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Preface

Many years ago, I had my first opportunity to teach a graduate course on ordinary
differential equations at UC, Santa Barbara. Not being a specialist, I sought advice
and suggestions from others. In so doing, I had the good fortune of consulting with
Manoussos Grillakis, who generously offered to share his lovely notes from John
Mallet-Paret’s graduate course at Brown University. These notes, combined with
some of my own home cooking and spiced with ingredients from other sources,
evolved over numerous iterations into the current monograph.

In publishing this work, my goal is to provide a mathematically rigorous
introduction to the beautiful subject of ordinary differential equations to beginning
graduate or advanced undergraduate students. I assume that students have a solid
background in analysis and linear algebra. The presentation emphasizes commonly
used techniques without necessarily striving for completeness or for the treatment
of a large number of topics. I would half-jokingly subtitle this work as “ODE, as
told by an analyst.”

The first half of the book is devoted to the development of the basic theory:
linear systems, existence and uniqueness of solutions to the initial value problem,
flows, stability, and smooth dependence of solutions upon initial conditions and
parameters. Much of this theory also serves as the paradigm for evolutionary
partial differential equations. The second half of the book is devoted to geometric
theory: topological conjugacy, invariant manifolds, existence and stability of
periodic solutions, bifurcations, normal forms, and the existence of transverse
homoclinic points and their link to chaotic dynamics. A common thread
throughout the second part is the use of the implicit function theorem in Banach
space. Chapter 5, devoted to this topic, serves as the bridge between the two halves
of the book.

A few features (or peculiarities) of the presentation include:

— a characterization of the stable, unstable, and center subspaces of a linear
operator in terms of its exponential,

— a proof of smooth dependence using the implicit function theorem,

— a simple proof of the Hartman-Grobman theorem by my colleague, Michael
Crandall,

— treatment of the Hopf bifurcation using both normal forms and the Liapunov-
Schmidt method,

vii



viii Preface

— a treatment of orbital stability of periodic orbits using the Liapunov-Schmidt
method, and

— a complete proof of the existence of transverse homoclinic points for periodic
perturbations of Newton’s Equation.

I am most grateful to Prof. Grillakis for sharing his notes with me, and I thank
both Profs. Grillakis and Mallet-Paret for their consent to publish my interpretation
of them. I also thank Prof. Michel Chipot, the Series Editor, for encouraging me to
publish this monograph.

Santa Barbara, July 2013 Thomas C. Sideris



Contents

1 Introduction. . ........ ... ... .. .. .. ...
2 Linear Systems. . . ... ........ . ... ...
2.1  Definition of a Linear System .. .....................
2.2 Exponential of a Linear Transformation ................
2.3 Solution of the Initial Value Problem
for Linear Homogeneous Systems. . . .. ................
24  Computation of the Exponential of a Matrix . ............
2.5 Asymptotic Behavior of Linear Systems . .. .............
2.6 EXercises. .. ... ...
3 Existence Theory ... ......... ... ... ... .. ... .. ... .....
3.1  The Initial Value Problem . . ........................
3.2 The Cauchy-Peano Existence Theorem . ................
3.3 The Picard Existence Theorem. . .....................
3.4  Extension of Solutions . .......... ... .. .. ... .. .....
3.5  Continuous Dependence on Initial Conditions . ...........
3.6 Flow of Nonautonomous Systems. . . .. ................
3.7  Flow of Autonomous Systems . . .....................
3.8 Global Solutions. . . ........ ... .. ... .
3.9 Stability. . . ...
3.10 Liapunov Stability . ............... ... ... . ... .....
301 EXercises. . . ..o v i
4 Nonautonomous Linear Systems . . . ......................
4.1 Fundamental Matrices. . . ... ......... ... ...
42  Floquet Theory. . . ... ... ...
4.3  Stability of Linear Periodic Systems. . .................
4.4  Parametric Resonance — The Mathieu Equation . . .. .......
4.5  Existence of Periodic Solutions . . ....................
4.6 EXEICISES. . . . oottt e

11
17

21
21
21
22
27
28
32
34
38
40
44
47

53
53
57
63
65
67
71

ix



Results from Functional Analysis
Operators on Banach Space
Fréchet Differentiation
The Contraction Mapping Principle in Banach Space
The Implicit Function Theorem in Banach Space
The Liapunov—Schmidt Method

5.1
5.2
53
54
5.5
5.6

Dependence on Initial Conditions and Parameters
Smooth Dependence on Initial Conditions
Continuous Dependence on Parameters

6.1
6.2
6.3

Linearization and Invariant Manifolds
Autonomous Flow at Regular Points
The Hartman-Grobman Theorem
Invariant Manifolds

7.1
7.2
7.3
7.4

Periodic Solutions
Existence of Periodic Solutions in R”: Noncritical Case
Stability of Periodic Solutions to Nonautonomous

Periodic Systems
Stable Manifold Theorem for Nonautonomous
Periodic Systems
Stability of Periodic Solutions to Autonomous Systems
Existence of Periodic Solutions in R": Critical Case
The Poincaré-Bendixson Theorem

8.1
8.2

8.3

8.4
8.5
8.6
8.7

Center Manifolds and Bifurcation Theory
The Center Manifold Theorem
The Center Manifold as an Attractor
Co-Dimension One Bifurcations
Poincaré Normal Forms
The Hopf Bifurcation
Hopf Bifurcation via Liapunov—Schmidt

9.1
9.2
9.3
94
9.5
9.6
9.7

Contents

........................ 73
......................... 73
............................ 75
....... 79
.......... 82
...................... 85
...................................... 86

............ 89
............... 89
................. 92
...................................... 94

.................... 95



Contents xi
10 The Birkhoff Smale Homoclinic Theorem . . ... ............. 199
10.1 Homoclinic Solutions of Newton’s Equation . . ........... 199
10.2 The Linearized Operator . . . . .............0uuuuu.... 202
10.3  Periodic Perturbations of Newton’s Equation. . ........... 207
10.4 Existence of a Transverse Homoclinic Point . ... ......... 210
10.5 Chaotic Dynamics . .. ... ...... ... 216
10.6 EXercises. . . ... ..o 217
Appendix A: Results from Real Analysis . . .................... 219
References . ... .. ... ... . .. ... 221
Index . .. ... ... . 223



Chapter 1
Introduction

The most general nth order ordinary differential equation (ODE) has the form

F(t,yay/,---,y(n)):()’

where F is a continuous function from some open set £2 C R"*2 into R. An n times
continuously differentiable real-valued function y(#) is a solution on an interval [ if

F(t, (), y'(),....,y™"@) =0, rel.

A necessary condition for existence of a solution is the existence of points p =
(t, Y1, -+, Ynt1) € R"*2 such that F(p) = 0. For example, the equation

O +y +1=0

has no (real) solutions, because F(p) = y2 + y1 + 1 = 0 has no real solutions.

If F(p) =0and S—i( p) # 0, then locally we can solve for y, 1 in terms of the
other variables by the implicit function theorem

)’n—i—l = G(ta ylv "'vyn)a
and so locally we can write our ODE as
vy =Gy, y, ...y,

This equation can, in turn, be written as a first order system by introducing addi-
tional unknowns. Setting

x1=y, xo=y, ..., x,=y" D,

T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 1
Atlantis Studies in Differential Equations 2, DOI: 10.2991/978-94-6239-021-8_1,
© Atlantis Press and the authors 2013



2 1 Introduction
we have that
X\ =Xxp, Xh =X x_ o =x, x, =G, x Xn)
1 = A2, A = A3, ooy Ay = An, Ay = sy ALy e e ey An).

Therefore, if we define n-vectors

X1 X2
x=| * |, f@x) =
Xn—1 Xn
xl’l G(tvxl’---,xn—l,xn)

we obtain the equivalent first order system

X' = £(t, x). (1.1)

The point of this discussion is that there is no loss of generality in studying the
first order system (1.1), where f (¢, x) is a continuous function (at least) defined on
some open region in R"*1,

A fundamental question that we will address is the existence and uniqueness of
solutions to the initial value problem (IVP)

x'= f@t,x), x(ty) = xo,

for points (#p, xo) in the domain of f (¢, x). We will then proceed to study the
qualitative behavior of such solutions, including periodicity, asymptotic behavior,
invariant structures, etc.

In the case where f(t,x) = f(x) is independent of ¢, the system is called
autonomous. Every first order system can be rewritten as an autonomous one by
introducing an extra unknown. If

letv 32 = X1y «++y Zn+l = Xp,

then from (1.1) we obtain the equivalent autonomous system

=g, g@) = [fzz)].

Suppose that f(x) is a continuous map from an open set U C R” into R". We
can regard a solution x (¢) of an autonomous system

x'= fx), (1.2)

as a curve in R”. This gives us a geometric interpretation of (1.2). If the vector
x'(t) # 0, then it is tangent to the solution curve at x(¢). The Eq. (1.2) tells us what
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the value of this tangent vector must be, namely, f (x(¢)). So if there is one and only
one solution through each point of U, we know just from the Eq.(1.2) its tangent
direction at every point of U. For this reason, f (x) is called a vector field or direction
fieldon U.

The collection of all solution curves in U is called the phase diagram of f(x).
If f # 01in U, then locally, the curves are parallel. Near a point xo € U where
f(xp) = 0, the picture becomes more interesting.

A point xog € U such that f(xg) = 0 is called, interchangably, a critical point, a
stationary point, or an equilibrium point of f.If xo € U is an equilibrium point of
[, then by direct substitution, x () = xq is a solution of (1.2). Such solutions are
referred to as equilibrium or stationary solutions.

To understand the phase diagram near an equilibrium point we are going to attempt
to approximate solutions of (1.2) by solutions of an associated linearized system.
Suppose that xq is an equilibrium point of f.If f € C'(U), then Taylor expansion
about xg yields

fx) = Df(x0)(x — xo),
when x — xq is small. The linearized system near xg is
y' =Ay, A= Df(xg).

An important goal is to understand when y is a good approximation to x — x.
Linear systems are simple, and this is the benefit of replacing a nonlinear system by
a linearized system near a critical point. For this reason, our first topic will be the
study of linear systems.



Chapter 2
Linear Systems

2.1 Definition of a Linear System

Let f(z, x) be a continuous map from an open set in R"*! to R”. A first order system

x'= f(t, x)

will be called linear when

f,x)=A()x + g(t).

Here A(¢) is a continuous n x n matrix valued function and g(7) is a continuous R”
valued function, both defined for 7 belonging to some interval in R.

A linear system is homogeneous when g(t) = 0. A linear system is said to have
constant coefficients if A(t) = A is constant.

In this chapter, we shall study linear, homogeneous systems with constant coeffi-
cients, i.e. systems of the form

x' = Ax,

where A is an n x n matrix (with real entries).

2.2 Exponential of a Linear Transformation

Let V be a finite dimensional normed vector space over R or C. L(V) will denote
the set of linear transformations from V into V.

T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 5
Atlantis Studies in Differential Equations 2, DOI: 10.2991/978-94-6239-021-8_2,
© Atlantis Press and the authors 2013



6 2 Linear Systems

Definition 2.1. Let A € L(V). Define the operator norm

|Ax]
= sup [Ax].
x20 Xl xp=1

1Al =

Properties of the operator norm:

o ||[A|l < oo, forevery A € L(V).

e L (V) with the operator norm is a finite dimensional normed vector space.

e Given A € L(V), ||Ax|| < ||A|lllx]|, for every x € V, and ||A|l is the smallest
number with this property.

e |AB| < ||A|llIB], forevery A, B € L(V).

Definition 2.2. A sequence {A,} in L(V) converges to A if and only if
lim ||A, — Al =0.
n—oo

With this notion of convergence, L (V) is complete.
All norms on a finite dimensional space are equivalent, so A,, — A in the operator
norm implies componentwise convergence in any coordinate system.

o0
1
Definition 2.3. Given A € L(V), define exp A = > | EA".

Lemma 2.1. Given A, B € L(V), we have the following properties:

exp At is defined for all t € R, and || exp At|| < exp ||A]|t].

exp(A+ B) =exp A exp B =exp B exp A, provided AB = BA.
exp A(t +s) = exp At exp As = exp As exp At, forallt,s € R.
exp At is invertible for every t € R, and (exp At)~! = exp(—At).

DA b~

d
7 exp At = Aexp At = exp At A.

Proof. The exponential is well-defined because the sequence of partial sums
21
_ oAk
Su=> A
k=0

is a Cauchy sequence in L(V') and therefore converges. Letting m < n, we have that

n

1 k
1Sn = Sull =1 2. A"l
k=m+1
n

1
= 2 AN

k=m+1



2.2 Exponential of a Linear Transformation 7

n

1 k

< E EIIAII
k=m+1

n—m—1

(m+1)!

- - Am—H e
(m+l)!|| | E (k4+m+1)!

A

< %nAum*liluAuk
~ (m+ 1! pard k!

1

= muAnm“exp IA].

From this, we see that §,, is Cauchy. It also follows that || exp A|| < exp [|A]|.
To prove proeperty (2), we first note that when AB = B A the binomial expansion
is valid:

k

K\ . .

(A+B)f=>" ( _)AJB"‘J.

j=0
Thus, by definition
— 1
_ - k
exp(A + B) = kZ(; LA+ B)

200

k=0"" j=0

The rearrangements are justified by the absolute convergence of all series.

Property (3) is a consequence of property (2), and property (4) is an immediate
consequence of property (3).

Property (5) is proven as follows. We have

(A1) '[exp A(r + Ar) exp At] — exp At Al|
= |lexp At{(Ar) " exp AAt — I] — A}

o0 k—1

At

exp At E ( k)’
k=2 )

Ak
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< |l exp At]|

o k—2
At
AZAL E —( k)' Ak—2
k=2 ’

< 1AL A exp ANl (7] + |At)).

d
This last expression tends to 0 as At — 0. Thus, we have shown that — exp Ar =

exp At A. This also equals A exp At because A commutes with the partial sums for
exp At and hence with exp At itself. 0

2.3 Solution of the Initial Value Problem for Linear
Homogeneous Systems

Theorem 2.1. Let A be an n x n matrix over R, and let xo € R". The initial value

problem
x'(t) = Ax (1), x(tp) = xo (2.1)

has a unique solution defined for all t € R given by

x(t) =exp A(t — ty) xo. 2.2)

Proof. We use the method of the integrating factor. Multiplying the system (2.1)
by exp(—At) and using Lemma 2.1, we see that x(¢) is a solution of the IVP if and
only if

d
Zlexp(=ANx ()] = 0. x(t) = xo.
Integration of this identity yields the equivalent statement

exp(—Ar)x(t) —exp(—Afg)xo =0,

which in turn is equivalent to (2.2). This establishes existence, and uniqueness. [J

2.4 Computation of the Exponential of a Matrix

The main computational tool will be reduction to an elementary case by similarity
transformation.

Lemma 2.2. Let A, S € L(V) with S invertible. Then

exp(SAS™!) = S(exp A)S~.
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Proof. This follows immediately from the definition of the exponential together

with the fact that (SAS_I)" = SAkS—! for every k € N. O
The simplest case is that of a diagonal matrix D = diag[Ay, ..., A,]. Since
DF = diag(kk, el kﬁ), we immediately obtain

exp Dt = diag(exp A1t, ..., exp A,t).

Now if A is diagonalizable, i.e. A = SDS~!, then we can use Lemma 2.2 to
compute
exp At = Sexp Dt s

Ann x n matrix A is diagonalizable if and only if there is a basis of eigenvectors
{v j};?zl. If such a basis exists, let {A j}?:l be the corresponding set of eigenvalues.
Then
A=5SDS,

where D = diag[Ay,...,A,] and S = [v;---v,] is the matrix whose columns
are formed by the eigenvectors. Even if A has real entries, it can have complex
eigenvalues, in which case the matrices D and S will have complex entries. However,
if A is real, complex eigenvectors and eigenvalues occur in conjugate pairs.

In the diagonalizable case, the solution of the initial value problem (2.1) is

n
x(t) = exp At xo = Sexp Dt S_lxo = ch eXp At vj,
j=1

where the coefficients c; are the coordinates of the vector ¢ = § —le_ Thus, the
solution space is spanned by the elementary solutions exp Az v;.
There are two important situations where an n x n matrix can be diagonalized.

e Aisreal and symmetric,i.e. A = A”. Then A has real eigenvalues and there exists
an orthonormal basis of real eigenvectors. Using this basis yields an orthogonal
diagonalizing matrix S, i.e. ST = S~

e A has distinct eigenvalues. For each eigenvalue there is always at least one eigen-
vector, and eigenvectors corresponding to distinct eigenvalues are independent.
Thus, there is a basis of eigenvectors.

An n x n matrix over C may not be diagonalizable, but it can always be reduced
to Jordan canonical (or normal) form. A matrix J is in Jordan canonical form if it is
block diagonal

By
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and each Jordan block has the form

P .0
0 -0

B = .
00--- 1 1
(00--- 0 A

Since B is upper triangular, it has the single eigenvalue A with multiplicity equal to
the size of the block B.
Computing the exponential of a Jordan block is easy. Write

B =AI+ N,

where N has 1’s along the superdiagonal and 0’s everywhere else. The matrix N is
nilpotent. If the block size is d x d, then N d — (). We also clearly have that A/ and
N commute. Therefore,

d—1
exp Bt = exp(Al + N)t = expAltexp Nt = exp(At) Z
j=1

t/

Jj!

N/,

The entries of exp Nt are polynomials in 7 of degree at mostd — 1.
Again using the definition of the exponential, we have that the exponential of a
matrix in Jordan canonical form is the block diagonal matrix

exp Bt
expJt =
exp Byt

The following central theorem in linear algebra will enable us to understand the
form of exp At for a general matrix A.

Theorem 2.2. Let A be an n x n matrix over C. There exists a basis {v j}’}zl forC"
which reduces A to Jordan normal form J. That is, if S = [vy - - - v, ] is the matrix

whose columns are formed from the basis vectors, then
A=58Js7".

The Jordan normal form of A is unique up to the permutation of its blocks.

When A is diagonalizable, the basis {v; };?:1 consists of eigenvectors of A. In this
case, the Jordan blocks are 1 x 1. Thus, each vector v; lies in the kernel of A — A ;1
for the corresponding eigenvalue A ;.
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In the general case, the basis {v; }’}:1 consists of appropriately chosen generalized
eigenvectors of A. A vector v is a generalized eigenvector of A corresponding to an
eigenvalue A; if it lies in the kernel of (A — A ;[ )¢ for some k € N. The set of
generalized eigenvectors of A corresponding to a given eigenvalue A ; is a subspace,
E(Aj),of C", called the generalized eigenspace of A ;. These subspaces are invariant
under A. If {A; }‘Jj.:1 are the distinct eigenvalues of A, then

C'"=EMX)® - ®EM),

is a direct sum, that is, every vector in x € C" can be uniquely written as a sum
d .
X = ijl xj, withx; € E(Aj).
We arrive at the following algorithm for computing exp A¢. Given an n X n matrix
A, reduce it to Jordan canonical form A = SJS~!, and then write

exp At = Sexp Jt s

Even if A (and hence also exp Ar) has real entries, the matrices J and S may have
complex entries. However, if A is real, then any complex eigenvalues and generalized
eigenvectors occur in conjugate pairs. It follows that the entries of exp At are linear
combinations of terms of the form rXe#! cos vt and r¥e#! sin vt, where A = wEiv
is an eigenvalue of Aand k = 0, 1, ..., p, with p + 1 being the size of the largest
Jordan block for A.

2.5 Asymptotic Behavior of Linear Systems

Definition 2.4. Let A be an n x n matrix over R. Define the complex stable, unstable,
and center subspaces of A, denoted E;C, E;C, and EEC respectively, to be the linear
span over C of the generalized eigenvectors of A corresponding to eigenvalues with

negative, positive, and zero real parts, respectively.

Arrange the eigenvalues of A so that ReA; < ... < ReA,. Partition the set
{1,...,n} =1, UI.U I, so that

Rekj<0, jels
Rek; =0, jel
ReA; > 0, jel,.

Let {v j}'}zl be a basis of generalized eigenvectors corresponding to the eigenval-
ues Aq, ..., A,. Then
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g — rC
span{v; : j € I;} = E|
span{v; : j € I.} = EEC
span{v; : j € I} = E,(E
In other words, we have
Ef =®je,EQ)), Ef =®je,EQ)), Ey =®je, EO)).

It follows that C* = EC @ EC @ EC is a direct sum. Thus, any vector x € C" is
uniquely represented as

x=Px+Px+PxecE-®E-®E".

These subspaces are invariant under A.
The maps Py, P., P, are linear projections onto the complex stable, center, and
unstable subspaces. Thus, we have

Since these subspaces are independent of each other, we have that
PsP.=P.P;=0,...

Since these subspaces are invariant under A, the projections commute with A, and
thus, also with any function of A, including exp At.

If Aisreal and v € C" is a generalized eigenvector with eigenvalue A € C,
then its complex conjugate ¥ is a generalized eigenvector with eigenvalue A. Since
Re A = Re A, it follows that the subspaces E;C, Eéc, and E j,C are closed under complex
conjugation. For any vector x € C", we have

Pix + Pox + Pyx =x = Pgx + P.x 4+ Pyx.

This gives two representations of x in E;C &) Eéc D E ilc By uniqueness of represen-
tations, we must have

Pix = Pgx, P.x=P.x, P,x=P,x.

Soif x € R”, we have that

Pix = Pgx, P.x = P.x, Pyx = P,x.
Therefore, the projections leave R” invariant:

p:R'—-R' P.:R'->R' P,:R"—R"
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Definition 2.5. Let A be an n x n matrix over R. Define the real stable, unstable,
and center subspaces of A, denoted E;, E,, and E., to be the images of R” under
the corresponding projections:

Es = Py Rn’ Ec:PcRn, E, = Py R".

Equivalently, we could define E; = E;C N R", etc.

We have that R” = E; @ E. @ E, is a direct sum. When restricted to R”, the
projections possess the same properties as they do on C”.

The real stable subspace can also be characterized as the linear span over R of
the real and imaginary parts of all generalized eigenvectors of A corresponding to
an eigenvalue with negative real part. Similar statements hold for £, and E,,.

We are now ready for the first main result of this section, which estimates the
norm of exp At on the invariant subspaces. These estimates will be used many times.

Theorem 2.3. Let A an n x n matrix over R. Define
—As =max{Rel; :jel;} and A, =min{ReA; : j € I,}.

There is a constant C > 0 and an integer 0 < p < n, depending on A, such that for
all x € C",

|l exp At Psx|| < C(1 +1)Pe ™| Pyx|, t>0
lexp At Pex|| < C(1 + [t)P || Pex]l, teR
|l exp At Pux|| < C(1 + [t])Pe* || Pux], t < 0.

Proof. We will prove the first of these inequalities. The other two are similar.
Let {v; }’}.:1 be a basis of generalized eigenvectors with indices ordered as above.
For any x € C", we have

n
X = E cjvj, and Pyx = E cjvj.
j=1

J€Ls

Let S be the matrix whose columns are the vectors v;. Then § reduces A to Jordan
canonical form: A = S(D + N)S~!, where D = diag(r1, ..., A,) and NPT =0,
for some p < n. If{ej}’}=1 is the standard basis, then Se; = v;, and so, e; = S_lvj.
We may write

exp At Pgx = S exp Nt exp Dt S_]Psx

= S exp Nt exp Dt chej
Jels
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=S exp Nt ZC]‘ exp(A;t)e;
J€Els

=S exp Nt y.
Taking the norm, we have
[ exp Ar Pox|| < S|l exp N[l y]l.

Now, if p + 1 is the size of the largest Jordan block, then N P+l = (0. Thus, we

have that
k

p
t
exp Nt = Z ENk’
j=0""

and so,
Iel*

o INVIE < Cuat+ e

p
lexp Nil| <
j=0

Next, we have, forr > 0,

2

= Z lcj1? exp(2Re A ;1)
J€ls

< exp(=24st) D le;

Jjel;
= exp(—24,0) IS~ Pox|)?
< exp(—=2xs0)[IST 121 Pox |12,

and so [|y|l < [[S™"|l exp(—As)|| Pox].
The result follows with C = C1||S||||S~ . ]

Remark 2.1. Examination of the proof of Theorem 2.3 shows that the exponent p in
these inequalities has the property that p + 1 is the size of the largest Jordan block
of the Jordan form of A. In fact, the value of this exponent can be made more precise
by noting, for example, that exp At Py = exp APt Py, and so in the first case,
p + 1 may be taken to be the size of the largest Jordan block of A Py, i.e. the size of
the largest Jordan block of A corresponding to eigenvalues with negative real part.
Similar statements hold in the other two cases.

It will often be convenient to use the following slightly weaker version of Theo-
rem 2.3.
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Corollary 2.1. Let A an n x n matrix over R. Define Ay and A, as in Theorem 2.3.
Assume that 0 < o < Ay and 0 < B < Ay
There is a constant C > 0 depending on A, such that for all x € C",

I exp At Pyx|| < Ce || Pyx|, t>0
lexp At P,x| < CeP'||Px|, 1 <0.

Proof. Notice that for any ¢ > 0, the function (1 + ¢)” exp(—et) is bounded on the
interval # > 0. Thus, for any constant 0 < o < Ay, we have that

(1 +1)P exp(—Ast) = (1 +1)P exp[—(Ay — @)t]exp(—at) < C exp(—ar),

for t+ > 0. The first statement now follows from Theorem 2.3. The second statement
is analogous.

Corollary 2.2. Let A be an n x n matrix over R. There is a constant C > 0 and an
integer 0 < p < n, depending on A, such that for all x € C",

lexp Az Pox|| = C(1 + [t])"Pe || Pyx], t<0
|l exp At Pyx|| = C(1 +1)"Pe™!||P,x|, t>0.

Proof. Write Psx = exp(—At)exp At Psx. Since the eigenvalues of —A are the
negatives of the eigenvalues of A, the stable and unstable subspaces are exchanged
as well as the numbers A and A,. Since exp At Pgx belongs to the stable subspace
of A and hence to the unstable subspace of — A, we obtain from Theorem 2.3 that

| Psx|| < C(1 4+ |t])Pe™!| exp At Pyx|l, t <O,

which proves the first statement. The second statement is similarly proven. [

Corollary 2.3. Let A be an n x n matrix over R.
If there are constants C1 > 0, 0 < o < A, such that

| exp At P,x| < Cie*, forall t >0, (2.3)

then P,x = 0.
If there are constants C1 > 0, 0 < o < Ay such that the bound

| exp At Psx|| < Cre™ ", forall t <0,

then P;x = 0.
Proof. By Corollary 2.2 and (2.3), we have

| Pux|| < C(1 4 [t])Pe ™| exp At P,x|| < CCi(1 + |¢)PTde@ 2
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forall + > 0. Send t — oo to get P,x = 0.
The second statement is proven in the same way. U

Lemma 2.3. Let A be an n x n matrix over R. If x € E. and x # 0, then

liminf || exp At x|| > 0.
|t] =00

Proof. Express A in Jordan normal form as above,
A=S(D+N)s.

The columns {v;} of § comprise a basis of generalized eigenvectors for A.

Suppose that y € E.. Then y = Zjelc cjvj, and so, S~y = Zjelc cjej. It
follows that exp Dt S~y = el cje*i'ej, and since ReA; = O for j € I,
we have that |[exp Dt S~'y|| = |lc| = |IS~!y|. The general fact that ||Sz|| >
IS~ I~ lz|l, combines with the preceding to give

ISexp Dr S~ 'yl = ST 7 exp Dt STyl = 1577 ISy,

forall y € E..
Using the Jordan Normal Form, we have

exp At = Sexp(D + N)t s = Sexp Dt exp Nt s~!
= Sexp Dt S_lSexpNt s

If x € E., then y = Sexp Nt S~!'x € E.. Thus, from the preceding we have
lexp Az x|l = |Sexp Dt S~ y| = IST 7Syl = I1IS7 7 exp Nt Sx|.

Now since N is nilpotent,

Pk
exp Nt = Z EN".
k=0

If x # 0, then Sx # 0 and there exists a largest integer m between 0 and p such that
N™Sx # 0. We have by the triangle inequality that

m- _k m k

— 4 k |t m |7] k
| exp Nt Sx“_”konN lelZWHN Sx||—k§ F“N Sx|l.
= <m

It follows that if m > 0, then 1|1r|n inf || exp At x|| is equal to +00. When m = 0, it is
t|— 00

bounded below by || S~ 71| Sx]. O
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The next result serves as a converse to Theorem 2.3.

Theorem 2.4. Let A be an n x n matrix over R. Let x € R".
If lim exp At x =0, then x € Ej.
t—00
If lim expAtx =0, thenx € E,,.
——00
If| ‘lim (1 + |t))"Pexp At x = 0, where p is the size of the largest Jordan block
t|—>00

of A, then x € E..
Proof. Again, we shall only prove the first statement. Let x € R". Then by Theorem
2.3, tlim || exp At Psx|| = 0. If tlim exp At x = 0, then we have that

— 00 — 00

0= lim exp Af x = lim exp At(Psx + P.x + P,x) = lim exp At (P.x + P,x).
t—00 t—00 I—00

2.4)
By the triangle inequality, Theorem 2.3, and Corollary 2.2 we have

| exp Ar (Pyx + Pex)|| = [[exp At Pux|| — || exp At Pex|
> C1(1+ 0P || Pyx]| — Co(1 + 1P || Pex].

The last expression grows exponentially when P,x # 0, so (2.4) forces P,x = 0.

Therefore, we are left with tlim |lexp At P.x|| = 0. By Lemma 2.3, we must also
— 00
have P.x = 0. Thus, x = Pyx € E;.
The proofs of the other two statements are similar. U

All of the results in this section hold for complex matrices A, except for the
remarks concerning the projections on R” and the ensuing definitions of real invariant
subspaces. We shall only be concerned with real matrices, however.

2.6 Exercises

Exercise 2.1. Find exp At for the following matrices. (Suggestion: Use the definition

of exp.)
_[ro
(a)A__a),u]
_[n e
“>A—-wu}
w0 10
o 01
© A= 0 0 n w
| 0 0 —wpu
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Exercise 2.2. (a) Write the second order equation
W' +2u' +u=0 (2.5)

as a first order system x’ = Ax.

(b) Find exp At for the matrix A in part (a).

(c) Use the answer from part (b) to find the solution of (2.5) with u(0) = u¢ and
u' (0) = u;y.

Exercise 2.3. Let A be an n x n matrix over R. Prove the following statements:

(a) If A is symmetric, then exp At is symmetric.

(b) If A is skew-symmetric, then exp At¢ is orthogonal.

(c) If A € R is an eigenvalue of A with corresponding eigenvector xo € R”, then
u(t) = e'*xq is the solution of the initial value problem

u' = Au, u(0) = xo.

(d) If A is block diagonal:

By
then
exp Bt
expBat
exp At =
exp Byt
Exercise 2.4. Let A be an n X n matrix over R with

PR =A"+ e A" eid F o

as its characteristic polynomial. The Cayley-Hamilton Theorem states that p(A) = 0.
Use this fact to prove that the components x;(7) of the solution x(#) to the linear
system x’ = Ax satisfy the nth order equation

p(D)u = u™ + cpmqu™ P 4+ i + cou = 0.
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Exercise 2.5. Define

80088
00088
A=100000
00000
00008
and
8 0 0 -1 0
0 1 8 0 0
wi=1{0{, wo=10], w3=10], wag=1| 0 |, ws=1]1
0 0 0 1 0
0 1 0 0 0
Then

Aw; = 8wy, Awy =8wr+wi, Awz =0, Awg =w3, Aws=0.

(a) Find the Jordan normal form for A in the basis {w; }?:1.
(b) Find the real stable, unstable, and center subspaces of A.
(c) Find the projections Py, P,, and P, in the standard basis.
(d) Find exp At.

Exercise 2.6. Let A be an n x n matrix over R, and let E;, E,, and E. be its real
stable, unstable, and center subspaces.

(a) Prove that E, E,, and E. are invariant under A.
(b) Prove that E, E,, and E. are invariant under exp Af.

Exercise 2.7. Find the stable, unstable, and center subspaces of the matrix

10
0

oS = O

0
0 -1

Exercise 2.8. Does there exist an invertible real 3 x 3 matrix whose stable, center,
and unstable subspaces are all one dimensional? Explain.

Exercise 2.9. (a) Suppose that A is an anti-symmetric n X n matrix over R. Show
that || exp At x| = ||x||, forall x € R" and all ¢ € R.
(b) Find the stable, center, and unstable subspaces of A.



Chapter 3
Existence Theory

3.1 The Initial Value Problem

Let £2 C Rt be an open connected set. We will denote points in £2 by (¢, x) where
t e Randx € R". Let f : 2 — R" be a continuous map. In this context, f (¢, x) is
called a vector field on £2. Given any initial point (zy, xo) € §2, we wish to construct
a unique solution to the initial value problem

X' (t) = f(t, x(1)) x(to) = xo. (3.1

In order for this to make sense, x () must be a C! function from some interval / ¢ R
containing the initial time 7o into R” such that the solution curve satisfies

{(t,x(@):tel}C$2.

Such a solution is referred to as a local solution when I # R. When I = R, the
solution is called global.

3.2 The Cauchy-Peano Existence Theorem

Theorem 3.1. (Cauchy-Peano). If f : 2 — R" is continuous, then for every point
(to, x0) € 2 the initial value problem (3.1) has local solution.

The problem with this theorem is that it does not guarantee uniqueness. We will
skip the proof, except to mention that it is uses a compactness argument based on
the Arzela-Ascoli Theorem.

Example 3.1. Hereis asimple example that demonstrates that uniqueness can indeed
fail. Let £2 = R? and consider the autonomous vector field ft,x) = |x|1/2. When
(to, x0) = (0, 0), the initial value problem has infinitely many solutions. In addition

T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 21
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© Atlantis Press and the authors 2013



22 3 Existence Theory
to the zero solution x (¢) = 0, forany «, 8 > 0, the following is a family of solutions.

—3t+a)? 1< —a
x() =10, —a<t=<§p
He=p2  p=t

This can be verified by direct substitution.

3.3 The Picard Existence Theorem

The failure of uniqueness can be rectified by placing an additional restriction on the
vector field. The next definitions introduce this key property.

Definition 3.1. Let S C R™. Suppose x — f(x) is a function from S to R".

The function f is said to be Lipschitz continuous on S if there exists a constant
C > 0 such that

I f(x1) — f(x2)llre < Cllxy — x2[Irm,

forall x1,x, € S.

The function f is said to be locally Lipschitz continuous on S if for every compact
subset K C S, there exists a constant Cg > 0 such that

I f(x1) — f(x2)llre < Ckllx1 — x2|lrm,

for all x;, xp € K.

Remark 3.1. 1f a function is locally Lipschitz continuous on §, then it is continuous
on S.

Example 3.2. The function ||x||% from R to R is Lipschitz continuous for ¢ = 1,
locally Lipschitz continuous for « > 1, and not Lipschitz continuous (on any neigh-
borhood of 0) when o < 1.

Definition 3.2. Let 2 C R be an open set. A continuous function (t,x)
f(t,x) from 2 to R" is said to be locally Lipschitz continuous in x if for every
compact set K C S2, there is a constant Cx > 0 such that

£ x1) — f@t, x|l = Ckllxy — x2fl,

forevery (t, x1), (t, x2) € K. If there is a constant for which the inequality holds for
all (t, x1), (t, x2) € §2, then f is said to be Lipschitz continuous in x.

Lemma 3.1. If f : 2 — R" is C!, then it is locally Lipschitz continuous in x.
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Theorem 3.2. (Picard). Ler 2 C R!*" be open. Assume that f : 2 — R is
continuous and that f(t, x) is locally Lipschitz continuous in x. Let K C §2 be any
compact set. Then there is a § > 0 such that for every (ty, xo) € K, the initial value
problem (3.1) has a unique local solution defined on the interval |t — to| < 6.

Before proving this important theorem, it is convenient to have the following
technical “Covering Lemma”.

First, some notaion: Given a point (z, x) € R!*" and positive numbers r and a,
define the cylinder

Ct,x) ={(t',x) e R |x —x'| <r, |t = 1| <a).

Lemma 3.2. (Covering Lemma). Ler K C 2 C R with 2 an open set and K

a compact set. There exists a compact set K' and positive numbers r and a such that
K C K'C 2andC(t,x) C K/, forall (t,x) € K.

Proof. For every point p = (¢, x) € K, choose positive numbers a(p) and r(p)
such that

D(p) = {(t',x") e R ¢ |x — x|l < 2r(p), |t —1'| <2a(p)} C 2.

This is possible because §2 is open.
Define the cylinders

C(p) ={(',x) e Rt |lx = x| < r(p), It —1'| < a(p)}.

The collection of open sets {C(p) : p € K} forms an open cover of the compact set
K. So there is a finite number of cylinders C(p1), ..., C(pxn) whose union contains
K. The set

K' = U2 D(pi)

is compact, and
K cUY C(pi) cU) D(p) =K' C 2.

Define
a=minfa(p;):i=1,...,N} and r =min{r(p;):i=1,..., N}.

The claim is that, for this uniform choice of a and r, C(¢,x) C K’, for all
(t,x) e K.
If (¢, x) € K, then (7, x) € C(p;) forsomei = 1,..., N. Let (', x") € C(z, x).
Then
Ix" = xill < llx" = x| + lx — x;ll <a+a(pi) <2a(p;)
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and
=t < |t =t 4+t —ti| <r+r(p) <2r(p).

This shows that (¢, x") € D(p;), from which follows the inclusion C(z,x) C
D(p;) C K'. O

Remark 3.2. This result is closely connected with the notion of a Lebesgue number
in metric space.

Proof of the Picard Theorem. The first step of the proof is to reformulate the problem.
If x(¢) is a C! solution of the initial value problem (3.1) for |t — ty| < §, then by
integration we find that

t
x(t) = xg +/ f(s,x(s))ds, (3.2)
fo

for |t — 19| < §. Conversely, if x(t) isa C 0 solution of the integral equation, then it
is C! and it solves the initial value problem (3.1).

Given a compact subset K C §2, choose a, r, K’ as in the Lemma 3.2.

Choose (ty, xg9) € K. Let § < a and set

Is={lt —tol <8}, B, ={llx —xoll <r}, Xs=C"Us; B,

where C(I5; B,) denotes the set of continuous functions from 5 to B,. Note that
Xs is a complete metric space with the sup norm metric.
By definition, if x € X5, then

(s, x(s)) € C(ty, x0) C K' C £2,

for s € Is. Thus, the operator

t
Tx(t) = xo +/ f(s,x(s))ds
]

is well-defined on X and the function T x(¢) is continuous for ¢t € Is.
Define M| = maxg | f(¢, x)|. The claim is that if § is chosen small enough so
that M8 <r,thenT : Xs — X;s.If x € X5, we have from (3.2)

sup |Tx(t) —xoll < M8 <,

Is

fort € Is. Thus, Tx € X5.

Next, let M, be a Lipschitz constant for f (¢, x) on K'. If § is further restricted so
that M>6 < 1/2, then we claim that 7 : Xg — X is a contraction. Let x1, x, € X5.
Then from (3.2), we have
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sup |Tx1(¢) — Txa(t)|| < M28 sup [lx1(t) —x2(t)|| < 1/2 sup [|x1(t) — x2(8)]].
Is I Is

So by the Contraction Mapping Principle, Theorem A.1, there exists a unique
function x € X such that 7x = x. In other words, x solves (3.2). ]

Remark 3.3. Note that the final choice of § is min{a, r/M1, 1/2M>} which depends
only on the set K and on f.

Remark 3.4. 1In the proof of the Picard Existence Theorem, we used the Contraction
Mapping Principle, the proof of which is based on iteration: choose an arbitrary
element xo € X; of the metric space and define the sequence x; = Tx;—_1, k =
1,2, .... Then the fixed point x is obtained as a limit: x = limy_, »c Xx. In the context
of the existence theorem, the sequence elements x; are known as the Picard iterates.

The alert reader will have noticed that the solution constructed above is unique
within the metric space X, but it is not necessarily unique in C O(Is, B,). The next
result fills in this gap.

Theorem 3.3. (Uniqueness). Suppose that f : 2 — R”" satisfes the hypotheses
of the Picard Theorem. For j = 1,2, let xj(t) be solutions of x'(t) = f(t,x (1))
on the interval 1;. If there is a point ty € I} N I such that x1(t9) = x2(ty), then
x1(t) = x2(t) on the interval I N I>. Moreover, the function

) [xl(t), tel

x2(), tel

defines a solution on the interval I} U I;.

Proof. Let J C Iy N I be any closed bounded interval with typ € J. Let M be a
Lipschitz constant for f (¢, x) on the compact set

{(t,x1(2)) :t € JYU{(t, x2(t)) : t € J}.

The solutions x;(r), j = 1, 2, satisfy the integral equation (3.2) on the interval J.
Thus, estimating as before

[x1 () = x2(D <

t
/ Mllx1(s) —x2(s)llds |,

for r € J. It follows from Gronwall’s Lemma 3.3 (to follow) that

X1 () —x2(0)| =0

fort € J. Since J C I N I, was any closed interval containing 7y, we have that
X1 =xponl;NI.
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From this it follows that x (7) is well-defined, is C!, and is a solution. [

Lemma 3.3. (Gronwall). Let f(t), ¢(t) be nonnegative continuous functions on an
open interval J = («, ) containing the point ty. Let co > 0. If

ft) <co+

’

/ @(s) f(s)ds

0
t
/ o(s)ds
Io

Proof. Suppose first that t € [tg, 8). Define

forallt € J, then

f(t) <coexp

9

fort e J.

F(1) = co +/ @(s) f(s)ds.

0

Then F is C! and
F'(t) = @) f(1) <o) F(1),

for t € [ty, B), since f(t) < F(t). This implies that

d t
= |:exp (—/[0 (p(s)a’s) F(t)] <0,

for ¢ € 19, B). Integrate this over the interval [fy, T) to get
T
f(t) < F(r) <co exp/ p(s)ds,

Io

for T € [19, B).
On the interval («, ty], perform the analogous argument to the function

1o
G(t) =co +/ @(s) f(s)ds.
t
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3.4 Extension of Solutions

Theorem 3.4. For every (tg, xo) € §2 the solution to the initial value problem (3.1)
extends to a maximal existence interval I = («, B). Furthermore, if K C 2 is any

compact set containing the point (ty, xo), then there exist times a(K) and B(K) such
thata < a(K) < B(K) < Band (t,x(t)) € 2\ K, fort € (a, )\ [(@(K), B(K)].

