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MIDTERM 2

Please write your name on each page of your answer sheet and do not fold the pages together.
(1) Show the uniqueness to the solution of

up — kg = f(z,t) forO<az <L, t>0

u(z,0) = ¢(x)
w(0,t) = g(t)
u(L,t) = h(t)

for sufficiently nice functions f, g, &, ¢. You can use whatever method you want. A useful energy
for the heat equation is the L? energy given by Efu](t} = [ v*(z, t)dz.

(2) Solve in terms of the error function
t— ki, =0 onld<z<oot>0
u(z,0) =0 '
u{0,t) =
Hint: First consider v := © —1. What equation does v satisfy? Then solve that equation, keeping
in mind that we are solving this on the half—line The error function is given by

Erf(s / - .
f

(3) Solve by finding an explicit formula. Make sure to integrate out the solution of
Upt — gy = €% on (z,t) € R
u{z,0) =10
u{xm, O) =0.
Note that sinh(z) = £58= cosh(z) = ©%f and that (sinh(z))’ = cosh(z).

(4) Let L,T > 0. Suppose u is tw1ce diﬁerentlable on the open rectangle (0, L} x (0,7") and satisfies
the partial differential inequality

U — Uz +u < 0.

Suppose further that w is continuous on B = [0, L] x [0,7]. If M is the maximum on of v on R
and M > 0, then show that u attains the value M on the sides.a =0 or.a.= 1L or on the hottom
t =0 of R. Hint: Consider the sign or value of each quantity in the partial differential inequality
at a maximum point if it were to occur in the interior. No v = u + £ trick is necessary for this
problem.
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MIDTERM 2

Please write your name on each page of your answer sheet and do not fold the pages together.

(1) Show the uniqueness to the solution of

g — kuge = flx,t) for0<z <L, £>0

u(z,0) = ¢(z)
U‘(O: t) = g(t) ‘
(L, t) = h(t)

for sufficiently nice functions f, g, h, ¢. You can use whatever method you want. A useful energy
for the heat equation is the L? energy given by E[u](t) = fOL u?{z,t)dx.
(2) Solve in terms of the error function '
Up — ke =0 on0<z<oo,t>0
w(z,0) =0
u(0,t} = 1.
Hint: First consider v :— u— 1. What equation does v satisfy? Then solve that equation, keeping
in mind that we are solving this on the half-line. The error function is given by

2 L3
Erf(s) = = fo e du.

(3) Solve by finding an explicit formula. Make sure to integrate out the solution of

U — CUgy = €25 om (z,1) € R?
u{z,0) =0
Ut(iﬂ, 0) = {.

Note that sinh(z) = £ 5—, cosh(z) = @42 ° and that (sinh(z))’ = cosh(z).
(4) Tet L, T > 0. Suppose u is twice differentiable on the open rectangle (0, L) x (0,T) and satisfies

fthe partial differential inequality
Up — Uge + U < 0.
Suppose further that u is continuous on R = 10, L] x [0, T1. If M is the maximum on of u on R
and M > 0, then show that u attains the value M on the sides # = 0 or £ = L or on the bottom
=0 of R. Hint: Consider the sign or value of each quantity in the partial differential inequality
at a maximurn point if it were to occur in the interior. No v = u +¢€ trick is necessary for this
problem.






MIDTERM 2 -

Please write your name on each page of your answer sheet and do not fold the pages together.

(1) Show the uniqueness to the solution of

Uy — ktigy = flz,8) for0<z <L, t>0

u(z,0) = ¢(z)
U’(D:t) = g(t)
(L) — h(t)

for sufficiently nice functions f, g, h, ¢. You can use whatever method you want. A useful energy
for the heat equation is the 12 energy given by Elu[({) = _['OL u?(z,t)dz.
(2) Solve in terms of the error function '
Uy — ktlge =0 on 0 <z <o0,t>0
u{z,0) =0
u(0,8) = 1.
Hint: First consider v = u— 1. What equation does v satisfy? Then solve that equation, keeping
in mind that we are solving this on the half-line. The error function is given by

2 5
Erf(s) = ﬁ/{) e da.

(3} Solve by finding an explicit formula. Make sure to integrate out the solution of

Uy — Cugy — e?©  on (z,t) € R?
w(z,§) =0
U‘t(fE, U) ={}.

Note that sinh(z) = €=f—, cosh(x) = €47 and that (sinh(z))" = cosh(z).

(4) Let L, T > 0. Suppose u is twice differentiable on the open rectangle (0, L) x (0,7") and satisfies
the partial differential inequality

Uy — Uge + 0 < 0.
Suppose further that u is continuous on R = [0, L] x [0,7]. If M is the maximum on of « on K
and M > 0, then show that w attains the value M on the sides x = 0 or = = L or on the bottom
+ =0 of R. Hint: Consider the sign or value of each quantity in the partial differential inequality
at a maximum point if it were to occur in the interior. No v = u +¢ trick is necessary for this
problem.
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MIDTERM 2 J :

Please write your name on each page of your answer sheet and do not fold the pages together.

