9JTN 2022 3/14



Definition of Euler system

We follow the approach of Jetchev-Nekova¥-Skinner:

@ S is the set of squarefree products of primes g coprime with p/N that
split in K.
@ For g splitin K and q | g,

Py(X) := det(1 — Fry ' X|VY(1)).
@ An Euler system is a collection of cohomology classes
’= {Hn e HY(K[n],T) : ne 5}
such that

Corﬂz]q](/inq)EPq(Frgl)/@n mod (g — 1)HY(K[n], T).
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Construction for k =1 =m =2

@ Yi0(N, m) is the affine modular curve parameterizing triples
(E, P, C), where
e E is an elliptic curve,
e P is a point in E of order N,
e C is a cyclic subgroup of E of order Nm containing P.

e Two kinds of degeneracy maps Yio(N, mq) — Yio(N, m):
m1(mg, m) : (E, P, C) — (E, P, qC)

m(mg,m) : (E,P,C) —— (E/NmC,P + NmC,C/NmC).
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Construction for k =1 =m =2

@ For each n € S, consider:

Ylo(N, n2) ‘L—"> Y]_o(N, n2) X Ylo(N, n2) X Ylo(N, n2)
J’(l,ﬂ'lﬂrg)
Ylo(N, n2) X Yl(N) X Yl(N)

o Let A, = (1,71, 72)« 0 tnx(Y10(N, n?)), a codimension-2 cycle in
Ylo(N, n2) X Yl(N) X Yl(N)
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Construction for k =1 =m =2

@ Let g be a prime such that ng € S.

e Consider the following maps Y1o(N, n?q?) — Yi1o(N, n?):
o m1 = mi(n?q, n?) o m(n?q?, n?q),
o mip = ma(n*q, n*) o mi(n*q?, n°q),
o T = ma(n?q, n?) o ma(n?q?, n?q).

Proposition
(7711, 17 1)*(Anq) = {(1’ 1? <q>/72 Té/z) - (q + 1)(17 17 <q>/71)}A”'

° (7Tl2> ]-7 ]-)*(Anq) = {(]-a Tép <q>/71 Tc/]) - (Tl;7 <q>/7 1)}A"'
° (77227 17 1)*(Anq) = {(L T:;27 1) - (q + 1)(17 <q>/7 1)}An-
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Construction for k =1 =m =2

o Let k! be the image of A, under the following sequence of maps.
CH? (Yio(N, n?) x Y1(N) x Y1(N))

AJp

~

H1 (Q, Hgt(\_/lo(/v, n2) X ?1(N) X \_/1(N),Zp)(2))

~

H* (Q, HE(Y10(N, n?), Zp) @ HL(Y1(N), Zp) ® HL(Y1(N), Z,)(2))

Hl (Q7 Hg.t(VIO(Ni/)a n2)’ ZP) ® He}t(\_/l(lvg)’ ZP) ® Hg-t(\_/l(Nh)a ZP)(2))

Radl Alonso (Princeton) Anticyclotomic Euler systems Il 9JTN 2022 8/14



Construction for k =1 =m =2

o Let Tjo(Ny, n*) be the Z,-algebra of endomorphisms of
HZ(Y10(Ny, n®), Zp) generated by the operators T/ and (d)’.

e K][n] is the maximal p-subextension of the ring class field of
conductor n and R, := Gal(K[n]/K).

e £/Q, is a finite extension and O is the ring of integers of E.

Proposition (Lei-Loeffler-Zerbes)

There exists a homomorphism
én : Tho(Ny, ) — O[R,]

such that ¢n(Tg) = >_,¥(q)[q], with the sum over prime ideals of norm g
coprime to fn, and ¢n((d)’) = exey(d).

v
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Construction for k =1 =m =2

@ For n,ng € S, we define maps

OlRng) @ (11, (Ny,2¢?),6na) Het(Yio( Ny 1°G7), Zp)

b

O[Rn] @11, (Nyr2).6) Hex(Yio(Nys, 1), Zp)

by the following formula:

N = 1@ 1, + (@Z’(‘L)[Q] P(

Il

)[q]) *+Eﬁq)®7rzz*.

Q
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Construction for k =1 =m =2

Theorem (Lei-Loeffler-Zerbes)

There exists a family of Gg-equivariant isomorphisms of O[R,]-modules
O[Rn] @ (1 (N r2),6) He(Y10(Nys, 1?), Zp(1)) —— |"dK[,,] O(ty)
for n € S such that if n | n we get a commutative diagram

O[Ry] ®(r1, (N 2),6,0) Ha(Yio(Ny, 02), Zp(1)) — IndK[n’] O(¢y)

l/\[" lNorm

O[Rn] @11, (N 2. 6) Hie(Yio(Nyp, 0%), Zp(1)) —— Ind? 1 OWgh).

Radl Alonso (Princeton) Anticyclotomic Euler systems Il 9JTN 2022 11/14



Construction for k =1 =m =2

o Let x2 be the image of s} under the following sequence of maps.

HY(Q, Hiy(Yio(Ny, %), Zp) © Hi(Y1(Ng), Zp) © Hg(Y1(Nh), Z,)(2))

|

H (@, Indg, Ough) @ Ty @ Th(-1))

E

HY (Klnl, T @ Th(vh)(-1))

o Let k, = xn(n)x2 € HY(K][n], T).
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Construction for k =1 =m =2

Theorem

The classes r,, lie in Hi(K([n], T) for all n € S and satisfy

corin(ting) = {xg(q)xh(q) <¢gq) Frq_1> ~ (e <w57q )
e e <>< ERi

+xg(a)xn(a)q <wgq) Frql>2 }f-en

for all n,ng € S. Therefore

corﬂ"]q]( Kng) = <¢£]q) Frq1> Pq(Frgl)/@,, mod (g — 1)HY(K][n], T).

v
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-
A A-adic Euler system

@ Working with p-adic families of diagonal cycles, as constructed in the
work of Darmon-Rotger and Bertolini-Seveso-Venerucci, we can
obtain classes that vary along the anticyclotomic Z,-extension.

Theorem

Assume that
e psplitsin K and pt h,
@ g and h are ordinary at p.

Then we obtain a collection of cohomology classes
K= {m,, € HL(K[np™], T): ne S}
such that

cortel(snq) = Py(Fry)in mod (g — 1)HE(K[np™], T).
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