Proof. Define A to be the collection of intervals J, containing the initial time #y,
on which there exists a solution x; of the initial value problem (3.1). The Existence
Theorem 3.2 guarantees that A is nonempty, so we may define / = U;c 4J. Then
I is an interval containing 9. Write / = («, B). Note that « and/or 8 could be
infinite—that is ok.

Suppose r € I. Thent € J for some J € A, and there is a solution x; of (3.1)
definedon J.If J' € A is any other interval containing the value 7 with corresponding
solution x, then by the Uniqueness Theorem 3.3, we have that x; = x;y on J N J".
In particular, x; (f) = x /(). Therefore, the following function is well-defined on I:

x(t)y=xy5(0), teld, JeA

Moreover, it follows from this definition that x(¢) is a solution of (3.1) on 7, and it
is unique, again thanks to Theorem 3.3. Thus, / € A is maximal.
Now let K C £2 be compact, with (zy, xg) € K. Define

GIK)y={tel:(t,x()) € K}.

By the Existence Theorem 3.2, we know G (K ) is nonempty. The set G (K') is bounded
since K is compact, so S(K) = sup G(K) < oco. We must show that 8(K) < B.

If 11 € G(K), then (#1, x1) = (t1, x(t1)) € K. By the existence theorem, we can
solve the initial value problem

Yi() = f@t,y@), yt)=x

on the interval {|t — #;| < §}. By the Uniqueness Theorem 3.3, x(¢#) = y(¢) on the
interval I N {|t — t1| < &}. Thus, y(¢) extends x(¢) to the interval I U {|t — ;| < 8}.
But, by maximality, / U {|t —t1| < 8} C I. Therefore, t; +6 < B,forallt; € G(K).
Take the supremum over all 1; € G(K). We conclude that 8(K) + § < B. Thus,
p(K) < B.

Similarly, «(K) = inf G(K) > «. 0

Remark 3.5. 1tis possible that G(K) # [« (K), B(K)]. The solution curve (¢, x(t))
may exit and reenter the set K finitely many times on the interval [« (K), B(K)]. See
Fig.3.1.
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Fig. 3.1 A solution curve R”
(t, x(¢)) in the domain £2 with
maximal existence interval
(o, B) and final exit times

a(K), B(K) from the compact / Q /\(hx(f)) \
set K /\

(to,x0)

el

Example 3.3. Consider the IVP
x'=x°, x(0)=xg,

the solution of which is
1—xot

We see that the maximal interval of existence depends on the initial value xo:

(—00, 00), if xo=0
I =(a,B) =] (—00, 1/x9), ifxg>0
(1/x0,00), if xo <O.

3.5 Continuous Dependence on Initial Conditions

Definition 3.3. A function g from R™ into R U {00} is lower semi-continuous at a
point yo provided lim inf g(y) > g(yo).
Y=o
Equivalently, a function g into R U {oo} is lower semi-continuous at a point y
provided for every L < g(yo) there is a neighborhood V of yo such that L < g(y)
fory eV.
Upper semi-continuity is defined in the obvious way.

To study the dependence of the solution of the initial value problem upon its
initial conditions, we now introduce some notation that will be used frequently. Let
22 C R be an open set. Let f : 2 — R” satisfy the hypotheses of the Picard
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Theorem 3.2. Given (g, xo) € £2,letx(¢, to, xo) denote the unique solution of the [VP

xX'=ft,x), xto) = xo,

with maximal existence interval I (ty, xg) = (x (9, x0), B(to, X0)).

Theorem 3.5. The domain of existence of x(t, ty, xo), namely
D = {(z, 1o, x0) : (to, x0) € £2, 1t € I (19, x0)},

is an open set in R**".

The function x (¢, ty, xo) is continuous on D.

The function B(tg, xq) is lower semi-continuous on 2, and the function o/(ty, Xo)
is upper semi-continuous on §2.

Example 3.4. Suppose that 2 = R!*t2\ {0} and f(t,x) = 0 on £2. Then
x(t, to, x0) = xo where, because the solution curve must remain in §2, the maxi-
mal existence interval I (g, xo) has the right endpoint

0, ifxo =0, ) < 0,
+00, otherwise.

B(to, x0) = [

Thus, we can not improve upon the lower semi-continuity of the function 8.
The proof of this theorem will be based on the following lemma, see Fig.3.2.

Lemma 3.4. Choose any closed interval J = |, ,8_] such that to € J C I (ty, xo).
Given any ¢ > 0, there exists a neighborhood V C §2 containing the point (ty, Xo)
such that for any (t1, x1) € V, the solution x(t, t1, x1) is defined fort € J, and

lx(t, t1,x1) — x(t, 10, x0) || <&, for telJ.

Let us assume that Lemma 3.4 holds and use it to establish the theorem.

Proof of Theorem 3.5. To show that x (¢, 1, x¢) is continuous, fix a point (¢', to, xo) €
D, with (19, x9) € £2, and let ¢ > 0 be given. Choose J = [a, ,3] C I(tp, xo) such
that @ < t’ < B. By Lemma 3.4 (using & /2 for ¢), there is a neighborhood V C £2
of the point (g, xp), such that for any (¢1, x1) € V, the solution x(, #1, x1) is defined
fort € J, and

llx(t, 1, x1) — x(t, t9, x0)|| < &/2, for telJ.

Now x (¢, tg, xo) is continuous as a function of r on J C (g, xg), since it is a
solution of the IVP. So there is a § > 0 with {|t — ¢’| < §} C J, such that

llx(t, to, x0) — x(t', to, x0)|| < &/2, provided |t —1'| <.
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R’l

(tlvxl)

(t,x(¢,11,x1))

Fig. 3.2 A tube of radius ¢ about the solution curve (7, x(z, 79, x0)) over the time interval J =
(a, B), aneighborhood V about the initial point (¢, xo), and a nearby solution curve (¢, x (¢, t1, x1))

Thus, for any (¢, £1, x1) in the neighborhood {| — t'| < §} x V of (', 19, xp), we
have that

lx(t, 11, x1) — x(t', 10, x0) || < llx(z, t1, x1) — x(2, f9, X0) ||
+ [lx (2, o, x0) — x(’, t9, x0) ||
<e/2+¢/2=c¢.

This proves continuity.
Let (¢', to, x0) € D. In the preceding paragraph, we have constructed the set

(It =t <8} xV

which is a neighborhood of (¢/, y, x¢) contained in D. This shows that D is open.
Using Lemma 3.4 again, we have that for any B < B(to, x0), there is a neighbor-
hood V C £2 of (7, xo) such that (¢1, x1) € V implies that x(z, t1, x1) is defined
for t € [, ,3]. This says that (t1, x1) > B, in other words, the function 8 is
lower semi-continuous at (zy, xg). The proof that « is upper semi-continuous is
similar. ]

It remains to prove Lemma3.4.

Proof of Lemma 3.4. Fix (to, xo) € §2. For notational convenience, we will use the
abbreviation xo (1) = x(t, tg, xg). Let J = [a, B] C I (19, x0).
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Consider the compact set K = {(s, xo(s)) : s € J}. By Lemma 3.2, there exist a
compact set K’ and numbers a, r > 0 such that K C K’ C §2 and

Cs, x0(s)) = {(s",x)) 1 Is" —s| < a, |x" = xo(s)| <r} C K',

for all s € [@&, B]. Define M; = max || £ (¢, x)|| and let M be a Lipschitz constant
K/

for f on K’.

Given 0 < ¢ < r, we are going to produce a sufficiently small § > 0, such
that the neighborhood V. = {(¢,x) : |t — t9| < &, |lx — xo|| < &} satisfies the
requirements of the lemma. In fact, choose § small enough so that § < a,d < r,
{It — 19| <8} C [a, B], and

S(Mi+ DexpMy(B—a) <e <.
Notice that V C C(to, x9) C K'.

Choose (11, x1) € V. Let x1(t) = x(t, t1, x1). This solution is defined on the
maximal interval 7 (¢1, x1) = («(t1, x1), B(t1, x1)). Let J* = [a*, B*] be the largest
subinterval of I (#1, x1) such that

{(s,x1(s)):s € J*} C K.
Note that by the existence theorem, J* # ¢ and that t; € J*. Since |t; — t9| < &,
we have that t; € J. Thus, J N J* # @. Since (¢, x1(¢)) must eventually exit K/, we

have that J* is properly contained in 7 (¢1, x1).
Recall that our solutions satisfy the integral equation

xi(t) = x; +[t f(s,xi(s))ds, i=0,1.
Sowehave forallt € J N J*,
X160 = xo(t) = x1 — x0 + / ' F (s xi(s)ds — / ' F (5. xo(s))ds
=Xx] —Xxo+ /totl f (s, xo(s))ds
T /t (5. x1(5)) — s, xo()ds.

Since the solution curves remain in K’ on the interval J N J*, we now have the
following estimate:

[x1(t) = xo(I < llx1 = xoll +

1
/ I f (s, xo(s))llds
fo
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+

1
/ | f (s, x1(s)) — f(s,x0(s))lds
1

<&+ M|ty — 1] +

t
/ Mallx1(s) — xo(s) s

<é(l+ M)+

t
/ Mallx1(s) — xo(s) | ds
151

By Gronwall’s inequality and our choice of §, we obtain
lx1 () = xo(Ol < 8(1 + My)exp Ma|t —11| <& <,

for t € J N J*. This estimate shows that throughout the time interval J N J*,
(t, x1(2)) € C(z, xo(t)) and so (¢, x1(¢)) is contained in the interior of K’. Thus, we
have shown that J C J*, and therefore 8 < B* < B(t1, x1) and x (¢) remains within
¢ of xo(¢) on J. This completes the proof of the lemma. 0

3.6 Flow of Nonautonomous Systems

Let f : 2 — R” be a vector field which satisfies the hypotheses of the Picard
Theorem 3.2. Given (19, xo) € £2, let x(t, t9, xo) be the corresponding solution
of the initial value problem defined on the maximal existence interval I (f, xo) =
(a(ty, x0), B(t9, x0)). The domain of x(z, ty, xg) is

D = {(t, 19, x0) € R"™ : (19, x0) € 2, 1 € I(ty, x0)}.

The domain D is open, and x (¢, o, xo) is continuous on D. The next result summa-
rizes some key properties of the solution.

Lemma 3.5.

1. If (s, to, x0), (t, to, x0) € D, then (t, s, x(s, to, X0)) € D, and
x(t, to, x0) = x(t, s, x(s, 19, x0)) for t € I(ty, xo).

2. If (s, tg, x0) € D, then I (ty, xo) = I (s, x(s, tg, xX0)).

3. If(l‘(), to, x0) € D, then x(ty, ty, X0) = Xo.
4. If (s, ty, x0) € D, then (ty, s, x(s, tg, x0)) € D and

x(to, s, x(s, to, X0)) = Xo.

Proof. The first two statements are a consequence of the Uniqueness Theorem 3.3.
The two solutions x(t, fg, xo) and x(¢,s, x(s, fo, xo)) pass through the point
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(s, x(s, t0, X0)), and so they share the same maximal existence interval and they
are equal on that interval.

The third statement follows from the definition of x.

Finally, if (s, 79, xo) € D, then by (2),

to € I(to, x0) = I (s, x(s, to, X0)).

Thus, (19, s, x(s, to, X0)) € D, and we may substitute #y for ¢ in (1) to get the result:

xo = x (1, to, x0) = x(to, s, x (s, f0, X0)).
]

Example 3.5. Let A be an n x n matrix over R. The solution of the initial value

problem

x'=Ax, x(t9) = xo

is x(z, to, x0) = exp A(f — to)xo. Here, we have 2 = R"*!, I (19, xo) = R, for every
(tg, xg) € R"t! and D = R"*2, In this case, Lemma 3.5 says

1. expA(t —ty9) xo =exp A(t — s) exp A(s — o) Xo,
3. exp A(ty — t9) xo = xo,
4. exp A(top — s) exp A(s — tp) X0 = X0,

which follow from Lemma 2.1.

Definition 3.4. Let t, s € R. The flow of the vector field f from time s to time t is
the map y — ®; ;(y) = x(t, s, y). The domain of the flow map is therefore the set

Uit,s)={yeR":(s,y) €2, tel(s,y)}={yeR":(1,s,y) € D}.

Notice that U (¢, s) C R”" is open because the domain D is open. It is possible
that U (, s) is empty for some pairs ¢, s.

Example 3.6. Continuing the previous example of linear systems, we have &; ;, =
exp A(t —1p).

Example 3.7. Consider the scalar initial value problem
x = x?, x(th) = xg.
Then &, 4, (x0) = x(¢, to, X0) = xo/[1 — x0(t — 7p)] on

D = {(t, 19, x0) € R> : 1 — xo(t — 19) > O}.

Ift > tg, then U (¢, 19) = (—o0, (t — 1) " and U (to, t) = ((tg — 1)~ !, 00).
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Lemma 3.6.

1. Iftg <s <torift <s <ty thenU(t,1t9) C U(s, tp).
2. Transitivity property:

Dy p U, 10) NU(s, 10) — Ult, s)

and
D1y = P50 Py, on Ult,19) NU(s, o).

“

If xo € U(to, to), then @y, 4, (x0) = Xo.
4. Inverse property:
D4 U2, 10) — Ulto, 1)

and
Dy 0 Dp 4y (x0) = x0, x0 € U(t, 19).

5. @Dy 4 is a homeomorphism from U (t, ty) onto U (ty, t).

Proof. Suppose thatrg < s <t.If xo € U(t, t9), then t € I (ty, x0). Since I (ty, xo)
is an interval containing 7, we must have [#y, t] C I (ty, x0), and so [#g, s] C [0, t] C
I (19, xg). Thus, xg € U (s, ty). The other case is identical.

The remaining statements are simply a restatement of Lemma 3.5 using our new
notation.

Lemma 3.5, (1), says that if xo € U(s, o) N U(t, ty), then P 4 (x9) € U(t,s)
and @; 4, (x0) = Py, 0 Dy 4 (x0), which is statement (2) above.

Statements (3) and (4) are equivalent to (3) and (4) of Lemma3.5.

The continuity of x (¢, 9, xo) on D implies that @; ;, is continuous on U (¢, fp). It
is one-to-one and onto by (4). ]

Remark 3.6. If @, ;, is a map which satisfies the properties 2 and 3 in Lemma 3.6
and which is C! in the ¢-variable, then it is the flow of the vector field

d
Flx) = 2 @@,

with domain 2 = U, U(t, t).

3.7 Flow of Autonomous Systems

Suppose now that the vector field f(z,x) = f(x) is autonomous. Then we may
assume that its domain has the form £2 = R x O for an open set O C R". As usual,
given xg € O, x(t, tg, xo) denotes the solution of the (autonomous) IVP
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x'= f(x), x(1) = xo,
with maximal existence interval I (fy, xg).

Lemma 3.7. (Autonomous flow). Let xg € O, ¢, T € R. Then
t+ 1t el(ty,xo) ifandonlyif t € I(to — t, x0),

and
x(t + 7,19, x0) = x(t,t0 — T, x0), for tel(to—t,xp).

Proof. Since x(t, tg, xo) is a solution on / (ty, xg), we have
x'(t, to, x0) = f(x(t, 10, x0)), forall t € (19, xp).
Fix t €e Randdefine J = {t : t + 1t € (9, x0)}. Substituting ¢ + 7 for 7, we see
that
x'(t + 1,19, x0) = f(x(t + 7,10, x0)), forall teJ. (3.3)
Here is the key point. Since the system is autonomous, the translate

() =x( + 7, fo, X0)

solves the equation on J. Using the chain rule and (3.3), we have

d
y/(t) - E[-x(t + T, t09x0)] = )C/(t + T, t()ax()) = f(.X([ + T, t(),X())) = f(}’(t)),

on the interval J. Since y(fp — t) = Xy, it follows by the Uniqueness Theorem 3.3
that
x(t + 7, 1o, x0) = y(t) = x(, 10 — T, X0),

and I (fo — 7, x9) = J. [
Using the flow notation, this can be restated as:

Lemma 3.8. (Autonomous flow). For ¢, ty € R, we have
Uit+1t,t0) =Ult, to—71) and DPiyr 1y = Pr1g—1-
Corollary 3.1. (Autonomous flow). Fort,s € R, we have that
D50 = P00 P50, onthedomain U(t+s,00NU(s,O0).

Proof. By the general result, Lemma 3.6, we have
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Dii5.0 = Prys.s 0 Ps0, onthedomain U(r+s,0)NU(s,O0).

By Lemma3.8, &, s = ;0. ]

Remark 3.7. Because of Lemma3.8, valid only in the autonmous case, there is no
loss of generality in using @; o since @;_; o = P; 5. As is commonly done, we shall
use simply @; to denote the flow & p.

Example 3.8. Suppose that f(x) = Ax with A an n x n matrix over R. Then
&, = &, o = exp At, and the corollary is the familiar property that exp A(t 4 5) =
exp At exp As.

Example 3.9. Suppose that @, ;(xo) is the flow associated to an n-dimensional
nonautonomous initial value problem

x'(t) = f(t,x(), x(s) = xo.
We saw in Chap.1 that a nonautonomous system can be reformulated as an

autonomous system by treating the time variable as a dependent variable. If y(r) =
(u(t), x(1)) € R then the equivalent autonomous system is

Y (1) = g(@), y(s) = yo,

with
g(y) =g, x)=(1, f(u,x)) and yo = (ug, x0).

By direct substitution, the flow of this system is
s (¥0) = W5 (o, X0) = (t =5 + U0, Pr—s+up,uo(X0))-
It is immediate that ¥;  satisfies the property of Lemma 3.8, namely
Yirr,s (Vo) = W s—r (Vo).
Definition 3.5. Given xg € O, define the orbit of xq to be the curve
y(x0) = {x(t,0,x0) : t € 1(0, xp)}.
The positive semi-orbit of x is defined to be
Y+(x0) = {x(z,0,x0) : 1 € I(0, x0) N[0, 00)},

and the negative semi-orbit y_(xq) is similarly defined.
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Notice that the orbit is a curve in the phase space O C R", as opposed to the
solution trajectory {(¢, x (¢, to, x0)) : t € I(to, xo)} which is a curve in the space-
time domain 2 = R x O ¢ R!*",

For autonomous flow, we have the following strengthening of the Uniqueness
Theorem 3.3.

Theorem 3.6. If z € y(xq), then y(xo) = y(2). Thus, if two orbits intersect, then
they are identical.

Proof. Suppose that z € y(xp). Then z = x(z, 0, x¢), for some 7 € 1(0, xg). By
Lemma 3.5, we have that 7(0, xg) = I(t,z) and x(z, 0, x9) = x(¢, T, z) on this
interval. Thus, we may write

y(x0) = {x(t,0,x0) : t € 1(0, xp)}
={x(t,t,2) : t € I(z,2)}
={xt+rt,1,2):t+1€l(r,2)}

On the other hand, Lemma 3.7, says that
t+tel(r,z) ifandonlyif ¢ e 1(0,z),

and
x(t+1,7,2) =x(,0,72), for t e I(0,z).

Thus, we see that
(@) ={x(t,0,2):t€el0,2)}={x(t+71,7,2) :t €l(t,2)}

This shows that y (xg) = y (2). ]

From the existence and uniqueness theory for general systems, we have that the
domain £2 is foliated by the solution trajectories

{(¢t, x(t, t9, x0)) : t € I(ty, x0)}.

That is, every point (79, xo) € §2 has a unique trajectory passing through it. The-
orem 3.6 says that, for autonomous systems, the phase space O is foliated by the
orbits. Each point of the phase space O has a unique orbit passing through it. For this
reason, phase diagrams are meaningful in the autonomous case.

Since x” = f(x), the orbits are curves in O everywhere tangent to the vector field
f(x). They are sometimes also referred to as integral curves. They can be obtained

by solving the system
dxi B dx,

@ )
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Example 3.10. Consider the harmonic oscillator
X] =x2, Xxp=—x].

The system for the integral curves is

dx dx>
X —x
Solutions satisty
x12 + x% =c,

and so we confirm that the orbits are concentric circles centered at the origin.

3.8 Global Solutions

As usual, we assume that f : 2 C R!*" — R” satisfies the hypotheses of the
Picard Existence Theorem 3.2.

Recall that a global solution of the initial value problem is one whose maximal
interval of existence is R. For this to be possible, it is necessary for the domain 2
to be unbounded in the time direction. So let us assume that 2 = R x O, where
O c R" is open.

Theorem 3.7. Let I = («, B) be the maximal interval of existence of some solution
x(t) of x' = f(t, x). Then either B = 400 or for every compact set K C O, there
exists a time B(K) < B such that x(t) € O\ K forallt € (B(K), B).

Proof. Assume that B < +o00. Suppose that K C O is compact. Then K =
[f0, B] x K C £2 is compact. By Theorem 3.4, there exists a time 8(K’) < B such
that (7, x(r)) € 2\ K'fort € (B(K'), B).Sincet < B, thisimplies that x(r) € O\ K
forr € (B(K'), B). l

Of course, the analogous statement holds for «, the left endpoint of /.

Theorem 3.8. If 2 = Rt then either f = +o0 or

lim [|x(t)| = +oo.
t—p~

Proof. If B < 400, then by the previous result, for every R > 0, there is a time
B(R) suchthat x(¢) ¢ {x : ||x|| < R}fort € (B(R), B). In other words, ||x(¢)| > R
fort € (B(R), B), i.e. the desired conclusion holds. ]

Corollary 3.2. Assume that 2 = R, If there exists a nonnegative continuous
function (t) defined for all t € R such that
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xOI < (1) forall t€lt,p),

then B = 4-o00.

Proof. The assumed estimate rules out the second possibility in Theorem 3.8, so we
must have that 8 = +o0. O

Theorem 3.9. Ler 2 = R, Suppose that there exist continuous nonnegative
functions c1(t), c(t) defined on R such that the vector field f satisfies

£, )| < c1(@)x]| + cat), forall (t,x)eR™™.

Then the solution to the initial value problem is global, for every (ty, xo) € R,

Proof. We know that a solution of the initial value problem also solves the integral
equation

t
x(1) = xo +/ S (s, x(s))ds,
1o

for all t € («, B). Applying the estimate for || f (¢, x)||, we find that

[xI < llxoll + / [e1()lx ()| + c2(s)]ds

+

t
/ ¢1(5)x(s)lds
1

0

t
< llxoll + / c2(s)ds
1

0

’

t
—Cci+ / c1(5)[1x(s) s

0
'
/ cr(s)ds
0]

We now adapt our version of Gronwall’s inequality to this slightly more general
situation. Notice that C(¢) is nondecreasing for ¢ € [tg, 8). Fix T € [ty, B). Then for
t € [ty, T) we have

with
C(@) = |lxoll +

t
Ix)l =€)+ [ ex(s)lx(s)ds.
1o
Then Gronwall’s Lemma 3.3 implies that
t
x@®I = C(T)CXP/ c1(s)ds,

fo

for t € [ty, T]. In particular, this holds for t = T'. Thus, we obtain
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T
x(T)Il = C(T)eXp/ ci(s)ds,

To

for all T € [#g, B). Therefore, by Corollary 3.2, we conclude that 8 = 400
In the same way, we have that

fo
lx ()| < C(T)CXP/ c1(s)ds,
T
forall T € («, fy], and hence ¢ = —o0. [l

Corollary 3.3. Let A(t) be an n x n matrix and let F(t) be an n-vector which
depends continuously ont € R. Then the linear initial value problem

xX'(t) = A@)x(t) + F(t), x(to) = xo

has a unique global solution for every (ty, xo) € R*".

Proof. This is an immediate corollary of the preceding result, since the vector field
f@t, x)=A@)x + F(r)

satisfies

If @ 0l < [AONxI + I F@].

3.9 Stability

Let 2 = R x O for some open set O C R", and suppose that f : £2 — R” satisfies
the hypotheses of the Picard Theorem.

Definition 3.6. A point x € O is called an equilibrium point (singular point, critical

point) if f(t,x) =0, forallt € R.

Definition 3.7. An equilibrium point x is stable if given any ¢ > 0, there exists
a § > 0 such that for all ||xo — x|| < &, the solution of the initial value problem
x(t,0, xo) exists for all t > 0 and

”x(t’oaxO)_)E” <é, fEO

An equilibrium point x is asymptotically stable if it is stable and there exists a
b > 0 such that if || xo — x|| < b, then
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lim ||x(z, 0, xo) — || = 0.
—0o0

An equilibrium point x is unstable if it is not stable.

Remark 3.8. If x is a stable equilibrium (or an asymptotically stable equilibrium),
then the conclusion of Definition 3.7 holds for any initial time 7y € R, by Lemma 3.4,
see Exercise 3.13.

Theorem 3.10. Let A be an n x n matrix over R, and define the linear vector field
f(x) = Ax.

The equilibrium x = 0 is asymptotically stable if and only if Re . < 0 for all
eigenvalues of A.

The equilibrium x = 0 is stable if and only if Re A < 0 for all eigenvalues of A
and A has no generalized eigenvectors corresponding to eigenvalues with Re A = 0.

Proof. Recall that the solution of the initial value problemis x (¢, 0, xg) = exp At xg.
If ReX < O for all eigenvalues, then E; = R”" and by Corollary 2.1, there are
constants C, o > 0 such that

lx(2, 0, x0) || < Ce™*"||xoll,

for all + > 0. Asymptotic stability follows from this estimate.
If x = 0 is asymptotically stable, then by linearity,

lim x(¢,0, xg) = lim exp At xo =0,
11— 00 11— 00

for all xo € R". By Theorem 2.4, we have that E; = R”. Thus, ReA < 0 for all
eigenvalues of A. This proves the first statement.

If Re A < O for all eigenvalues, then E; @ E. = R". By Corollary 2.1 and Remark
2.1,

lx(z, 0, x0) || = |l exp At (P + Pe)xoll
< Ce ™ || Psxoll + C(1 + (1 — 10)") || Pexoll,
for all + > 179, where p + 1 is the size of the largest Jordan block corresponding to
eigenvalues with zero real part. So if A has no generalized eigenvectors corresponding
to eigenvalues with zero real part, then we may take p = 0 above, and thus, the right-

hand side is bounded by C||xq||. Stability follows from this estimate.
If A has an eigenvalue with positive real part, then E,, # {0}. By Corollary 2.2,

lim [lx(z, 0, xo)|| = lim [ exp Az xoll = +o0,
t— 00 [—00

for all 0 # x¢ € E,. This implies that the origin is unstable.
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Finally, if A has an eigenvalue A with Re A = 0 and a generalized eigenvector,
then there exists 0 % zg € N(A — AI)>\ N(A — AI). Thus, z; = (A — Al)z9 # 0
and (A — A)¥zp =0,k =2, 3, . ... From the definition of the exponential, we have
that

exp At zo = exp At exp(A — Al)t zp
=expAt-[I +1(A—Xl)] 20
= exp At (zo +1z21).

Since Re A = 0, this gives the estimate
| exp Az zoll = llzo +tz1ll = tllz1ll — llzoll, #>=0.

Since A is real, xo = Rezg and yp = Im z¢ belong to E.. Writing zo = xo + iyo,
we have
lexp A1 zoll < |l exp At xoll + [l exp At yol|,

which implies that the origin is unstable. U

Theorem 3.11. Let O C R” be an open set, and let f : O — R" be C!. Suppose
that x € O is an equilibrium point of f and that the eigenvalues of A = Df (x) all
satisfy Re A < 0. Then x is asymptotically stable.

Proof. Letg(y) = f(x +y) —Ayfory € @ ={y €e R" : xg +y € O}. Then
g € CY(O), g(0) =0, and Dg(0) = 0.

Asymptotic stability of the equilibrium x = X for the system x’ = f(x) is
equivalent to asymptotic stability of the equilibrium y = 0 for the system y’ =

Ay +g(y).
Since Re A < 0 for all eigenvalues of A, know that from Corollary 2.1 that there
exists 0 < a < Ay and a constant C; > 0 such that

lexpA(t —s)|| < C1e @0, 1>,

Since Dg(y) is continuous and Dg(0) = 0, given p < «/2Cy, thereisa u > 0
such that B, (0) C O’ and

IDgWIl < p, for [yl <.

Using the elementary formula

1 d 1
¢(y) = / “lg(smlds = / Dg(sy)yds,
0 N 0

we see that for || y|| < u,
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1
g S/O IDgsIylids < pliyll.

Choose ad < u, and assume that || yo|| < §.Let y(¢) = y(t, 0, yo) be the solution
of the initial value problem

Y1) = Ay + (@), y(0) = o,
defined for ¢ € («, B). Define
T =sup{t €[0,8): ly(s)|| < pm, for 0 <s <t}
Then T > 0, by continuity, and of course, T < .

If we treat g(y(#)) as an inhomogeneous term, then by the Variation of Parameters
formula, Corollary 4.1,

t
y(#) = exp At yo +/O exp At — 5)g(y(s))ds.

Thus, since ||y(¢)|| < w on the interval [0, T'), we have

t
Iy < Cre™ ||yoll + /0 e U= Cplly(s)lds.

Set z(t) = e¥'||y(¢)||. Then

t
() < Cillyoll + / C1p2(s)ds.
0

By the Gronwall Lemma 3.3, we obtain
2(t) < Cillyolle“™, 0<1<T.
In other words, we have
Iyl < Cillyolle ™" < C18e™'?, 0<1<T. (3.4)

We may choose § small enough so that in addition to § < w, as above, we also have
C16 < /2. We have shown that

IyOll =wn/2, 0<t<T. (3.5)

Now if T < oo, then by Theorem 1.7, the curve (¢, x(¢)), 0 <t < B would have to
exit the compact set K = [0, T] x B, (0) C £2 = Rx O’. Our estimate (3.5) and the
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definition of T prevents this from happening, so it must be the case that 7 = = oo.
Now that 7" = oo, stability and asymptotic stability follow from (3.4). U

Remark 3.9. Recall from Chap. 1 that the equation y’ = Ay, with A = Df(X), is
the linearized equation for the nonlinear autonomous system x’ = f(x), near an
equilibrium x. The previous two results say that x is asymptotically stable for the
nonlinear system if the origin is asymptotically stable for the linearized system.

Example 3.11. The scalar problem x’ = —x + x2 has equilibria at x = 0, 1. The
origin is asymptotically stable for the linearized problem y’ = —y, and so it is also
asymptotically stable for the nonlinear problem. In this simple example, we can write
down the explicit solution

X0

£.0. x0) = .
X(t0.%0) = T e

Note that x (¢, 0, xo) — 0 exponentially, as t — oo, provided xo < 1. This demon-
strates both the asymptotic stability of x = 0 as well as the instability of x = 1.
Of course, the easiest way to analyze stability in this example is to use the phase
diagram in R.

3.10 Liapunov Stability

Let f(x) be a locally Lipschitz continuous vector field on an open set O C R”".
Assume that f has an equilibrium point at x € O.

Definition 3.8. Let U C O be a neighborhood of x. A Liapunov function for an
equilibrium point x of a vector field f is a function E : U — R such that

(i) EeCU)NC'U\{F),
(ii) E(x)>O0forx eU\ {x}and E(x) =0,
(iii) DE(x) f(x) <O0forx € U\ {x}.

If strict inequality holds in (iii), then E is called a strict Liapunov function.

Theorem 3.12. [f an equilibrium point x of f has a Liapunov function, then it is
stable.
If X has a strict Liapunov function, then it is asymptotically stable.

Proof.  Suppose that E is a Liapunov function for .
Choose any ¢ > 0 such that B, (x) C U. Define

m=min{E(x) :||x —x|]|=¢} and U, ={x e U : E(x) <m}N Bs(x).

Notice that U, C U is a neighborhood of x.
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The claim is that for any xo € U, the solution x(t) = x(¢, 0, xo) of the IVP
x" = f(x), x(0) = xq is defined for all + > 0 and remains in U,.

By the local existence theorem and continuity of x (), we have that x(¢) € U, on
some nonempty interval of the form [0, 7). Let [0, T') be the maximal such interval.
The claim amounts to showing that 7 = oo.

On the interval [0, T'), we have that x(#) € U, C U and since E is a Liapunov
function,

d
EE(X(I)) = DE(x(1)) - x'(t) = DE(x(1)) - f(x(1)) < 0.

From this it follows that
E(x (1)) < E(x(0)) = E(xo) < m,

on [0, T). So, if T < B, we would have E(x(T)) < E(x(0)) < m, and so, by
definition of m, x(T) cannot belong to the set |x — x|| = ¢. Thus, we would have
that x(7') € U,. But this contradicts the maximality of the interval [0, T'). It follows
that T = . Since x(¢) remains in U on [0, T') = [0, B), it remains bounded. So by
Theorem 3.7, we have that § = T = +o0.

We now use the claim to establish stability. Let ¢ > 0 be given. Without loss of
generality, we may assume that B.(X) C U.Choose § > 0 so that Bs(x) C Us,.
Then for every xog € Bs(x), we have that x(t) € U, C B¢(x), forall > 0.

Suppose now that E is a strict Liapunov function, and let us prove asymptotic
stability.

The equilibrium x is stable, so given ¢ > 0 with B, (x) C U, thereisa s > 0 so
that xo € Bs(x) implies x(¢) € B(x), forall t > 0.

Let xo € Bs(x). We must show that x () = x(z, 0, xg) satisfies [l_i)ngox(t) = X.

We may assume that xo # X, so that, by uniqueness, x(¢) # x, on [0, 00).
Since E is strict and x(¢) # x, we have that

d
EE(X(I)) = DE(x(1)) - x'(t) = DE(x(1)) - f(x(1)) <O.

Thus, E(x(t)) is a monotonically decreasing function bounded below by 0. Set
E* =inf{E(x(¢)) : t > 0}. Then E(x(¢)) | E*.

Since the solution x(¢) remains in the bounded set Uy, it has a limit point. That
is, there exist a point 7 € U, Cc U and a sequence of times #x — oo such that
x(tr) — z. We have, moreover, that E* = limy_, oo E(x(#;)) = E(2).

Let s > 0. By the properties of autonomous flow, Lemma 3.7, we have that

x(s+ 1) =x(s + 14,0, x0)
= x(s,0,x(f%, 0, x0))
=x(s5,0, x(#%)).
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By continuous dependence on initial conditions, Theorem 3.5, we have that

Iim x(s + 1) = lim x(s,0, x(#)) = x(s, 0, 2).
k— 00 k— 00

From this and the fact that E(x (s, 0, z)) is nonincreasing, it follows that

E* < Jim E(x(s + 1)) = E(x(s5,0,2) < E(x(0,0,2)) = E*.
—00
Thus, x (s, 0, z) is a solution along which E is constant. But then

0= %E(x(t, 0,2)) = DE(x(t,0,2)) f(x(t,0,72)).

By assumption, this forces x(z,0,z) = x for all + > 0, and thus, z = x.
We have shown that the unique limit point of x(#) is x, which is equivalent to
tlim x(t) =x. U
—00

Example 3.12. (Hamiltonian Systems).
Let H : R?> — R be a C? function. A system of the form

p=Hy(p.q)
q=—Hp(p.q)

is referred to as Hamiltonian, the function H being called the Hamiltonian. Suppose
that H(0,0) = 0 and H(p, q) > 0, for (p, q) # (0, 0). Then since the origin is a
minimum for H, we have that H,(0, 0) = H,(0, 0) = 0. In other words, the origin
is an equilibrium for the system. Since

DH = (H,, Hy)(Hy, —H,)" =0,

we see that H is a Liapunov function. Therefore, the origin is stable. Moreover,
notice that for any solution (p(t), g(¢)) we have

d
2P0, q(1) =0.

Thus, H(p(t), q(t)) is constant in time. This says that each orbit lies on a level set
of the Hamiltonian.

More generally, we may take H : R?* — R in C'. Again with H (0, 0) = 0 and
H(p,q) > 0, for (p, q) # (0,0). The origin is stable for the system

p=DyH(p,q)
g=-D,H(p,q).
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Example 3.13. (Newton’s equation).
Let G : R — Rbe C2, with G(0) = 0 and G(u) > 0, for u # 0. Consider the
second order equation
i +G'(u)=0.

With x; = u and x, = u, this is equivalent to the first order system

X1 =x2, X =-G'(x1).
Notice that the origin is an equilibrium, since G’(0) = 0. The system is, in fact,
Hamiltonian with H (x, x) = %x% + G(x1). Since H is positive away from the

equilibrium, we have that the origin is stable.
The nonlinear pendulum arises when G (u) = 1 — cos u.

Example 3.14. (Lienard’s equation).
Let @ : R — Rbe C!, with @(0) = 0. Lienard’s equation is

i+ @ (wi+u=0.

It models certain electrical circuits, among other things. We rewrite this as a first
order system in a nonstandard way. If we let

X1 =u, x2=u-+®u),

then
X1 =x2—D(x1), X =—x1.

Notice that the origin is an equilibrium.

Suppose that and @’(u) > 0. The function E(x) = %(xl2 + x%) serves as a
Liapunov function at the origin, since

X1
DEX)f(x) = —x1®P(x1) = —X1/ @' (u)du <0,
0
by our assumptions on @. So the origin is a stable equilibrium. If @’(u«) > 0, for
u # 0, then E is a strict Liapunov function, and the origin is asymptotically stable.
3.11 Exercises

Exercise 3.1. Let A be ann x n matrix over R, and let xo € R"”. Calculate the Picard
iterates for the initial value problem

x' = Ax, x(0) = xo,
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and show that they converge uniformly to the exact solution on every closed, bounded
interval of the form [—T, T].

Exercise 3.2. Let 2 C R!*" be an open set, and suppose that f : 2 — R" is
continuous. Let / be an interval containing the point #y. Suppose that the function
t — (t,x(t)) is continuous from I into 2. Prove that x(¢) is a C' solution of the
first order system

x'(t) = f(t,x(), tel,

if and only if it is a C” solution of the integral equation

x(t) = x(ty) —i—/ f(s,x(s)ds, tel.
fo

Exercise 3.3. Let /I C R be a closed, bounded interval, let B C R” be a closed ball,
and let CY(1, B) denote the set of continuous functions from / to B. Define the sup
norm

[ flloo = sup ILf IR

Show that C°(1, B) is a complete metric space with the distance function

d(f.8) =1 — &llce-

Exercise 3.4. Prove the following version of the Cauchy-Peano Existence Theorem:
Suppose that f is continuous on the rectangle

R={(tx)eR*: |t —1| <A, |x —xo| <B).
Let M = maxg | f (¢, x)|. Then the initial value problem

X/:f(f,.X), .X(lo):.XO,

has at least one solution defined for |t — 79| < C = min{A, B/M}.
Suggestion: Define

® X0, if[t —1| <C/n
X, (1) = _C _
" xo+ [T f s xa(s)) ds, i C/n < |t — 1] < C.

Show that x,, is well-defined, and apply the Arzela-Ascoli Theorem.

Exercise 3.5. Let £2 C R" be an open set. Suppose that f : 2 — R".

(a) Prove thatif f is locally Lipschitz continuous on 2, then it is continuous on £2.
(b) Prove that if f is continuously differentiable on £2, then it is locally Lipschitz
on 2.



3.11 Exercises 49

Exercise 3.6. Show that the function f(x) = [|x||*, « > 0, from R" to R is locally
Lipschitz continuous if and only if ¢ > 1.

Exercise 3.7. Let 2 c R bea nonempty, bounded, open set, with 92 denoting
its boundary. For p € §2, define

8(p) =dist(p, 082) = inf{|[p —¢qll : g € 382}.

(a) Prove that § is continuous on £2.

(b) Lete > 0. Prove that the set {p € §£2 : 6(p) > ¢} is compact.

(c) Now suppose that f : £2 — R”" is a vector field which satisfies the hypotheses of
the Picard existence theorem. Given a point (¢y, xo) € §2, let x(¢) be the solution
of the IVP

x'(t) = f(t,x@), x(to) = xo,
defined on its maximal interval of existence («, 8). Prove that

lim &(¢, x(¢)) = 0.
t—p~

Exercise 3.8. Suppose that 2 C R'*” is an open set and that f : 2 — R" isa
vector field which satisfies the hypotheses of the Theorems 3.2 and 3.3. Thus, for
(s, y) € £2, there exists a unique solution x(z, s, y) of the initial value problem

xX'=ft,x), x(s)=y,

defined on the maximal interval 7 (s, y). Show that

d
Ex(t,s,y) = f(s,y), forall (s,y) € £2.

t=s
Exercise 3.9. Suppose that forallz, s € R, @; s : R” — R”" satisfies the properties
of a flow, namely:

— (t,5,y) = @, 4(y) is continuous from R2*" into R".

— t > &, 5(y)is C! from R into R”, for all (s, y) € R"*!,
- P 0P =P, forallt, s, 7 e R

— @, ; is the identity map on R".

Prove that x(z, s, y) = @, s(y) solves initial value problem

x'=ft,x), x(s)=y,

where the vector field f is defined by

d
fs,y) = d—<1>t,s(y) , forall (s,y) e £2.
t r=s
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Exercise 3.10. Using the notation from Definition 3.4, prove that if s < #1 < 12,
then U (tr, s) C U(t1, ).

Exercise 3.11. Consider the initial value problem
x = (cost) x%, x(fy) = xo.
(a) Find the solution x(z, g, x0).
(b) Provethatif|1/xop4sin#y| > 1,thenthe maximal existence interval is (—o0, 00).
(c) Prove that forevery ¢, s € R,
{yeR:|1/y+sins| > 1} C U(t,s).

Exercise 3.12. Let f : R!*" — R” be the vector field

1+1%) x

T = e 7

Prove that for every (9, xo) € R"*!, the initial value problem

x'= f(t,x), x(to)=xo
has a unique solution defined on the interval —oo < t < oo.

Exercise 3.13. Let O C R"” be an open set, and set £2 = R x O. Suppose that
[ 2 — R satisfies the hypotheses of Theorems 3.2 and 3.3. Suppose also that
x € O is a stable equilibrium for f, according to Definition 3.7. Prove that for any
e > 0 and 7y € R, there exists a§ > 0 such that if ||xg — x|| < &, then the solution
of the initial value problem x (7, #y, xo) exists for all # > 79 and

lx(z, t0, x0) — X|l <&, for 1=1.

(Thus, the notion of stability does not depend upon the choice of the initial time.)

Exercise 3.14. Define f : R> — R by f(x) = Ax, where A = [Z“ le] is a
21 d22

nonzero matrix with real entries. Let
trA =aj; +axy and detA = ajiax —appas;.

Prove the following statements.

(a) If trA < 0 and det A > 0, then the origin is asymptotically stable for f.
(b) Iftr A < 0 and det A = 0, then the origin is stable for f.

(c) If tr A =0and det A > 0, then the origin is stable for f.