(1) Show the uniqueness to the solution of

— kg = f(,t) forO0O<az <L, t>0

u(z,0) = $(x)
u(0,1) = g(t)
w(L, 1) = h(®)

for sufficiently nice functions f, g, h, ¢. You can use Whatever method you want. A useful energy

for the heat equation is the L? energy given by Elul(f) = 0 u?(z,t)dz.
(2) Solve in terms of the error function

—kUye =0 onl<z<oo,t>0
u(z,0) =0
u(0,t) = 1.

Hint: First consider v ;= u - 1. What equation does v satisfy? Then solve tha$ equation, keepmg
in mind that we are solving this on the half-line. The error function is given by

Erf(s) = ﬁfg e % da. S

(3) Solve by finding an explicit formula. Make sure to integrate out the solution of

U — iz = €2 o (x,1) € R?
u{z,0) =0
w(z,0) = 0.

T

Note that sinh(z) = 35—, cosh(z) = e4e% and that (sinh(z))’ = cosh{z).
(4) Let L,T" > 0. Suppose u Is twice differentiable on the open rectangle (0, L) x (0,T) and satisfies
the partial differential inequality

U — Uy + 1 <0

Suppose furthcr that w is continuous on R = [0, 1] x [0,T]. If M is the maximum on of u on R
and M > 0, then show that u attains the value M on the sides z =0 or z = L or on the bottom
¢ — 0 of R. Hint: Consider the sign or value of each quantity in the partial differential inequality
at a maximum point if it were to occur in the interior. No v = u +¢ trick is necessary for this
problem. '
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MIDTERM 2

Please write your name on each page of your answer sheet and do not fold the pages together.

(1)

Show the uniqueness to the solution of

U — kg = fz,t) forO<ax <L, t>0

u(z, 0} = ¢(z)
u(0,t) = g(t)
(L, t) = hit)

for sufficiently nice functions f, g, k, ¢. You can use whatever method you want. A useful energy
for the heat equation is the L? energy given by Elul(t) = fOL u?{z, t)dz.
Solve in terms of the error function

U — Kige =0 on 0 <z <oo,t>0

u(z,0} =0

u(0,1) = 1.
Hint: First consider v := u — 1. What eguation does v satisfy? Then solve that equation, keeping
in mind that we are solving this on the half-line. The error function is given by

2 8
Eri(s) = ﬁ/() e~ d.

Solve by finding an explicit formula. Make sure to integrate out the solution of
Uy — Cugg = € on (z,t) € R?
w(z,0) =10
Uy (.’.U, D) =0.

Note that sinh(z) = £~ cosh(z) = £3£" and that (sinh(z))’ = cosh{z).
Let L,T > 0. Suppose u is twice differentiable on the open rectangle (0, L} x (0,T) and satisfies
the partial differential inequality

Ut — Upn + 1 < 0.

Suppose further that u is continuous on R = [0, L} x [0, 11 I’i_]lﬁf_is the maximum on of w on R

cand M > 0, then show that u attains the value M on the sides £ = 0 or x — I or on the hottom

t = 0 of R. Hint: Consider the sign or value of each quantity in The partial differential inequality
&t a makimum point if it were to occur in the interior. No v = u + ¢ trick is necessary for this
problem.
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Please write your name on each page of your answer sheet and do not fold the pages together.

(1)

(2)

)

Aﬁ{%¢ﬂ Fovabamn

BE TRy

MIDTERM 2

Show the uniqueness to the solution of
uy — kuge = f(z,t) for0<w <L, t>0 |
u(z,0) = ¢(z) ertAynf
H(O: t) = _g(t)
u{L,t).= h(t) |

for sufficiently nice functions f, g, h, ¢. You can use whatever method you want. A useful energy

for the heat equation is the I.? energy given by Elul(t) = OL u?(x, t)dz.

Yolve in terms of the error function

g — kg =0 on0 <z <o00,t>0
Onol E TV

A St 1 o e .

Hint: First consider v := u— 1. What equation does v satisfy? Then solve that equation, keeping
in mind that we are solving this on the half-line. The error function is given by

Erf(s) = —\%_/0 e % da.

Solve by finding an explicit formula. Make sure to integrate out the solution of

i e = €2 on {x,t) € R?

u(’):,(]): I .S

- g
wrr b 5 0 Chart b

ug(z,0) = 0. %:Cb (rtet )~ % ety T 7 ? Woneds T?{\E i:rnhr_hf&

-£ L
¢ EAERRIS A

P AT

wi

Note that sinh(z) = & §—, cosh(z) = et and that (sinh{z})" = cosh(z).
Let L,T > 0. Suppose u is twice differentiable on the open rectangle (0, L) x (0, T} and satisfies
the partial differential inequality '

utﬁum%—ug().

Suppose further that u is confinuous on R = [0, L] x [0, 7). If M is the maximum on of u on R
and M > 0, then show that u attains the value M on the sides z = 0 or & = L or on the bottom
t = 0 of R. Hint: Consider the sign or value of each ‘quantity in the partial differential inequality
at a maxirum point if it were to occur in the interior. No © = 1 + & trick is necessary for this
problemn. ‘
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