(d) In all other cases, the origin is unstable for f.
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Exercise 3.15. Let Ay be 2 x 2 matrices over R, and let fx(x) = Axx, k =1, 2.

(a) Assume that the origin is asymptotically stable for fi. Prove that there exists
ad > 0 (depending on Aj) such that if |[A; — A3| < §, then the origin is
asymptotically stable for f5.

(b) Isthe preceding statement true if “asymptotically stable” is replaced by “stable”?
Explain.

Exercise 3.16. Let ¢ be a C! function on R with ¢(0) = ¢’(0) = 0. Leta, b > 0.
Prove that the origin is asymptotically stable for the system

/

x'=y, Yy =—ax—-by+¢©x).



Chapter 4
Nonautonomous Linear Systems

4.1 Fundamental Matrices

Lett — A(¢) be a continuous map from R into the set of n x n matrices over R.
Recall that, according to Corollary 3.3, the initial value problem

x'(t) = At)x(1), x(to) = xo,
has a unique global solution x (¢, 9, xo) for all (79, xg) € R"*+1. Thus, the flow map

D, 4,1s defined on R” for every ¢, #p € R, i.e. U(t, tp) = R".
By linearity and the Uniqueness Theorem 3.3, it follows that

x(t, 1o, c1x1 + c2x2) = c1x(¢, to, x1) + c2x(2, to, x2),

since both sides satisfy the same IVP. In other words, the flow map ®; 4, (x¢) is linear
in x¢. Thus, there is a continuous n x n matrix X (¢, ty) such that

D; 1, (x0) = x(t, to, x0) = X (¢, t0)Xo.

Definition 4.1. The matrix X (t, ty) is called the state transition matrix for A(t).
The special case X (t,0) is called the fundamental matrix for A(t), and we shall
sometimes use the abbreviation X (t) for X (t, 0).

By the general properties of the flow map, we have that
. ~1
qu,s o ‘ps,zo = ¢l,l()a (pt,t =id, quo = ‘pto,z-
In the linear context, this implies that

X, )X (s, 1) = X(t,10), X(t,0)=1, X(t, 1) = X(to, 1).

T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 53
Atlantis Studies in Differential Equations 2, DOI: 10.2991/978-94-6239-021-8_4,
© Atlantis Press and the authors 2013
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Thus, for example, we may write
X(t,s) =X(,0X(0,s) =X(,0X(s, O)_l.

Of course, if A(t) = A is constant, then X (¢, 7)) = exp A(t — ty), and the
preceding relations reflect the familiar properties of the exponential matrix for A.
Since

d d
EX(L 10)x0 = Ex(t’ fo, X0) = A(t)x(t, to, x0) = A(t) X (2, t9)x0,
for every xog € R", we see that X (7, 7o) is a matrix solution of

%X(t, o) = A)X (¢, 19), X(tg,ty) = 1.

The ith column of X (z, #9), namely y; (1) = X(t, to)e;, satisfies

%yi (1) = A@)yi(t), yi(to) =e;.
Since this problem has a unique solution foreachi = 1, ..., n, it follows that X (¢, #y)
is unique.
From the formula x (¢, t9, xo) = X (¢, t9)x0, we have that every solution is a linear
combination of the solutions y; (). We say that the y; () span the solution space.
The next result generalizes the familiar Variation of Parameters formula from first
order linear scalar ODES.

Theorem 4.1. (Variation of Parameters) Let t — A(t) be a continuous map from
R into the set of n x n matrices over R. Let t +— F(t) be a continuous map from R
into R"™. Then for every (tg, xo) € R", the initial value problem

x'(t) = A()x(t) + F(t), x(to) = xo,

has a unique global solution x(t, to, xq), given by the formula

t
x(t, to, x0) = X (1, t9)xo +/ X(t,s)F(s)ds.

1o

Proof. Global existence and uniqueness was shown in Corollary 3.3. So we need
only verify that the solution x () = x (¢, ty, xo) satisfies the given formula.

Let Z(t, to) be the state transition matrix for —A(r)7. Set Y (¢, 1) = Z (¢, 19)".
Then

dY(t t)—dZ(t )T =[—AMNZt, 1)) = =Y, 19) At
E 70_5 » L0 — L vO)] __(70) ()1
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and so

d d d
prcds 10)X (1, 10)] = [EY(I’ 10)]1X (1, 10) + Y (1, o)l X, 10)]

==Y (1, 10)AMX (1, 10) + Y (1, 10)A(t) X (1, 10)
=0.

Therefore, Y (¢, 10) X (¢, to) = Y (¢, t0) X (¢, t0)|1=s, = I. In other words, we have that
Y(t,t0) = X(t,10)"' = X(to, t), from which we see that the state transition matrix
is differentiable in both variables.

Now we mimic the solution method for the scalar case based on the integrating
factor.

d v . dY y d
2 Y @ io)x(D] = [2Y (1, 10)]x (@) + Y (7, o) [ -x (1)]

==Y, 10)A@)x () + Y (t,10)[A@)x(t) + F ()]
— Y(t,10)F(1).

Upon integration, we find

t
x(1) :Y(t,to)_1x0+/ Y(t, 1) Y (s, 10) F(s)ds

1o
t

= X(1, to)x0 + / Xt 10)X (5, 1)~ F(s)ds
fo
t

= X (t, t9)x0 +/ X(t,t0)X (tg, s)F (s)ds

fo
t

= X (1, t9)xg +/ X(t,8)F(s)ds. ]

fo

Corollary 4.1 (Variation of Parameters for Constant Coefficients). Let A be a
constant n X n matrix over R, and let F (t) be a continuous function from R into R".
For every (19, xo) € R the solution of the IVP

x'(t) = Ax(t) + F(t), x(ty) = xo,

is given by
t

x(t) = exp At xg +/ exp A(t —s) F(s) ds.

fo
Proof. As noted above, X (¢, ty) = exp A(t — tp). ]

Although in general there is no formula for the state transition matrix, there is a
formula for its determinant.



56 4 Nonautonomous Linear Systems

Theorem 4.2. If X(t, tg) is the state transition matrix for A(t), then

t

det X (¢, ty) = exp/ tr A(s)ds.

Io

Proof. Regard the determinant of as a multi-linear function A of the rows X; (¢, #9)
of X(t, tp). Then using multi-linearity, we have

J X1(t, 10)
—detX(t, 1)) = — A
dt (¢ o) dt :
X\ (1, 10) X1(¢, to)
=Al: +...+4]:
Xu(t, to) X, (t, 1)

From the differential equation, X' (z, 19) = A(¢) X (¢, tp), we get for each row

Xj(t.10) = D Aij(1)X(t. t0).

j=1

Thus, using multi-linearity and the property that A = 0 if two rows are equal, we
obtain

[ X1 (1, 10) ] " X1(t, 10) [ X1 (z, 10) ]

. . n :
Al X)) | =4 X5 Aj0X10) | =D Aij(nA | Xt 10)
. . j=1 .

_Xn(tvIO)_ _Xn(t,tO) _Xn(t7t0)_

[ X1 (7, 10) |

— AnA | Xitt10) | = Au() det X1, o).

L Xn (t5 lO) .

The result now follows if we substitute this above. [l
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4.2 Floquet Theory

Let A(t) be areal n x n matrix, defined and continuous for ¢ € R. Assume that A(¢)
is T-periodic for some 7" > 0. Let X (r) = X(z, 0) be the fundamental matrix for
A(t). We shall examine the form of X (¢).

Theorem 4.3. There are n x n matrices P(t), L such that

X(t) = P(t)exp Lt,

where P(t) is C! and T -periodic and L is constant.

Remarks 4.1.

Theorem 4.3 also holds for complex A(?).
Even if A(¢) is real, P(¢) and L need not be real.
Since X (0) = I, we have that P(0) = I. Hence,

X(T)=P(T)expLT =explLT,

for any L.
P(t) and L are not unique. For example, let S be an invertible matrix which
transforms L to Jordan normal form J = diag[By, ..., Bp]. For each Jordan

271ikj
T

block Bj = )\,jl-i-N, let Bj = ()\.J‘ —+
commutes with Bj and

)I + N, for some k; € Z. Then B;

exp(B; — Ej)T = exp2mikjl = 1.
Define J = diag[1§1, el I§p] and L = SJS~ L. It follows that L commutes with
L and 5
exp(L—L)T = 1.

Now take y
P(t) = P(t)exp(L — L)t.

Notice that ﬁ(t) is T-periodic:

P(t+T)=P(t+T)expl(L — L)1+ T)]
= P(t)exp(L — L)texp(L — L)T
= P(®).

Since L commutes with L we have
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ﬁ(t) exp Lt = f’(t) exp(f, — L)texp Lt
= P(t)expLt.

Definition 4.2. The eigenvalues of X(T) = exp LT are called the Floquet multi-
pliers. The eigenvalues of L are called Floquet exponents.

Remarks 4.2. The Floquet exponents are unique. Floquet multipliers are unique
modulo 2i/ T, see Lemma 4.2

Theorem 4.4. [f the Floquet multipliers of X (t) all lie off the negative real axis,
then the matrices P(t) and L in Theorem 4.3 may be chosen to be real.

Theorem 4.5. The fundamental matrix X (t) can be written in the form
X(t) = P(t)exp Lt,
where P(t) and L are real, P(t + T) = P(t)R, R> = I, and RL = LR.
Proof of Theorems 4.3, 4.4, and 4.5. By periodicity of A(¢), we have that
Xt+T)=Xt)X(T), teR,

since both sides satisfy the initial value problem Z'(¢r) = A(t)Z(¢t), Z(0) = X (T).
The matrix X (7") is nonsingular, so by Lemma 4.2 below, there exists a matrix L
such that

X(T)=expLT.

Set P(t) = X(t)exp(—Lt). Then to prove Theorem 4.3, we need only verify the
periodicity of P(¢):

P+T)=X@t+T)exp[—L(t+T)]
= X(@)X(T)exp(—LT)exp(—Lt)
= X(t)l exp(—L?)
= P(1),

since by the choice of L, we have X (T)exp(—LT) = 1.
Theorem 4.4 is obtained by using Lemma 4.3 in place of Lemma 4.2.
Now we prove Theorem 4.5. By Lemma 4.4, there exist real matrices L and R
such that
X(T)=RexpLT, RL=LR, R’>=1.

Define P(t) = X (t) exp(—Lt). Then exactly as before

Pt+T)=X(t+T)exp[—L(t +T)]
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= X@)X(T)exp(—LT)exp(—Lt)
= X(t)Rexp(—Lt)

= X(t)exp(—L?)R

= P(t)R.

Note we used the fact that R and L commute implies that R and exp Lt commute. []

Lemma 4.1. Let N be an n x n nilpotent matrix over C, with N4t =0, d > 1.

Then
d

1
I —N=expL, with L=—> —NF
exp Wi ];k

Proof. Since N1 = 0, we have

d
I =1—(N)*' = —tN) Z(tN)k.
k=0

d
Hence, I — ¢ N is invertible and (I — tN)_1 = Z(tN)k.
k=0

d g
1
L(t) = — z zN".
k=1

We will show that exp L(¢) = [ — tN, i.e. L(t) = log(I —tN). We have, again
since N9t1 = 0,

Set

d d
L'(t) = — Ztk_lNk = Ztka+1 =—(—tN)"'N.
k=1 k=0
Thus,
(I —tN)L'(t) = —N.
Another differentiation gives
—NL'(t) + (I —tN)L"(t) = 0.
This shows that
L't)=U—tN)""(=N)L'(t) = —L' ().

Now we claim that
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d /
7 expL(t) =expL(t) L'(¢).

Of course, this does not hold in general. But, because L(#) is a polynomial in ¢ N,
we have that L(¢) and L(s) commute for all 7, s € R, and thus, the formula is easily
verified using the definition of the derivative. Next, we also have

d2 1 AV

sl expL(t) =expL(t)[L"(t)+ L' ()] =0.

Hence, exp L(¢) is linear in ¢:
expL(t) =expL(0) +texpL(0) L'(0)=1—tN,

and as a consequence,
expL(1)=1—N.

This completes the proof. U

Lemma 4.2. If M is an n x n invertible matrix, then there exists an n X n matrix
L such that M = exp L. If L is another matrix such that M = exp L, then the
eigenvalues of L and L are equal modulo 2mi.

Proof. Choose an invertible matrix S which transforms M to Jordan normal form
STIMS =J.

J has the block structure
J =diag[By, ..., Bpl,

where the Jordan blocks have the form B; = A ;I + N for some eigenvalue A ; # 0,
since M is invertible. Here, N is the nilpotent matrix with 1 above the main diagonal.
Suppose that for each block we can find L ; such that B; = exp L ;. Then if we set

L = diag[Ly, ..., L],

we get
J =expL =diaglexp Ly, ...,expL,].

Thus, we would have
M=SJ5"=SexpLS ! =expSLS~".

We have therefore reduced the problem to that of finding the logarithm of an
invertible Jordan block B; = A;I + N. Since —A;lN is nilpotent, by Lemma 4.1,

there exists I:j such that 7 — (—k;lN) = exp f,j. Thus, we obtain
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B; =exp(logh; I + L),

where log A; = log |A | + i arg A; is any complex logarithm of A ;.

Suppose that M = exp L for some matrix L. Transform L to Jordan canonical
form L = SJS™! = S[D+ N1S~!'. We have that J = D + N is an upper triangular
matrix whose diagonal entries are the eigenvalues of L. Thus, exp J is also upper
triangular with diagonal entries equal to the exponential of the eigenvalues of L.
Now M = expL = SexpJ S~!, has the same eigenvalues as exp J, so it follows
that the eigenvalues of M are the exponentials of the eigenvalues of L. Therefore, if
L is another matrix such that M = exp L, then L and L have the same eigenvalues,
modulo 27i. U

Lemma 4.3. If M is a real n x n invertible matrix with no eigenvalues in (—oo, 0),
then there exists a real n x n matrix L such that M = exp L.

Proof. Suppose that S reduces M to Jordan canonical form. The columns of § are
a basis of generalized eigenvectors of M in C". Taking the real and imaginary parts
of the elements of this basis, we obtain a basis for R”. Arranging these vectors
appropriately in the columns of a matrix 7', we obtain the real canonical form M =
TBT ', where B = diag[By, ..., Bg]is block diagonal. The blocks B; are real, and
their form depends on whether the corresponding eigenvalue A ; is real or complex.

In the first case, when A j, B; is a standard Jordan block. We have seen in the proof
of Lemma 4.2 how to to find a matrix L; such that B; = exp L, and moreover,
when A; > 0, L; is real.

If 1; = pe?, 0 < |8] < 7, is complex, B; has the block of the form

uy 1 0...0
oOu; 1 ...0
NI ) 4.1
0...0 Uj 1
| 0 ... 0 0 Uy
with
U — pcost psinb I — 10
I 7 | —=psin@ pcosO|” ~ " [01]"
Notice that
Bj =U+ N,
where U = diag[U/, ..., U;], N is nilpotent, and UN = NU. Now we have that

01
Uj =expW; =expllogpl +0V], V= |:_1 O]'
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Thus, U is the exponential of the block diagonal matrix X = diag[W;, ..., W;]. We
can use Lemma 4.1 to find a matrix ¥ such that ] + U~!N = exp Y. Since Y is a
polynomial in U~ N it is real and it commutes with X. We have, therefore, that

B; :U(I+U_1N) =expX expY =exp(X +7).

Applying these procedures to each real block yields a real invertible matrix 7" and
a real block diagonal matrix £ such that

M=T(expl)T ' =expTLT !,

with TLT ! real. O

Lemma 4.4. If M is areal n x n invertible matrix, then there exist real n X n matrices
L and R such that M = Rexp L, RL = LR, and R*> = I.

Proof. We again begin by reducing M to real canonical form
T~'MT = J = diag[B1, ..., B4,

in which B; is either a Jordan block corresponding to a real eigenvalue of M or B;

has the form (4.1).
Define the block matrix

R = diag[Ry, ..., Ry],

where R; has the same size as Bj and R; = —1 if B; corresponds to an eigenvalue
in (=00, 0) and R; = I, otherwise. Thus, R2=1.

Now the real matrix RJ has no eigenvalues in (—oo, 0), and so by Lemma 2,
there exists a real matrix L such that RJ = exp L. Clearly, RL = LR since these
two matrices have the same block structure and the blocks of R are 1.

So now we have

M=TJT ' =TR>JT ' =TRexpLT ' = RexpL,

inwhich R=TRT 'and L = TLT~'. We have that R> =] and RL = LR as a
consequence of the properties of R and L. U

Theorem 4.6. Let A(t) be a continuous T -periodic n X n matrix over R. Let {4 ?:1
be the Floguet multipliers and let {\ j}'}zl be a set of Floquet exponents. Then

n T
H i = exp/ tr A(t)drt,
j=1 0

and
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D= - / tr A(t)dt,  (mod 27i/T).
j=1 0

Proof. Let X (t) be the fundamental matrix for A(z). By Theorem 4.2 we have that

n T
[]wj=detx(T)= exp/ tr A(t)dt.
. 0
j=1

By Theorem 4.3, we have X (T') = exp LT . Since the Floquet exponents {A ; }’]’f:l

are the eigenvalues of L, we have that the eigenvalues of exp LT are {e*iT }’}:1, and
hence

N n
det X(T) =detexp LT = HeAJ‘T = exp TZ)‘/
j=1 j=1
Thus,
n T
T 1 =logdet X(T) =/ tr A()dt,  (mod 27i).
j=1 0
And so,

E Aj = T/ tr A(t)dr, (mod 2mi/T). ]
. 0
j=1

4.3 Stability of Linear Periodic Systems

Theorem 4.7. Let A(t) be a real n x n matrix which is continuous fort € R and
T -periodic for T > 0. By Theorem 4.3, the fundamental matrix X (t) has the form

X(t) = P(t)exp Lt,

where P(t) is T -periodic.
The origin is stable for the system

x'(t) = A(t)x(t) 4.2)

if and only if the Floquet multipliers u satisfy |iu| < 1 and there is a complete set of
eigenvectors of X (T) for any multipliers of modulus 1.
The originis asymptotically stable ifand only if || < 1forall Floquet multipliers.
The stability of the origin for the system
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y'(t) = Ly(t) (4.3)

is the same as for (4.2)

Proof. The solutions of the system (4.2) are given by
x(t) = P(t)exp Lt xo,
whereas the solutions of the system (4.3) are of the form
y(t) = exp Lt xo,
form some xo € R".
Now since P(¢) and P(z)~! are continuous and T -periodic, there exist positive

constants Cy, C, such that

sup [[P(@)| = sup [Pl =Cy

teR 0<t<T
and
sup [P()" ' = sup [[P()7"| = Ca.
teR 0<t<T

This implies that
[xl = Cillexp Lt xoll = Cilly®Ill, r€R.

Thus, the stability or asymptotic stability of the origin for (4.3) implies the same for
(4.2). Moreover, if the origin is unstable for (4.2), it also follows from this inequality
that the origin is unstable for (4.3).

Similarly, we have that

[yl = C2l|P(2) exp Lt xoll = C2[[x(D)].

So the above statements hold with the roles of (4.2) and (4.3) reversed.

This shows that the stability of the origin for the two systems (4.2) and (4.3) is
the same.

Let{A; }?:1 be the eigenvalues of L. By Theorem 3.10, the origin is stable for (4.3)
ifand only if ReA; < Ofor j = 1,...,n and there are no generalized eigenvectors
corresponding to eigenvalues with Re A; = 0. Now, the stability of the two systems
is equivalent. The Floquet multipliers satisfy p; = e’iT, and thus, the Floquet
multipliers satisfy [ ;| < 1if and only if Re A ; < 0. We see from the construction in
Lemma4.2that X(7T') = exp LT and LT (and hence L) are reduced to Jordan normal
form by the same matrix S. Thus, these two matrices have the same generalized
eigenvectors, and so L has no generalized eigenvectors with eigenvalue Re A; = 0
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if and only if X (7)) has no generalized eigenvectors with eigenvalue |u ;| = 1. We
have shown that the origin is stable for (4.2) if and only if the Floquet multipliers
satisfy |u ;| < 1 and there are no generalized eigenvectors for X (7)) corresponding
to Floquet multipliers with norm 1.

The statement for asymptotic stability follows in the same way. U

Example 4.1. There is no simple relationship between A(¢) and the Floquet multi-
pliers. Consider the 27 -periodic coefficient matrix

—l—l—%coszt 1—%costsint
1—%sintc0st —l-l-%sinzt '

A(t) = [_

By direct calculation it can be verified that

X(1) = e'/2cost e 'sint
T | —e'/2sint e ! cost

is the fundamental matrix for A(7). Since

X (27) = diag(e™ e~>7),
we have that the Floquet multipliers are e, e =27
Indeed, X (t)e; is an unbounded solution.

On the other hand, the eigenvalues of A(z) are

, and so the origin is unstable.

1 _
=g+ VTil, = A,

both of which have negative real parts. We see that the eigenvalues of A(¢) have no
influence on stability.
Notice that

2 27
U1y = exp/ [A 4+ Aplds = exp/ tr A(s)ds,
0 0

which confirms Theorem 4.6.

4.4 Parametric Resonance — The Mathieu Equation

The Mathieu equation is
u' + (0 + ecost)u = 0.

With x(7) = [u(?) u'(t)]" and
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0 1
Alt;w, e) = [_(wZ + £cost) 0]

the equation can be written as a first order system
x'(t) = A(t; w, €)x ().

Notice that A(¢) is 2 -periodic, and so Floquet theory applies. Let X (¢; w, €) be the
fundamental matrix of A(¢; w, €). We shall use the fact, to be established in later in
Theorem 6.2, that X (#; w, €) depends continuously on the parameters w, €.

We ask the question: For which values of w and ¢ is the zero solution stable?
Corollary 4.7 tells us to look at the Floquet multipliers in order to answer this question.
Inthis case, since T = 27, the Floquet multipliers are the eigenvalues of X 27, w, ¢).

Since tr A(t; w, €) = 0 for every ¢t € R, we have by Theorem 4.6 that the Floquet
multipliers u1(w, €), ua2(w, €) satisfy

ui(w, eur(w,e) =det X(t,w,e) =1, teR.

If pj(w,e) ¢ R, j=1,2, then ui(w, &) = p2(w, &). It follows that the Floquet
multipliers are distinct points on the unit circle, and so there are no generalized
eigenvectors for X (2m; w, €). Thus, in this case, we would have, by Corollary 4.7,
that the origin is stable, but not asymptotically stable.

Notice that when ¢ = 0, the system reduces to a harmonic oscillator. The funda-
mental matrix for this constant coefficient system is

X(t: 0. 0) = |: coswt @ smwt]
—wSInwt CoS wt
The Floquet multipliers are the eigenvalues of X (27, w, 0). By direct calculation,
we find

i2rw

11,0 = e, ps(w,0) =e 7.
So nj(w,0) € Rif and only if 2w € Z.

Now by continuous dependence on the parameters w, ¢, if the Floquet multipliers
of X (t; w, 0) are not real, then the same is true for X (¢; w, ) for ¢ sufficiently small.
Thus, for every 2wq ¢ Z, there is a small ball in the (w, ¢) plane with center (w, 0)
where the origin is stable for Mathieu’s equation.

It can also be shown, although we will not do so here, that there are regions of
instability branching off of the points (wg, 0) when 2wy € Z. This is the so-called
parametric resonance.
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4.5 Existence of Periodic Solutions

Lemma 4.5. Let O C R" be an open set and let Q@ = R x O — R". Suppose that
[ 1 Q2 — R”" satisfies the hypotheses of the Picard existence and uniqueness theorem
and that there exists T > 0 such that

f+T,x)= f(t,x) forall (t,x)e Q.

If x (1) is a solution of the system x'(t) = f(t, x(t)) defined on an interval containing
[0, T) and x(0) = x(T), then x(t) is a global T -periodic solution.

Proof. Suppose that x(¢) is a solution defined on a maximal interval I = («, 8)
containing [0, T'], such that x(0) = x(T"). Define

yt)=x(t+T), for tel-T={teR:t+Te€l}.

Then
YVO)=x'¢+T)=ft+T,xt+T)) = f(t,y@)),

and
y(0) = x(T) = x(0).

Since x and y solve the same initial value problem, they are identical solutions on
their common interval of definition / N/ — T', by the Uniqueness Theorem 3.3. Thus,
we have

x(t)=x(t+T) for telInNI—T. 4.4)
Also, by Theorem 3.3, the solution x (¢) extends to / U I — T, but since / is maximal,
it follows that « = —oo. In the same way, by considering x(¢+ — T'), we see that
B = oo.

Thus, I = R, so that x(7) is global. The solution x (¢) is 7T -periodic, by (4.4).
O

Theorem 4.8. Let A(t) be T-periodic and continuous. The system x'(t) = A(t)x(t)
has anonzero T -periodic solution if and only if A(t) has the Floquet multiplier © = 1.

Proof. By Lemma 4.5, we have that a solution is 7-periodic if and only if
x(T) = x(0). 4.5)

Let X (z) be the fundamental matrix for A(¢). Then every nonzero solution has the
form x (1) = X (t)xo for some xo € R" with xo # 0. It follows that (4.5) holds if and
only if X (T)xo = xo. Thus, xq is an eigenvector for X (7') with eigenvalue 1. But
the eigenvalues of X (T') are the Floquet multipliers.

0
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Theorem 4.9. Let A(t) be an n x n matrix and let F(t) be a vector in R", both
which are continuous functions of t. Assume that A(t) and F (t) are T -periodic. The
equation

x'(t) = A()x(t) + F(1) (4.6)

has a T -periodic solution if and only if

T
/ y() - F(t)dt =0, 4.7)
0
for all T-periodic solutions y(t) of the adjoint system

V()= —A@0) T y@). (4.8)

The system (4.6) has a unique T -periodic solution for every T -periodic function
F (t) if and only if the adjoint system has no nonzero T -periodic solutions.

Proof. Let X(t) = X(t,0) be the fundamental matrix for A(z). By Variation of
Parameters, Theorem 4.1, we have that the solution x(¢) = x(¢, 0, xg) of (4.6) is
given by

t
x(t) = X (t)xo +X(t)/ X (s)"'F(s)ds.
0

By Lemma 4.5, x(t) is T-periodic if and only if x(7T) = x(0) = x¢. This is
equivalent to

T
[I — X(T)]xo = X(T)/ X(s) ' F(s)ds,
0

and so, multiplying both sides by X (T)~!, we obtain an equivalent linear system of
equations
Bxy =g, 4.9)

in which

T
B=X(T)"'—1I and ¢ =/ X(s) ' F(s)ds.
0

Thus, x(¢, 0, xo) is a T-periodic solution of (4.6) if and only if xq is a solution of
4.9).

By Lemma 4.6 below, the system (4.9) has a solution if and only if g - yo = O for
all yo € N(BT).

We now characterize N(BT). Let Y(r) = Y (¢, 0) be the fundamental matrix for
—AMT. Then Y (¢) = [X (1)~ '17, so

BT =y(1)-I.
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Thus, yo € N (BT) if and only if yo = Y (T')yo. This, in turn, is equivalent to saying
yo € N(BT) if and only if y(t) = Y (t)yo is a T-periodic solution of the adjoint
system (4.8).

Now we examine the orthogonality condition. We have

T
yo-g=/0 Yo X ()" F(s)ds
T
:/ yo - Y(s)T F(s)ds
0
T
=/ Y(s)yo - F(s)ds
0

T
:/ y(s) - F(s)ds.
0

The result now follows from the following chain of equivalent statements:

e Equation (4.6) has a T -periodic solution.

e The system (4.9) has a solution.

e The orthogonality condition yy - g = 0 holds for every yo € N(BT).

e The orthogonality condition (4.7) holds for every T -periodic solution of (4.8).

T -periodic solutions are unique if and only if B isinvertible, i.e. det B = det BT #
0. Thus, uniqueness of the T -periodic solution is equivalentto N (B”) = {0}. In other
words, T -periodic solutions are unique if and only if the adjoint system (4.8) has no
nonzero T -periodic solutions. U

Lemma 4.6. (Fredholm Alternative in Finite Dimensions). Letr A : R" — R™ be
a linear operator. Define the range

R(A)={f e R": f = Ax for some x € R"}

and the null space
N(A) ={x e R": Ax = 0}.

Then R(A) = N(AT)*.

Proof. Let f = Ax € R(A). Forany y € N(AT), we have
f-y:Ax-y:x-ATyzo.

Thus, f € N(AT)*, which shows that R(A) C N(AT)*.

The inclusion N(AT)T c R(A) is equivalent to R(A)- c N(AT), since S+ =
S for any subspace S of a finite dimensional inner product space. Let g € R(A)™*.
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Then g - Ax = 0, for all x € R”, and so ATg -x = 0, for all x € R". Choose
x=ATgtoget||[ATg|| = 0. Thus, g € N(AT), proving R(A)*+ c N(AT).

O
Example 4.2. Consider the periodically forced harmonic oscillator:
u" +u=coswt, w>0.
This is equivalent to the first order system
x' (1) = Ax(t) + F(t) (4.10)

with ” 01 0
u(t
(1) = [u/(z)]’ A= [—1 o]’ F@O = [coswz]'

Notice that F(¢) (and A) are T-periodic with T = 27 /w.
Since —AT = A, the adjoint equation is

y' = Ay,

the solutions of which are

. cost sint
y(t) =exp At yp, with expAr = [_ Sint cos t] .

All solutions of the adjoint equation are 27 -periodic.

If the forcing frequency w satisfies w # 1, then the adjoint equation has no nonzero
T -periodic solutions. Thus, the system (4.10) has a unique T -periodic solution.

If o =1, then T = 27 and all solutions of the adjoint equation are T -periodic.
The orthogonality condition can not be satisfied since

T T
/ y(s) - F(s)ds = / exp As yo - F(s)ds
0 0
T
= / Yo - [exp As]TF(s)ds
0

T
= / yo - [—sinscoss e] + cos? s er]ds
0
=T Yo - e2.

This is nonzero for yg - eo # 0. Therefore, when w # 1, system (4.10) has no
2m-periodic solutions. This is the case of resonance.

This overly simple example can be solved explicitly, since A is constant. However,
it illustrates the use of the Fredholm Alternative in such problems.
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4.6 Exercises

Exercise 4.1. Letay(?), ..., a,—1(t), f(t) becontinuous functions on some interval
I C R. Define the nth order linear differential operator

d
L=D!+ayn1()D} ' +---+ait)D; +ao(t), D; = -

(a) Prove that forany 7y € I and (y,—1, ..., yo) € R”, the initial value problem
LIy)®) = f(t), Dfy(to) =y: k=0,....n—1,

has a unique solution defined on /. (Rewrite as a first order system.)
(b) (Duhamel’s Principle.) Show that the solution in (a) is represented by

t
y(@) = yn(r) +/ Y(t,5)f(s)ds,

Io

where yj, (¢) is the solution of the homogeneous equation L[y,] = 0 with the
initial data nyh (to)) = Yk, k = 0,...,n — 1, and Y (¢, s) is the solution of
L[Y] = 0 with initial data

D¥Y(s,s) =0, k=0,....,n—2, D" 'Y(s,5) = 1.
Exercise 4.2. Let A(r) be an n x n matrix over R and let F(z) € R", for every

t € R. Suppose that A and F are continuous 7'-periodic functions of t € R. Prove
that the solution, x(¢), of the initial value problem

x'(t) = A)x(t) + F(1), x(0) = xo,

is T-periodic if and only if x (0) = x (7).

Exercise 4.3. Let

-1 10
M=|0 —-10
0 02

(a) Find a matrix L such that M = exp L.
(b) Find real matrices L and R such that

M =RexpL, R>=1, RL=LR.

Exercise 4.4. Leta : R — R be continuous and 7 -periodic.

(a) Find the fundamental “matrix” X () = X (¢, 0) for a(z).
(b) Find the Floquet multiplier.
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(c) Find a continuous, 7'-periodic function P : R — R and an L € R such that
X(t) = P(t)exp Lt. Why is it possible to have P (¢) and L real here?

Exercise 4.5.

(a) Let f : R — IR be continuous and 7T -periodic. Find all initial values xo € R for
which the initial value problem

() =x®)+ f@), x(0)=xo
has a T-periodic solution. Reconcile your answer with Theorem 4.9.

(b) Leta : R — R be continuous and 7 -periodic. Find all initial values xoy € R for
which the initial value problem

x't) =a@®)x@)+1, x(0)=xp

has a T-periodic solution. Reconcile your answer with Theorem 4.9.



Chapter 5
Results from Functional Analysis

5.1 Operators on Banach Space

Definition 5.1 A Banach space is a complete normed vector space over R or C.

Here are some examples of Banach spaces that will be relevant for us:

o Let F C R". CO(F, R™) is set the of continuous functions from F into R”. Define
the sup-norm

[ flloc = sup [[f ().
xeF

Then
CUF,R™) = {f € COF, R™) : || flloo < 00},

is a Banach space. If F is compact, then Cg (F,R™) = COF, R™).
e C'(F,R™) is set the of functions f from F into R” such that Df (x) exists and
is continuous. Define the norm

Ifllct = 1 flloo + [1Df llco-

Then
Co(F,R™) = {f e C'(F,R™) : || fllc1 < o0},

is a Banach space.
e Lip (F, R™) is the set of Lipschitz continuous functions from F into R such that

fhe nom £ = FO
X)— Jy
I fllLip = sup [If (o)l + sup
xeF x,yeF [x — ¥l
xF#y
is finite.
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Notice that Lip (F,R™) C Cg(]:, R™). If F is compact then Cll (F,R™) C
Lip (F,R™).

Definition 5.2 Let X and Y be Banach spaces. Let A : X — Y be a linear operator.
A is said to be bounded if

[ Ax|ly

u
Ixlxzeo 1X1x

= | Allx.y < oo.

|Allx,y 1s the operator norm.

Remark 5.1 The set of all bounded linear operators from X to Y is denoted by
L(X,Y). Itis a Banach space with the operator norm.

Remark 5.2 A linear operator from X to Y is bounded if and only if it is continuous.

Remark 5.3 1In the above definition, there appear three different norms. This is typ-
ical. For notational simplicity, we will often omit the subscripts on the different
norms, since the norm being used can be inferred from the Banach space to which a
given vector belongs.

Definition 5.3 A bijective operator A : X — Y said to be an isomorphism if
AeL(X,Y)and A~! € L(Y, X).

We state without proof a fundamental result.

Theorem 5.1 (Open Mapping Theorem). An operator in L(X,Y) is surjective if
and only if it is an open mapping. In particular, a bijective mapping in L(X,Y) is
an isomorphism.

Lemma 5.1 Let X be a Banach space, and let A € L(X, X). If | Al < «, for some
a < 1, then I — A is an isomorphism, and

7= =d-a™
If B € L(X, X) is another operator such that |B|| < a < 1, then
I7—A)~" = =B~ <(0-a)|A-BJ.
Proof. If A € L(X, X),then A/ € L(X, X), for j € N,and A/ < [ A]l/.
Define M; = Zl;:o Al If |JA|l < a < 1, then My is a Cauchy sequence in
L(X, X). Therefore, My — M € L(X, X) and | M| = limg |My| < (1 —a)~ 1.

Now I — A is bijective and M = (I — A)~!, since we have

M(I = A) = lim M (I = A) = lim(I — ARty = 1

and likewise, (I — A)M = I.
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Given A, B € L(X, X) with || A]|, ||B|| < « < 1, we have

I—A)"' = =B =I10-A"I-B)—U-A)I-B)""|
=1 —AA-B)(U-B)"|
<Iad=A4""A-BIIUI-B"|
<(—a)?|A-BJ. O

5.2 Fréchet Differentiation

Definition 5.4 Let X and Y be Banach spaces. LetU C X beopen. Amap f : U —
Y is Fréchet differentiable at a point xp € U if and only if there exists a bounded
linear operator Df (xg) € L(X, Y) such that

f(x +x0) — f(x0) — Df (xo)x = Rf (x, x0)

satisfies

. IRf(x, x0)lly
lim ——— =0.
=0 lxllx

Equivalently, f is Fréchet differentiable at x¢ if and only if given any € > 0, there is
a 0 > 0 such that

Ixllx < ¢ implies [|Rf(x,x0)lly < ellx|x.

Remark 5.4 Df (xo) is unique if it exists.

Remark 5.5 1If f is Fréchet differentiable at x(, then Df (xp)x can be computed as
follows

Df (x)x = Eli_r)noe_l[f(XO +ex) — f(x0)] = D f (x0 + £x)]e=0-

Definition 5.5 We say that f : U — Y is differentiable on U if and only if Df (x)
exists forall x € U.

f 1is continuously differentiable on U if and only if it is differentiable on U and
Df (x) is a continuous map from X into £L(X, Y).

The set of continuously differentiable functions from U to Y is denoted by
cl(u,y).

Remark 5.6 Since L£(X,Y) is a Banach space, it is possible to define derivatives
of arbitrary order. For example, we say that f € C'(U,Y) is twice continuously
differentiable on U if Df € CY(U, L(X,Y)). Thus, for each x € U,
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D*f(x) € L(X, L(X, V).

This process can be continued inductively. The set of k£ times continuously differen-
tiable functions from U to Y is denoted by C kU, v).

The following results provide useful tools in establishing the differentiability of
the functions that we will encounter in the sequel.

Theorem 5.2 Let X and Y be Banach spaces. Suppose that A € L(X,Y). Then
f(x) = Ax is Fréchet differentiable on X and Df (xo)x = Ax, for all xo € X.

Proof. For any xg, x € X,
Rf(x,x0) = f(x +x0) — f(xo) — Ax = 0. O
Lemma 5.2 Let F : R" — R” be C'. Define
RF(y,y0) = F(y) = F(yo) = DF(y0)y.
Foreveryr > 0, € > 0, there is a 6 > 0 such that for all || yo|| < r, we have that
Iyl <0 implies |RF(y,yo)ll <elyll.

Remark 5.7 The point of this lemma is that § can be chosen uniformly for || yo| < r,
when F is C!.

Proof. Since F is C!, we may write

1
d
RF(y,yo)=/0 %F(Ueryo)do—DF(yo)y

1
= /0 [DF(cy+ yo) — DF(yo)] y do.

The derivative DF is continuous, so on the compact set EH_l(O) c R", DF is
uniformly continuous. Given ¢ > 0, there is a ¢ > 0 such that for all y;, y» €

Br+1(0),
[yi = y2ll <4 implies [DF(y1) — DF(»)| <e.
Soif |yoll <7, Iyl <d <1,and 0 < o < 1, we have
IDF(oy + yo) — DF(yo)ll <e,

and as a consequence, for all ||yg|| < r,

Iyl <6 implies [[RF(y,yo)ll <ellyl.
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Theorem 5.3 Let F € C'(R*,R"). Let X = Cg(f, R™) with the sup-norm. The
map ¢ — f(¢) = F o ¢ is a C' map from X into X, and [Df (¢9)dl(x) =
DF (¢o(x))p(x).

Proof. Define RF (y, yp) as in Lemma 5.2. Let ¢g € X, and set r = ||¢g|loo. Let
¢ > 0 be given, and choose § > 0 according to Lemma 5.2. Take any ¢ € X with
|¢llcc < 0. Notice that

¢o(x) € B,(0) and ¢(x) € Bs(0), forall x e F.

We have

IRf (), p0)lloo = Sug IRF(p(x), o)l < Sugé‘llcb(X)II = €[ 9lloo

This proves that f is Fréchet differentiable at any ¢¢ € X together with the formula

[Df (¢0)pl(x) = DF (¢o(x))p(x).
The map ¢g — Df(¢p) is continuous from X into L£(X, X) because DF is
uniformly continuous on compact sets in R”. Thus, f € C!(X, X).

O

Theorem 5.4 (Chain Rule in Banach Space). Let X, Y, Z be Banach spaces. Let
U C XandV C Y be open. Suppose that g : U — 'V is Fréchet differentiable
at xo € X, and f : V — Z is Fréchet differentiable at yo = f(xo) € V. Then
fog : U — ZisFréchetdifferentiable at xo and D( fog)(xo) = Df (g(x0))Dg(xp).

If f is continuously differentiable on V and g is continuously differentiable on
U, then f o g is continuously differentiable on U.

Proof. Define

Rf(y,y0) = f(y+y0) — f(yo) — Df (yo)y
Rg(x, x0) = g(x + x0) — g(x0) — Dg(xp)x

and
R(f og)(x,x0) = fog(x+x0)— foglxo) — Df(g(x0))Dg(x0)x.
Let € > 0 be given. Choose 1 > 0 such that
IDf o)l < /2,

and then choose ¢ > 0 such that

C(IDg(xo)ll + ) < /2.
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Since f is differentiable at yp we may choose 17 > 0 such that
Iyl <n implies [[Rf(y, yo)ll < nllyll.
Finally, g is differentiable at xg, so we may choose 6 > 0 such that
x|l <o implies [[Rg(x,xo0)ll < plixll, (I1Dgxo)ll + p)d <.
Notice that we may write
R(f o g)(x,x0) = Rf(y, yo) + Df (yo) Rg(x, x0),

with
y = Dg(x0)x + Rg(x, x0).

Now, ||x]| < ¢ implies that

Iyl = (IDg(xo)ll + wllxll < (IDg(xo) [l + w)d < 7.

Therefore, || x| < ¢ implies that

IR(f o g)(x, x|l = IRf (. yo)ll + [IDf (yo) Rg (x, xo) |
=yl +1IDf (o)l 1 Rg(x, xo)
= C(IDg(xo) I + ) IxIl + I1Df (yo)ll e x|
<e/2 |xll +¢&/2 [|x]|
= ¢ |lx]l.

This shows that f o g is Fréchet differentiable at x. O

Example 5.1 Here is a representative example that we will often encounter. Let
X = Cg([O, T1], R™), with the sup norm. Let f € Cl(R”, R™").Let Abeann x n
matrix. For x € X, define a map x — T (x) by the formula

t
T(x)() :/ expA(t —s) f(x(s)ds, 0<t<T.
0
Then T : X — X. Notice that T = F o G, with
G(x)= fox

and

t
FO) @) = /0 exp At — 5)y(s)ds.
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By Theorem 5.3, G : X — X is C! and DG (x)(y) is the element [Df o x]y € X.
The map F' is a bounded linear transformation on X, so by Theorem 5.2, itis C l'and
forevery x,y € X,

DF(x)y = F(y).

Thus, by the chain rule, Theorem 5.4, 7 : X — X is C Iand
DT (x)y = DF(G(x))DG(x)y = F(DG(x)y) = F(Df ox y).

Explicitly, we have

t
DT (x)y(1) =/0 exp A(t — ) Df (x(s))y(s)ds.

5.3 The Contraction Mapping Principle in Banach Space

Let X be a Banach space. According to Definition 5.1, X is a complete metric space
with the distance function d(x, y) = ||x — y|lx, x, ¥y € X. Any closed subset of X
1s also a complete metric space. In this context, the Contraction Mapping Principle
(Theorem A.1) says:

Theorem 5.5 (Contraction Mapping Principle in Banach space). Let V C X be
aclosed subset. Let T : V — V be a contraction mapping, i.e. there exists a constant
0 < a < 1 such that

I1Tx) =T x < allx —ylx,
forall x,y € V. Then T has a unique fixed point x € V, i.e. T(x) = x.

Proof. ThesetV isclosed, so (V, d) is acomplete metric space. Apply the standard
Contraction Mapping Principle. O

We want to generalize this result to the situation where the mapping, and hence
the corresponding fixed point, depends on parameters.

Definition 5.6 Let X and Y be Banach spaces. Let U C X and V C Y be open sets.
A mapping T : U x V — V is called a uniform contraction if there is a constant
0 < a < 1 such that

1T (x, y1) = T(x, y)lly < allyt — y2lly,

forall x € U and y;, y» € V. Notice that the contraction number « is uniform for x
throughout U.

An application of the contraction mapping principle shows thatif 7 : U x V —>_V
is a uniform contraction, then for every x € U there is a unique fixed point g(x) € V,
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i.e. a unique solution of the equation

T(x,g(x)) = gx).

The next result shows that if the mapping T is continuous or differentiable then
the fixed point g(x) depends continuously or differentiably on x. Following the
approach of Chow and Hale [3], this will be the key step in proving the Implicit
Function Theorem in the next section.

Theorem 5.6 (Uniform Contraction Principle). Let T' be a uniform contraction,
andlet g : U — V be the corresponding fixed point. IfT € CX(U x V,Y) fork =0
orl, then g € Ck(U, Y).

Proof. The case k = 0 is easy. By the definition of g, the triangle inequality, and
the uniform contraction hypothesis, we have

lgCx +h) =g =IIT(x+h, g(x +h) —T(x,g))l
S ITx+h,gx+h) =T +h, g))
+ 11T (x + h, g(x)) = T(x, g(x))|l
<algx+h) =gl
+ 11T (x + h, g(x)) = T(x, g(x)||.

Thus, since o < 1, we get

1
lg(x +h)— g < EIIT(X +h,g(x)) —T(x, g
But 7T is assumed to be continuous, SO
}}i_)mo lg(x +h) — gl =0,

i.e. g is continuous at x.

Let’s first look at the strategy for the case k = 1. Since T (x, g(x)) = g(x), we
would have by the Chain Rule, Theorem 5.4, if g were C' (remember that this is
what we’re trying to prove)

DT (x,g(x)) + DyT (x, g(x)) Dg(x) = Dg(x).

Here, Dy = DT|xx{0y and Dyr = DT |(0)xy. This inspires us to consider the
operator equation

Dy T(x,8(x)) + DyT (x,g(x))M(x) = M(x). (G.D
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We will first show that we can solve this for M (x) € L£(X, Y), and then we will show
that M (x) = Dg(x).

T isassumedtobe C', soforeach (x, y) € U x V, we have D,T(x,y) e L(Y,Y).
Since T is a uniform contraction, it can easily be shown that || D, T (x, y)|| < a < 1.
It follows from Lemma 5.1 that I — DT (x, g(x)) is invertible for all x € U, its
inverse depends continuously on x, and the inverse is bounded by (1 — a)~!. Thus,
the solution of 5.1 is

M(x) =[I — DyT(x,g(x)]™' Dy T(x, g(x)) € L(X,Y), (5.2)

and M (x) depends continuously on x € U.
Having constructed M (x), it remains to show that M (x) = Dg(x). Setting

Rg(x,h) = g(x +h) — g(x) — M(x)h,

we are going to prove that for each fixed x € X, given ¢ > 0, there is a § > 0 such
that
Al < ¢ implies [[Rg(x, M)l <ellAll.

To simplify the notation in the remainder of the proof, define

Ag(x, h) =gx+h) —gx)
RT((x,y), x,y) =T(x+x,y+y)—T(x,y)
- DxT(xv y)x - DyT(x’ )’)).’

Then as above,

Ag(x,h) =T (x+h, g(x +h)) — T(x, g(x))
=Tx+h,gx)+ Ag(x,h) —T(x, gx)) (5.3)
= DT (x, g(x))h + DyT (x, g(x))Ag(x, h)
+ RT ((x, g(x)), (h, Ag(x, h))).

Since I — Dy T (x, g(x)) is invertible, we have from (5.3) and (5.2)

Ag(x,h) = [I — DyT(x, g(x)] "Dy T (x, g(x))h
+[I — DyT (x, g(x)] ' RT ((x, g(x)), (h, Ag(x, h)))
= M(x)h + [ — DyT(x, g(x)] ™' RT ((x, g(x)), (h, Ag(x, h))).

Therefore, we obtain

Rg(x,h) =[I — DyT(x, g(x)] ™' RT ((x, g(x)), (h, Ag(x, h))). (5.4)
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Since T is C!, for any 77 > 0O (to be selected below), there is a ;x> 0, such that

I+ 1191l < g implies  [[RT ((x, g(x) (X, )| < n(llx ]+ [[y1D-

Next, since Ag(x, h) is continuous in & and Ag(x,0) = 0, we can find 6 > 0
such that 0 < p/2 and

Il <o implies [|Ag(x, h)|| < pu/2.

So for [|2|| < &, we have [[A]l + | Ag(x, )| < /2 + p/2 = p.
Combining the last two paragraphs, we see that if ||| < 0, then

| RT ((x. g(x)). (h. Ag(x, W) < n(llA] + [ AgCx. h)])- (5.5)
So (5.4) and (5.5) imply that
IRgCe. | = T=—LlAll + | AgCr. ).

Now Ag(x,h) = M(x)h + Rg(x, h), from which we obtain

Ui

—

IRg . | = LAl + IM AL + [ Rg Cx. )]

If we select 17 so that /(1 — a)) < 1/2, this implies that

2n[1 M
IRg(x, myf < 21k T” Oy, foran g <o.

To conclude, we only need to further restrict 7 so that

291 + 1M )]

. |
T — o <e¢

5.4 The Implicit Function Theorem in Banach Space

The next result generalizes the standard Implicit Function Theorem A.2 to the Banach
space setting. It will be a fundamental tool in obtaining many of the results to follow.

Theorem 5.7 Suppose that X, Y, and Z are Banach spaces. Let F : O — Z be a
C! mapping on an open set O C X x Y. Assume that there exists a point (xq, yo) € O
such that F (xo, yo) = 0 and Dy F(xo, yo) has a bounded inverse in L(Z,Y). Then
there exist a neighborhood U x V of (xo, yo) contained in © and a C' mapping
g : U — V such that



5.4 The Implicit Function Theorem in Banach Space 83

yo = g(xg) and F(x,g(x)) =0,

forallx e U. If F(x,y) =0for (x,y) e U x V, then y = g(x).
Proof. By performing a translation if necessary, we may assume without loss of
generality that (xo, yp) = (0, 0). We shalluse thenorm || (x, y)||xxy = l|Ix||x+Iyy-
Let L = DyF(0, O)_l, and define the C! map G : O — Y by
G(x,y)=y—LF(x,y).
Notice that G(x, y) = y if and only if F(x, y) = 0. We also have
G(0,0) =0 and D,G(0,0)=0. (5.6)

Let A = D,G(0, 0). Using the fact that G is differentiable at (0, 0) with (5.6),
there exists 9; > O such that

(x,y) € Bs;(0) x Bs; (0) implies [|G(x,y) — Ax| < (1I/D)[Ix, WII. (5.7

Since D, g is continuous, by (5.6) there exists d, > 0 such that

(x,y) € Bs,(0) x Bs,(0) implies || D,G(x,y)| < 1/2. (5.8)
Define
U=B,0) and V = B,(0)
with
v = min{dy, 42} and p = min{v L}.
’ 20A+1

By (5.7), we have
(x,y) €U x V implies [|G(x, )| < (JAl+ 1/2)[x]| + (1/2) |yl < v. (5.9

The fundamental theorem of calculus holds for Banach space-valued functions, so
by the chain rule and (5.8), we obtain that

(x,yD), (x, ) €U xV
implies
L d
1G(x, y1) — G(x, y2) |l = II/ EG(x, oy + (1 —o)y)do]|
0

1
= ||/ DyG(x,oy1 + (1 = 0)y2)(y1 — y2)do||
0
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< sup [[DyG(x, VI ly1 — 2l
UxV

= 1/ llyr = y2ll-

We have thus shown that G : U x V — V C V is a uniform contraction.
Accorc&ng to the Uniform Contraction Principle, Theorem 5.6, there is a C 1 map
g : U — V such that

G(x,g(x)) = gx),

for all x € U. Moreover, given x € U, y = g(x) is the unique point in V point such
that G(x, y) = y. Note that strict inequality in (5.9) gives g : U — V. O

Corollary 5.1 If, in addition to the hypotheses of Theorem 5.7, we have [ €
CX(0, Z), for some k > 1, then g € CX(U, V).

Proof. We continue with the notation used in the proof of the previous theorem.
The neighborhoods U, V have the property that

(x,y) e U xV implies |[DyG(x,y)| < 1/2.
Since DyG(x,y) = I —LDyF(x,y),Lemma35.1 says that L Dy F (x, y) is invertible
for all (x,y) € U x V. Thus, we have that Dy F(x, y) is also invertible for all
(x,y)eU x V.
Since
F(x,g(x)) =0 forall x e U,
we obtain by the Chain Rule
Dy F(x,g(x)) + DyF(x,g(x))Dyg(x) =0 forall x e U.

Now by the invertibility of Dy F(x, y) on U x V, we get

D,g(x) =—D,F(x, g(x))_leF(x, g(x)) forall x e U. (5.10)
If F e CK(O, Z), then the mapping

(x,y) > DyF(x,y) ' Dy F(x,y)

belongs to CHY (U x V, L(X,Y)).So ifg e Cl(U, V), then by the Chain Rule, the

right hand side of (5.10) lies in CY(U, L(X,Y)). It follows that g € C%(U, V). Now
continue inductively. O
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5.5 The Liapunov—Schmidt Method

Let X, Y, and A be Banach spaces. Suppose that A : X — Y is a bounded linear
map and that N : X x A — Y isa C! map such that

N@©,0)=0, D,N(0,0)=0.
We are interested in finding nontrivial solutions x € X of the nonlinear equation
Ax = N(x, N). (5.11)

If A € L(X,Y) is a bijection, then by the Open Mapping Theorem 5.1, it is an
isomorphism, that is, A=l Y — X is bounded. The Implicit Function Theorem
5.7 ensures the existence of a C! function ¢ : U — V from a neighborhood of the
origin in U C A to a neighborhood of the origin in V C X such that

Ap(N) = N(p(N), N, AeU.

The Liapunov—Schmidt technique deals with the situation where A is not an isomor-
phism.
Let K C X be the nullspace of A and let R C Y be the range. Assume that

(i) There exists a closed subspace M C X such that X = M & K, and
(i1) R is closed.

It follows from the Open Mapping Theorem that the restriction of A to M is an
isomorphism onto R. These assumptions are satisfied, for example, when K is finite
dimensional and R has finite co-dimension. Such an operator is called Fredholm.

Suppose that x is some solution of (5.11). Writex =u+ve M@ K,Y = R® S,
and let Pg be the projection of ¥ onto R along S. Then

Au=PRNu +v,\) = F(u,v, \) (5.12)
(I — PR)N(u,v,\) =0.

Turn this around. By the Implicit Function Theorem 5.7, there exists a solution
u(v, \) € M of (5.12), for (v, A) in a neighborhood of the origin in K x A. So now
we want to solve

(I — PR)ON(u(,\) +v,\) =0. (5.13)

This is called the bifurcation equation. We can then attempt to solve (5.13) for A in
terms of v. If this is possible, then we get a family of solutions of (5.11) in the form

x(v) =ulv, A\(v)) +v.
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A typical situation might be the case where A is Fredholm and that the parameter
space A is finite dimensional. Then (5.13) is a system of finitely many equations
in a finite number of unknowns. We can then attempt to solve it using the standard
Implicit Function Theorem.

5.6 Exercises
Exercise 5.1 Let X be a Banach space. Prove thatif x; — x in X, then ||xx|| — || x]|
in R.

Exercise 5.2 Let X and Y be Banach spaces. Prove that £(X, Y) is a Banach space
with the operator norm.

Exercise 5.3 Let X be a Banach space. Prove that |AB| < ||A||||B]|, for every
A, B € L(X, X). (Therefore, L(X, X) is an algebra.)

Exercise 5.4 Prove that Lip(R"”, R™) is a Banach space.

Exercise 5.5 Let X be a Banach space. Let A € £(X, X). Show that

| Ax||
0£[xl<s Xl

Al =

Exercise 5.6 Let X be a Banach space. Suppose that f € C'(X, X) is Lipschitz
continuous, i.e. there exists 0 < « such that

If ) = FOII = allx = yll,

for all x, y € X. Prove that || Df (x)|| < o, forall x € X.

Exercise 5.7 Let A be an n x n matrix over R all of whose eigenvalues satisfy
Re )\ < 0. Suppose that f € C'(R"”, R") with f(0) = 0 and Df(0) = 0. Use
the Implicit Function Theorem 5.7 to prove that there exists an r > 0 such that the
integral equation

t
y(t) = exp At yo +/ exp A(t —s) f(y(s)) ds
0
has a solution y € C,?([O, o0), R"), for all yg € R” with ||yg|| < r. (Compare with
Theorem 3.11.)

Exercise 5.8 State and prove a version of the Inverse Function Theorem for Banach
spaces. (Use the Implicit Function Theorem.)
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Exercise 5.9 Let X and Y be Banach spaces. Suppose that L € C (X, £(Y,Y)),and
for some xo € X, L(xp) has aninverse in L(Y, Y). Prove that there is a neighborhood
U C X of xo on which L(x)™!is defined and L~ € C' (U, L(Y, Y)).



Chapter 6
Dependence on Initial Conditions
and Parameters

6.1 Smooth Dependence on Initial Conditions

We have seen in Theorem 3.5 that solutions of the initial value problem depend
continuously on initial conditions. We will now show that this dependence is as
smooth as the vector field.

Theorem 6.1. Let 2 C R be an open set, and suppose that f : 2 — R" is CL.
For (s, p) € 82, the unique local solution x(t, s, p) of the initial value problem

d
E-x(t’s’p):f(tax(tvsap))’ X(S’Svp):p- (61)

is C' in its open domain of definition
D ={(t.s,p) € R*™ 1a(s,p) <1 < f(s.p), (5.p) € Q.

The derivative matrix Dyx(t,s, p) satisfies the so-called linear variational
equation

d
EDPX(I’ s, p) =Dy f(t,x(t,s, p)Dpx(t,s, p), Dpx(s,s,p)=1. (6.2)

Also, ;
X
g(tas’ p):_Dpx(taS’ p)f(sa p) (63)

Proof. Suppose, temporarily, that we have shown that x(z, s, p) € C'(D). Then
(6.2) follows immediately by taking the derivative of (6.1) with respect to p. Next,
use the properties of the flow, Lemma 3.5, to write

x(t,s,p)=x(t,t,x(r,s,p)) t,tel(s,p).

T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 89
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Take the derivative of this with respect to T to get

0x 0x
0= 35 (t,7t,x(t,s,p)) + Dpx(t, 7, x(z,s, p))—at (T, s, p).
s

From this and the ODE (6.1), we obtain

2—x(t, 7,x(1,5, p)) = —Dpx(t, v, x(z, s, p)) f(t, x(1, 5, p)).
s

Equation (6.3) follows by letting 7 = s.

Since we already know that the solution is continuously differentiable in 7, we
must only establish continuous differentiability of x(z, s, p) in (s, p). We are going
to do this by a uniqueness argument. The flow x (¢, s, p) satisfies the standard integral
equation. We will show that the Implicit Theorem Function guarantees this equation
has a unique C'! solution and then invoke uniqueness. We now proceed to set this up
precisely.

For an arbitrary point (so, po) € £2, let xo(t) = x(¢,so, po) be the cor-
responding solution to the initial value problem (6.1), defined on the maximal
interval I (sg, po) = (a(so, po), B(s0, po)). Choose an arbitrary closed subinterval
J = [a, b] with

a(so, po) < a <so <b < B(s0, po)-

Define the compact set
K ={(, x(z, 50, po)) € 2 :t € J}.

By the Covering Lemma 3.2, there exist numbers 8, p > 0and acompactset K’ C £2
such that for every (s, p) € K, the cylinder

Cls, p) ={(s', p) e R o |s" —s| <68, |Ip/ — pll < p}

satisfies
C(s, p) C K'.

Define the Banach spaces X = R!™ and Y = Z = C(J, R") with the sup norm.
Let U = (a, b) x R" and

V={xeY:lx—xoll =suplx(®) —xo@)| < p} = Bylxo) CY.
J

We have that U C X and V C Y are open.
Suppose that x € V. Then for any o € J, we have that

[x(0) — xo(a)l < p,
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and so, (o, x(0)) € C(o, xo(0)) C K’ C 2, for any o € J. Therefore, the operator
T:UxV —>Z

given by
t
(s,p,x)—~>T(s,p,x)(t)=x()—p —/ f(lo,x(0))do, teld,

is well-defined. It follows from Theorems 5.2, 5.3, and 5.4 that T is C!. In particular,
we have that D, T (s, p, x) is a bounded linear map from Y to Z(= Y) which takes
y € Y to the function D, T (s, p, x)[y] € Z whose value at a pointt € J is

t
DT (s, p, x)[y1(2) = y(1) —/ A(o)y(o)do with A(o) = Dy f(o, x(0)).

(It is here that we are using the assumption f € C'(£2).)
Since xo(t) = x(t, 5o, po) solves (6.1) we have that

T (s0, po, x0) = 0.

Now we claim that D, T (so, po, Xo) is invertible as a linear map from Y to Z. Let
g € Z. The equation D, T (so, po, X0)[y] = g can be written explictly as

t
y(1) —/ A(o)y(o)do = g(1). (6.4)
50
Letting u(t) = y(t) — g(¢), this is equivalent to
t
u(t) =/ A(o)[u(o) + g(o)ldo.
S0

Notice that the right-hand side is C! in ¢. So this is equivalent to
u'(t)y = AO[u@) +g®], teJ, uls) =0.

We can represent the unique solution of this initial value problem using the Variation
of Parameters formula, Theorem 4.1. Let W(z, s) be the state transition matrix for
A(t). Then

u(t)=/ W(t,0)A(o)g(o)do.
50

Since u = y — g, this is equivalent to

t
y(1) = g(t) +/ W(t,0)A(o)g(o)do. (6.5)
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We have shown that for every g € Z, the Eq. (6.4) has a unique solution y € Y given
by (6.5). This proves th D, T (so, po, xo) is a bijection. Finally, from the formula
(6.5) (or by the Open Mapping Theorem 5.1), we see that the inverse is a bounded
map from Z to Y.

By the Implicit Function Theorem 5.7, there are a neighborhood Uy C U of
(s0, po), a neighborhood Vy C V of xg, and a C 1 map ¢ : Uy — Vj such that
¢ (so, po) = xo and T (s, p, ¢(s, p)) = 0 for all (s, p) € Up. It follows that
¢ (s, p)(t) solves (6.1) on the interval J. By the Uniqueness Theorem 3.3, we have
that

oG, p)@)=x(t,s,p), tel.

Therefore, x(¢, s, p) is C! as a function of (s, p) on J x Uy. Since, (sg, po) is an
arbitrary point in £2, and J is an arbitrary subinterval of I (sg, po), it follows that
x(t,s, p)is C! onall of D. [l

Corollary 6.1. If f(t, x) is continuous on Q@ C R and C* in x, then x(t, s, p) is
C* in (s, p) on its open domain of definition. (If f(t, x) isin Ck(Q), then x(t, s, p)
is CKin (¢, s, p) on its domain of definition.)

Proof. If f(t, x)is C¥in x, then the map 7 (s, p, x) defined in the proof of Theorem
6.1 belongs to CK(U x V, Z). It follows by Corollary 5.1 that the function ¢ con-
structed there lies in C¥(Up, Vp). Since we have identified ¢ (s, p)(-) withx (-, s, p),
we conclude that the solution x (-, s, p) is C Kin (s, p). ]

Corollary 6.2. The derivative matrix satisfies

det Dpx(t, s, p) —exp/ Z—(r x(z,s, p)dr.

Proof. This follows by applying Theorem 4.2 to the variational equation:

d
ED[)X(I,S, p) = Dxf(tvx(tv s, p))Dpx(tvsv p)’

and noting that

6.2 Continuous Dependence on Parameters

Theorem 6.2. Let f (¢, x, \) be continuous on an open set §2 C RF+m with values
in R". Assume that f(t, x, A) is locally Lipschitz with respect to (x, 1). Then given
(to, X0, A) € 82, the initial value problem
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x'=f@t,x,)), x(to) = xo

has a unique local solution x(t, to, X9, A) on a maximal interval of definition

I (9, x0, A) = (a (o, x0, 1), B(t0, X0, A))
where

(i) a(ty, xo, A) IS upper semi-continuous.
(ii) PB(tog, x9, A) is lower semi-continuous.
(iii) x(t, ty, X0, A) is continuous on its open domain of definition

{(z, 10, x0, 1) : t € I(to, x0, A); (to, X0, L) € £2}.

Proof. Here’s the trick: turn the parameter A into a dependent variable and use the
old continuous dependence result, Theorem 3.5. Define a new vector

_ X n+m
SHES

and a new vector field

F(t,y) = [f“’(j"”]

on £2. This vector field satisfies the hypothesis of the Picard existence and uniqueness
theorem. Apply Theorem 6.1 to the so-called suspended system

y = F(t,y), yt) =y = [ig] )

Since the vector field F is O in its last m components, the last m components of y
are constant and, hence, equal to A¢. Extraction of the first » components yields the
desired result for x(z, 79, xg, Ag). ]

Remark 6.1. This result is still true even if f (¢, x, 1) is not locally Lipschitz con-
tinuous in A, however the easy proof no longer works.

Corollary 6.3. If f(t,x,A) is in C*(Q), then x(t, to, xo, 1) is in C* on its open
domain of definition.

Proof. Use the trick above, and then apply Corollary 6.1. U
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6.3 Exercises

Exercise 6.1. Find an expression for the solution x (¢, s, xo, p, ¢) of the initial value
problem
X =10+ x)P, x(s)=x0, p>1, ¢=>0

and its maximal existence time B (s, xg, p, q)-

Exercise 6.2. Show that the fundamental matrix X (7; w, ¢) of the Mathieu equation

x'(t) = |:O li|x(t)

—(w? +¢ecost) 0

belongs to C®(R3).



Chapter 7
Linearization and Invariant Manifolds

7.1 Autonomous Flow at Regular Points

Definition 7.1. For j =1,2,let O; C R" be open sets and let
fj : @j — Rn,

be C! autonomous vector fields. Let <Dt(j ), j = 1,2, be the associated flows. We
say that the two flows cD,(l) and <Dt(2) are topologically conjugate if there exists a
homeomorphism 1 : O1 — O3 such that n o th(l) = th(z) o).

If the map 7 can be chosen to be a diffeomorphism, then we will say that the flows
are diffeomorphically conjugate.

If cbt(l) and CD,(Z) are conjugate, then the maximal interval of existence of cD,(l) (p)

is the same as for th(z)(n(p)), for every p € 0.
Conjugacy is an equivalence relation.

Definition 7.2. A point x € O is a regular point for an autonomous vector field f if

fx) #0.

Theorem 7.1. Let O C R" be an open set, and suppose that f : O — R" isa C!
autonomous vector field with a regular point at xo € O. Then there is a neighborhood
V C O of xo on which f is diffeomorphically conjugate to the flow of the constant

vector field e, = (0, ...,0,1) € R" near the origin.

Proof. Letv, = f(xo), and choose vy, ..., v,—1 € R" such that the set {vj};?=1 is
linearly independent. Let M Ee the n x n matrix whose columns are vy, ..., v,. Then
M is nonsingular. Also, let M be the n x n — 1 matrix with columns vy, ..., v,_1.
T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 95
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Let @, (q) be the flow of f. Given p € R”", write p = (p, p,) € R"~! x R. For
p near the origin we may define the map

1(p) = n((p, pn)) = @p, (x0 + Mp).

Then n(0) = xo and Dn(0) = M is nonsingular. By the Inverse Function Theorem
A.3, there are neighborhoods 0 € U C R" and xg € V C R" suchthatn : U — V
is a diffeomorphism. Without loss of generality, we may assume that

U=U x (=6,8) CR" ! xR.

Note that the flow of the constant vector field e, is ¥; (p) = p+te, = (p, pn+1).
Therefore, for p € U and -8 < p, +1t < &, we have

noW(p) = ®p,+:i(x0 + Mp)
=@, 0P, (xo+ Mp)
= @, on(p). O

Remarks 7.1. The neighborhood U = U x (=46, §) is called a flow box.

7.2 The Hartman-Grobman Theorem

Definition 7.3. An n x n matrix is said to be hyperbolic if its eigenvalues have
nonzero real parts.

Let O C R” be an open set. Let F : O — R” be a C! autonomous vector field.
We say an equilibrium point xo € O is hyperbolic if D F (xg) is hyperbolic.

Suppose that F has an equilibrium point at xo = 0. Set A = D F(0). Writing
F(x) =Ax +[F(x) — Ax] = Ax + f(x),

we have that f(x)is C!, £(0) =0, and D, f(0) = 0.

We are going to consider the flow of the vector field Ax 4+ f(x) in relation to
the flow of the linear vector field Ax. The Hartman-Grobman theorem says that the
two flows are topologically conjugate, if A is hyperbolic. Before coming to a precise
statement of this theorem, we need to define some spaces and set down some notation.

Define the Banach spaces

X ={g € CHR",R") : g(0) = 0}

and
Y ={f e Lip(R",R") : f(0) =0}
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with the usual norms:
lgllx =supllg(xX) ]l = lIglloo,
X

and
If(x)— fDI

Iflly =l fllco + sup = I/ lILip-
X#£y lx =l

Notice that Y C X and || fllco < || flILip-

We assume that f(x) lies in Y. This would appear to be a strong restriction.
However, since ultimately we are only interested in the flow near the origin, the
behavior of the vector field away from the origin is unimportant. We will return to
this point in Theorem 7.5. One advantage of having f € Y is that the flow ¥, (p) =
x(t, p) of Ax + f(x) is then globally defined by Theorem 3.9, since f is Lipschitz
and bounded. Of course, the flow of the vector field Ax is just ¢;(p) = exp At p.

Theorem 7.2. (Hartman-Grobman). Let A be hyperbolic, and supposethat f € Y.
Let ¢; be the flow of Ax, and let ; be the flow of Ax + f(x).

Thereisa$ > O0suchthatif || f|ly < & then there exists a unique homeomorphism
A R" - R" such that A — I € X and

Ao(bt:l/ftoA-

Moreover, the map f — A — I is continuous from Y into X.
Remarks 7.2. Here and below I denotes the identity map on R". Thus, A — I is the
function whose value at a point x is A(x) — x.

Remarks 7.3. We will be using four different norms: the Euclidean norm of vectors
in R", the operator norm of n X n matrices, and the norms in the spaces X and Y.
The first two will be written || - || as usual, and the last two will be denoted || - || o
and || - ||Lip, respectively.

Remarks 7.4. The following proof is due to Michael Crandall.

Proof. Let Py, P, be the projections onto the stable and unstable subspaces of A.
Given (f, g) € Y x X, define the function

0

T(f. 8)p) =/ Psp—ro foll+g)op(p)dr

—00

_ /0 Pap_zo fo(l +g)ode(p)dr.

Recall that by Corollary 2.1, there are positive constants Co, A such that

IPsgi |l = || PsexpAt|| < Coe™, >0
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and
| Pugy || = || PuexpAt|| < Coe™, t <O0.

Thus, we have that

0

I (Pl < / Coe™ |1 f oo dT + /O Coe™ |1 f oo dT

= 2Co/M fllco = C1ll flloo

i.e. T(f, g) is bounded. From this estimate, it also follows by the dominated conver-
gence theorem that, for every p € R”,

}1_I)I}7 T(f,.9)») =T(f, g)(p),

i.e. T(f, g) is continuous. Note that 7'(f, g)(0) = 0, as a consequence of the fact
that f(0) = g(0) = 0. This proves that 7'(f, g) € X and |T(f, &)lloc < Ci1ll flloos
forevery (f,g) € Y x X.

In the same way, since T is linear in f, we have for (f1, g), (f2,8) € ¥ x X

I1T(f1,8) — T(f2, Olloo = IT(f1 — f2, Do = Cill /1 — f2lloo-
Finally, given (f, g1), (f, g2) € Y x X, we have the estimate

IT(f, 81) — T(f. 82)lloe < Cill fllLipllgr — 82lloo-

Therefore, we have that
T:YxX—>X

1s continuous. Moreover, if Cir < 1, then
T:B0)xX—>X

is a uniform contraction.
By the Uniform Contraction Principle, Theorem 5.6, there is a continuous function

®:B,0)CcY—> X
such that for every f € B,(0), @(f) is the fixed point solution in X of
() =T, P(f)). (7.1)
To simplify the notation, we now fix f € B,(0), and set g = @ (f), i.e. g =

T(f, 8-
By (7.1) and the properties of the linear flow ¢; we have
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206 (p) =T(f, ) 0 & (p)
0
- / Pz o foll+g)odr(p)dr

—00

_/0 Pyp_rofo(l+g)odi(p)dr

t
_ / Piy—o o f o (I +8) 0 do(p)do

—00

_/ Pupi—s o fo(I+g)ods(p)do

0

:/ Ps¢i—g o fo(l+g)ods(p)do

—0oQ

_/0 Pui—o 0 f o (I +g) 0 do(p)do
_|_/0 ¢t—g o fo(l+g)ods(p)do
t
—bi08(p)+ [ G0 foll+5)0d(p)do

Adding ¢;(p) to both sides, we obtain finally

t
(I +8) o ¢i(p) = ¢ O(1+g)(17)+/0 bi—g o foll+g)ops(p)dr.

Notice that this is precisely the integral equation satisfied by the solution of the
nonlinear initial value problem with initial data (I + g)(p), namely ¥y o (I + g)(p).
By uniqueness, we conclude that

Yol +g)=U+g)od, (7.2)

forall r € R.

It remains to show that A = I + g = I + @(f) is a homeomorphism from R”
onto R".

Suppose that (I + g)(p) = (I + g)(p’). Then by (7.2),

¢ (p — P/) = ¢:(p) — ¢1(P/)
=—gop(p)+god(p)+YioI+8(p)— Yo +g(p)
=—god(p) +g °¢1(P/)-

The right-hand side is bounded for all # € R because g € X. By Corollary 2.2 and
the fact that A is hyperbolic, we have that p — p’ = 0, i.e. I + g is injective.
By Lemma 7.1 below, we have that A : R” — R" is surjective.
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Let K C R" be a closed set. Let y; = A(p;) € A(K) be a sequence in A(K)
converging to y. Since g € X, we see that p; = y; — g(p;) is a bounded sequence.
Hence, it has a subsequence p;; converging to a point p, which belongs to K since
K is closed. By continuity of A we have A(p) = limj A(p;;) =lim; y;; = y. This
shows that y € A(K), and hence, A(K) is closed. Thus, A~ is continuous.

Altogether, we conclude that A is a homeomorphism. U

Lemma 7.1. Supposethat g : R" — R" is continuous and bounded. Define A(x) =
x4+ g(x). Then A : R" — R" is surjective.

Proof. A point y € R" belongs to the range of A if the function g(x) = y — g(x)
has a fixed point.1 Since ||g|lco < ¥l +11glloc = r, it follows that g : R" — B, (0).

In particular, ¢ maps the convex compact set B, (0) into itself. By the Brouwer Fixed
Point Theorem,? ¢ has a fixed point. U

Remarks 7.5. Notice that this theorem only guarantees the existence of a homeo-
morphism A which conjugates the linear and nonlinear flows. In general, A will not
be smooth, unless a certain nonresonance condition is satisfied. This is the content
of Sternberg’s Theorem, the proof of which is substantially more difficult. There is
an example due to Hartman that illustrates the limitation on the smoothness of the
linearizing map A, see Exercise 7.5.

The proof of the next result follows Chow and Hale [3].

Theorem 7.3. Let A and B be hyperbolic n x n real matrices. There exists a home-
omorphism f : R* — R" such that f o exp At = expBto f forallt € R if and
only if the stable subspaces of A and B have the same dimension.

Proof. Let Eg, E, be the stable and unstable subspaces of A, and let Py, P, be the
respective projections. Define the linear transformation L = — P + P,,.

The first part of the proof will be to find a homeomorphism # : R" — R" such
that
hoexpAt =expLtoh=e 'Pioh+e P,oh.
This will done by constructing homeomorphisms
hy : Es — E; and h,:E, —> E,
such that

hyo PsoexpAt =e 'hgo Py and h, o P, oexp At =¢e'h, o P,,

for then, if we set h = hg o P; + h,, o Py, h is a homeomorphism and

! We cannot invoke the Contraction Mapping Principle because g € X is not Lipschitz continuous.
2 See Milnor [7] for a short proof.
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h o exp At = hs o Ps oexp At + h, o P, o exp At
=e 'hyo Py +e'h,oP,
=exp Lt oh.

Construction of hs. Let {e; }le be a basis of generalized eigenvectors in E;C Then
Ae; = Ajej +diej—1, i=1,...,p

where Red; < Oand §; =0or 1. Given u > 0, set f; = M_iei. Then

8i

Afi =Aifi+— fi-1.

n
If T is the n x p matrix whose columns are the f;, then
with D = diag(Aq, ..., Ap) and N nilpotent. The p x p nilpotent matrix N has zero
entries except possibly 1/u may occur above the main diagonal. Let {g; }f _; be the
dual basis, i.e. (f;, gj)cr = ;. Let § be the p x n matrix whose rows are the g;.
Then ST =1 (p x p) and

SAT = (D + N).

Thus, Re SAT is negative definite for i large enough.
For x € E;, define

_1 S 2
¢>(x)—§|| x|

and
Y={xeEs:¢p(x)=1}.

Then D¢ (x)y = Re(Sx, Sy)cn. So since TS = P, we have that
d
Eq&(exp At x) = Re(Sexp Atx, SAexp Atx)cn = Re(y, SATy)cn,
in which y = Sexp Atx. Thus, we can find constants 0 < ¢; < ¢; such that
d
—crp(exp At x) < Eqﬁ(exp At x) < —c1¢(exp At x).
We see that ¢ (exp Atx) is strictly decreasing as a function of ¢, and

1 1
SISxle™ = (x)e™ < plexp At x) < p(x)e™ " = J|ISx|?e . (7.3)
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Given 0 # x € R”, it follows that there exists a unique ¢ (x) such that

¢(exp At(x)x) = 1.

The function # (x) is continuous for x # 0. (Actually, itis C' by the implicit function
theorem.) Now define

[e“x) exp At(x) x, 0#x e E,
hs (x) =
0, x =0.

Since ¢ (exp At (x)x) = 1, it follows from (7.3) that lim,_,¢ ||4s(x)| = 0. Thus,
hy 1s continuous on all of R”.

Given 0 # y € Ej, there is a unique time 7y € R such that ey € ¥, namely
Le=200||Sy||2 = 1. Setting x = e 0 exp (—Atp) y, we have 7(x) = fp and hy(x) = y.
We have shown that i : E; — Ej is one-to-one and onto. Continuity of hs_1 follows
from its explicit formula. Therefore, i is a homeomorphism.

Forany 0 # x € R",setx; = Pyx and y = exp At x;. Note that¢(y) = #(xg) —1.
From the definition of /4, we have

hg o Pg o exp At(x) = hs(exp At xy)
=e'Wexp At (y) y
= /™) T exp Al (x) — 1] exp At x,
= e "hy o Ps(x),

so hg has all of the desired properties.

In a similar fashion, we can construct /,,, and as explained above we get a home-
0morph1sm hoexp At =exp Lt oh.

Let Ej, E, be the stable and unstable subspaces for B, with their projections P,
P,.SetL = —P + P,.Let g be ahomeomorphism such that goexp Bt = exp Ltog.

Since E, and E have the same dimension, there is an isomorphism M : R" — R”
such that ME; = E; and ME,, = E,,. Define f = g~' o M o h. Then

-1

foexpAt =g oM ohoexpAt

:g_loMoexthoh

=g loMoexpLtoM™YoMoh
:g_loepotoMoh
—expBrog 'oMoh
=exp Bt o f.

Conversely, suppose that f is a homeomorphism which conjugates the flows,
foexpAt = expBto f.If x; € Eg then lim;_ || exp Bt f(x5)|| = lim;— ||
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f(exp Atxg)|| = 0. Thus, f : E; — ES. By symmetry, f_1 : E’S — E. Thus, E;

and Ej are homeomorphic. By the Invariance of Domain Theorem, E; and E, have

the same dimension. g
Combining Theorems 7.2 and 7.3 yields

Theorem 7.4. Let A and B be hyperbolic n x n matrices whose stable subspaces
have the same dimension. Let f, g € Y with || f|[Lip, l1gllLip < m. If w is sufficiently
small, then the two flows generated by the vector fields Ax + f(x), Bx + g(x) are
topologically conjugate.

Next we remove the boundedness restriction on the nonlinearity in Theorem 7.3.

Theorem 7.5. Let A be hyperbolic, and let f : R" — R" be C' with f(0) = 0
and Df (0) = 0. Let ¢;(p) and yr;(p) be the flows generated by Ax and Ax + f (x),
respectively. There is a homeomorphism h : R" — R" and a neighborhood 0 €
U C R" such that for all p € U

hoy(p) =d¢:oh(p),
as long as ¥, (p) € U.

Proof. Since f(0) = 0and Df(0) = 0, we may write

1

Ud
f(X)—f(y)=/0 %f(ax+(1—0)y)d0=/0 Df(ox+(1—0o)y)do (x—y).
Choose 0 < r < 1 sothat |[Df(x)| <§/2 for ||x|| <r.If ||x]|, ||y]]| <r,then
If ) = fOI = @E/Dllx =yl and [[fC)I < (6/2)]x] < 6/2.

Thus, || fllLips, ) =< 9.

Now extend f outside B, (0) to a bounded continuous function

-~ _[rw. Il < r
= {f(rx/llxll), Il > r.

Then || fllLip@re) = I flILip(B-(0)) =< 4.

The Hartman-Grobman Theorem says that the flow ¥, of Ax + f (x) and the flow
¢; are topologically conjugate under some homeomorphism 4.

Since f = f in B,(0), the Uniqueness Theorem 3.3 implies that forall p € B, (0)

v (p) = ¥ (p),

as long as ¥;(p) € B,(0). In this case, we have
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h oy (p) =hoy(p) = oh(p). O

Remarks 7.6. Note that if g € Ej, the stable subspace of A, then
lim ¢,(q) =0.
I—0o0

Thus, if ||g|| < ¢ for ¢ small enough, then ¢;(q) € h(U) N Es for all t > 0. By
Theorem 7.5,if ¢ = h(p), then ¢ (p) is defined forall r > 0, ¥ (p) € Unh~Y(Ey),
and lim; o ¥ (p) = 0.

Similarly, if h(p) € E, with |h(p)|| < &', then ¥ (p) is defined and remains in
UnhY(E,), forallt < 0.

The sets U N h~Y(E,) and U N h~1(E,) are called the local stable and unstable
manifolds relative to U, respectively.

7.3 Invariant Manifolds

Definition 7.4. Let F € C(0, R™) be an autonomous vector field. A set A C
O is called an invariant set if A contains the orbit through each of its points; i.e.
x(t, xg) € A for all a(xg) <t < B(x0). A set A is positively (negatively) invariant
if x(z, xg) e Aforall0 <t < B(xg) (x(xp) <t <O0).

Throughout this section, we assume that the vector field
F e CY(R",RY)

has a hyperbolic equilibrium at x = 0.

Set A = DF(0), and write F(x) = Ax+ f(x). Then f € CL(R", R"), f(0) = 0,
and D, f(0) = 0. As usual, x(z, xo) will denote the (possibly local) solution of the
initial value problem

x'=Ax + f(x), x(0) = xo.

Let E; and E), be the stable and unstable subspaces of the hyperbolic matrix A with
their projections Py and P,. Since A is hyperbolic, we have that R" = E; @ E,,.

The stable and unstable subspaces are invariant under the linear flow. We shall
be interested in what happens to these sets under nonlinear perturbations. In fact,
we have already seen in Remark 7.6 that the Hartman-Grobman Theorem implies
that there is a neighborhood of the origin in E; which is homeomorphic to positively
invariant set under the nonlinear flow. Similarly, E, corresponds to a negatively
invariant set for the nonlinear flow. We will show that these invariant sets are C'
manifolds which are tangent to the corresponding subspaces at the origin.

Recall that by Corollary 2.3, there exists constants Cyp > 0 and A > 0 such that
Ag, Ay > A and

lexp At Pyx|| < Coe || Pyx]||, t >0, (7.4)
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and
lexp At P, x| < Coe™ || Pux]|l, t <0, (7.5)

for all x € R".

Definition 7.5. The stable manifold (of the equilibrium at the origin) is the set

W;(0) = {xo € R" : x(¢, xo) exists for all r > 0 and tlim x(t, xg) = 0}.
— 00

Of course, it remains to be shown that W, (0) is indeed a manifold.

Definition 7.6. Let U be a neighborhood of the equilibrium at the origin. A set
W!o¢(0) is called a local stable manifold relative to U if

WSIOC(O) = {x0 € Ws(0) : x(¢, x9) € U forall # > 0}.

The notions of an unstable manifold and a local unstable manifold are similarly
defined.

Remarks 7.7.

e If F(x) = Ax is linear, then E; = W;(0), by Theorems 2.3 and 2.4.
e The stable and local stable manifolds are positively invariant under the flow.

Theorem 7.6. (Local Stable Manifold Theorem) Let x(t, xo) be the flow of the
vector field A+ f(x), where A is hyperbolic and f € C'(R", R") satisfies f(0) = 0
and Df(0) = 0.

There exists a function 1) defined and C' on a neighborhood of the origin U C Ej
with the following properties:

(i) n:U — E,, n(0) =0, and Dn(0) = 0.
(ii) Define A = {xg € R" : Psxg € U, P,xo = n(Psxo)}. If xo € A, then x(t, x0)
is defined for all t > 0, and

[x(z, x0) || = Cl| Psxoll exp(—Az/2).

(iii) A is a local stable manifold relative to B,(0), for a certain r > 0.
(iv) If xo € A, then z(t) = Pyx(t, xo) solves the initial value problem

Z(1) = Az(t) + Ps f(z(t) + n(z(1)), 2(0) = Psxo.

Remarks 7.8.

o If f € CK(R") then n € CX(U).

e There is an obvious version of this result for local unstable manifolds. This can be
proven simply by reversing time (i.e. t — —t) in the equation and then applying
the Theorem 7.6.
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Fig. 7.1 The local stable E,

manifold Wsl“ as a graph
over E;
/ Py =n(Py)

y=Py+n(Fy)

R
Wl oc
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e The initial value problem (iv) governs the flow on the local stable manifold.

Throughout this section, we are going to use the alternate norm
xlls = | Psxllrn + | PuxlRn.

The norm || - ||« is equivalent to the Euclidean norm || - ||g». Its advantage is that the

operator norms of the projections Py and P, with respect to || - ||« are equal to 1.
To keep the notation simple, we shall write || - || for the norm || - ||« without further
comment.

We shall also use the notation

X = C}([0, 00), R") = {x € C°([0, 00), R") : [|x]loc = sup lx(2) || < oo}
t=>

We break the rather long proof into a series of Lemmas.
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Lemma 7.2. For g € X, define

1
I;g(1) =/ exp A(t — ) Pyg(r)dr,
0

and

I,g(t) = /oo expA(t — ) P,g(t)dr.
t

Then Iy, I, € L(X, X) and || L ||, [ 1.1l < Co/A.
Proof. Using (7.4), we have

t t
1)) < /0 Coe D |g(0)1dT < /O Coe ™ Ddr llglloe < (Co/Mlgloo.

Similarly, by (7.5), we have

(e e} [ee]
g < / Coc* D g(r)lldr < / Cocdr lgllee < (Co/Mlgloo.
t

t

Thus, I;g and I, g are bounded functions. They are continuous (C I in fact). Hence,
Iy and I, map X into itself. These maps are linear, and they are bounded as a
consequence of the estimates given above. U

Lemma 7.3. Suppose that xo € R" is such that x(t, xo) is defined for all t > 0 and
belongs to X. Then

P,xo + /Oo exp(—At) P, f(x(z, xp))dt =0,
0

and y(t) = x(t, xo) solves the integral equation

t 00
y(1) = exp At yo+/ exp A(t—r)Psf(y(r))dr—/ exp A(t—1) Py f(y(1))dT,
0 t

(7.6)
forallt > 0, where yy = Psxo.
Conversely, if y(t, yo) is a solution of (7.6) in X, then P,yy = 0 and y(t, yo) =
x(t, xo) with xo = y(0).

Proof. Suppose that xg € R" is such that x(z, xo) is defined for all + > 0 and

sup ||x(#, xg)|| < oo. Using Variation of Parameters, Corollary 4.1, we can write, for
t>0
allt > 0,

t
x(t, xg) = exp At xo +/ exp A(t — 1) f(x(t,x0))dr. (7.7)
0
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Since x (¢, xg) is bounded, so too is f(x(f, x9)), and hence by Lemma 7.2, we may
write

/0 "exp A — 1) Puf(x(r, xo))dr
_ /0 T exp At — 1) Py f(x(r, x0))de
_ /t T exp Al — 1) Puf (x(r, 30))d7
= exp At/ooO exp(—At) Py f(x(T, x0))dt
— /too expA({t — 1) P, f(x(t,xp))dr.

Combining this with (7.7), we get

x(t, x0) = exp At xo + /Ot exp A(t — 1) Py f(x(T, x0))dT
- /too exp A(t — 1) P, f(x(t, x0))dT
+ exp At /OOO exp(—AT) Py f(x(z, x0))dt
= exp At Pyxo + /Ot exp At — 7) Py f(x(T, x0))dT
- /loo exp A(t — 1) P, f(x(T, x0))dT
+ exp At [Puxo + /OOO exp(—AT) P, f(x(z, xo))dt] .

Applying P, to both sides , we find that

o
exp At [Puxo —|—/ exp(—Art) P, f(x(t, X()))d‘[]
0
o0
= P,x(t, xq) —|—/ expA(t —t) P, f(x(7, xp))dr.
t
By Lemma 7.2 and our assumption on x (¢, xg), the right-hand side is bounded.

Let ~
z= Puxo+ / exp(—AT) Py f (x(t, x0))d.
0



7.3 Invariant Manifolds 109

Then we have shown that || exp At z| is uniformly bounded for all + > 0. By
Corollary 2.3, we have z = P,z = 0.

As a consequence of this fact, if x (¢, xo) is a bounded solution of (7.7), then it
satisfies

t
x(t, x0) = exp At Psxg —|—/ expA(t — 1) Py f(x(t,xp))dt
0

—f@ expA(t —t) P, f(x(t, xp))dr.

t

Thus y(t) = x (¢, xo) satisfies (7.6) with yop = Pyxp.
Suppose now that y(¢, yg) is a solution of (7.6) in X. Applying P, to (7.6), we
obtain

o0
exp At P,yo = P,y(t, yo) +/ exp At — 1) P, f(y(z, yo))dr.
t

By Lemma 7.2, the right-hand side is bounded. Using Corollary 2.3 again, we con-
clude that P,y = 0.
Finally, as above, we may rearrange the terms in (7.6) to get

y(t, yo) = exp At [yo —/0 exp A(t — ) Py f(y(z, yo))dr]
1
+/0 exp A(t — ) f(y(7, yo))dt
t
= exp Az y(0, yo) +/O exp A(t — 7) f (y(z, yo))dr.

Thus, by uniqueness of solutions to the initial value problem, we have that y (¢, yp) =
x(1, x0) with xo = y(0, yo). O

Lemma 7.3 gives a big hint for how to find the local stable manifold.

Lemma 7.4. There exists an r > 0 such that if y(-, yo) € X is a solution of (7.6)
with || y(-, yo)lloo < 1, then

ly(, yo)lI = 2Co exp(=az/2)|[yoll,  forall t=0.

Proof. Since fis C! and f(0) = 0, we have if ||x|| < r

1
ILf GOl = II/0 Df(ox)xdo| < max IDf () [Ix] = Crllx]l.

Note that C, — 0 as r — 0, because Df (0) = 0. Using this, we have for y € X
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IVlloo <7 implies || f(y(@)I = Crlly(D)I.

Suppose that y(¢, yp) is a solution of (7.6) with || y(-, yo)|lco < r. Then by Lemma
7.3, y0 € E;. By (7.4) and Lemma 7.2, we have the estimate

t
ly(t, yo)ll < Coe™ |lyoll + CoC; / e D y(, yo)lldT
0
o0
+CoC, / =9 1y, yo) ld=. (7.8)
t

Choose r sufficiently small so that 4CoC,/ < A. The result is a consequence of
the next lemma. U

Lemma 7.5. Let A, B, A be positive constants. Suppose that u(t) is a nonnegative,
bounded continuous function such that

t o0
ut) < Ae ™ + B / e M =Dy(t)dt + B / MO u(t)dr,
0 t
orallt > 0. < A, thenu(t) < exp (—At/2).
llt>0.If4B hen u(r) < 2Aexp (—it/2)

Proof.  Since u(t) is bounded, we may define p(7) = sup,, u(7). The function p(7)
is nonincreasing, nonnegative, and continuous, as can easily be verified. Fix ¢ > 0.

For any ¢ > 0, there is a 1 > ¢ such that p(t) < u(#1) + €. Then, since u(t) < p(¢),
we have

1
o(t) —e < u(t]) <Ae ™ + B/ e M=y (1)dr
0
o0
+ B / My (t)dt
1
|
<Ae™M 4 B/ e M= p(1)dr
0
o0
+B/ =0 5 (1)dr
131
t
<Ae ™M 4 B/ e MY p(1)dr
0
1 o0
+B/ e_)‘(”_”p(r)dt—i-B/ =0 p(1)dr
t 1

t
<Ae M4 B/ e M p(r)dr
0

1 o0
+ Bp(1) / e =g + Bo(r) / M—gr
t 3]
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t
<Ae M 4 Be M / e p(t)dT + 2B/M)p(t).
0
This holds for every ¢ > 0. So if we send ¢ — 0 and set z(1) = e p(t), we get
t
(1-=2B/AM)z(t) <A+ B/ z(t)dr.
0

Our assumption A > 4B implies that (1 — ZB/)\)_1 < 2and B(1 — 2B/)»)_1 < AJ2.
Thus,

2(f) <2A + (A/Z)/ 2(t)dr.
0

Gronwall’s Lemma 3.3 implies that z(r) < 2A exp(At/2), so that u(t) < p(t) <
2A exp(—At/2). ]

Lemma 7.6. There are neighborhoods 0 € Uy C E;, 0 € Vi C X, and a c!
mapping ¢ : Uy — V1 such that ¢ (0) = 0 and ¢ (yo) solves (7.6) for all yy € Uj.
Moreover, if yo € Uy, y € V1 solve (7.6), then y = ¢ (yo).

Proof. Given yg € Eg, y € X, define the mapping
t
T (yo, y)(t) =y(t) — exp At yo — / exp A(t — 1) Py f(y(z))dr
0
o0
+/ expA(t —1) P, f(y(r))dt (7.9)
t
=y(t) —exp At yo — Is f o y(t) + L. f o y(¥).
By Theorems 5.2, 5.3, 5.4 and Lemma 7.2, we have that
T . EgxX—> X
is a C! mapping.

Now we proceed to check that T fulfills the hypotheses of the Implicit Function
Theorem 5.7 at (0, 0). From the Definition (7.9) we see that 7 (0, 0) = 0 and that

t
DyT (yo, y)z(t) = z(1) —/0 exp A(t — 1) P Df (y(1))z(v)dr
-I-/ expA(t —t) P,Df(y(1))z(7r)dr.
1

Since Df (0) = 0, we get D, T(0, 0) = I. Theresult follows by the Implicit Function
Theorem 5.7. O
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Proof of Theorem 7.6. Using Lemma 7.6, for yg € Uy, set y(t, yo) = ¢ (yo)(¢). Then
y(t, yo) solves (7.6) in X. Letting t = 0, we have

y(0, yo) = Psy(0, yo) + Puy(0, yo) = yo —/0 e TP, f(y(z, yo))dz. (7.10)

For yg € Uy, define

n(yo) = Puy(0, yo) = —/0 e TP, f (y(z, yo))dr. (7.11)

From this definition, we see that n(0) = 0, since ¢ (0)(¢) = y(¢,0) = 0, and it also
follows that n : Uy — E,. Since yp — ¢ (yp) is C'! from U, into X and since
g+ g(0) is C! from X into R”, we have that yo — 11(y9) = ¢ (y0)(0) is C! from
U, into R", by the chain rule. So we can compute

Dn(yo) = —/O exp(—At) P,Df(y(t, y0))Dy,y(z, yo)dr.

Again since ¢(0) = y(-,0) = 0 and Df(0) = 0, we have Dn(0) = 0. Thus, the
function 7 satisfies the properties of (i).

In addition to the restriction 4CoC, < A placed on r by Lemma 7.4, choose r > 0
small enough such that

{yo € Es :llyoll <r} C Uy, and {y e X:|ylec <r}CVi.

Define
V={yeX: |ylo<rtcW

and
U={yeU : g0l <1} =¢""(V).

Note that yg € U implies

lyoll = [1Psy (0, yo)ll < ly(0, yo)ll < [ (yo)lloo <.

(Here we use the fact || Ps|| = 1 in the special norm we have chosen.) Thus, U C
B.(0) C Uy C E;.

Note that ¢ : U — V is C!, since U C Uy, and so we may pass to the smaller
pair of neighborhoods U and V while maintaining the validity of the properties in
(i). The reason for these choices will become clear below.

Define the following sets
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A={xoeR": Pixog € U, Pyxo=n(Psxp)}
B ={xg e R": Pixg € U, x(t, x0) = y(t, Pgxg), t > 0}
C={xoeR": Pixo € U, [Ix(t,x0)|lcc <7, t =0}

We will now show that these three sets are equal.

Suppose that xg € A. Then yo = Pyxg € U, and ¢ (yo)(t) = y(¢, yo) 1s a solution
of (7.6) in X. By Lemma 7.3 and (7.10), (7.11), we have that y(¢, ygp) = x(t, p) with
p = y(0, yo) = Psy(0, yo) + Puy(0, yo) = yo+n(yo) = Psxo + Pyxo = xo. Since
Ps;xo € U, we have shown that xo € B;i.e. A C B.

Let xg € B. Then P,xo = P,x(0,x0) = P,y(0, Psxg) = n(Psxp), by (7.10),
(7.11). Thus, x¢ € A, 1.e. B C A.

Again take xg € B. Then yg = Psxo € U implies that ¢ (yg) € V = B,(0) C X.
Thus, we have [|x (-, x0)[loo = I¥(:; Y0)lloo = l#(Y0)lloo < r.Soxp € C;ie. B C C.

Finally, suppose that xo € C. Then x (¢, x() is a solution of the initial value problem
in X, so by Lemma 7.3, we have that it is also a solution of (7.6) with yop = Psxo.
Thus, (yo, x(-,x9)) € U x V C Uy x Vi satisfies T (yp, x(-, x0)) = 0. By the
uniqueness of solutions to this equation in U; x Vi, we have x(-, xo) = ¢(yo) =
v(-, o) = y(-, Psxg). Thus, xg € B;ie. C C B.

This completes the proof that A = B = C.

We now establish the inequality of (ii). If xg € A = C, then x(¢, xo) is defined
for all + > 0, and sup,~ [|x(¢, x0)|| < r. But xo € A = B implies that x(t, xo) =
y(t, yo), with yo = Psxo. Since [|y(-, yo)lloo = X (-, x0)lloc < r, part (ii) of the
Theorem follows from Lemma 7.4.

This also shows that A C W, (0).

Define

W'o¢(0) = {xo € Wy(0) : x(z, x0) € B-(0), t > 0}.

That is, Wsloc (0) is the local stable manifold relative to B, (0) C R”. We claim that
A = Wloe(0).

First let xo € A. Then by part (ii), we have that xo € W;(0). Since xo € C, we
also have that ||x (¢, xg)|| < r for all r > 0. Thus, xo € WSZ(’C(O).

Now take xo € WSIOC(O). Then ||x(¢, xo)|| < r implies that x(-, xg) € Vj. Set
Yo = Psxo. We have [lyoll = [[Psxoll < llxoll = [Ix(0, x0)|| < r. (Using our
special norm again.) Thus yp € B,(0) C U;. By Lemma 7.3, x(-,x9) € Vi isa
solution of (7.6) with yo = Pyxo € Uj. By the uniqueness portion of Lemma 7.6,
we have that x (-, xg) = ¢(yo). Thus, we have that ||¢ (y0)||co < 7. In other words,
yo = Pyxo € ¢_1(V) = U. This proves that xo € C = A.

Finally, having shown that A = Wsl"c (0), we see that A is positively invariant
because Wsl"" (0) is. Thus, if xg € A = WSZOC (0), then x (¢, xq) is defined forallt > 0
and P,x(t, xo) = n(Psx(t, xo)). Setting z(t) = Psx(t, xo), we have that

x(t, x0) = z(t) + n(z(1)).
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So (iv) follows by applying Py to both sides of the differential equation satisfied by
x(t, xp):
X'(1) = Ax(@®) + f(x(®), x(0) = xo.

OJ

Remarks 7.9. We remark that the local stable manifold relative to some neighbor-
hood U is unique because Definition 7.6 is intrinsic.

Definition 7.7. A C! manifold of dimension & is a set M together with a family of
injective mappings v/, : Uy, — M, with each U, an open set in R¥, satisfying

1. M =Uyyy(Uy), and
2. if W = 9o (Uy) NYp(Ug) # 9, then the sets wa_l(W) and wﬂ_l(W) are open
and 1//5_ Lo Ve is a C! mapping between them.

Each pair (¥, Uy) 1s called a local coordinate chart on M.

Theorem 7.7. (The manifold structure of Wf“ (0) and W,(0)). The stable and
local stable manifolds of a hyperbolic equilibrium are C' manifolds of the same
dimension as E tangent to E at the origin.

Proof. The local stable manifold W/¢(0) = A constructed in Theorem 7.6 is a
C' manifold of the same dimension as E; with a single coordinate chart (¢, U),
Y (y) =y + n(y). Strictly speaking, U is an open set in E;, but E is isomorphic
to R¥, for some k < n. The map v is injective since ¥ (y) = ¥ (y’) implies y =
Py (y) = Pyr(y') = y'. In other words, ¢! = P;.

The stable manifold W, (0) is also a C' manifold of the same dimension as Ej.
Let @; be the flow of the vector field Ax + f(x). Then Wy (0) = U,EOCD,(WSIOC (0)),
where

D,(S) ={D;(x) : x € S N domain(D,)}.

Thus, the family {(®; o, U) : t < 0} comprises a system of local coordinate charts
for W, (0).

Finally, we note that WSZOC (0) (and hence also W (0)) is tangent to E at the origin.
Let y () be any C! curve on Wsl"c (0) with y(0) = 0. Then

y () = Py (1) + n(Psy (1)),
so since 7 is C!' and Dn(0) = 0, we have that
Y'(0) =y (O)li=0 = Py (t) + Dn(Pyy (1) Pyy'(1)]i=0 = Psy(0).

Thus, the tangent vector to y at the origin lies in Ej. 0

Now let’s consider the problem of approximating the function n which defines
the local stable manifold. Let xo € WSZOC (0). Then x (¢, xo) is defined for all > O.
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Set x(t) = x(t, xo) and y(t) = Psx(t, x9). Then we have

Pyx(t) = n(y(@)).

If we differentiate:
P,x'(t) = Dn(y(0)y' (1),

use the equations:

Py[Ax(t) + f(x()] = Dn(y)[Ay(@) + f(y (@) +n(y@)],

and set r = 0, then
An(Psxo) + Py f (Psxo + n(Psx0)) = Dn(Psxo)[APsxo + Py f (Psxo + n(Psxo))],

for all xg € Wsloc (0). This is useful in approximating the function .

Definition 7.8. A function f defined in a neighborhood U of the origin in any
normed space X into another normed space Y is said to be O(]|x %) as x — O for
some k > 0 if there exists a constant C > 0 such that || f(x)] < C|lx ||, for all
xeU.

Theorem 7.8. (Approximation) Let U C E be a neighborhood of the origin.
Suppose thath : U — E, isa c! mapping such that h(0) = 0 and Dh(0) = 0. If

Ah(x) + Py f (x + h(x)) — Dh(x)[Ax + Py f (x + h(x))] = O(||x||*),

then
n(x) —h(x) = O(|x||"),

forx € U and || x| — 0.

For a proof of this result, see the book of Carr [2]. The way in which this is used
is to plug in a finite Taylor expansion for 4 into the equation for 1 and grind out the
coefficients. The theorem says that this procedure is correct.

Example 7.1. Consider the nonlinear system
x':x—i—y3, y': —y+x2.

The origin is a hyperbolic equilibrium, and the stable and unstable subspaces for the
linearized problem are

E; ={(0,y) € R*} and E, = {(x,0) € R?}.

The local stable manifold has the description
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W) = {(x,y) e R* 1 x = fF()},

for some function f such that f(0) = f’(0) = 0. Following the procedure described
above, we find upon substitution,

FO+Y = Ol=y+ 0]
If we use the approximation f(y) &~ Ay + By?3, we obtain
A=0 and B =—-1/4.

Thus, by Theorem 7.8, we have f(y) ~ (—1/4)y3.
In the same fashion, we find

Wi0) = {(x,y) e R*: y = g(x)}, with g(x) ~ (1/3)x.

7.4 Exercises

Exercise 7.1. Illustrate Theorem 7.3 by comparing the flows of the one-dimensional
equations x’ = x and x’ = ax, a # 0.

(a) Find a homeomorphism which conjugates the two flows when o > 0.
(b) Show that that the homeomorphism above can fail to be differentiable.
(c) Show that Theorem 7.3 fails when o < 0.

Exercise 7.2.

(a) Find a homeomorphism defined in a neighborhood of the equilibrium x = 0
which conjugates the flow of x’ = x +x2 with the flow of the linearized equation
atx =0.

(b) Do the same for the equilibrium at x = —1.

Exercise 73 Let f; : O; - R",i = 1,2, be apair of C! autonomous vector fields,
and let w,(l), i = 1,2, be their flows. Suppose that 4 is a diffeomorphism from O

onto O, such that 1 o %" = ¥ o h. Prove that Dh(p) fV(p) = f@ o h(p), for
all p € 0.

Exercise 7.4. Prove Theorem 7.4.

Exercise 7.5. Show that there does not exist a C! diffeomorphism from a neighbor-
hood 0 € U ¢ R3 into R3 which conjugates the flow of the linear vector field Ax
with the flow of the nonlinear vector field Ax + f (x), where A = diagla, « —y, —y1,
a >y >0,and
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0

fx)=|exix3 |, e#0.
0

(Exercise 7.1, Hartman [6])

Exercise 7.6. Let A be a hyperbolic n x n matrix over R. Let Py, P, denote the
projections onto E;, E,,.

(a) Prove thatif Eg # {0}, then || Ps|| > 1, where || Ps|| is the usual operator norm
of P;.
(b) Prove that || P|| = 1 if and only if E5 # {0} and E; L E,.

(c) Forx € R", define ||x|l« = || Psx| + || P,x]|. Prove that || - ||« is a norm on R".
(d) Provethatif Eg # {0}, then || Ps|« = 1, where || Ps||+ is the operator norm of P
in the norm || - ||4, i.€.
|| Psx|]
| Pyl = sup ==
x20  |1x |l

Exercise 7.7. Prove that the stable manifold and the local stable manifold of a hyper-
bolic equilibrium are positively invariant.

Exercise 7.8. Let W (0) be the stable manifold of a hyperbolic equilibrium at 0 and
suppose that Wf"c (0) is a local stable manifold relative to some neighborhood U of
0. Prove that

W,(0) = {x0 € R" : x(z, x9) € W'°(0) for some ¢ € R}.

Exercise 7.9. Formulate an unstable manifold theorem and prove it using the stable
manifold theorem.

Exercise 7.10. The system
xi =x1 +x2 + x2x3

Xy = x3 +x3

xé = —X3 + X1X2

has a hyperbolic equilibrium at the origin. Approximate the local stable and unstable
manifolds at the origin to within an error of order O (||x 13).
Exercise 7.11. Find W (0) and W, (0) for the system
xp = —xi
/

Xy = X2 —|—x12.
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Exercise 7.12. Let WSI"C(O) and W,ﬁoc(O) be local stable and unstable manifolds

relative to B, (0) for some C'! vector field with a hyperbolic equilibrium at the origin.
Prove that if # > 0 is sufficiently small, then W!°¢(0) N Wl°¢(0) = {0}.

Exercise 7.13. 3Let A be an n x n matrix over R. Define A, as in Theorem 2.3.
Choose 0 < r < A, and define

X, = {x € C°([0, 00); R") : sup e""|| Pux(1)|| < 00}.
IZO

Suppose that & € X,.. (a) A solution of
x'(t) = Ax(t) + h(t), x(0) =xg (7.12)
belongs to X, if and only if
o0
P, xo -|—/ exp(—At)P,h(tr)dt = 0.
0
(b) A solution x(#) of (7.12) in X, has the representation
t o0
x(t)=U—-P,) [exp At xg +/ exp A(t — ‘E)h(‘t)d‘[] —/ expA(t —t)P,h(t)dr.
0 t
(c) Set
t o0
y(t) = exp At yo +/ expA(t —t)(I — P,)h(r)dt —/ exp A(t —t)P,h(T)dr.
0 t

If y € X,, then y solves (7.12) with xo = yg — fooo exp(—At)P,h(t)dt, and hence
Pyyo = 0.

3 Compare with Lemma 7.3.



Chapter 8
Periodic Solutions

8.1 Existence of Periodic Solutions in R”: Noncritical Case

We are going to consider time 7 -periodic perturbations of an autonomous vector
field with an equilibrium. If the linearized problem has no nonzero T -periodic solu-
tion, then we shall demonstrate the existence of a unique 7 -periodic solution of the
perturbed equation near the equilibrium. This is the so-called noncritical case.

The linear version of this result corresponds to Theorem 4.9. If p(¢) is a T-
periodic function for some 7 > 0, then the linear system x’ = Ax + ep(¢) has a
unique T -periodic solution for all ¢ if and only if the adjoint system x’ = —AT x
has no T-periodic solutions. This condition is equivalent to assuming that —A” , and
hence also A, has no eigenvalues in the set {27ik/T : k € Z}. We now formulate a
nonlinear version of this result.

Theorem 8.1. Let f(t,x,¢) be a C! map from R x R" x (—e&q, €9) into R" such
that

(i) Thereisa T > 0, such that
f+T,x,e)= f(t,x,e) forall (t,x,e) € RxR" x (—&g, €p).

(ii) f(t,x,0) = fo(x) is autonomous and fo(0) = 0.

Set A = Dfo(0). If TA ¢ 27iZ for each eigenvalue \ of A, then there exists a
neighborhood of U of 0 € R" and an 0 < €1 < &g such that for every |g| < €1
there is a unique initial point p = p(g) € U for which the solution, x(t, p, €), of the
initial value problem

x'=f(t,x,e), x(0,p,e)=p

is T-periodic.

T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 119
Atlantis Studies in Differential Equations 2, DOI: 10.2991/978-94-6239-021-8_8,
© Atlantis Press and the authors 2013
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Remarks 8.1.

e The assumption on the eigenvalues of A means that the linear equation x’ = Ax
(and its adjoint system) has no nonzero 7 -periodic solutions.
e Under the assumptions of the theorem, we can write

1
f(t,x,e) = fo(x)+ef(t,x,e), where f(t,x,e):/ ((;—];(t,x,az—:)da.
0

Notice that fy € C! and if %—Jg e C!,then f € C', and

f@t+T,x,¢e)= f(t,x,¢).

Thus, we have generalized the linear case Ax + € p(t), where p(t) is T-periodic.

Proof. Let I(p,e) = (a(p, <), B(p, €)) be the maximal existence interval for the
solution x(z, p, €). Since f is Cl, xisClin G, p,€), by Corollary 6.3. Moreover,
since x(¢,0,0) = 0, we have that 7(0,0) = (—o00, 00). Therefore, by continuous
dependence (Theorem 6.2), we know that [0, T'] C I (p, ¢) for all (p, ¢) sufficiently
small, say in a neighborhood U’ x (—¢’, &’) of (p,e) = (0,0) € R" x R.

Let Y (1) = D,x(t, 0, 0). Then since (by Theorem 6.1) D,x(z, p, €) solves the
linear variational equation

d
EDpx(t, p.€) =D, f(t,x(t, p,e),e)Dpx(t, p,e), Dpx(0,p,e)=1,

we have that Y (1) solves
Y'(t) = Dy f(£,0,0)Y(t) = Dy fo(0O)Y(t) = AY (), Y(0)=1.

Thus, we see that Y () = exp At is the fundamental matrix of A.
For (p,e) € U’ x (—¢’, £’), the “time T” or Poincaré map

(p,e) =x(T, p,e)
is well-defined. Note that I1(0, 0) = 0, and by smooth dependence,
M:U' x(—¢,¢)—>R" is Cl.
By our definitions, we have

DpH(O, 0) = Dyx(T, p,¢) =Y(T)=expAT.
(p,e)=(0,0)

Now set Q(p,e) = Il(p,e) — p. If we transfer the properties of I1 to Q, we
seethat Q : U’ x (—¢’,¢’) - R"is C!, 0(0,0) = 0, and D,0(0,0) =eAT — 1.
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Our assumptions on A ensure that this matrix is invertible. By the Implicit Function
Theorem 5.7, there are neighborhoods (—¢1,¢1) C (—¢’,¢'),0 € U C U/, and a
C! function p : (—e1,e1) — U such that Q(p(e),e) = 0, forall € € (—¢q, £1).
Moreover, if (p, ) € U x (—¢1, €1) satisfies Q(p, €) = 0, then p = p(e).

This is the same as saying that

x(T, p(e),e) = Il(p(e), €) = p(e).

Thanks to the periodicity of the vector field f (¢, x, €) in , Lemma 4.5 implies that
x(t, p(e), €) is a global T-periodic solution. O

Remark 8.2. 1f the matrix A is hyperbolic, then there are no eigenvalues on the
imaginary axis and the condition of Theorem 8.1 is met.

Remark 8.3. A typical situation where this Theorem might be appliedis f (¢, x, €) =
Jo(x) +ep(t), with fo(0) = 0and p(r +T) = p(1).

Example 8.1. Consider Newton’s equation u” + g(u) = ep(t), in which g(0) = 0,
g'(0) #£0,and p(r +T) = p(¢) forall r € R.

If g'(0) = —~2, then the matrix A is hyperbolic. There exists a small T-periodic
solutions for small enough ¢.

If g’ (0) = 2, then there is a T-periodic solution for small € provided that v7 /27
is not an integer.

Consider the linear equation,

u” +u = ecos(wt).

Here we have ¢’(0) = 1 and T = 27 /w. According to Theorem 8.1, for small ¢ there
is a T-periodic solution if 1/w is not an integer. This is consistent with (but weaker
than) the familiar nonresonance condition which says that if w2 # 1, then

U (t) = 1—€—w2 cos(wr)

is the unique T -periodic solution for every ¢.
Example 8.2. Consider the Duffing equation

3= Bcoswt, o > 0.

u” + ou’ + ”yzu —Eu
Notice that the periodic forcing term does not have small amplitude. The nonlinear
term is “small”, however, which allows us to rewrite the equation in a form to which
the Theorem applies. Let v = £!/2u. If we multiply the equation by § = £!/2, then
there results
V! + av + 4% — v} = B coswr.

When this equation is written as a first order system, it has the form
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x'=f(x)+0p(r), p@t+2r/w) = p()

with D f (0) hyperbolic, so that Theorem 8.1 ensures the existence of a 27 /w-periodic
solution.

8.2 Stability of Periodic Solutions to Nonautonomous Periodic
Systems

Having established the existence of periodic solutions to certain periodic nonau-
tonomous systems, we now examine their stability.
We shall explicitly label our assumptions for this section and the next.

Al. Let f : R — R” be a C' nonautonomous T-periodic vector field:
f(t+T,x) = f(t,x) forall (¢, x) € R,

A2. Given (7, xg) € R et x(t, T, xo) represent the solution of the initial value
problem

x'=f@t,x), x(17)=xp.

A3. Assume that o(r) is a T-periodic solution of x’ = f (¢, x), defined for all r € R.
A4. Let Y (¢) be the fundamental matrix for the 7 -periodic matrix A(t) = Df (¢(1)).
That is,
Y'(@t)=A®Y(), Y) =1

This is the situation to which Floquet theory applies. By Theorem 4.5, there
exist real matrices P (¢), B, and R such that

Y(t) = P(t)expBt, P(t+T)=P()R, R*=1, RB=BR.

If exp BT has no eigenvalues in the interval (—oo, 0), then by Theorem 4.4,
R =1 and P(t) is T-periodic. Otherwise, P(t) is 2T -periodic.

Definition 8.1. The eigenvalues of exp BT are called the Floquet multipliers of .
The eigenvalues of B are called the Floquet exponents of .
Remark 8.4. The Floquet multipliers of ¢ are unique. The Floquet exponents of ¢

are unique modulo 27i /T, by Lemma 4.2.

Definition 8.2. A periodic solution ©(t) is stable if for everye > 0 and every T € R
there is a 6 > 0 such that

lxo — (M|l < implies that ||x(t, T, x0) — @@)| < &,

forallt > 7.
If in addition, § may be chosen so that
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lxo — (T)|| < & implies that tlim lx(t, 7, x0) — @(t)]| =0,
— 0
then @(t) is said to be asymptotically stable.

Theorem 8.2. Suppose that Al1-A4 hold. If the Floquet exponents of p satisfyRe A <
—Xo < 0 (equivalently, if the Floguet multipliers satisfy || < e~ < 1), then ¢ is
asymptotically stable. There exist C > 0, 0 > 0 such that if ||xo — @(7)|| < ¢ for
some T € R, then

lx(t, 7, x0) — @(1)]| < Ce= " |xg — (1),

forallt > T.

AS5. Define
H(t,2) = P()"'[f(t, o(t) + P()2) — f(t, p(1)) — A()P(1)z].
Note that H € C'(R'™, R"), H(t,0) = 0, D.H(t,0) = 0, and
H(+T,z) = RH(t, Rz).
Let z(¢, 7, zo) be the solution of the initial value problem
7 =Bz+ H(t,z), z(T)= 2. (8.1)

The proof of Theorem 8.2 is based on a reduction to the system (8.1) given by the
next lemma. This reduction will be used again in the following section.

Lemma 8.1. Suppose that AI-AS hold. For (t, z) € R, define the map
E(t,2) = p(t) + P(t)z.

If xo = &(7, z0), then
x(t,T,x0) =&, z(¢, T, 20))-

Proof. Since P(r) = Y (t) exp(—Bt), we have
P'(t) = A(1)Y (t) exp(—Bt) — Y (1) exp(—Bt)B = A(t) P(1) — P(1)B.
Given (7, xg) € R, let x(r) = x(¢, 7, x0) and define z(r) by means of
x(r) =&, z2(t)) = p(1) + P()z(1).

Then we have
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ft, o) + Pt)z(t)) = f(t, x(1))
=x'(1)
= ¢'(1) + P'(1)z(1) + P(1)Z (1)
= f(t, (1)) + [A@)P(t) — P(t)Blz(t) + P(1)z/ (1)
= f(t, o)+ A@M)P()z(t) + P(t)[—Bz(r) + 2 (1)].

A simple rearrangement gives
Z(t) = Bz(t) + H(t, z(1)).

Letting zo = z(7), we have xo = &(7,z9). Therefore, we have shown that
x(t, T, x9) = z(t, T, 20), by the Uniqueness Theorem 3.3. O

Proof of Theorem 8.2. Recall Theorem 3.11 which said thatif F(x)isa C! autonom-
ous vector field on R” with F(0) =0, DF(0) = 0, and A is an n X n matrix whose
eigenvalues all have negative real part, then the origin is asymptotically stable for
x' = Ax + F(x). The present situation differs in that the nonlinear portion of the
vector field H (¢, z) is nonautonomous. However, the factthat H(t+27T,z) = H(t, z)
gives uniformity in the ¢ variable which permits us to use the same argument as in
the autonomous case. The outcome is the following statement:
There exist Co > 0, 69 > 0 such that if ||zg|| < dg, then z(z, T, zo) is defined for
allt > 7, and
lz(t, 7, z0)ll < Coe™ " zo]l, (8.2)

for every t > T.
Given (7, xg), set zg = P(T)_l [xo — ¢(7)]. Thus, by Lemma 8.1, we have

X(t, Tva) - SO(I) = P(I)Z(l, T, ZO)

The constant
M = max [|P@)]|+ P® .
0<r<2T

bounds ||P(t)|| + |P(r)~"| for all t € R, since P and P~! are 2T -periodic. Put
0 =do/M.If ||xo — (7)]| < 9, then ||zg]| < dp and so by (8.2)

lx(t, 7, x0) = (DIl < Mllz(t, 7, 20) || < CoM*e™ "V |lxg — p(m)|. O
Remark 8.5. The defect of this theorem is that it is necessary to at least estimate

the Floquet multipliers. We have already seen that this can be difficult. However,
suppose that we are in the situation of Sect. 8.1, namely the vector field has the form

ft,x,e) = fo(x) +ef(t, x,e),
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with fp(0) = 0 and f(t +T,x,¢) = f(t, x, €). Let (. be the unique 7 -periodic
orbit of f (¢, x, €) near the origin. Then by continuous dependence

Ac(1) = Dy f(t, ¢c(1), €) = Dy fo(0) = A.

Again by continuous dependence, the fundamental matrix Y.(z) of A-(¢) is close
to exp At. So for ¢ sufficiently small the Floquet multipliers of . are close to
the eigenvalues of exp AT. If the eigenvalues of A all have Re A < 0, then (. is
asymptotically stable, for £ small.

8.3 Stable Manifold Theorem for Nonautonomous Periodic
Systems

We continue the notation and assumptions of the previous section.

Theorem 8.3. Suppose that A1-AS5 hold. Assume that B is hyperbolic, and let Py,
P, be the projections onto the stable and unstable subspaces Es, E, of B.

There is a neighborhood of the origin U C Es and a C' functionn : RxU — E,
such that

(i) RU =U, n(r,0) =0and Dyn(7,0) =0 forall T € R, and
n(t+T,y) = Rn(t, Ry), forall (1,y) e Rx U.

(ii) Define
A={(1,20) € R : Pizg € U, Pyz0 = (7, Psz0)}.

There are positive constants Co, \ such that for all (1, z9) € A, z(t, T, z0) is
defined fort > T and

lz(t, 7, 20) | < Coe N=T/21) pizg). (8.3)

(iii) Define
B ={(1,20) € R : ||z(t, 7, 20)|| < p, forall t > T}.

If p > O is sufficiently small, then B C A and B is a positively invariant
manifold of dimension dim E; + 1 and tangent to R x E along R x {0}.

(iv) Iflim;_ o z(t, T, 20) = O, then there exists ty > T suchthat (t, z(t, 7, 20)) € A,
forallt > t.

Proof. We will merely provide a sketch of the proof since the details are similar to
the autonomous case, Theorem 7.6.
By Corollary 2.1, there exist constants Cp, A > 0 such that
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lexp Bt Pyz|| < Coe ™ ||Psz|l, 1 >0 (8.4)

and
| exp Bt Puz|| < Coe||Puzll,  <O. (8.5)

If z € E, then since R and B commute,
expBt Rz=RexpBtz— 0, as t— oo,

by (8.4). Thus, by Theorem 2.4, Rz € E;, and we have that R : E; — E. Similarly,
R : E, — E,. It follows that R commutes with P and P,,.
Throughout the proof we will use a special norm on R":

Izl = I Pszllrr + | Puzlirr + | Ps Rzllgn + || Pu Rz R,

where || - ||g» is the standard Euclidean norm. Since R commutes with P and P,,
we have in our chosen norm

[Psll = [[Pull = IRIl = 1.
Since H(t 4 2T, z) = H(t, z), for any r > 0,

Cr =sup{|[D:H(t,2)| : (t,2) € R x B, (0)}
= max{|[D:H(t,2)| : (t,2) €[0,2T] x B, (0)}.

Since D, H(t,0) = 0,
Iim C, =0

r—0

and
IH(t,z1) — H(t, z2)|| = Crllzt — z2ll, forall zy,z2 € B,(0). (8.6)
Define the Banach space
Y =CY({(t,7) e R*: ¢t > 7}; R")

with the sup norm.
The operators

t

I;(g)(t, 1) = / exp B(t — o) Pyg(o,7)do

T

I,(g)(t, 1) = /00 exp B(t — o) P,g(o,7)do
t
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belong to L(Y, Y) and by (8.4), (8.5)
sl Ml < Co/ A

If z(¢, 7, zo) is bounded for all + > 7, then z(¢, T, zo) solves

t
y(t) =exp B(t —7) yo +/ exp B(t — o) PsH(o, y(0)) do

T

— /00 expB(t —o) P,H(o,y(0)) do, (8.7)
t

with yo = P;zop.
If y(z) is bounded for t+ > 7 and solves (8.7) for some (7, yp) € R*” | then
yo € Eg and
y(t) =z(t, 7,z0), with zo = y(7).

Suppose that y; (¢) are solutions of (8.7) with data (7, y;o) such that || y; ()| < r,
t > 71,1 =1, 2. It follows from (8.4-8.6), (8.7) that

Iy1(£) — y2(2) || < Coe™ " |Iy10 — yaol

t
+CoC, / e 31 (0) = ya(0)ldo
TOO
L CoC, / =D |1y1(0) — y2(0)ldo.
t

If the condition
4CoCr /N < 1 (8.8)

holds, then by Lemma 7.5, we obtain the estimate

—A(t—7)/2

Iy1(@) = y2(0)l < Coe 10 = ¥20ll- (8.9)

It follows that solutions of (8.7) are unique among functions with sup norm smaller
than r.
Define the mapping F : E; x Y — Y by
F(yo, y)(t,7) =y(t, 7) —exp B(t = 7)yo
t
— / exp B(t —o)PsH (o, y(o,7))do
7-OO
+ / expB(t —o)P,H(o,y(o,T))do.
t

F is a C! mapping, F(0,0) = 0, and Dy (0,0) = I is invertible.
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By the Implicit Function Theorem 5.7, there exist neighborhoods of the origin U C
EsandV Cc Y anda C! map ¢ : U — V such that $(0) = 0 and F(yp, ¢(yp)) = 0,
for all yp € U. In addition, if (yg, y) € U x V and F(yg, y) = 0, then y = ¢(yp).
Write y(z, 7, yo) = ¢(yo)(z, 7).

Without loss of generality, we may assume that U and V are balls, in which case
RU = U and RV = V, thanks to our choice of norm. We choose V = B, (0) with
r > 0 so that (8.8) holds.

Define St by

Sryt, 7)=yt —-T,7—T).

Then S7 € L(Y, Y). In fact, we have ||S7g|| = |lgll, for g € Y. A direct calculation
yields that
F(yo,y) = RSTF(Ryo, RS_TY).

Since V is a ball in ¥ we have S7V = V. It follows that if yp € U, then Ryy € U
and RS_7¢(yp) € V, hence

¢(Ryo) = RS—19(yo). (8.10)
Define (7, yo) = P,¢(yo)(7, 7). Then
neC'RxU;E,), n(r,00=0, Dyn(r,0) =0.
Moreover, from (8.10) we have that
n(t, Ryg) = Rn(t + T, yp), forall (7,y9) € Rx U. (8.11)

So 7 has the desired properties of part (i).

Let A be defined as in (ii). If (7,z9) € A, then y9 = Pszg € U, so
¢(vo) € V. Thus, we have that y(z, 7, yo) = ¢(yo)(t, 7) is a solution of (8.7)
with [|y(-, 7, yo)|| < r. From (8.9) with y = 0 we obtain exponential decay for
y(t, 7, yo). Now y(7, 7, yo) = yo + n(T, o) = 20, and so y(t, 7, yo) solves the [VP
with initial data (7, zo), i.e. y(¢, 7, yo) = z(t, T, z0). This is part (ii).

Let B be as in (iii), with 0 < p < r chosen small enough so that B,(0) C U.
If (7, zo) € B, then z(t, 7, zo) solves (8.7) with data (7, yo) = (7, Pszo). We have
that [lyoll = [IPszoll = lIPsz(T,7,20)l < p,s0o yo € U. Thus, ¢(yo) € V and
consequently, y(¢, 7, yo) is also a solution of (8.7) with sup norm smaller than r. By
uniqueness, z(t, 7, z0) = y(t, 7, y0), and zo = y(7, 7, yo) = Yo + n(7, yo). This
shows that (7, zg9) € A.

On the other hand, suppose that p" < min{p, r/(2Cp)}. Then B,(0) C U. By
part (ii), (8.3), we have that

A" ={(t,z0) : Psz0 € By(0), Pyzo =n(r, Psz0)} C B C A.
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This implies that B is a nontrivial C! manifold. The properties of 7 imply that B is
tangent to R x E; along R x {0} C B.

The set B is positively invariant in the sense thatif (7, zg) € B, then (o, z(o, 7, 20))
€ B for all ¢ > 7. This follows by the flow property

z2(t,0,2(0,7,20) = 2(t,7,20), t>0>T. (8.12)

This proves (iii).
Finally, if lim;_, oo z(¢, 7, 20) = 0, then there exists o > 7 such that

lz(t, 7, z0)ll < p, =10
It follows from (8.12) that o, z(o, T, z9)) € B, for o > ty. This proves (iv). [
Definition 8.3. The stable manifold of a periodic solution ¢ is the set

Wi () = {(7, x0) € R . x(z, 7, x0) exists for all £ > 7,
and tlim [x(z, T, x0) — ()] = 0}.
— 00

A set WsloC () is called a local stable manifold of ¢ if there is a neighborhood V
of the curve {(t, (1)) : t € R} in R such that

W (p) = Wy (p) N V.

The unstable and local unstable manifolds of a periodic solution are defined in
the analogous manner.

Theorem 8.4. Let AI-A5 hold. Assume that B is hyperbolic. Define A(p), B(p) to
be the images under the mapping

(t,2) = (1,£(t,2)) = (t, (1) + P(1)z)

of the sets A, B constructed in Theorem 8.3 Then B(p) C A(yp) is a positively
invariant local stable manifold. The global stable manifold is a C' manifold of
dimension equal to dim Eg + 1. The set A(p) is T -periodic.

Proof. Except for the final statement, this is an immediate consequence of Theorem
8.3 since

Wi (p) = {(, x0) € R"" 2 (¢, x(¢, 7, x0)) € B(y) for some ¢ € R}.
We now show that A(¢p) is T-periodic. By the property (8.11) that

nt+ T, Psz) = Rn(t, PsRz), zeU,
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we have that
(t,z) e A ifandonlyif (t+4 T, Rz) € A.

By the periodicity of ¢ and the property P(t + T) = P(t)R, we also have
EG+T, )=t +T)+ P(t+T)z=9()+ P(t)Rz =&(t, Rz).
These facts now yield

Alp) ={(t,x) 1 x =&(1,2), (t,2) € A}
={t+T,x):x=860t+T,2), t+T,z) € A}
={t+T,x):x=&(t,Rz), t+T,z) € A}
={t+T,x):x=£&(,2), ¢t +T,Rz) € A}
={t+T,x):x=£(t,2), (t,z2) € A}. 0

Remarks 8.6.

e By reversing the sense of time in the system, this theorem also immediately ensures
the existence of a negatively invariant local unstable manifold W,ﬁ"c (©).

e The periodic solution is the intersection of the local stable and unstable manifolds.
We say that the periodic solution ¢ is hyperbolic.

e A tangent vector vto Wy (y) at (7, ¢(7)) which is perpendicular to (¢, ¢’ (7)) moves
by parallel transport over one period to the tangent vector Rv at (7 + T, ¢(7)).
If there are Floquet multipliers on the negative real axis, then R # I. The local
stable manifold makes an odd number of twists around ¢ over one period, and so
it is a generalized Md&bius band.

Example 8.3. (Newton’s Equation with Small Periodic Forcing).
Recall that Newton’s equation is the second order equation,

u” + gu) =0,

which is equivalent to the first order system

;o x| | u B X2
e =[1]=[2) =[]

Here we assume thatg : R — RisaC 3 function with g(0) =0and g’'(0) = 72 > 0,
so that the origin is a non-hyperbolic equilibrium point for this system. In fact, if
G'(u) = g(u), then solutions satisfy x%(t)/Z + G(x1(t)) = Const., which shows
that all orbits near the origin are closed, and hence periodic.
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Let p(t) be a continuous 7 -periodic function. Consider the forced equation

u"(t) + g(t)) = ep(1),

or equivalently,

r_ = 2
x = ft,x,e), ft,x,¢e)= |:—g(x1) +8P(t)j| .

In Example 8.1, we saw that if
1T #2jm, j e, (8.13)

then, for small €, there is a unique periodic solution x.(¢) of the forced equation near
the origin. Throughout this example, we shall rely heavily on the fact that x. depends
smoothly on the parameter ¢, by Theorem 6.3.

In spite of the fact that the origin is not a hyperbolic equilibrium point when € = 0,
we will show that the periodic solution x.(¢) of the forced equation is hyperbolic,
under certain restrictions on g and p, see (8.16) and (8.23). This will follow from
Theorem 8.4 if we show that the Floquet multipliers of x. lie off of the unit circle.

Let u.(t) denote the first component of x.(¢). Then u.(¢) solves

u (1) + g(us(t)) = ep(t). (8.14)

Set

A(t, ) = Dy f(t, x:(1),0) = [—g’(gg(t)) (1)] ’

and let Y (¢, €) be its fundamental matrix. That is,
Y'(t,e) = A(t,e)Y(t,e) Y(0,¢)=1. (8.15)

The Floquet multipliers of x. are the eigenvalues of Y (7', £). We shall denote them by
w1(e) and pp (), and without loss of generality we assume that Re 111 (¢) > Re pz(¢).
Observe that by Theorem 4.6, 111 (¢) and p;(¢) satisfy

T
pw1(e)pa(e) =detY(T, ) = exp (tr/ Alt, 5)dt) =1.
0

This means that one of the following hold:

L pi(e) = pa(e), @) = [u2(e) =1
L p1(e) = pafe)™!

A, pe)>1> () >0

B. (e < —1<pu(e) <0
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Note that only case II implies hyperbolicity. Since the Floquet multipliers are roots
of the characteristic polynomial,

1 —7E)p+1=0,

with 7(e) = pu1(e)+p2(e) = tr Y(T, ¢), these cases can be distinguished as follows:
Lit(e)| <2,ITA.7(e) > 2,and I B. 7(¢) < —2.
Our strategy will be to obtain an expansion for the trace of the form

2
(&) = 7(0) + 7' (0) + %T”(O) + 0.

dk
Since 70 (0) = tr [W (T, O)] , this can be accomplished by first finding an expan-
€

sion for the fundamental matrix Y (¢, €):

Y(t. ) nu»+dyam+¥dw
76 - ) E— 5 N T, A
de 2 de?
2
19
=YMn+auo+§mxn+0@%

(t,0) + O()

The existence of this expansion is implied by the smooth dependence of Y (¢, €) on
the parameter €.

The terms Yi(z) will be found by successive differentiation of the variational
equation (8.15) with respect to €. Thus, for k = 0 we have

Yo(r) = AoYo(t), Yo(0) =1,

in which
0 1
Ag=A(t,0) =D, f(¢,0,0) = [_72 0] .
This has the solution

1 ..
B | cosyt AT 'sinvyr
Yo(t) = exp Aot = |:—7 sinyt  cos~yt ] '

Thus, 7(0) = tr Yo(T) = 2 cos T, so that |[7(0)| < 2. The assumption (8.13) which
guarantees the existence of a periodic solution, rules out 7(0) = 2. So we have
-2 <7(0) < 2.If =2 < 7(0) < 2, then by continuous dependence on parameters
—2 < 7(¢) < 2, for small €. This corresponds to the non-hyperbolic case I. We are
led to the condition 7(0) = —2, and therefore, we now assume that

T = Q2j+ D, jeZ. (8.16)
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Our expansion now reads
/ 1 " 2 3
T(e) = =2+ 17 (0)e + 57 0)e"+ 0(e?). (8.17)

We shall now show that case Il B, 7(¢) < —2 holds, under appropriate assumptions.
Next let’s look at 7/(0). For k = 1, we get

Yi(1) = AoY1(t) + A1()Yo(t), Y1(0) =0,

with

dA d 0 0
A = o0 = [—g’(ugm) 0]

0 0
=0 [—g”(O)q(t) 0]’ (8.18)

and

d
q(t) = —uc(t) (8.19)

de

e=0

Using the Variation of Parameters formula, Corollary 4.1, together with the pre-
vious computation, we obtain the representation

t
Y1 (1) =/ exp Ao(t — s)A1(s)Yo(s)ds
0

t
:eprot/ exp(—Aps)A1(s)Yo(s)ds (8.20)
0
t
= Yo(t)/ B(s)ds
0
with
B(s) = Yo(—s)A1(s)Yo(s). (8.21)

If we sett = T and use (8.16), we see that Yo(7T) = —1, so
T
Yi(T) = —/ B(s)ds.
0

Hence, 7/(0) = r Y(T) = — fOT tr B(s)ds. Now B(s) is similar to A (s). Similar
matrices have identical traces, and A (s) has zero trace. Therefore, 7/(0) = 0. We
get no information from this term!

So we move on to the coefficient of the second order term 7”(0). If k = 2, then

Y5(1) = AoYa (1) + 2A1(DY1(1) + A2 (1) Yo (1), Y2(0) =0,

in which
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d’>A
A1) = d_gz(t’ 0).

As before, we have
T
Yo (T) = /o exp Ao(T — 5)[2A1(s)Y1(s) + Ax(s)Yo(s)]ds
T T
= —2/0 Yo(—s)A1(s)Y1(s)ds —/O Yo(—s)A2(s)Yo(s)ds.

The second term has zero trace, by the similarity argument above. Therefore, we
have by (8.20)

77(0) = tr Yo(T)

T
_ o / Yo(=5)A1(5) Y1 (s)ds
0

T K
= -2 tr/ Yo(—s)A1(s)Yo(s) (/ B(a)da) ds
0 0
T s
= -2 tr/ B(s) (/ B(O‘)dO‘) ds
0 0
T K
= —2/ / tr B(s)B(o)dods
0 0

T (T
= —2/ / tr B(s)B(o)dsdo
0 o

T T
= —2/ / tr B(o)B(s)dods,
0 s

where we have interchanged the order of integration in the next to last step.
Now, for any two square matrices L and M, there holds tr LM = tr M L. There-
fore, we conclude that

T K T T
7(0) = —tr/ / B(s)B(o)dods — tr/ / B(s)B(o)dods
0 0 0 s

T T
= —tr/ / B(s)B(o)dods
0 0
T 2

= —tr (/ B(s)ds) .
0

Using the definitions (8.18) (8.21), we find
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-1 . -2 .2
_ —~y~lcosyssinys —y 7 sin” s
Bls) = =" (0)q(s) |: cos? vs fy_l COS 7ys sin Pys:|' (8.22)
If B(s) is such that
7"(0) < 0, (8.23)

then by (8.17), 7"(¢) < —2 for small ¢, since 7/(0) = 0.
Let’s see what this condition means. We obtain from (8.22)

7 2 T
7"(0) = — (8 (20)) |:(/ q(s) cos s sin 'yst)
g 0
T T
— (/ q(s) cos’ ’ysds) (/ q(s) sin’ fysds)].
0 0

So the first thing we note is that g”(0) # 0 must hold, which means the function
g must be nonlinear. Taking the derivative of (8.14), we see that the function g ()
defined in (8.19) is a T -periodic solution of the linear equation

2

q"(t) +*q(t) = p(@).

Since vT # 2, this solution is unique. If, for example, we take the periodic forcing
term in (8.14) to be
p(t) = sin2~t,

so that vT = m, then
q(t) = —(1/37%) sin 2r.

The last two integrals vanish, while the first is nonzero. We therefore see that 7 (0) <
0, and so 7(¢) < —2. It follows that the periodic solution x. is hyperbolic, for small
e # 0. Moreover, the Floquet multipliers lie on the negative real axis, and so from
(the proof of) Lemma 4.4 we see that R = — . This implies that the stable manifold
is a Mobius band.

8.4 Stability of Periodic Solutions to Autonomous Systems

Our aim in this section is to investigate the orbital stability of periodic solutions to
autonomous systems. Recall that in Sect. 8.2, Theorem 8.2, we established the sta-
bility of periodic solutions to periodic nonautonomous systems. In that case, we saw
that if the Floquet multipliers of a periodic solution are all inside the unit disk, then
the periodic solution is asymptotically stable. For autonomous flow, this hypothe-
sis can never hold because, as we will see in the next lemma, at least one Floquet
multiplier is always equal to 1.
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Lemma 8.2. Let f : R" — R" be a C' autonomous vector field, and suppose that
p(t) is a nonconstant T -periodic solution of the system

x' = f(x). (8.24)

At least one Floquet multiplier of ¢ is equal to unity.

Proof. If we differentiate the equation ' (1) = f((t)) with respect to ¢, we get

¢"(1) = DF(p1)¢'(t) = A)¢' (1).

This says that ¢’ (¢) is a solution of the linear variational equation which is given by

@' (1) =Y ()¢ (0).

The T-periodicity of ¢ is inherited by ¢, so

¢'(0) = () = Y(T)¢' (0).

Note that ©'(0) = f(©(0)) # 0, for otherwise, ¢ would be an equilibrium point,
contrary to assumption. So we have just shown that ¢’(0) is a eigenvector of Y (T')
with eigenvalue 1. Thus, one of the Floquet multipliers is unity, and it is referred to
as the trivial Floquet multiplier. 0

We now need some definitions.

Definition 8.4. A T-periodic orbit v = {p(t) : 0 <t < T} is said to be orbitally
stable if for every ¢ > 0 there is a 6 > 0 such that dist(xg, ) < & implies that
x(t, xq) is defined for all t > 0 and dist(x(t, xo), ) < &, forallt > 0. Ifin addition,
t1—1>nolo dist(x (¢, xg), v) = 0, for all xo sufficiently close to v, then the orbit is said to

be asymptotically orbitally stable.

This is weaker than the definition of stability given in Definition 8.2, where solu-
tions are compared at the same time values.

Definition 8.5. A periodic orbit v = {p(t) : 0 <t < T} is asymptotically orbitally
stable with asymptotic phase if it is asymptotically orbitally stable and there exists
a1 € R such that

lim ||x(t, xo) — @t +7)|| = 0.

11— 00

Theorem 8.5. Suppose that p(t) is a T-periodic solution of the autonomous
equation (8.24) whose nontrivial Floquet multipliers satisfy |pui| < p < 1,
i =1,...,n—1.Then o(t) is asymptotically orbitally stable with asymptotic phase.

Proof. Let Y(t) be the fundamental matrix of the 7-periodic matrix A(t) =
Df (p(t)). According to Theorem 4.5, there are real matrices P(t), B, and R such
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that
Y(t) = P(t) exp Bt,

with P(t + T) = P(t)R, R*> = I, and BR = RB. The Floquet multipliers are the
eigenvalues {y;}?_, of the matrix Y (7)) = Rexp BT.

To start out with, we recall some estimates for the fundamental matrix exp Bt. Our
assumption is equivalent to saying that the Floquet exponents, i.e. the eigenvalues
of BT, have strictly negative real parts except for a simple zero eigenvalue. Thus, if
{)\i}?zl denote the eigenvalues of B, then there is a A > 0 such that

Re\i<—-)X<0,i=1,....n—1; X, =0.

So B has an (n — 1)-dimensional stable subspace E, and a 1-dimensional center
subspace E_., spanned by the vector v, = ¢’(0). Let Py and P, be the corresponding
projections. By Theorem 2.3 and Corollary 2.1, we have the estimates

|| exp Bt Pyx| < Coe ™ || Psx||, t >0
| exp Bi Pex|| < Coll Pox||, t € R, (8.25)

for all x € R". Note that exp Bt is bounded on E., since v, is a simple eigenvalue.
With these preliminaries, we now discuss the strategy of the proof. Let xo € R”"
be a given point close to ¢(0). We want to show that there is a small phase shift
7 € R such that
x(t,xg) —pt+7)—>0, as t— oo.

Similar to what we did in the nonautonomous case in Sect. 8.2, define a function
z(t, ) by
P +71)z(t, 7) = x(¢t, x0) — p(t + 7).

Note that P'(t + 7) = A(t + 7)P(t + 7) — P(t + 7)B. Since f is autonomous,
p(t + 7) is a solution of (8.24) for all 7 € R. As in Lemma 8.1, we see that z(¢, 7)
solves

7, 7)=Bz(t, )+ Pt + 1) f(pt + 1)+ Pt +7)z(t, 7))
— flp(t +7) — At +T)P(t + 1)z(t, 7))
= Bz(t,7)+ H(t + 7, z(t, 7)), (8.26)

with H(0,0) =0, D;H(0,0) =0,and H(c + T,z) = RH (o, Rz),forallo € R
and z € R".

Conversely, if z(z, 7) is a solution of (8.26), then x () = p(t+7)+ P(t+7)z(t, T)
solves (8.24) with initial data z(0, 7) + P(7)@ (7). Our strategy will be to construct
exponentially decaying solutions of (8.26) and then to adjust the initial data appro-
priately.

By Variation of Parameters, Corollary 4.1, a solution of (8.26) satisfies
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t
z(t, 7) = exp Bt z(0, 1) +/ expB(t —o)H(o +1,z(0,7))do.
0

Moreover, if z(¢, 7) is exponentially decaying, then using (8.25), this is equivalent
to

t
z(t, 7) = exp Bt Psz(0,7) —l—/ expB(t —o)PsH(oc + 7,2(0, 7))do
0
o0
— / expB(t —o)P.H(oc+ 7,z(0,7T))do.
t

Now we come to the main set-up. Take a 0 < 3 < . Define the set of functions

Z={ze CR",R" : |zll3 = supe” | z(t)|| < oo}.
t>0

Z is a Banach space with the indicated norm. For 7 € R, zg € E§, and z € Z, define
the mapping

t
G (T, z0,2)(t) = z(t) — exp Btzo —/ exp B(t — o) PsH(o + 7, 2(0))do
0
+ /oo exp B(t — 0)P.H(o + 7, z(0))do.
t

Now G : Rx E;x Z — Z isawell-defined C! mapping such that G (0, 0, 0) = O and
D.G(0,0,0) = I. By the Implicit Function Theorem 5.7, there is a neighborhood
U of the origin in R x E; and a C! mapping v : U — Z such that

¥(0,0) =0 and G(7,z0,%(1,20)) =0, forall (7,z0) €U.

It follows that z(t,7,z09) = %(7,z0)(¢t) is a solution of (8.26), and since
z(t,7,z0) € Z, we have ||z(t, T, z0)|] < Ce 7' Thus, x(t) = ot + 1)+
P(t + 7)z(t, T, zo) 1s a solution of (8.24) for all (7, z9) € U, with data x(0) =
(1) + P(1)z(0, 7, 20).

Defineamap F : Eg x R — R” by

F(7,z0) = @(1) + P(7)z(0, 7, 20).

Then F is C! and F(0, 0) = ©(0). We are going to show, using the Inverse Function
Theorem A.3, that F is an invertible map from a neighborhood U of (0,0) € E; xR
to a neighborhood V of ©(0) in R".

We have set z(t, 7, z9) = Y(7, z9)(t), so z(t,0,0) = (0,0)(r) = 0. Since
H(7,0) = Oforall 7, we have that D H (7, 0) = 0. Itfollows that DG (0, 0, 0) = 0.
We also know that D,H(7,0) = 0, so D.G(0,0,0) = I. Now, by definition of
z(t, T, z0), we have
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G(T, zo, z(t, 7, 20))(t) = 0. (8.27)
Upon differentiating in 7, we obtain by the chain rule
D7 G (7, 20, 2(t, T, 20)) (1) + D G(7, 20, 2(t, T, 20)) D72(t, T, 20) (1) = 0.
Letting (7, z9) = (0, 0), we find
D;z(t,0,0) = 0.

From this it follows that
D;F(0,0) = ¢'(7).

Since G (7, z¢, z) is linear in zg, we have D;,G (7, z¢, z)(t) = — exp Bt. Taking now
the derivative of (8.27) in zo we get

D, G(7, 20, 2(t, 7, 20))(¢) + D.G(7, 20, 2(t, T, 20)) Dy 2(t, T, 20) (1) = 0.
and then setting (¢, 7, zo) = (0, 0, 0) yields
D;,z(t,0,0) = I.
Therefore, we have shown that
DF(0,0)(7, Z0) = Dy F(0,0)7 + D, F(0,0)Z0 = ' (0)7 + Zo.

We claim that this map is invertible from R x E; into R”. Given x € R", there is
a unique decomposition x = Ps;x + P.x. Since E. is spanned by ¢'(0), we have
P.x = ¢/ (0)v, for aunique v € R, and DF (0, 0)~ ' (x) = (v, Psx).

So by the Inverse Function Theorem, there is a neighborhood V' C R” containing
(0) and a neighborhood U C R x E; containing (0, 0) suchthat F : U — V isa

diffeomorphism.
In other words, for every xo € V, there is a (7, zo) € U such that

xo = (1) + P(1)z(0, 7, z0).
From our earlier discussion, we have
x(t,x0) =t +71)+ P(t+7)z(t, 7, 20),
since both sides satisfy (8.24) with the same initial data. Thus, since || P(t + 7)]|
is uniformly bounded and ||z(z, 7, zo)|| < C e 71, given xog € V, we have found a

phase 7 € R with

lx (7, x0) — @t +7)|| < Ce ™, t>0.
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Since the argument works for any point along the periodic orbit (not only ¢(0)), we
have established asymptotic orbital stability with asymptotic phase. U

Remarks 8.7.

e The proof shows that the convergence to the periodic orbit occurs at an exponential
rate.

e The Theorem implies that if the nontrivial Floquet multipliers of a periodic orbit
lie within the unit disk, then the orbit is a local attractor.

e There are other proofs of Theorem 8.5. See Hartman [6] (Theorem 11.1), and Hale
[5] (Chap. 6, Theorem 2.1). The one presented above emphasizes the similarities
with the Center Manifold Theorem 9.1.

e If the nontrivial Floquet multipliers all lie off the unit circle (but not necessarily
inside), then a version of the stable/unstable manifold theorem can be formulated.
More or less routine (by now) modifications of the preceding argument could be
used to prove it.

8.5 Existence of Periodic Solutions in R”: Critical Case

We now return to the question of existence of periodic solutions to systems which
are periodic perturbations of an autonomous system with a critical point. Although
this topic has been studied in Sect. 8.1 when the perturbation is noncritical, here we
will be concerned with the case of a critical perturbation.

Once again we consider a one parameter family of nonautonomous vector fields
f(t, x,€). Assume that

(i) f R x (—eg, g9) = R"is C™.
(i1) Thereisa T > 0, such that

ft+T,x, &)= f(t,x,e) forall (¢,x,¢) € RT" x (=0, £0).

(1) f(t, x,0) = fo(x) is autonomous and f(0) = O.
(iv) All solutions of x = Ax are T-periodic, where A = Df (0).

In order to avoid counting derivatives, we assume that the vector field is infinitely
differentiable in (i).

Of interest here is the last condition which is what is meant by a critical per-
turbation. Recall that in Sect.8.1 we assumed that the eigenvalues, A, of A satisfy
AT ¢ 27iZ, so that no solution of x’ = Ax is T-periodic, see Theorem 8.1. Admit-
tedly, some ground is left uncovered between these two extremes. Although we
will not discuss what happens when some, but not all, solutions of x" = Ax are
T -periodic, a combination of the two approaches would yield a result here, as well.

There are various statements that are equivalent to assumption (iv). One is that
exp A(t + T) = exp At for all ¢+ € R. It is also equivalent to saying that the set of
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eigenvalues of A are contained in (27i/T)Z, the set of integer multiples of 27i /T,

and that A has a basis of eigenvectors in C".
In the following paragraphs we transform the equation

x'= f(t, x,e) (8.28)

to the so-called Lagrange standard form, with which most books begin.
As in Sect. 8.1, we can write

1
f(t,x,e):fo(x)—i-sf(t,x,s), where f(t,x,s):/ g—ﬁ(t,x,as)da.
0

Notice that fis C® and f(t +T,x,¢e) = f(t, x, €). Moreover, let’s write
Jo(x) = Ax + [fo(x) — Ax] = Ax + f1(x).

We see that 1 € C*°, f1(0) = 0, and Df(0) = 0. Using integration by parts, we
obtain another expression for the function fi:

ld
f1(X)=/ d—[fl(dx)]dd

0 g

noor
= Z/ Ofi (ox)x;do

o /o Oxi
([ 4 [on .
= ; (/O - [a—ﬂ(ax)} (1— U)da) X

n 1 2
=> ( o/ (ox) (1 —a)da)xixj.

0 axiﬁxj

ij=1

Notice that the expressions enclosed in parentheses above are in C*°, since f; € C*.
Now suppose that x(#) is a solution of (8.28) and perform the rescaling

x(t) = Vey®.

Then

Vey' =x'
= f(t,x,¢)
= Ax + fi(x) —i—ef(t,x, £)
= VEAy + fiVey) +ef(t, ey, ©)
= VeAy +eg1(y. V) +8(t, y, Vo),
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in which

$ LOPf
gaiv. W= (/0 Dxr0x; (opy) —O)da) YiYjs

i,j=1

and B
g, y, ) = £, py, p*).

Both g; and g are C* functions of their arguments. To summarize, we have trans-
formed the original problem to

y = Ay + JVeg(t, y, Ve),

with g in C* and T -periodic in the “¢” variable.
As a final reduction, set 4 = /¢ and y(r) = eA’z(r). Then

7 = ph(t, z, p),

with 2 in C*°, and sinceexp A(t + T) = exp At,wehave h(t+ T, z, ) = h(t, z, j1)
for all (¢, z, p), with |u| < /€¢. This is the standard form we were after.
Having reduced (8.28) to the standard form, let’s go back to the original variables.
We have
x'=¢ef(t x,¢e) (8.29)

with fin C® and f(t + T, x,e) = f(t, x,¢) forall (¢, x, €), with |[¢] < /2.
We will use the so-called method of averaging, one of the central techniques used
in the study of periodic systems, to compare solutions of (8.29) with those of

Y =ef(), (8.30)

where f denotes the averaged vector field

T
fx) = l/ f(t, x,0)dt. (8.31)
T Jo

(Recall that having changed coordinates, f (¢, x, 0) is no longer autonomous.) We
will show

Theorem 8.6. Suppose that the averaged vector field f has a critical point at po €
R”™. Let B = D f(po), and assume that B is invertible. Then there is an e > 0, such
that for all |e| < €q the Eq.(8.29) has a unique T -periodic solution p.(t) near py.

If the eigenvalues of B lie in the negative half plane (so that pg is asymptotically
stable for (8.30)), then the Floquet multipliers of ¢-(t) lie inside the unit disk (i.e.
the periodic solution p.(t) is asymptotically stable for (8.29)).
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If the eigenvalues of B lie off the imaginary axis (so that pq is hyperbolic for
(8.30)), then the Floquet multipliers of @ (t) lie off the unit circle (i.e. the periodic
solution p:(t) is hyperbolic for (8.29)).

Before starting the proof of the theorem, we prepare the following lemma which
lies behind a crucial change of coordinates.

Lemma 8.3. Suppose that w : R1™" — R" is C* and that for some T > 0,
w(it +T,y)=w(t,y) foral (1,y)e R

For any yo € R" and R > 1, there exists an €y > 0 such that for all || < e the
following hold:

(i) The mapping
yiytew(,y)

is a T -periodic family of C* diffeomorphisms on Bg(yo), whose range contains
the ball BR_1(yo).
(ii) The Jacobian matrix
I +eDyw(t,y)

is nonsingular for allt € R, and y € Bg(yo). Its inverse is C*~Vin (v, t, €), is
T -periodic in t, and satisfies the estimates

I(I 4+ eDyw(t, y) | < ——— (8.32)
yre 1= le/z0l
and
1T+ =Dywie, )~ — 1) = 0L (8.33)
I —|e/eol
Proof. Set

M = max{|lw(t, y) || + | Dyw(, )| = (7, y) € [0, T] x Br(y0)},

and define £g = M. For all Y1, y2 € Br(yp), we have

1
d
W(t’ )’1) _W(t7 )’2) :/ d_w(tvo-yl +(1 —U))’Z)dU
0 g

1
=/ Dyw(t, oy1 + (1 —o)y2)do (y1 — y2).
0
Note that oy 4+ (1 —o)y> € Bgr(yg) forall 0 < o < 1. Hence, we have the estimate

Iw(, y1) = w(, y2)|| < M|y1 — y2.



144 8 Periodic Solutions
Soif y1, y2 € Bgr(yp) and |e| < g¢, we have

(1 +w(z, y1)) = (2 +w(z, y2))
= Iy1 = y2ll = lelllw(z, y1) — w(z, y2)l
> (I = |elM)llyr — y2ll
= (I —le/eoDllyr = y2ll.

This implies that the mapping y +— y + ew(t, y) is one-to-one on Bg(y) for any
le|] < ep and t € R, and is therefore invertible.

If x € Br—1()0), then for each |¢| < €0, t € R, the map y > —ew(t, y) + x is
a contraction of Bg(yp) into itself. The Contraction Mapping Principle A.1 implies
that there exists a point y € Br(yp) such that

y=—ew(t,y)+x
which in turn implies that the function y — y 4+ ew(¢, y) maps Bg(yp) onto

Br—1(y0).
Next, for any |¢| < €, ¢t € R, and y € Bg(yp), consider the Jacobian

I +eDyw(t,y).
Since |e|M < egM = 1, we have that the Jacobian is nonsingular.

By the Inverse Function Theorem A.3, the mapping y + ew(¢, y) is a local dif-
feomorphism in a neighborhood of any point y € Br(yp). But since we have shown
that this map is one-to-one on all of Bg(yp), is a diffeomorphism on all of Bg(yg).

Let A = eDyw(t, y). Then

Al < leIlM < |e/eol < 1.
By Lemma 5.1, I + A is invertible, and we obtain the estimates (8.32) and (8.33).

Finally, the smoothness of Z(z, y,e) = (I + eDyw(t, y))_1 in (y, t, €) follows
from the Implicit Function Theorem, since it solves the equation

(I +eDyw(t,y)Z —1=0. O
Proof of Theorem 8.6. Having defined the averaged vector field f in (8.31), set
[, x,0) = ft,x,6) = fx).

Then f is C*°, T-periodic, and

T
/ ft.x,0)dt = 0. (8.34)
0
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Define .
w(t,y) = / f(s,y,0)ds. (8.35)
0

Then w € C*°, and thanks to (8.34), w(t + T, y) = w(t, y). This function will be
used to change coordinates. .
Suppose that pg is a critical point for f. Choose R > 1 and set

o =M =max{|w(t, )| + | Dyw(t, )| : (t.y) € [0, T] x Br(po)}.
By Lemma 8.3, we know that for all # € R and |e| < €(, the mapping
F(y,t,e) =y +ew(t,y)

is a diffeomorphism on B (po) whose range contains Br_1(po).-
Let x(¢) be any solution of (8.29) in Bg_1(po). Then the formula

x(t) = y(t) +ew(t, y(1))

defines a smooth curve y(¢) in Bg(po). We need to calculate the differential equation
satisfied by y(¢). Using (8.29), we have

Y (O)+eDyw(t, y(1)y' (t) + eaa—v:(t, y())
=x'(t)
=ef(t,x(),¢€)
=ef(x®) +ef(t.x(). )
= e f(y(t) +ew(t, y(1) +ef(t. y(t) + ew(t, y(1)), €).

o _
Notice that by (8.35), a—v:(t, y(t)) = f(t, y(t),0), so we obtain

LI + eDyw(t, y(t)]Y (1) = e f(y(1) + ew(t, y(1)))
el f(t, y(t) +ew(t, y(1)), e) — £z, (1), 0)].

By Lemma 8.3, the matrix I + eD,w(t, y(1)) is invertible, so this may be rewritten
as

Y =ef) +e(ll +eDyw(t, NI~ — D) f(y)
+ell +eDyw(t, NI F +ew(t, ) — F(0)]
+ e[l + eDyw(t, NI (1, y +ewlt, y), ) — f(t,y,0)].
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Now using the estimates (8.32), (8.33) and Taylor expansion, the last three terms on
the right can be grouped and written in the form

e f(t,y,e),

with f in C* and T-periodic. We have shown that y () solves

Y =ef() +e2f(t,y,6), ¥(0) = y. (8.36)

Conversely, a solution of (8.36) in Bgr(po) gives rise to a solution x(¢) to the
original problem (8.29) via the mapping x = y + ew(¢, y). If y(¢) is T-periodic,
then the same holds for x (7).

So now let’s consider the initial value problem (8.36) and let y(¢, yo, €) denote its
local solution. (By smooth dependence, itis C° in its arguments.) As in Sect. 8.1, we
are going to look for periodic solutions as fixed points of the period 7" map, however
the argument is a bit trickier than in Sect. 8.1 because the perturbation is critical.

Note that y(¢, p, 0) = p is a global solution (the right hand side vanishes), so for
le| sufficiently small, y(¢, p, €) is defined for 0 < ¢t < T for all p € Bg(po), by
continuous dependence. For such p and ¢, define

Q(p,e) = '[)(T, p,e) — pl.

We are going to construct a curve of zeros p(e) of Q(p, €) near pg with p(0) = po
using the Implicit Function Theorem. Each zero corresponds to a T -periodic solution
of (8.36), by Lemma 4.5.

As noted above, y(¢, p, 0) = p. Thus, we have

L d 19
Q(p,€)=€_1/ —y(T,p,as)dff:/ —y(T,p,ae)do,
0 do 0 Oe

which shows that Q(p, €) is C*° and also that

0
0(p.0) = Z2(T. p. 0. (837)
g

To further evaluate this expression, differentiate equation (8.36) with respect to
the parameter ¢:

d o o0 - N
——y(t» p.0) = a[éf(y(t, p,e) +eXf(y(t, p,e))l

dt Oe e=0
= f(t, p,0) = f(p).

and 9 p

y
—0, p,0) = — =0.
5 0 P 0) 8€p€=0
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This, of course, is easily solved to produce

o _
a—ym p.0) =T F(p).
13

which when combined with (8.37) gives us

Q(p,0) =T f(p).

and hence, in particular, i
Q(po,0) =T f(po) =0.

From this we see that

D,0(po,0) = D, Q(p,0)lp—p, = TD, f(po) = TB,

is nonsingular, by assumption on B.
So by the Implicit Function Theorem, there is a C! curve p(e) defined neare = 0
such that

p(0) =0 and Q(p(e),e) =0.

Moreover, there is a neighborhood N of (pg, 0) such thatif (g, ) € N and Q(q, ¢) =
0, then g = p(e).

Thus, we have constructed a unique family y.(t) = y(¢, p(¢), €) of T-periodic
solutions of (8.36) in a neighborhood N of (pg, 0). By continuous dependence, the
Floquet exponents of y. are close to the eigenvalues of eT B, for € small. This gives
the statements on stability. Finally, the analysis is carried over to the original equation
(8.29) using our change of variables. 0

Example 8.4. (Duffing’s Equation). We can illustrate the ideas with the example of
Duffing’s equation
u" +u+ efu + eyu® = eF cost,

which models the nonlinear oscillations of a spring. Here 3, v, and F # 0 are fixed
constants, and € is a small parameter. Notice that when ¢ = 0, the unperturbed
equation is

u +u=0

solutions of which all have period 27, the same period as the forcing term, so we are
in a critical case.
In first order form, the system looks like

i X1 | _ X2
dt | x2 | —xl—sﬁxl—efyxf—t—chost '
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The vector field is smooth and 27-periodic in . When € = 0, the system is linear
with a critical point at x = 0:

x = Ax, A—|:_10:|.

All solutions are 27-periodic.
We can express the system as

X/ZAX+5f(t,x),
with
Flt.x) = 0
)= —Bx1 —yx3 + Fcost |

Since the unperturbed system is linear, reduction to standard form is easily achieved
without the rescaling step. Set
X = exp At z.

Then
7 =cexp(—At) f(t, exp At 7).

Of interest are the critical points of the averaged vector field

_ 1 2
f@) = —/ exp (—At) f (¢, exp At z)dt.
2w 0

Evaluation of this formula is a rather messy, but straightforward calculation. We
summarize the main steps, skipping over all of the algebra and integration. First,

since
cost sint :|
9

exp At = .
—Sinf cost

we have

exp (—At) f(t, exp At 2)

= {—ﬂ(zlcost + zosint) — y(zy cost + 22 sint)> + Fcost} |:—Czlsntt:|

Expanding this and averaging in ¢, we get

Foy L B+ 37D 2_ 2, 2
f(Z)_z[—(ﬁ+f—nr2)z1+F , =21t 25.

From this, we see that there are critical points when
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i'yz% +06z1— F =0, and z, =0.
The first equation is called the frequency response curve. Suppose that v > 0, this
is the case of the so-called hard spring. Also let F > 0. Then there is always one
positive root of the frequency response function for all 3.

If we set o = —(3/2)*3F2/3~1/3 then for 3 < 3y there are an additional pair
of negative roots of the frequency response function. This holds for all F', v > 0.

In order to apply Theorem 8.6, we need to verify that D f is nonsingular at the
equilibria determined by the frequency response function. Since zo = 0, it follows
that at the critical points of f we have

sz[ 0 (B-l—f—ﬁz%)}:[ 0 F/zl]
~B+ 37D -39 0 @Pz1 =30z 0 ]
This matrix is nonsingular provided that 23z; — 3 F # 0 at the zeros of the frequency
response equation. This is indeed the case when (3 # 3y because then z; = 3F /23
is not a zero of the frequency response equation.

It follows that there are either one or three periodic orbits of the original equation
for € small depending on whether 8 > (g or < (y. These periodic orbits are
located close to the value of the corresponding critical point of f.

If 26z1 — 3F > 0 at any root z; of the frequency response equation, then the
corresponding periodic orbit will be hyperbolic with one dimensional stable and
unstable manifolds. If 23z; — 3F < 0 at aroot, then the stability of its periodic orbit
can not be determined by Theorem 8.6.

Consider the positive root. If § < 0, then clearly 23z; — 3F < 0. If § > 0,
then the positive root is less than 3F/23. So we see that for all 3 the stability of the
periodic orbit corresponding to the positive root can not be determined by Theorem
8.6.

When (3 < [y, there are two negative roots of the frequency response function.
One of them is larger than 3F /23, and its corresponding periodic solution is hyper-
bolic. The other is less than 3 F /23, and the stability of its periodic orbit can not be
determined from Theorem 8.6.

8.6 The Poincaré-Bendixson Theorem

Definition 8.6. A Jordan curve is a continuous map y[t1, t] — R2 such that y(t) =
v(s) fort < s ifand only ift =t) and s = t,.

All of the results in this section hold only in the plane because of the next result,
known as the Jordan curve theorem.

Theorem 8.7. (Jordan Curve Theorem). If~ is a Jordan curve, then R>\y = IUE
inwhich I and E are disjoint connected open sets, I is bounded, and E is unbounded.
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The curve 7y is the boundary of I and E. The sets I and E are called the interior and
exterior of v, respectively.

Definition 8.7. Let x(¢, xo) be the flow of an autonomous vector field. Assume that
for some xq, x(t, xo) is defined for allt > 0. Define the omega limit set of xo, denoted
w(xp), to be the set of points p such that there exist an increasing sequence of times
tr with

ty > oo, x(tg,x0) = p, as k — oo.

If x(t, xo) is exists for all t < 0, the alpha limit set, a(xg), is defined as the set of
points p such that there exist a decreasing sequence of times ty with

ty > —o0o, x(tg,xp9) = p, as k — oo.

Remark 8.6. Following the notation of Definition 3.5, v (xo) denotes the positive
semi-orbit of a point x.

Lemma 8.4. Suppose that f : O C R? — R? is a C! autonomous vector field. If
Y+ (x0) is contained in a compact subset of O, then w(xg) is compact, connected,
positively invariant, and

wixo) =) _ It x0) 1 = 7).

The next theorem is the famous Poincaré-Bendixson theorem, a general result
on the existence of periodic solutions for planar autonomous flow. Its proof will be
divided into a series of short steps some of which are of interest in their own right.

Theorem 8.8. (Poincaré-Bendixson Theorem). Letr f : O — R? be a C!
autonomous vector field defined on an open set O C RZ2. Let x(t, xo) be its flow.
If for some xo € O, v+ (xq) is contained in a compact subset of O and w(xg) contains
no critical points of f(x), then w(xq) coincides with the orbit of a periodic solution
x(t, yo). If to is the smallest period of x(t, yo), then {x(t,y9) : 0 <t < tp}isa
Jordan curve.

Proof. §1. Assume that v (xo) is contained in a compact set K C O. Then by
Theorem 3.7 x (¢, xo) is defined for all # > 0, and it follows that # # w(xp) C K.
If v4+(xp) is a periodic orbit, then v (xg) = w(xp), and we are done. So we may
suppose that x (¢, xo) is not periodic.

§2. If p is any regular point, by Theorem 7.1, the flow near p is topologically
conjugate to the flow of a constant vector field e; = (0, 1) € R?. There exist a
neighborhood V of p, abox U = (—¢,¢) X (—¢,¢), and a diffeomorphism 1) :
U — V such that ¢/(0) = p and

x(t,9(q)) = ¥(q +tey),

forallg € U andt € (—¢,¢) such that g 4+ te; € U.
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Define a so-called transversal
T={Y(rey) :r € (—¢,¢)}
and the domains
Vi ={Y(re1 +sey) : (r,£s) € (—¢,¢) x (0,¢)}.

Then V = V_UT U V, is a partition. If an orbit v (xg) intersects V, then it follows
that each connected component of 4 (xg) N V has the form

{x(t,xp) :T—ec <t <T+¢c}, forsome T,

and
Vo, T—e<t<rT

x(t,x0) e T, t=71
Vi, T<t<T+He.

§3. Suppose that w(xg) contains no critical points. Since w(xg) # @, choose
p € w(xp). Then v4(p) C w(xp), because w(xg) is positively invariant. We are
going to show that v (p) is a periodic orbit and v+ (p) = w(xp).

Since p € w(xp), there exists an increasing sequence of times 7z — 00 such
that x(#¢, xo) — p, as k — oo. Since the point p is regular, we can set up the
conjugacy discussed in §2. There is a k¢ such that for all kK > ko, x(#, x9) € V. For
k > ko, there exists 7 such that |t — 7| < € and x (7%, xg9) € 7. There also exists
qr = rre1 + sgex € U such that ¥(gx) = x(#, xo). Since x(tx, xo) — p, we have
qr — 0. Hence, ry — 0, and so x (7, x9) = ¥ (rre1) — p. We have constructed an
increasing sequence of times 7 — oo such that x (7x, xo) — p and x(7¢, x9) € T,
k > ko.

§4. Now consider the set of all crossings of T

C={oc>0:x(c,x) €T}

Since by §2, x (¢, xo) can cross J at most once in a time interval of length 2¢, the
set C is countable. Moreover, C contains the sequence {7;} of §3, so we have that
C = {0y} is an increasing sequence with o, — oo (Fig.8.1).

Foreach k, write x (o, x9) = ¥ (pre1), pk € (—¢, €).Sincein §1 we have assumed
that x(z, xo) is not periodic, we have that x (o, xo) # x(ox, xo), for j # k. Thus,
pj # pk, for j # k. We are going to show that {p} is a monotone sequence.

Choose any k, and put p’j = Pk+j> x(a;, x0) = w(p/j), Jj =0, 1, 2. Assume that
po < p)- Define the curves

&1 ={x(t,x0) 10y <t <a}}, & ={P(per) €eT:py<p<p)

Then £ = & U & is a Jordan curve. Let E denote its exterior and / its interior.
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Fig. 8.1 The flow near a
transversal

The curve {x(t, x9) : 0] <t < 05} does not intersect &; because the solution is
not periodic, so it is contained in E or /. In the first case, we have

{zp(pel+se2):—s<p<0’1, —e<s <0} Cl,

and
{tb(pe1 +sex) 0] <p<e, —e<s <0} CE.

It follows that p/, > p}. The conclusion is the same if the roles of £ and I are reversed.
Similar arguments apply when p;, > p}. We therefore see that {p;} is monotone.

As a consequence of monotonicity, the sequence {px} has at most one limit point.
From §3, we know that p = 0 is a limit point for {p}, so it is unique.

§5. Suppose that p’ € TNw(xp). Then arguing as in §3, we can find an increasing
sequence of times 7, such that 7, — oo, x (71, x0) € T, and x (7, x0) — p’, as
k — oo. Writing p’ = 1 (p’e1), we see that p is a limit point of {p;}. Thus, by §4,
we see that p’ = 0 and p’ = p. This shows that w(xg) N T = {p}.

§6. Let yo € w(xp). The fact that w(xp) C K implies that x(z, yo) is defined for
all + > 0 and 4 (yo) C w(xp). Thus, w(yg) C w(xp). Take p € w(yp). Construct
the conjugacy of §2 at p. By §3, there exists an increasing sequence of times 7; such
that 7 — o0, x(7%, yo) € 7, and x(7%, yo) — p, as k — oo. Each point x (7%, yo)
belongs to T N w(xp). By uniqueness, §5, x(7x, yo) = p. This proves that v4 (yp) is
a periodic orbit in w(xg), for any yg € w(xp).

§7. It remains to show that v (yg) = w(xg), for any yg € w(xg). The orbit v (yo)
is closed, and thus relatively closed in w(xg). Let p € v4+(yp). By §2 and §5, we have
that v4 (yo) NV = w(xp) NV, where V is the conjugacy neighborhood centered at
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p- So we see that p € v4(y9) NV = w(xg) NV, Thus, v4+(yo) is relatively open in
w(xp). The set w(xp) is connected. Thus, v+ (yg) = w(xp).

Corollary 8.1. A compact set in R? which is positively invariant under the flow of
a C' autonomous vector field and which contains no critical points must contain a
nontrivial periodic orbit.

8.7 Exercises

Exercise 8.1. Supply the details for the proof of Theorem 8.2.

Exercise 8.2. Leth : [0, 00) — (0, 00) be C'. For x = (x1, x2) € R2, letr = lx]|.
For p € R?, let x(t, p) denote the solution of the IVP

X =h(Hx, xp=—h(Hx x©0, p) = p.

(a) Show that for every p € Rz and t € R, ||x(z, p)|| = |l pll -

(b) Show that x(z, p) is periodic with period 27t/ k(|| p||?), for p # 0.

(c) If h is strictly increasing, show that for each p, x(z, p) is orbitally stable, but
not stable.

Exercise 8.3. Consider the system
r_ 2 : /o
Xy =x2 +e(xysint —sint), x, = —Xxj.

(a) Verify that this is a critical perturbation.

(b) Compute a Lagrange standard form for this system.

(c) Find the corresponding averaged equations.

(d) What does the averaged system say about the existence and stability of periodic
solutions?

Exercise 8.4. Prove Lemma 8.4.

Exercise 8.5. Consider the system
/ 2 . /
X = X1+ x5 —sint, X, = —Xxo.

(a) Find the solution to the initial value problem x(z, p).

(b) Show that there is a unique p € R? such that x(z, p) is periodic.

(c) Find the Floquet multipliers of this periodic solution.

(d) Show that the periodic solution is hyperbolic and find the local stable and
unstable manifolds.

Exercise 8.6. Let r = ||x|. Construct a C' planar autonomous vector field f(x)
with an unstable equilibrium at the origin, an asymptotically orbitally stable periodic
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orbit at = 1, and an orbitally unstable periodic orbit at r = 2. Suggestion: Polar

coordinates.

Exercise 8.7. Show that Mathieu’s equation
u' + (W +ecostu =0

has no nonzero 27-periodic solutions for w # 1, 2, ..., when ¢ is small enough.



Chapter 9
Center Manifolds and Bifurcation Theory

9.1 The Center Manifold Theorem

Definition 9.1. Letr F : R" — R” be a C! vector field with F(0) = 0. A center
manifold for F at 0 is an invariant manifold containing O which is tangent to and of
the same dimension as the center subspace of D F (0).

Assume F : R” — R"isa C! vector field with F(0) = 0.Set A = D F(0), and let
E,, E,, and E, be its stable, unstable, and center subspaces with their corresponding
projections Ps, P,,and P.. Assume that £, # 0. By Theorem 2.3 there exist constants
Co, L > 0,d > 0 such that

| exp At Pyx| < Coe ™| Pyx], >0 (9.1)
lexp At Pyx|| < Coe™ || Pux|, t<0 (9.2)
lexp At Pex|| < Co(1 + |t|D)|| Pex]l, 1 €R. (9.3)

Write F(x) = Ax + f(x). Then f : R" — R"is C!, f(0) = 0, and Df(0) = 0.
Moreover, we temporarily assume that

I fllct = sup (IfF N+ IDFX)I) = M. (9.4)

xeR?

This restriction will be removed later, at the expense of somewhat weakening the
conclusions of the next result.
As usual, we denote by x(z, x¢) the solution of the initial value problem

x'=Ax + f(x), x(0) = xo.

Thanks to the strong bound assumed for the nonlinear portion of the vector field, the
flow is globally defined for all initial points xo € R".

T. C. Sideris, Ordinary Differential Equations and Dynamical Systems, 155
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Theorem 9.1. (Center Manifold Theorem) Let the constant M in (9.4) be sufficiently
small. There exists a function n with the following properties:

() n:E. — Ey+ E, isC', n(0) =0, and Dn(0) = 0.
(i1) The set
We(0) = {xo € R" : Pgxo + Pyxo = n(Pexo))}

is invariant under the flow.
(iii) If xo has the property that there exist 0 < o < X and C > 0 such that

| Pex(t, x0)|| < Ce ™, forallt <O,

and
| Pux(t, x0)|| < Ce¥, forallt >0,

then xg € W.(0).
(iv) If xo € W.(0), then w(t) = P.x(t, xo) solves

w =Aw+ P.f(w+nw)), w() = P.xo.

Remarks 9.1.

o It follows from (i),(ii) that W,.(0) is a center manifold.
e Statement (iii) is the nonlinear version of Corollary 2.3.

Proof. Fix0 < e < A. Let

X, ={y e CR,R") : ||y|le = supe *I||y(r)|| < o0}.
teR

X is a Banach space with the norm || - ||,. Define a mapping T : E. x X, — X, by

t
T (yo, y)(t) = exp At yo +/0 exp A(r — 1) P f(y(r))dt

t
+/ exp At — 1) Py f(y(v))dt

—00

- / T exp Al — 1) Puf(y (D).
t

The following estimate shows that 7' (yo, y) is a well-defined function in X,. Let
yo € Ec and y € X,. Then by (9.1)—(9.3), we have
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t
I (yo, DI < Co(l + 111 1y0ll + CoM ‘/0 A+ [t —7|dr

t o0
+ CoM / e = dr + CoM / Mg
—0o0 t

< CM e,

If M is small enough, then T is a uniform contraction on X.. Given yg € E. and
v,z € X¢, we have

t
1T (Yo, y)(#) = T (o, )| = CoM ‘/O A+t —Dly(@) — 2(v)lldx

t
+@M/ e y(x) — 2(v)llde
-0

o0
+@M/)&“”wu»wuwm
t
< cMef |y — 2|,

Thus,
1T (yo,y) = T(yo, Dlle < CM|ly —zlle < (A/2)|ly — zlles

for M small.

It follows from the Uniform Contraction Principle,l Theorem 5.6, that for every
yo € E, there is a unique fixed point ¥ (yg) € X,:

T (yo, ¥ (yo)) = ¥ (y0)-
The assumptions on f (x) also imply that 7 is C', and so ¢ : E. — X, isa C!

mapping. For notational convenience we will write y(t, yo) = ¥ (yo)(¢). Note that
y(t, yo) is C! in yg. Since y(z, yo) is a fixed point, we have explicitly

t
y(t, yo) = exp At yo +/0 exp At — 1) P f(y(z, y0))dt
t
+/ exp A(t — 1) Py f(y(z, yo))dt 9.5)

—/ exp A(t — 1) P, f(y(z, yo))dr.
t

Now define

' We use the Contraction Principle rather than the Implicit Function Theorem because this gives a
solution for every yg € E., thanks to the fact that M = || || -1 is small.
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n(yo) =(I — P:)y(0, yo)

0
_ / exp (—AT) Py f(y(z, yo))dr

—00

_/0 exp AT Puf(y(‘L', y()))dl'. (96)

n: E. - Es+ E,is C!, and since y(t,0) = 0 we have that n(0) = 0 and
Dn(0) = 0. Thus, the function n fulfills the requirements of (i).

Define W.(0) = {xo € R" : (P; + P,)xo = n(P.x0)}.

As a step towards proving invariance, we verify the property

y(t+s,y0) = y(t, Pey(s, yo)). 9.7)
Fix s € R and set z(t) = y(t + s, yo). Then from (9.5), we have
z(t) = y(t + s, yo)

t+s
=exp A +5) yo +/ expA(t+s —1) P f(y(t, yo0))dt
0

t+s
+/ expA(t +s — 1) Py f(y(T, yo)dt

—00

—/ expA(t +s5s — 1) P, f(y(z, yo))dt
t+s

=exp A(t +5) Yo

+/ exp A(t +s5 — 1) P f(y(7, yo)dt

0
t+s

+/ exp A(t +s — 1) P f(y(7, yo))dt
St—l—s

+/ expA(t +s — 1) Ps f(y(7, yo))dt

—/ expA(t +s — 1) P, f(y(z, yo))dr.
t+s

Now factor exp At out of the first two terms, and make the change of variables
o = 1 — s in the last three integrals. This results in

z(t) = exp Az [exp As Peyo + /s exp A(s — 1) P f(¥(t, yo))df]
0

t
+/ expA(t — o) P.f(y(o +s, y0))do
0
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t
+/ exp A(t — o) P f(y(o + s, y0))do

—00

- / exp At — o) Puf(y(o +5, yo))do
t
t
— exp At Poy(s, y0) + / eXp At — o) P f(2(0))do
0

t
+/ expA(t — o) P f(z(0))do

_/Ooepr(t —O’) Puf(Z(U))dO
t
= T(P:y(s, y0), 2)(1).

By uniqueness of fixed points, (9.7) follows.
Notice that from (9.5) and (9.6), we have that

t
y(t, yo) = exp At[yo + n(yo)] + /O expA(t — 1) f(y(z, yo))dr = x(t, yo +n(y0)).

Thus, xo € W,.(0) if and only if y(¢, P.xg) = x(¢, x¢).
Let xo € W,(0). Using (9.7) and then (9.6), we obtain

(Ps + Py)x(t, x0) = (Ps + Py,)y(t, Pexo)
= (Ps + P,)y(0, Pcy(t, Pcxo))
= (I — P)y(0, Pey(t, Pcxo))
= n(Pcy(t, Pexo))
= n(Pcx(t, x0))-

This proves invariance of the center manifold (ii).
Let xo € R"” be a point such that

| Pyx (t, x0)|| < Ce™®, forall t < O,
| Pux(t, x0)|| < Ce*, forallt> 0,

(9.8)
for some o < A and C > 0. From the linear estimates (9.1), (9.2) and (9.8), we get

I exp (—Ar) Pyx(z, xo)|| < Coe™ || Pyx(z, x0)| < Ce*™®" 1 <0

and
llexp (—Ar) P,x(t, x0)|| < Coe ™™ |P,x(t, x0)|| < Ce® ™™ t > 0.

Next, from the Variation of Parameters formula,
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t
x(t, xo) = exp At xo —|—/ expA(t — 1) f(x(7,x0))dr,
0
it follows that

B t
Pyx(t, x0) = exp At | Pyxg + / exp (—A7) Psf<x<r,xo>>dr],
0

and

B t
P, x(t, xg) = exp At | P,xo +/ exp (—At) P, f(x(t, xo))dr] .
0

Combining these formulas with the previous estimates, we get

(A—a)t

t
Pixo +/ exp (—At) P f(x(t,x0))dt|| < Ce forall r <O,
0

and

< Ce@ ™M forall t> 0.

Hence, if we send + — —oo0 in the first inequality and + — oo in the second, we
obtain

t
Puxo + / exp (—AT) P, f(x (1, x0))dT
0

Poxo + /_ exp (—At) P f(x(t, x0))dt =0,
0

and ~
P, xq +/ exp (—At) P, f(x(t,xp))dt = 0.
0

It follows that x(z, xo) solves the integral equation (9.5) with yp = P.xo. By
uniqueness of fixed points, we have x (¢, xo) = y(t, P.xo). This proves that xo €
W.(0), which is (iii).

Finally, let xo € W,(0) and set w(¢) = P.x (¢, xo). Since the center manifold is
invariant under the flow, we have that

x(1, x0) = w(t) + n(w(1)).
Multiply the differential equation by P, to get

W/ (1) = Pex'(t, x0) = Pc[Ax(z, x0) + f(x(, x0))]
= Aw(t) + Pc f(w(®) + n(w())),

with initial condition
w(0) = P.x(t, x9) = P.xo.
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This is (iv). [
Without the smallness restriction (9.4), we obtain the following weaker result:

Corollary 9.1. (Local Center Manifold Theorem) Suppose that f : R" — R”" is
C! with f(0) = 0 and Df(0) = 0. There exists a C' function n and a small
neighborhood U = B,(0) C R" with the following properties:

i) n: E. —> E;+ E,, n(0) =0, and Dn(0) = 0.

(i1) The set WCIOC(O) = {xo € U : Psxo + P,xo = n(P.x0)} is invariant under
the flow in the sense that if xo € WCI"C (0), then x(t, xo) € WCIOC (0) as long as
x(t,xo9) € U.

(iii) If xo € W.(0), then w(t) = P.x(t, xo) solves

w = Aw+ P.f(w+nw)), w() = P.xo,

as long as x(t, xp) € U.

Definition 9.2. A set WCZOC (0) which satisfies (i) and (ii) is called a local center
manifold.

Proof of Corollary 9.1. By choosingr > 0 sufficiently small, we can find f R —
R” such that f(x) = f(x) forall x € B,(0) = U and (9.4) holds for f, with M as
small as we please. For example, choose ¢ € C I(R, R) such that

) 1, s <1
s) =
¢ 1/s, s>2.

Then we have
Is@(s)| + |s¢'(s)] < C forall s eR.

Define 5
S = fledlxll/r) x),

for r sufficiently small.

Let x(¢, xg), x(t, xo) be the flows of Ax + f(x), Ax + f(x), respectively. By
uniqueness, we have that x (¢, xo) = x (¢, xg), as long as x (¢, xg) € U.

Fix the matrix A. Choose r (and hence M) sufficiently small so that the Center
Manifold Theorem applies for x(z, xp). The conclusions of the Corollary follow
immediately for x (¢, xgp). ]

Example 9.1. (Nonuniqueness of the Center Manifold) The smallness condition (9.4)
leads to the intrinsic characterization of a center manifold given by (iii) in the Center
Manifold Theorem 9.1. However, the following example illustrates that there may
exist other center manifolds.

Consider the 2 x 2 system



162 9 Center Manifolds and Bifurcation Theory

Xp=-xi, ¥p=-x3 x(0)=0a 00 =4

which has the form
x'=Ax + f(x),

.3
A:[g_ol], and f(x):[ gl].

The eigenvalues of A are {0, —1}, and A has one-dimensional center and stable sub-
spaces spanned by the standard unit vectors ej and e;, respectively. The projections
are given by

with

P.x =x1e; and Pyx = xper.

Note that f : R? — R? is C* with f(0) = 0 and Df(0) = 0.
This system is easily solved, of course, since it is uncoupled. We have

o

xi(t,a, B) = \/ﬁ’
xo(t, o, B) = ﬁe_t.

Notice that the orbits are given by

1 1
X2 exp(ﬁ) = Bexp (ﬁ) .
1

Let ¢1, ¢2 € R be arbitrary. Define the C*° function

c1 exp (_2%2) ,s <0
%.(S) = 07 S :O

cp exp (—23%) , s > 0.
Use the function £ to obtain a mapping n : E. — E; by
n(xier) = §(x1)ez.
Note that 1 is C', (0) = 0, and Dn(0) = 0. Let
We = {x € R*: Pox = n(Pex)} = {(x1, x2) € R* : xp = &(x1)}.

The set We is tangent to E. at the origin, and it is invariant because it is the union of
orbits. Therefore it is a center manifold for every &.
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Theorem 9.2. (Approximation of the Center Manifold) Let U C E. be a neigh-
borhood of the origin. Let h : U — E; + E, be a c! mapping with h(0) = 0 and
Dh(0) =0. If forx e U,

AR(x) + (P + Py) f (x + h(x)) = Dh(x)[Ax + P f (x + h(x)] = O([Ix]"),

as ||x|| = O, then there is a a C' mapping n : E. — E; + E, with n(0) = 0 and
Dn(0) = 0 such that
n(x) — h(x) = O([lIx]"),

as ||x|| — 0, and
{x+nkx):xeU}

is a local center manifold.

A proof of this result can be found in Carr [1]. The motivation for the result is the
same as in the case of the stable manifold. If n defines a local center manifold, then

An(x) + (Ps + P) f(x + n(x)) — Dn(x)[Ax + P f(x +1(x))] =0 x e U.

Remarks 9.2. In the case where the local center manifold has a Taylor expansion
near the origin, this formula can be used to compute coefficients. See Guckenheimer
and Holmes [2] for an example in which this does not work.

9.2 The Center Manifold as an Attractor

Definition 9.3. Let 2 C R" be an open set and let F : 2 — R be an autonomous
vector field with flow x(t, xg). A compact, connected, and positively invariant set
A C 2 is a local attractor for the flow if there exists an open set U with A C
U C $2 such that for all xo € U, the flow x(t, xq) is defined for all t > 0 and
dist(x(t, x9), A) — 0 ast — oo. If the neighborhood U = 2, then A is called a
global attractor.

We assume that:

F :R" — R" is a C! autonomous vector field with F(0) = 0.
F(x) = Ax + f(x), with A = DF(0).

The eigenvalues of A satisfy Re A < 0.

x(t, xgo) is the (local) solution of

x'=Ax + f(x) (9.9)

with initial data x (0, x¢) = xo.
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e According to Corollary 9.1, n : E. — E; defines a local center manifold
W/°(0) = {x € Be(0) : Pex € Bo(0) N E¢, Pox = n(Pex))

for (9.9).
e w(t, wp) is the (local) solution of the reduced flow on Wcl"c (0)

w = Aw + P.f(w+n(w)), (9.10)

with w(0, wg) = wg € B.(0) N E..

Theorem 9.3. Assume that w = 0 is a stable fixed point for (9.10). There is a
neighborhood of the origin V. C B.(0) C R"™ with the property that for every xo € V,
x(t, xq) is defined and remains in B¢ (0), forallt > 0, and there corresponds a unique
wo € V N E. such that

(2, x0) — w(t, wo) — n(w(t, wp))|| < Ce P!,

forallt >0, where 0 < B < Ag.

Remarks 9.3.

e The Theorem implies, in particular, that x = 0 is a stable fixed point for (9.9) and
that WCI"C (0) 1s a local attractor for (9.9).

e The Theorem holds with the word “stable” replaced by “asymptotically stable”.
Corresponding “unstable” versions are also true as t — —o0.

Proof. The proof works more smoothly if instead of the usual Euclidean norm on
R”, we use the norm ||x|| = || Psx|| + || P.x|| so that || P||, | P.|| < 1. Alternatively,
we could change coordinates so that E; | E,.

Thanks to the stability assumption, thereisa §; < ¢ suchthatif wy € Bs, (0)NE,,
thenw(z, wo) € B¢/4(0),forall z > 0. By continuity of 7, we may assume, moreover,
that 6; has been chosen small enough so that n(w(z, wg)) € Bg/4(0), forall £ > 0.

Let M/2 = max{||Df(x)|| : x € B:(0)}. By changing f outside of B,(0), we
may assume that || Df (x)|| < M, for all x € R". By uniqueness of solutions to the
initial value problem, the modified flow is same as the original flow in B, (0). Since
WCZOC (0) C B:(0), WCZ"C (0) remains a local center manifold for the modified flow.

Define the C! function g : B.(0) N E, x R” — R" by

gw,2) = fz+w+nw) — fw+nw)).
Then for allw € B,(0) N E. and z € R",
gw,0) =0, [Dgw, )l =M, |gw, 2l = Mlzl. 9.11)

Given xo € R" and wy € B;, (0) N E,, set
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z(t) = x(t, x0) — w(t, wo) — n(w(z, wo)).

Since both x(z, xo) and w(z, wo) + n(w(t, wp)) solve the differential equation (9.9),
z(t) solves

Z(t) = Az(t) + g(w(t, wo), z(1)), wo € Bs, (0) N E, (9.12)

with data
z(0) = xo — wo — n(wo).

Conversely, if z(7) is a solution of (9.12) in B, >(0), then
x(t) = z(t) + w(t, wo) + n(w(t, wo))

is a solution of (9.9) in B, (0) with data x(0) = z(0) + wo + n(wp).

The strategy will be to construct exponentially decaying solutions of (9.12) and
then to adjust the initial data appropriately.

Given 0 < B < Ay, define the set of functions

X ={ze CR",R" : |zllp = supe[|z(1)]| < oo}.
>0

X is a Banach space with norm || - || .

Now if zo € Bs, (0), then wo = Pczo € Bs, (0) N E.. Thus, w(z, wo) € B /4(0),
n(w(t, wo)) is defined, and also remains in Bg/4(0). Next, if z € X, then by the
properties (9.11), we have that ||g(w(t, wo), z(T)) || < M||z|lg e~ AT It follows by
(9.1) and (9.3) that

/ exp At — t) Pygw(t, wyp), z(1))dT
0

t

< Clizllp / e MU Ty
0

< Ce P! z]l,

and

/OO exp A(t — 1) P.g(w(t,wp), z(1))dt
t

o0
< cuzu,s/ (1+7—nlefdr
t

oo

:C||z||,3/ (1+0)le POt iy
0

= Ce P'|z]|p.

From this we see that the mapping
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t
T (zo,z)(t) = z(t) — exp At Psz —/ exp A(t — 1) Pyg(w(t, Pezo), z2(1))dt
0
+/ exp A(t — 1) P.g(w(t, P.z0), 2(7))dT.
t

is well-defined and that 7" : B;,(0) x X — X. T isa c! mapping, 7(0,0) = 0, and
D,T(0,0) = I. The Implicit Function Theorem 5.7 says that there exists §» < §;
and a C! map ¢ : Bs,(0) — X such that

¢0) =0, and T<(zo,¢(z0)) =0, forall zp € Bs,(0).
Set z(t,z0) = ¢(z0)(¢). By continuity, we may assume that §, is so small that
|z (, Z())H/g < 8/2, for all zg € B32(0).

The function z(z, zg) is an exponentially decaying solution of (9.12) which
remains in Bg/>(0). Thus, we have that

x(t) = z(t, zo) + w(t, wo) + n(w(t, wo))
is a solution of (9.9) in B, (0) with initial data
F(z0) = 2(0, z0) + Pezo + n(Pez0).
Itremains to show that given any xo € R" close to the origin, wecanfindazy € Bs, (0)
such that xo = F(zg).

Notice that F : Bs,(0) — B:(0) is C!, F(0) = 0,and DF(0) = I. So by the
Inverse Function Theorem A.3, there are neighborhoods of the origin V' C Bs, (0)
and W C B;(0) such that F : V — W is a diffeomorphism. Therefore, given any
xo € W, thereis azo = F~'(xp) € V. Then wy = P,z € Bs,(0) N E., and

1x(£) — w(t, wo) — n(w(t, wo) |l = llz(t, z0) | < (8/2)e™P". U

Example 9.2. (The Lorenz equation) Let us take a look at the following system,
known as the Lorentz equation,

X|] = —0X]1 +0x2
xé:xl—xz—qu B,0 >0

X3 = —fBx3 + x1x2.
This can be expressed in the general form
x'=Ax + f(x)

with
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X1 —o o 0 0
x=|x2|, A= I =1 0 |, and f(x)=| —x1x3
X3 0 0 —pB X1X2

The eigenvalues of A are {0, — (o + 1), —B}, and so A has a one-dimensional center
subspace and a two-dimensional stable subspace. Since f(x) is a C' map with
f(0) =0and Df(0) = 0, the center subspace goes over to a one-dimensional local
center manifold Wcl,"" (0) for the nonlinear equation. We are going to approximate
the flow on W'¢(0). We will show that the origin is an asymptotically stable critical
point for the flow on WCIOC (0). It follows from Theorem 9.3 that WCIOC (0) is a local
attractor.

To simplify the analysis, we use the eigenvectors of A to change coordinates.
Corresponding to the eigenvalues

A has the eigenvectors

—0o 0
U = , Uy = 1 , uz=10
1
If § is the matrix whose columns are u;, up, and u3, then AS = SB with

B = diag(11, A2, A3).
Make the change of variables x = Sy. Then

Sy =x" = Ax + f(x) = ASy + f(Sy),

so that
Y =STASy + 57 £(Sy) = By +g(»),
with
— T (1 =23

g =S""f(Sy) =| — (1 —oy)ys
1 —oy2)(y1 + y2)

Of course we still have g(0) = 0 and Dg(0) = 0. Since the linear equations are now
diagonal, we have

E. =span{e;} E; = span{ey, e3}
Py = yieq Psy = yre0 + y3e3.

This means that a local center manifold

WCZ()C(O) —{ye R" - P.y e U, Py =n(P.y)},
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can be determined by a function n : E. — E; which has the form

n(y) =n(ier) = n(yex +n3(y1)es, y=yier € E..

To approximate 1, use the equation

Bn(y) + Psg(y + n(y)) — Dn(y)[By + Pcg(y +n(y)]1 =0, ye€ E..

This is equivalent to the system

— (0 + Dm1) + &+ 1) =nr(yDgi(y +n(y))
—Bm (1) + g3 + n(») = n5(1)g1(»y + n(y)). (9.13)

Since n(0) = 0 and Dn(0) = 0, the first term in the approximation of 1 near 0 is
of the form

m(y1) =otzy%+~~- , m3(y1) :a3y12 4.

Note that the right-hand side of (9.13) is of third order or higher. Therefore, using
the form of 1 and g, we get

1
—(0 4+ D) — —— 1 —omOD)n(n) = 0(yn ),
o+1

—Bn3 (1) + (1 — o))+ m() = 0(yil?).

There can be no quadratic terms on the left, so

—(o + Dna(y1) =0,
—Bn3(y1) + ¥y = 0.

This forces us to take o = 0 and @3 = 1/f. In other words, we have
W) ={y e R :y1 €U, yo= 0G0, y3 =11/B+ OGN}
The flow on WCZ"C (0) is governed by the equation
w = Bw+ P.gw+n(w)), w(0)=wy € E..

Since w = P.w = wjej, this reduces to

wy = —G(j?(wl — n2(wi))nz(wy)

0 4
Bo+ )

~
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Therefore, since 8, o > 0, the origin is an asymptotically stable critical point for the
reduced flow on W'%¢(0). A simple calculation shows that

w1(0)

1
o= O o]
|:1 4 (ZO'W](O)) ti| +1

Blo+1)

Now Wé”c (0) is exponentially attracting, so
Y(0) = wiDer + 0™ ).

It follows that all solutions in a neighborhood of the origin decay to O at a rate of
t~1/2 ast — oo, which is a purely nonlinear phenomenon.

9.3 Co-Dimension One Bifurcations

Consider the system x” = f(x, u) in which f : R**!l — R” is a C* autonomous
vector field depending on the parameter & € R. Suppose that £(0,0) = 0;i.e.x =0
is a critical point when ;¢ = 0. We wish to understand if and how the character of
the flow near the origin changes when we vary the parameter .

Definition 9.4. The value n = 0 is called a bifurcation value if, for u # 0, the flow
of f(x, u) near the origin is not topologically conjugate to the flow of f(x, u) for
uw=0.

Let A(u) = D, f(0, ). If A(0) hyperbolic, then by the Implicit Function
Theorem, there is a smooth curve of equilibria x(x«) such that x(0) = 0 and
f(x(w), m) = 0, for u near 0. Moreover, x () is the only critical point of f(x, u)
in a neighborhood of the origin. Again for © small, we see that by continuity A(u) is
hyperbolic, and it has stable and unstable subspaces of the same dimension as A(0).
By the Theorems 7.3 and 7.5 the flow of x" = f(x, ) is topologically equivalent
for all u near 0. This argument shows that in order for a bifurcation to occur, A(0)
can not be hyperbolic.

The simplest case is when A(0) has a single eigenvalue on the imaginary axis.
Since A(0) is real, that eigenvalue must be zero and all other eigenvalues must have
non-zero real part. This situation is called the co-dimension one bifurcation.

Bifurcation problems are conveniently studied by means of the so-called
suspended system

x'=fx,n) u =0. (9.14)

This is obviously equivalent to the original problem, except that now w is viewed as
a dependent variable instead of a parameter. The orbits of the suspended system lie
on planes u = Const. in R"*!. The suspended system will have a center manifold
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of one dimension greater than the unperturbed equation x” = f(x,0). So in the
co-dimension one case, it will be two-dimensional. We now proceed to reduce the
flow of the suspended system to the center manifold.

Let A = A(0) have invariant subspaces E?, EZ, . » with the projec-
tions P24, PA, and PA. We are assuming that EZ is one-dimensional, so let EZ
be spanned by the vector v; € R”. Let vs, ..., v, € R" span E;‘ ® E,f, so that the
set {vy, va, ..., v,}is a basis for R”.

Now returning to the suspended system, if we set

y = [Z:|, and g(y) = [f(xo,,u)] e R" x R,

A and EA

then (9.14) can be written as
y'=g.

Note that g(0) = 0 and
AC
D,g(0) = |:0 O] = B,

in which C = #£.(0,0) € R". Write C = C) + C, with C; = PAC = ov; and

Cy = (PSA + PMA)C. Now A is an isomorphism on E;‘ &) Elf, so there is a vector
vy € E;‘ D Elf such that Avg = —C».

The vectors
| Yo _lu | Un
MO - 1 ) I/t] - 0 k) LR ) u}’l - 0 )

form a basis for R**1. Let E SB ,E f L E f be the stable, center, and unstable subspaces
for B in R"*!. Note that

Bu; =0 and Bug= |:AUOO+C:| = |:0(1))1] =ouj;

i.e. ug is an eigenvector and u is a generalized eigenvector for the eigenvalue 0. So
E f is (at least) two-dimensional. Since the restriction of B to the subspace spanned
by the vectors {us, ..., u,}is the same as A on E;“ ® E;‘, it follows that {u», ..., u,}
spans EB @ EB. So it now also follows that EZ is spanned by {ug, u1}.

We see that there is a two-dimensional local center manifold for the suspended
system described by a C! functionn : EB — EB @ EB, with n(0) = 0, Dn(0) = 0.
The reduced flow is then

w = PBg(w+nw)), weEB.

Since
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n
fOw) =) =D £y,
j=1

we have

5 = [fg”] =2 00
=

Therefore, given that EZ is spanned by u, u1, we can write

w=wouo +wiur, and PPg(y) = fimui.
In more explicit form, the reduced equation is

wolo + wiur = fi(wouo + wiui + n(wouo + wiui))ui.
Define the scalar function
h(wo, w1) = fi1(wouo + wiuy + n(wouo + wiu)).
Compare the coefficients of the two components to get the system
w6 =0, w’l = h(wg, w1).

Looking at the definition of 4 and f;, we see that 4(0, 0) = 0 and D,, h(0, 0) = 0,
since

Dy, h(0, 0)uy
= Dy, [f1(wouo + wiug + n(wouo + wiur))]utlowy,w)=(0,0)
= Dy, [P g(wouo + wiur + n(wouo + wittt))lowe,w1)=(0,0)
= PEDg(0)[us + Dn(O)u,]
= PZBu,
=0.

Therefore, we have shown that, after relabelling © = wgp and x = wy, the
co-dimension one bifurcation problem reduces to the study of a scalar equation

x"=h(u, x)
with & : R? — R smooth and 4(0, 0) = 0, D, A(0, 0) = 0.

In the following, we consider the three basic ways in which this type of bifurcation
occurs.
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Saddle-Node Bifurcation

The generic example is illustrated by the vector field
fx, ) =eipn—erx>, g ==1,i=12.

If, for example, €1 = ¢ = 1, then f(x, i) has no critical points when u < 0, one
critical point when © = 0, and two critical points when p > 0. Thus, we have three
distinct phase portraits, as shown in Fig. 9.1.

The situation can be summarized in a single bifurcation diagram as in Fig. 9.2.
The solid line indicates a branch of stable critical points, and the dashed line indicates
unstable critical points. The picture is reflected in the p-axis when the sign of €7 is
negative and in the x-axis when ¢, changes sign.

The general saddle-node bifurcation occurs when f(u, x) satisfies

f(0,0) =D, f(0,0)=0, and D,f(0,0)#0, D;f(0,0)#0.
By the Implicit Function Theorem, the equation
fx,w)=0

can be solved for p in terms of x. There is a smooth function @ (x) defined in a
neighborhood of x = 0 such that

A
=
A
;
=
J

u<o u=0 u>0
Fig. 9.1 Phase diagrams for the saddle-node bifurcation

Fig. 9.2 Saddle-node bifur- X
cation diagram




9.3 Co-Dimension One Bifurcations 173

pn(0) =0, fx, ux) =0,

and all zeros of f near (0,0) lie on this curve. If we differentiate the equation
S (x, u(x)) = 0 and use the facts that D, f(0,0) = 0 and D, f (0, 0) # 0 we find

_ D f(0,0)

M,(O) =0 and M”(O) = m
" s

#0
So we can write

1
S, w) =g, w(u — pu(x)), with g(x,u)=/0 D,f(x,on+ (1 —o)p(x))do.

Since g(0, 0) # 0, we obtain bifurcation diagrams analogous to the model case.

Transcritical Bifurcation

The basic example is
flx,m) = ax? +2Bux + yu’.

In order to have interesting dynamics for u # 0, there should be some critical points
besides x = 0, . = 0. So we assume that  # 0 and 82 — ay > 0. This yields two
lines of critical points

xx(u) = pre, with re =[-p£,/p% —ayl/a,

and we can write
S, w) =alx —xqp(u)(x —x-(n)).

For u # 0, there are a pair of critical points, one stable, the other unstable, and their
stability is exchanged at © = 0.
Note that stability of both fixed points can be determined by the sign of «, since

X-() < —Bufor < xi () and f(=Bu/je, 1) = =[p? — aylp?/a.
In general, a transcritical bifurcation occurs when

£(0,0) = D, f(0,0) = D, f(0,0) =0, and D>f(0,0) # 0.

In order to have critical points near (0, 0), f cannot have a relative extremum at
(0, 0). This is ruled out by assuming that the Hessian is negative. Let

o =D;f(0,0) B=D:D,f(0,0) y=D(0,0).
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X

\ ~
~
~
- U - U
\\ \
xe(p) xi(p)
x (1) x- (1)
a>0 <0
Fig. 9.3 Transcritical bifurcation diagrams
Then (0, 0) is not a local extremum for f provided that
o B 2
H = det =ay — < 0.
[ 8 y] y—~
Suppose that x(x) is a smooth curve of equilibria with x(0) = 0. From

f(x(w), n) = 0 and implicit differentiation, we get

Dy f(x (), w)x" (1) + Dy f (x (), ) =0,

and

D2 f(x (), )[x' ()1 + 2Dy D, f (x (1), ) x' (1)
+ D}, f (x (), 1) + Dy f(x(), w)x" () = 0.

If we set u = 0, we see that x’(0) is a root of
at? + 2B +y =0.

The solvability condition is precisely H < 0. From this we can expect to find two
curves
xt(u)=pure+... with ro = —-[E VvV H]/a.
Now we proceed to construct the curves x4+ (). By Taylor’s theorem, we may
write

1 |
fe,p = Eoex2 + Bux + §VM2 +8(x, ),



9.3 Co-Dimension One Bifurcations 175
in which the remainder has the form
8(x, u) = Alx, Wx* + B(x, wx*u + Clx, wxp? + D(x, w)p’,

with A, B, C, D smooth functions of (x, ().
Next consider the function

gy, 1) = 2 f(u(y +r4), ).

Thanks to the above expansion, we have that

1 1
g0, ) = Saly + r)? + By o)+ SV HRFQG, ),

with F(y, n) a smooth function. It follows that g(y, ) is smooth, g(0,0) = 0,
and Dyg(0,0) = ~/—H > 0. If we apply the Implicit Function Theorem, we get a
smooth function y, (u) such that

y+(0) =0, gy+(w),pn)=0.
Set x4 (1) = pn(y+(u) +r4). Then
0 (0)=0, x/ (0)=ry, flrp(u),pn) =0.

In the same way we get a second curve x_ () with slope r_ at 0.

Since x_ < (x4 + x_)/2 < x4, the stability can be determined by the sign of
f((x4+x_)/2, ) which a simple calculation shows is approximated by —H u?/c,
so we get diagrams similar to the one above.

Pitchfork Bifurcation

The fundamental example is
flx, u) =eux — 82x3, g ==x1,i=1,2.

For example, if 1 = ¢, = 1, then for © < 0 there is one stable critical point at
x = Oand for u > 0 two new critical points at x = =&,/ are created. The stability of
x = 0 for u < 0 is passed to the newly created pair for © > 0. The one-dimensional
phase portraits are shown in Fig. 9.4. The bifurcation diagram is shown in Fig. 9.5.
The other cases are similar.

The bifurcation is said to be supercritical when e1&> > 0 since the new branches
appear when u exceeds the bifurcation value © = 0. When €1¢7 < 0, the bifurcation
is subcritical.
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Fig. 9.4 Phase diagrams for > < x > > <« x
the pitchfork bifurcation

u<0 u>0

Fig. 9.5 Supercritical pitch- X
fork bifurcation diagram

____le,

The general case is identified by the following conditions

£(0,0) = Dy £(0,0) = D, f(0,0) = D2 £(0,0) =0,
DD, f(0,0) #0, D;f(0,0) #0.

From the above analysis, we expect to find a pair of curves x(u) ~ ¢y and p(x) =~
+c5x? to describing the two branches of equilibria. If such curves exist, then implicit
differentiation shows that a necessary condition is

x(0)=0 x'(0) =0 =-D; f(0,0)/D,Dx f(0,0)
and
1(©0)=p'(0)=0 u"(0)=p=—D;f(0,0)/3D;D, f(0,0) # 0.

Therefore, the first curve can be found by applying the implicit function theorem
to
g ) =n (o +y). w) =0

to get y(u) satisfying
y0) =0, g(w,wn) =0.

Then the curve is obtained by setting x (1) = (o + y(u)).
The second branch comes by considering the equation
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h(x,2) =x"2f(x,x>(p/2 + 1)) = 0.
The implicit function theorem yields a function A(x) such that
A(0) =0, g(x, A(x)) =0.

Finally, let s (x) = x?(p/2 4 A(x)). The bifurcation is supercritical when p > 0 and
subcritical when p < 0.

Example 9.3. (The Lorenz Equation, II) Let us have another look at the Lorenz
equations considered in Sect. 9.2. This time, however, we add a small bifurcation
parameter:

X =—0x1+0x3

Xy = (I 4+ w)x; —x2 — x1x3

x3 = —fx3 + x1x2.

Here 8, 0 > 0 are regarded as being fixed, and n € R is small. The system has

the form x” = f(x, u) with £(0,0) = 0. Moreover, we have already seen that the
matrix

—o o 0
D, £(0,0) = 1-1 0],
0 0-p

has a one-dimensional center subspace, so that for i # 0 a bifurcation could occur.
To study possible bifurcations near (x, u) = (0, 0), we will consider the suspended
system and reduce to the flow on the local center manifold. The suspended system
is:

X =—0x1+0x3
Xy = X1 — X2 + X1 — X1X3
X3 = —fx3+x1x2
w =0.
Notice that because u is being regarded as a dependent variable, px is considered to

be a nonlinear term. So we are going to approximate the flow on the two-dimensional
center manifold of the equation

7 =Az+g(), (9.15)

where
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X1 —o o 00 0
| x _ 1-1 00 | (e —x3)
7= o | A= 0 0-p0 | and g(z) = X1x0 (9.16)
n 0 0 00 0

By our earlier calculations, we have the following eigenvalues:
A=0,—(c+1),-8,0

and corresponding eigenvectors:

1 —0 0 0
1 1 0 0
01’ 01’ 11 0’
0 0 0 1
for the matrix A. Thus, the matrix
1-000
1 100
5=10 010
0 001

can be used to diagonalize A:
AS =SB, with B =diag(0,—(oc + 1), —5,0).
If we make the change of coordinates z = Sy, then (9.15) and (9.16) become
y'= By +h(y),

in which 4 (y) = S~'g(Sy). More explicitly, we have

1
1T o471 00
1 1
st | a7 77700
0 0 10
0 001

and hence
S —oy2)(ya — y3)
h(y) = st (1 —0y2)(ya = y3)

1 —oy2)(y1 +y2)
0

Tracing back through the substitutions, we have y4 = z4 = .
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The local center manifold is described as
W) = {y € R*: Poy € U, Pyy =n(Pey)},
withn : U ¢ E. - E;aC! map such that n(0) = 0, Dn(0) = 0. Since B is

diagonal, it follows that E. = span{ej, e4} and E; = span{es, e3}. Given the form
of E. and E, we can write

W) = {y e R*: (v, ya) € U, y2 = (1. va), ¥3 = 13(y1. va)}.-

Using Theorem 9.2, we can approximate 7 to third order. We find that » satisfies

1
—(0 + D) may1, ya) + —— yiya = O(IyII*)
o+1
—B 31, ya) + yi = oIy l?).

This shows that

(1, ya) = (0 + D 2y1iya + Oy IP), n3(y1, ya) = B y7 + Ollyl®).

By part (iii) of Corollary 9.1, the flow on WCZOC (0) is governed by
w' = Pch(w+n(w), w= Py,
which, in this case, is equivalent to

o
i = ——1 — oy, ya4)(a — n3(y1, ya))
o+1

vy =0,

with initial conditions y1 (0) and y4(0) = w. Since y4 = Const. = u, we end up with
a scalar equation for v = y; of the form

v = F(u, w),
with

o

F(v,n) = 1(v —omn(v, w)(u —n3(v, 1)

o+

o o I,
a—l—l|:U_(G+I)ZMU:||:M_EU]+“'
o

= v 1v3 “ 2|+
o+ MY T2t

&
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Notice that
F(0,0) = D,F(0,0) = D, F(0,0) = D>F(0,0) = 0,

and
60

o
DUDPLF(O’O):O_—H >0, DSF(0,0):m >0

Thus we have a supercritical pitchfork bifurcation. For u < 0 there is a single
asymptotically stable fixed point at x = 0. If u < 0, then all solutions decay towards
the origin exponentially fast. For # > 0 there is an unstable fixed point at x = 0.
It has a two-dimensional stable manifold and a one-dimensional unstable manifold.
Additionally, there are a pair of asymptotically stable fixed points. These three critical
points lie on the invariant curve obtained by intersecting the center manifold of the
suspended equation with the plane u© = Const. This curve contains the unstable
manifold of x = 0.

9.4 Poincaré Normal Forms

The analysis of the reduced flow on the center manifold can be a difficult task in
more than one dimension. In one dimension, we have seen how the isolation of
certain terms of the Taylor expansion of the vector field is essential in understanding
the nature of a bifurcation. The reduction to normal form is a systematic procedure
for eliminating all inessential terms. The presentation in this action largely follows
Arnol’d [3].
Consider the flow of
x'=Ax + f(x) 9.17)

where A is an n x n real matrix and f : R" — R" is C*° with f(0) = 0, Df(0) = 0.
Suppose we make a change of variables

x=y+h(y)=2(0), (9.18)

with 4 : R" — R"in C* and 4#(0) = 0, Dh(0) = 0. The Inverse Function Theorem
ensures us that @ is a local diffeomorphism near the origin. That is, there exist
neighborhoods of the origin U, V C R"” such that @ : U — V is a diffeomorphism.
Let us see what happens to the system under this change of coordinates. Suppose
that x(z) is a solution of (9.17) in V and define y(¢) through (9.18). By the chain
rule, we have
x"=y"4+ Dh(y)y' =[I + Dh(y)]y".

Then using the fact that x is a solution and then the invertibility of D@, we get
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y =1+ Dh(y)]™ '
=[I + Dh(y»)] ' [Ax + f(x)] (9.19)
= [I + DRI Ay + k() + f +hO)].

This is simpler than the proof of Theorem 8.6 where we studied the nonautonomous
analog of this computation.

Suppose that the terms of the Taylor expansion of f(x) at x = 0 all have degree
r > 2. Write

f(x) = fr(x) + O0(|x|I"),

where f,(x) is a vector field all of whose components are homogeneous polynomials
of degree r and O (||x|" *+1) stands for a smooth function whose Taylor expansion
at x = 0 starts with terms of degree at least r + 1. Take the function A(y) in the
coordinate change (9.18) to have the same form as f,(x), that is, suppose that /(y)
is a vector-valued homogeneous polynomial of degree r. Then since

[1 + Dh()]™" =1 = Dh(y) + Dh(y)> —... =1 = Dh(y) + O(Iy|*" "),
we have when we go back to (9.19)

Y = Ay + Ah(y) — Dh(y)Ay + f-(») + O(lIly|I"™).

Then expression
Ah(y) — Dh(y)Ay + fr(¥)

is homogeneous of degree r. We can attempt to kill these terms by choosing the
function A (y) so that

Lah(y) = Dh(y)Ay — Ah(y) = fr(y). (9.20)

The expression L 4 is known as the Poisson or Lie bracket of the vector fields Ax
and A (x).

Equation (9.20) is really just a linear algebra problem. The set of all homogeneous
vector-valued polynomials of degree r in R" is a finite-dimensional vector space, call
it H”?, and LyH" — H" is a linear map.? So we are looking for a solution of the
linear system Lah = f, in H}.

When does (9.20) have solutions? In order to more easily examine our linear
system in the vector space H', we need to introduce a bit of notation. An n-tuple of
nonnegative integers

m= mi,mo,...,Mmy)

is called a multi-index. Its order or degree is defined to be

2 The dimension of H” is n (r —H: B 1).
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lm|l=mi+my+...+m,.

Given an n-tuple y = (y1, y2,...,¥n) € R" and a multi-index m of degree r,
monomials of degree r are conveniently notated as

Y= yyy ey
Now if {vg};_; is a basis for R", then
o ck=1,...,n; |m|=r}
is a basis for H”.
Lemma 9.1. Let A be an n x n matrix, and let A = (A1, ..., A,) be its n-tuple of

eigenvalues. Then the eigenvalues of the linear transformation L o on 'H}' are given
by
A-m— A j

where |m| = r is an multi-index of degree r and j = 1, ..., n.

Proof. We shall only sketch the proof in the case where A is diagonalizable. Let S
be the matrix whose columns are a basis of eigenvectors vy, ..., v,, and let A be the
diagonal matrix of the corresponding eigenvalues Ay, ..., A,. Then A = SAS -1
The set of homogeneous polynomials

foj i RT = C" with fin() =S"")"v;, j=1,....n, |m|=r

forms a basis for (complex) H as well as being a set of eigenvectors for L4. A
direct calculation shows that L4 fy,, j(x) = (A - m — A;) fi,j(x). This confirms
the statement about the eigenvalues, and it also shows that, in the case that A is
diagonalizable, the range of L 4 is spanned by f, ;(x) for m and j such that A - m —
Aj # 0. A real basis for the range of L4 is obtained by taking real and imaginary
parts, and this is summarized in the next corollary. If A is not diagonalizable, the
argument is a bit more complicated. U

Corollary 9.2. Let A be a diagonalizable n x n matrix with eigenvalues {X.;}. Define
the polynomials fj,,(x), j = 1,...,n, [m| =r, as above. Then

H’: = Rr(LA) ) Nr(LA)v

where
Ry (La) = span{Re fu (), Tm f(x) 1 - m — iy # 0}

is the range of L 4, and

Ny (La) = span{Re f; ,, (x), Im f; ;,,(x) : A-m — A =0}
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is the null space.

Definition 9.5. A multi-index m of degree r is resonant for A if A -m — Ay = 0, for
some k.

Thus, if A has no resonant multi-indices of degree r, then L 4 is invertible on H”
and Eq. (9.20) has a unique solution & € H] for every f, € H!.

Example 9.4. Let us compute the resonances of degree two and three for the matrix

0 -1
A= [ 1 0} |
The eigenvalues of A are A = (i, —i), and A is diagonalizable. First, we list A - m
for the three multi-indices m of degree two:

2,00-G,—-i)=2i, (1,1)-G,—-i)=0, (0,2) @G, —i)=—-2i.

None of these numbers is an eigenvalue for A, so there are no resonances of order 2.
Now we do the same thing for r = 3. There are 4 multi-indices of degree 3:

3,0 -G, —i)=3i, 2,1)-G,—i)=i=2»x,
(1,2)- (i, =) =—i =2, (0,3)-(i,—i) = —3i.

We find two resonant multi-indices of degree 3, namely (2, 1) and (1, 2). Applying
the formula of Corollary 9.2, we obtain

N3(La) = span [nxn2 {2] e [;1"2“ .

Definition 9.6. The convex hull of a set 2 C R" is the smallest convex set which
contains §2. The convex hull is denoted by co S2.

Lemma 9.2. Let A be an n x n matrix, and let o (A) be the set containing its
eigenvalues. If 0 ¢ co o (A), then A has at most finitely many resonances.

Proof. Since o (A) is finite, co o (A) is closed. Therefore, if 0 ¢ co o (A), then
there is a § > O such that |z| > § for all z € co o (A).
Let m be a multi-index with |m| = r. Then

n
o
Aom/r= ZTJAJ- € coo(A),
j=1

SO |A-m/r| >34.
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Choose M > 0 sothat [A;| < M, forall Ay € 0(A). If r > M/5, then |A - m| >
ré > M > A, for all Ay € 6 (A). Thus, x™ is nonresonant if |m| > M/$§. [

Remark 9.4. 1f A is real, then since complex eigenvalues come in conjugate pairs,
0 ¢ co o (A) if and only if o (A) lies on one side of the imaginary axis.

Theorem 9.4. Let Ax + f(x) be a smooth vector field with f(0) = 0and Df (0) =
0. Consider the Taylor expansion of f(x) near x = 0:

Jx) =)+ f3x0) + -+ fp(x) + Rfpr1(x),
in which f.(x) € H}!, r = 2,..., p and the remainder Rf, 1 is smooth and
O([lx|IP+h).
Foreachr =1, ..., pdecompose H! as’H!! = R, (LA)®G,(La), where R, (L 4)
is the range of L on H!! and G,(L ») is a complementary subspace. There exists a

polynomial change of coordinates, x = ®(y), which is invertible in a neighborhood
of the origin, which transforms the equation

x'=Ax + f(x)
into Poincaré normal form

YV =Ay+g0) +...+ g, + Rgp+1(y),

with g, € G, and the remainder Rg,1 smooth and 0(||y||p+1) near y = 0.

Proof. We will proceed inductively, treating terms of order r = 2, ..., p in succes-
sion. First, write

f2(x) = fa(x) — g2(x) + g2(x),
with fo(x) — g2(x) € R(L4) and g2(x) € G. Let hy € H; be a solution of
Lahy = fo — ga.
Then x = y + hy(y) transforms x’ = Ax + f(x) into
Y =AY+ g0+ )+ )+ OdyIPHh.

If we continue in the same manner to eliminate terms of order 3, then we will have
a coordinate change of the form y = z + h3(z) with h3 € H73. The point is that this
change of coordinates will not affect terms of lower order. Thus, we can proceed to
cancel terms of successively higher order. 0

Example 9.5. Consider the system x’ = Ax + f(x) with
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01
a=[a0)
and f(0) =0, Df(0) = 0. Since A has the double eigenvalue 0, all multi-indices are

resonant! Nevertheless, L 4 is nonzero, so we can remove some terms. Let’s study
L on H% and determine the normal form of degree 2.

Hy(x) ] we have

First, for an arbitrary function H (x) = [H )
2

LsH(x)=DH(x)Ax — AH(x) = [X231H1(x) — Hz(x):| .

X201 Ha(x)

Choose a basis for H%:

1 1
hi(x) = Qx%el ha(x) = lezez

hy(x) = x1x2e1 hs(x) = x1x2€2

1 1
hi(x) = zx%el he(x) = zx%ez

We have used the standard basis vectors eq, ex here because they are generalized
eigenvectors for A. After a little computation, we find that

Lahy =hy Lahy =2h3
Lahy =0 Lahga = —h1 + hs
Lahs = —hy 4 2he Lahe = —h3
Thus, the range of L 4 is given by
R(L ) = span {h, h3, —hi + hs, he}.
We can choose the complementary subspace
G2 = span {hy, ha}.
Now using Taylor’s theorem, expand f (x) to second order near x = 0:

f(x) = () + o(lx[®)

6

= > aihi(x) + O(Ix|*)
i=1

= [o2ho(x) + a3h3(x) + as(—h1(x) + hs(x)) + ashe(x)]
+ [(ag 4 as)h1(x) 4+ agha(x)] + O(|x|?)

= fr(x) + g2(x) + O(lIx|1?),
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with f> € Ro(L4) and g3 € Go(L ). Set

1 1
H(x) = azh(x) + Eashz(X) + ashq(x) + 5046(}11(35) — hs(x)).

Then )
LaH(x) = f2(x),

and using the transformation x = y + H(y), we can achieve the normal form

Y = Ay + g2(») + O(llyl1®).

To complete this section we state a general theorem about reduction to normal
form.

Theorem 9.5. (Sternberg’s Theorem) Let A be an n x n matrix with at most a finite
number of resonances. Let f : R" — R" be C*° with f(0) = 0, Df(0) = 0. For any
positive integer k, there exists a C* function h : R — R" with h(0) = 0, Dh(0) = 0
such that the change of variables x = y + h(y) transforms x' = Ax + f(x) ina
neighborhood of the origin into

YV =Ay+ a0+ -+ gp(y),

where g, € H! © R(La), r =2, ..., p, and where p is the maximum order of any
resonance.

Remarks 9.5.

e The difficult proof can be found in the book of Hartman [4] (see Theorem 12.3).

e The result is the smooth analogue of the Hartman-Grobman theorem 7.2. It says,
in particular, that if A has no resonances, then the flow is C¥ conjugate to the linear
flow.

e The hypothesis that A has finitely many resonances implies that A is hyperbolic.

e In general, the size of the neighborhood in which the transformation is invertible
shrinks as k increases. Nothing is being said here about the existence of a C*
change of coordinates. Theorems of that sort have been established in the analytic
case, see Arnol’d [3].

9.5 The Hopf Bifurcation

The Hopf bifurcation occurs when a pair of distinct complex conjugate eigenvalues of
an equilibrium point cross the imaginary axis as the bifucation parameter is varied. At
the critical bifurcation value, there are two (nonzero) eigenvalues on the imaginary
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axis. So this is an example of a co-dimension two bifurcation. As the bifurcation
parameter crosses the critical value, a periodic solution is created.

The general case will be reduced to the following simple planar autonomous
system, with higher order perturbative terms. For now, the illustrative paradigm is

d o n—w X1 2 2 a —b X1
E[Xz]_[a) M] |:x2 + (x7 +x3) boallx| (9.21)
Here, as usual, i denotes the bifurcation parameter. The remaining constants a, b,

w are fixed with a # 0, w > 0. Notice that x = 0 is a fixed point, for all u € R.
The corresponding linear problem

rlal= Lo L)
dt | x2| |0 wnl||x
has eigenvalues p +=iw. Thus, when u < 0, the critical point x = 0 is asymptotically
stable for (9.21), and when p > 0, it is unstable. When p = 0, the eigenvalues lie
on the imaginary axis.
In order to find the periodic solution of (9.21), we change to polar coordinates.

Let
Xy =rcosf, xp=rsinb.

The equations transform into

r = ,ur—l—ar3
0" = w+ br.

The interesting feature here is that the first equation is independent of 6. In fact, we
recognize the equation for r as the basic example of a pitchfork bifurcation. If a < 0
the bifurcation is supercritical, and if @ > 0 it is subcritical.

Suppose that a < 0. Then the asymptotically stable critical point which appears
at r = (—pu/a)'/? when u > 0 corresponds to an asymptotically orbitally stable
periodic orbit for (9.21). If we set &« = 1/4/—a and B = b/(—a), then this periodic
solution is explicitly represented by

x1(t) = a/ucos[(w + Bu)t],
x2(t) = a/usin[(w + Bujt].

The amplitude is /i and the period is 27 /(w + B).

Simple as this example is, surprisingly it contains the essential information nec-
essary for understanding the general case. However, in order to see this it will be
necessary to make several natural changes of variables.

We begin with a planar autonomous equation depending on a parameter
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X' = f ), (9.22)

with a critical point at the origin when i = 0,1.e. f(0, 0) = 0. Think of this equation
as the result of reducing a higher dimensional system with a critical point at the origin
when © = 0 to its two-dimensional center manifold. If Dy f (0, 0) is invertible, then
by the Implicit Function Theorem there exists a smooth curve of equilibria x (u) for
wnear 0. If we set g(x, u) = f(x +x(u), u), then g(0, u) = 0. Therefore, we will
consider vector fields in this form. Altogether we will assume that

Al. f:R2xR — R?is C™,

A2. (O, n) =0,

A3. D, f(0,0) has eigenvalues +iw, with v > 0, and
Ad. t(u) = tr Dy £(0, u) satisfies t/(0) # 0.

Condition A3 implies that Dy f (0, i) has eigenvalues of the form &(u) £ in(w)
with £(0) = 0 and 1(0) = w. Assumption A4 says that &'(0) # 0, since 7(u) =
2&(w). It means that as the bifurcation parameter passes through the origin, the
eigenvalues cross the imaginary axis with nonzero speed.

The first step will be to show:

Lemma 9.3. Let f(x, u) be a vector field which satisfies the assumptions Al-A4
above. For || small, there is a smooth change of coordinates (t, x, jt) > (s, y, A)
which transforms solutions x(t, i) of (9.22) to solutions y(s, 1) of

Y= Ay + 80, ), (9.23)

in which g(y, A) is smooth and

A —w
A/\=|:w )\:|, g(0,2) =0, Dyg(0,1)=0.

Proof. Let §(u) & in(u) denote the eigenvalues of A, = D, f(0, u). Choose a
basis which reduces A, to canonical form:

i _ | &) —n(w)
S Audn = [n(u) suw]'

Then the transformation x (¢, u) = S, y(t, ) transforms (9.22) into y’ = g(y, ) in
which g(y, n) = S;l f(S,y, ) still satisfies A1-A4 and in addition
E(w) —n(u)]
Dyg(0, n) = .
780, ) [n(u) E(w)

Next we rescale time through the change of variables t = (w/n(w))s. Then
y((@/n(w))s, ) solves
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d = h(y, n)
dSy_ y,//«,

with
h(y, w) = (0/n(n)g(y, u).

Again h(y, ) satisfies A1-A4, and also

L5
Dyh(O, w) = n(u)

&)
a)—
n(w)

Finally, because of our assumptions, the function () = w&(w)/n(wn) has
Y¥’(0) # 0 and is therefore locally invertible. Set A = v (u). Then y(s, 1) is a
solution of y' = h(y, 1), and

Dyh(0, 1) = [3) _‘/‘\)]

This completes the proof of the lemma. U

We continue from (9.23) with the variables renamed. We are now going to apply
the normal form technique to the suspended system

x' = Aux +g(x, 1), w =0.
From this point of view, we should write this as
x'=Aox + px +gx, p), p' =0,
since px is a quadratic term. The eigenvalues for the linearized problem
x'=Aox, n' =0

are A = (A1, A2, A3) = (iw, —iw, 0).
The resonances of order |m| = 2 occur when

m = (0,1, 1), (1,0,1), (1, 1,0), (0,0,2).

Following the procedure of Corollary 9.2, we have that the corresponding resonant
monomials are

X1 ) 0 0
Ny=span {p | xo |, | xi |, IIxI*{ 0], u* |0
0 0 1 |
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The last two of these monomials do not occur because the third component of the
vector field is trivial. By the properties of g(x, i), the quadratic terms of its Taylor
expansion only involve the variables x and not p. So by a quadratic change of
variables of the form x = y + h(y) on R?, we can eliminate all quadratic terms from
g and (after relabeling y with x) transform the system to

x'=Aopx +pux+gx,w), p' =0,

in which g is at least cubic in x, x and still satisfies g(0, ©) = O and D, g(0, u) = 0.
The resonances of order |m| = 3 are given by

m=(2,1,0), (1,2,0), (1,1, 1), (0,1,2), (1,0,2), (0,0,3).

Using Corollary 9.2 again, we find the corresponding resonant monomials

X1 —X2 X1 —X2 0 0
Ny= Il o2 | Ixl? | x| | x| w® | x| omlxl? 0|, wdo|t.
0 0 0 0 1 1

The last four of these do not occur since g is at least quadratic in x and the third
equation is still trivial. Thus, using a cubic change of variables of the form x =
y + h(y, n), with 1(0, ) = 0, Dyh(0, u) = 0, we achieve the normal form

x' = Aox + px 4 |x|*Bx + g(x, ), w =0, (9.24)

a —b
o=[3 7]
and with § of fourth order in x, u, satisfying §(0, w) =0, Dx§(0, w) = 0. We will
make use of this fact in the next section.

Recognize that our normal form (9.24) is, of course, just a perturbation of the
model case (9.21). Does the periodic solution survive the perturbation?

We know that the sign of the constant a is important. Guckenheimer and Holmes
[2] give a formula for a in terms of g and its derivatives to third order at (x, u) =
(0, 0).

We will look at the supercritical case when a < 0. In the subcritical case, an
analysis similar to what follows can be performed. When a = 0, there is a so-called
generalized Hopf bifurcation to a periodic solution, but its properties depend on
higher order terms.

Suppose that —a = 1/a > 0. We will show that there is a ;9 > 0 such that for
all 0 < u < wo, the annulus

with

A={x eR*: (@m)'? = 1¥* < x|l < (@w)V? + *'*%) (9.25)



9.5 The Hopf Bifurcation 191

is positively invariant under the flow of (9.24). Since .4 contains no critical points,
it follows by the Poincaré-Bendixson Theorem 8.8 that .4 contains a periodic orbit.

Let’s check the invariance. We will show that the flow of (9.24) goes into A. Let
x(t) be a solution of (9.24), let « = 1/(—a)'/?, and set r(t) = ||x(¢)|. Multiply
(9.24) by x/r:

’r 3 Xz
ro=pur—r /a+;-g(x,u)-
Now § is fourth order near the origin, so we have that
Xz z 4 4
1~ -8 Wl = N8, wll = €O~ + 1,

and so for x € A we have 7 - §(x, w) = O(u?). Now consider r = (ap)'/? + p3/4
on the outer boundary of .A. Then

r = pllaw) ' + 1 = [+ 1P Ja + 0w = 207+ 0(?) <0,
for 0 < u < o, sufficiently small. Similarly, if r = (ap)'/? — 374, then
r=2u"*+ 0w >0,

for 0 < u < wo. This proves invariance.

Within the region A, it is easy to show that the trace of the Jacobian of the vector
field is everywhere negative. This means that all periodic solutions inside A have
their nontrivial Floquet multiplier inside the unit circle and are therefore orbitally
stable. It follows that there can be only one periodic solution within .4, and it encircles
the origin since there are no critical points in .A.

Define the ball

B={xeR”:|x|| < |au|"?+|uP*). (9.26)

It is immediate to check that r’ > 0 in B \ A, so that the origin is asymptotically
unstable, and there are no periodic orbits in B \ A.

On the other hand, if a < 0, u < 0, then it is straightforward to show that
r = ()cl2 + x%)l/ 2 is a strict Liapunov function for (9.24) in the ball B. Thus, the
origin is asymptotically stable, and there are no periodic orbits In B.

Similar arguments can be made when a > 0.

The results can be summarized in the following:

Theorem 9.6. Suppose that a # 0 and that o > 0 is sufficiently small. Let A and
B be defined as in (9.25), (9.26).

Supercritical case, a < 0: If 0 < u < o, then (9.24) has an asymptotically
orbitally stable periodic orbit inside A. It is the unique periodic orbit in B. The
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origin is asymptotically unstable. If —uo < u < 0, then the origin is asymptotically
stable for (9.24), and there are no periodic orbits in B.

Subcritical case, a > 0: If —ug < u < 0, then (9.24) has an asymptotically
orbitally unstable periodic orbit inside A. It is the unique periodic orbit in B. The
origin is asymptotically stable. If 0 < @ < o, then the origin is asymptotically
unstable for (9.24), and there are no periodic orbits in B.

There are a few questions that remain open. Does the periodic solution depend
continuously on ©? How does the period depend on w? In the next section, we use
the Liapunov—Schmidt method to study these questions.

9.6 Hopf Bifurcation via Liapunov—-Schmidt

Let’s return to the reduced problem (9.24) given in Sect. 9.5 after the normal form
transformation:
x' = Aox + px + |lxI* Bx + g (x. ), 9.27)

Aoz[g _‘(‘)’] B:[Z _Z] (9.28)

and g(x, u) € C®(R>*T!, R?) such that

with

g0, ) =0, DygO,p) =0, glx,n)=OMxI*UxI*+uH].  (9.29)

For notational convenience, we have dropped the double tilde from § We will now
show that the family of periodic solutions constructed in Sect. 9.5 is a smooth curve
in Z = C} (R, R?).

Theorem 9.7. Let I = {0 < s < so}. For sqo sufficiently small, there exist A, |t €
C>(1,R) and € C3(I, Z) such that

,u(s)%—asz—l—..., )»(s)%—bsz—i—...,

Y (0) =0, and x(t,s) = Y (s)(t) is a periodic solution of (9.27)—(9.29) with u =
w(s) and with period 2 (1 + A(s))/w.
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Remarks 9.6.

e Since s — ¥ (s) is C! and ¥ (0) = 0, we have that ||x(-, $)|lc1 < Cls|. The fact
that |s| ~ |u/a|'/ 2 implies that the solution x (¢, s) belongs to the ball B defined
in (9.26), and thus it coincides with the solution of Theorem 9.6.

e This theorem allows a = 0, however in this case we know less about the nature of
periodic solutions since Theorem 9.6 is not available.

e Whena # 0, Theorems 9.6 and 9.7 show that the Hopf bifurcation for the perturbed
case is close to the unperturbed case.

Proof. Let x(t, 1) be a small solution of (9.27)-(9.29). We will account for varia-
tions in the period by introducing a second parameter. Set

y(E, A, pw) =x((1+ 08, 1), A=0.

Then y is Tp-periodic if and only if x is To(1 + X)-periodic, and y satisfies

Y = (1+M[Aoy + uy + IYI*By + g(v, w)1.

Viewed as a function of (y, A, i), the right-hand side is quadratic (or higher)
except for the term Agpy. To be able to apply the Liapunov-Schmidt technique, we
will eliminate this term by introducing rotating coordinates (cf. Sects. 8.2 and 8.4).
Let

sinwt cos wt

U(t) = exp Aot = |:cosa)t —s1na)t]

and set
y() = U()z(1).
A routine calculation shows that

7 =2Aoz+ (14 1) [uz F 12IPU (=) B(t)z + U(=0)g(U )z, M)] . (9.30)

We are going to construct 7p-periodic solutions of this equation with Ty = 27 /w.
Here comes the set-up for Liapunov—Schmidt. Let

X={ze R, R : z(t + Tp) = z(1)},

with the norm
lzllx = max [z(t)|| + max [|z'(1)].
0<t<Tp 0<r<To

Also, let
Y ={h e CHR,R?) : h(t + Tp) = h(1)},

with the norm
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hlly = max |h()]|.
lly = max 0]

d
If we define L = e then L : X — Y is a bounded linear map. It is clear that the

null space of L is
K ={z€ X :z(t) = v=Const.},

and that the range of L is

Tp
R=1{he Y:/ h(t)dt = 0}.
0

So we have
X=M®K, and Y=R® S,
with
To
M:{zeX:/ z(t)dt = 0},
0
and

S={heY:h()=Const}.

M is a closed subspace of X, R is a closed subspace of Y, and L : M — R is an
isomorphism, since

t
L~ h(t) =/ h(t)dt
0

is bounded from R to M. Note that L is Fredholm, since K and S are finite (two)
dimensional. The projection of ¥ onto R along S is given by

(e
Prh(t) = h(t) — —/ h(t)dr.
To Jo
Now our problem (9.30) can be encoded as
Lz=N(z, A, pn),
in which
Nz, A, ) = AAgz+ (1 + 1) [MZ + ||Z||2U(—I)BU(I)Z +U(—t)g(U(t)z, /L)] .

Note that N € C®°(X x R?,Y) and

N@O,A,u)=0, D;N(0,0,0)=0. (9.31)
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All of the conditions for Liapunov—Schmidt are fulfilled, so we proceed to analyze
the problem

Lu=PrRN(u+ v, A, u),
(I — PR)N(u+v, A, u) =0,

withu € M and v € K = R?.

By the Implicit Function Theorem, Corollary 5.1, we get a C> mapping ¢ (v, A, 1)
from a neighborhood of the origin in R? x R x R into M such that

#(0,0,0) =0 and L$(v, A, u) = PRN(¢(v, A, ) + v, A, ).
(This is the minimum regularity which permits our subsequent computations). By

the uniqueness part of the Implicit Function Theorem, we get that ¢ (0, A, ) = 0.
Next, from

LDU(Z)(Uv )"’ M) = PR[DZN(¢(va )‘7 M) + U; )\', M)(DU¢(va )"7 M) + I)]v
we see using (9.31) that
LDy¢(0, &, u) = PRID;N (O, 1, £)(Dy (0, 2, ) + ] = 0.

It follows that D,¢ (0, A, ) = 0, since L is an isomorphism.
Setu(t, v, , u) = ¢(v, A, u)(¢). Then

u(t,0,A,u) =0, and Dyu(z,0,r, u) =0.
We can therefore write
g
u(t,v, A, u) = / —u(t,ov, A, p)do
0 do
1
:/ Dyu(t,ov, A, u)vdo
0
= J(tv v, )\'7 lu‘)va

with
J(,0,0,00 =0, and (v, A, ) +— J(,v, A, ) in C2, (9.32)

as a map of a neighborhood of the origin in R?> x R x R into M.
We now need to study the bifurcation function
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B(v, A, u) = (I — PR)N(¢ (v, A, ) +v, A, 1)
1 [T
= — Nu(t,v, A, ) +v, A, p)dt
To Jo
= [AAo+ (1 + Mulv
14+
To
14+ A
To

+

Ti
/ ’ lu(t, v, A, ) + 02U (=) BU (O)[u(t, v, A, ) + vldt
0

To
/0 U(—t)gU@)[u(t, v, A, ) + v], n)dt.

Consider v in the form v = (s, 0) = se;. Define By(s, A, n) = %B(sel, A, IL).
Since u(t, sey, A, ) + se;p = s[J(t, sey, A, u) + Iley, we have

Bo(s, &, ) = [MAo + (1 + Mdler + s2Bi(s, &, 1) + Ba(s, A, 1),

with

L4+ [To 5
Bi(s, &, pn) = To/o IV, ser, &, 1) + Ier|7U (=) BU (1)

x [J(t,ser, A, ) + Ileydt

and
14+ [To
BZ(Sa )\'7 l’L) = W/O U(_t)g(U(t)s[J(ta seq, )“a /“L)el + 61], /"L)dt
By (9.32), we have
1 [T a
B1(0,0,0) = —/ U(=t)BU(t)edt = |: :| .
To Jo b

By (9.29) and (9.32), we obtain

9 02
B2(0,0,0) = —B2(0,0,0) = —52(0,0,0) = 0.
as 0s2

Now we solve the bifurcation equation. The function By : R? x R x R — R? is
C?, By(0,0,0) = 0, and

01
D)\,,LLBO(O’ 07 O) = [a) O] b)

is invertible. By the Implicit Function Theorem, there are C 2 curves A(s), i (s) such
that A (0) = 0, u(0) = 0, and By (s, A(s), u(s)) = 0.
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This construction yields a unique (up to a phase shift) family of periodic solutions
x(t,s) =U@/(1 4+ () [ut/(1 4+ A(s)), ser, A(s), u(s)) + ser].

The map s — x(-, 5) is C3 into Z. The period is To(1 + A(s)).
Differentiation of the bifurcation equation with respect to s gives A’(0) = u/(0) =

0, and
01 A0 | a
ool [wio ] =2[5] .

9.7 Exercises

Exercise 9.1. Consider the system

x'=xy+ ax’ + bxy2
y =—y+ cx? +dx2y.

Prove that:

(a) If a 4+ ¢ < 0, then the origin is asymptotically stable.
(b) If a + ¢ > 0, then the origin is unstable.
(c) Ifa+c=0and

(i) if ed + bc? < 0, then the origin is asymptotically stable.
(ii) if cd + bc? > 0, then the origin is unstable.

Exercise 9.2. Analyze the bifurcation that occurs when u = 0 for the following
system:
x{ = X2, xé = —X2 —u—i—xlz.

Exercise 9.3.

(a) Given that A = [g (3):|, calculate Lah(x), where h(x) = x™e;j, |m| = 2, and

j=1lor2.
(b) Find a change of coordinates of the form x = y + h(y) which transforms the
system

X} =3xy — x} 4+ Txixa + 315

xé =2x1 +4x1x2 + x%

into the form
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¥ =3y + oyl
vy =2y1 + O(|lylI®).

Exercise 9.4. Prove that both the Rayleigh equation
A4+ —ui+x=0
and the Van der Pol equation
Y+xu—x)+x=0,

undergo Hopf bifurcations at u = 0. In both cases, sketch the phase portraits for
n <0, u=0,and pn > 0. State what type of Hopf bifurcation takes place.



Chapter 10
The Birkhoff Smale Homoclinic Theorem

10.1 Homoclinic Solutions of Newton’s Equation

The starting point is Newton’s equation

¢+ g(p)=0. (10.1)

The nonlinearity g will be assumed to satisfy:

g € C¥(R,R), (N1)

g(0) =0, g'(0)=-a’<0, (N2)
g(p) = —g(—¢), ¢eR, (N3)
g'(p) >0, ¢>0, (N4)
g(p) > 00, as ¢ — oc. (N5)

A simple example is g(¢) = —¢ + ¢°.
Define

@
G(p) = /g(S)dS-
0

By (N3), G is even, and by (N5), G(¢) — o0, as |¢| — oo. There are unique
numbers 0 < ¢y < o such that

g(@o) =0 and G(%) =0.
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Using Taylor’s theorem, we may write

1
g(p) =g g+ g1(9)¢”, gi(p) = /0 (1 —s)g" (ps)ds, (10.2)

and

1 1 /!
G(p) = 5g/<0><p2+g2<¢><p3, 82(p) = 5 /0 (1 -5)%¢"(ps)ds.  (10.3)

Note that by (N4), we have gr(¢) > 0,9 >0,k =1, 2.
‘We know that the Hamiltonian

E(p,¢) = 5¢* + G(p)

is conserved along solutions of (10.1). Since G(p) — o0, as |¢p| — 0o, we see that
the level curves of E in R? are bounded. It follows that all solutions of the system
are defined for all € R, and by (N1), all solutions lie in C*° (R, R).

Lemma 10.1. Let p(t) be the solution of (10.1) with p(0) = &g and p(0) = 0. Set
o =/—g'(0). Then p(t) has the following properties:

E(p(), p(t)) =0, (10.4)
p(t) = p(=1), (10.5)
0<p@®) <ge M teR, (10.6)
1P < agoe™ !, teR (10.7)
|p(0)] < Ce ¥ 1 eR. (10.8)

Proof. By conservation of energy, we have E(p(t), p(t)) = E(%, 0) = 0.

The symmetry (10.5) is a consequence of (N3) and uniqueness.

The solution p(¢) never vanishes because the level curve E = O intersects {p = 0}
only at the origin which is an equilibrium.

The solution p has a local maximum at ¢ = 0, since the ODE tells us that
p”(0) = —g(£o) < 0. Thesolution p has no other extrema, and it decreases monoton-
ically to O on the interval r > 0.

Thus, for > 0 we see from (10.4) and the expansion (10.3) that

p()? = —G(p(1)) = &> p(1)*[1 = 2p()g2(p(1)) /],
Since —G(p) > 0 for 0 < p < o, we can say that forz > 0
p(t) = —ap(t)q), 0<qg=<1. (10.9)

It follows that
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d ot
Z[e p0] =<0, =0,

and so
p(t) < e, 1>0.

The bound for ¢ < 0 can be obtained using (10.5).

The bound (10.7) for p comes from (10.9) and (10.6).
Finally, the bound (10.8) for p is a consequence of (10.2) and then (10.6):

PO =1g(p(] = |p(®)] [Iot2 + max |‘P81(§0)|:| = Clp®I.

pl=<
4
We can also express the problem (10.1) as a first order system
X = f(x) with fo)y=| *? :| 10.10
f ) f ) [_gm) (10.10)

Note that x(¢) = (p(t), p(t)) is a solution of (10.10) which, by (10.6) and (10.7),
satisfies ) lirin x(t) =0.
—> =00

Definition 10.1. A solution of a first order autonomous system whose - and w-limits
sets consist of a single equilibrium is called a homoclinic orbit.

By (N2), the system (10.10) has a hyperbolic equilibrium at the origin, since the
eigenvalues of Df (0) are +«. The stable and unstable manifolds are given by

W;(0) = W, (0) = {(x1, x2) € R* : E(x1, x2) = 0}.

This set is the union of the equilibrium solution and the two homoclinic orbits £x (¢)
(Fig. 10.1).

Fig. 10.1 The homoclinic X2
orbits as the zero level set of y
the energy function

(£0,0)
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10.2 The Linearized Operator

For any interval / C R, define

k
Cp(l) ={z € CKULR) : |lzllk = D sup 2] < oo}
=0 1

The interval I will be either R, Ry = [ 0, 00), or R_ = (—o0, 0 ]. Note that in this
chapter our notation for the sup norm will be || - ||o which deviates from our custom.

Lemma 10.2. Define the linearized operator

2

L= an g'(p(®).

Leth € Cg(Ri), and suppose that 7 € C2(Ry,R)solves Lz = h. Thenz € Cg (R4),
i.e. 7 is bounded on Ry, if and only if

+o0

z(0) = — p(s)h(s)ds. (10.11)

g(%o)
0

Proof. By (10.5), we have that L[z(—t)] = Lz(—t), so it is enough to prove the
result for 1 € Cp(Ry).
Given the homoclinic orbit x(7), observe that

_ i | P@)
y) =x(1) = [j)'(t)]
satisfies the linearized system
Y'(t) = Df(E () y(1), (10.12)

with initial data

0
yOr= [—g@o)]

Let X (¢) be the fundamental matrix for Df (x(z)). Write

X(t) = {Xn(l) Xlz(f)]’

X21(t) X2o(1)

and also denote the columns of X (¢) as
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[ Xn@® [ X12(0)
X100) = [le(t)] Xl = [Xzz(t)]'

Thus, we have that
y(@) = X(@0)y(0) = —g(o) X2(1),

and in particular,

1
X120t = —@P(I)

We see from this, (10.7) and (10.8) that

[ X2(0)] < Ce™, t>0. (10.13)

Leth € Cl(:) (R4), and write H(t) = [ ] By Variation of Parameters, Theo-

0
h(t)
rem 4.1, we have that a solution of

W (1) = DfG@)w(t) + H(1), (10.14)
satisfies t
w(t) = X (1) mm+/xm”Hmw, (10.15)
0
as well as t
Xm”mnzmm+/xm*Hmm. (10.16)
0

Since tr Df (x(¢)) = 0, we have by Theorem 4.2 that det X (r) = 1, and so

X2 (1) —Xlz(t)]_

-1 _
X _[—le(t) X11(0)

With this, the first row of (10.16) says
t
X (@)wi (1) — X12(Dw2 (1) = wi(0) —/Xlz(S)h(S)dS-
0

If ||lw(?)|| 1s bounded, then by (10.13) the left-hand side tends to zero, as t — oo. It
follows that
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o0 1 o0
w1(0) = / Xia()h(s)ds = ——— [ p(s)h(s)ds,
, g(%o) /

so that (10.11) holds.
Conversely, suppose that (10.11) holds. Going back to (10.15), the formula for w
can be rewritten as

t

w(r) =X1(t) W1(0)—/X12(S)h(S)dS

0
t

+ X»(1) W2(0)+/X11(S)h(5)ds

0
)

=X1(7) /Xlz(S)h(S)dS
t
t

+Xa(0) | wa(0) + / X11()h(s)ds |. (10.17)
0

Let us temporarily accept the claim that
X1 < Ce*, t=0. (10.18)

By (10.13) and (10.18), we then have that

[ee]
X1(0) / Xia()h(s)ds || < Ce* e~ o,

t

and also that

t
Xo(t) W2(0)+/X11(S)h(S)dS < Ce ' [Iw20)| + ' I llo].
0

So from (10.17), we see that (10.14) has a bounded solution w(z), provided (10.11)
holds.
It remains to verify the claim (10.18). Define

u(t) = AX,(t), A= [g (1)]
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Then since X(¢) solves (10.12), we find
u' (1) = ADF (@) A™ u(r).

Upon integration, it follows that

t

u(t) = u(0) + / ADF () A~ u(s)ds,

0

and so by Gronwall’s inequality, Lemma 3.3, we have
t
[u( < uO)] eXp/ IADf((s))A™ |lds, t>0. (10.19)
0

A simple calculation gives

IADf(%(s) A" || = max{a, |g'(p(s))|/at}.

By (N4), we have that g’(p) is monotonically increasing for p > 0. Since
g'(0) = —a? < 0, there is a pg > 0 such that g’(pg) = 0, and

—a?=g'(0)<g'(p) <0, 0<p<po.

Since p(s) \(Oass — oo, thereisa T > 0 suchthat 0 < p(s) < po, fors > T.
Thus, we have
' (p(s)I <a®, s >T,

which implies that
IADf(x(NA | =a, s>T.

The claim (10.18) now follows from (10.19):

X1 @I < 1A~ lu(@)]]

T t
< A7 u)] | exp / IADf ((s) A~ |lds + / o ds
0 T
< Ce“,
forallt > T. O

Define
Di(L) = {z € C}(Ry) : 2(0) = 0}.
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Theorem 10.1. The linear operator L is bounded from Cl% (Ry) to Cg (R4), and
L:Di(L) — C)(R4)

is an isomorphism.

Proof. The boundedness of L is a consequence of the fact that p, and hence g o p,
belong to Cg Ry).

According to Lemma 10.2, given h € Cg (R4), there exists a unique solution of
Lz = hin D4 (L), namely the one with initial data

+o00

20) = — p(s)h(s)ds and 3(0) = 0.
g(%o) /

Thus, L : D+(L) — C?(Ri) is a bijection.

The domains D4 (L) are closed subspaces of Cg (R4+), and so each is a Banach
space. The boundedness of L= Cg (R4+) — D4+ (L) follows from the Open Map-
ping Theorem 5.1. U

Set
K(L)={z € C}R): Lz =0}
R(L) = {h € C)(R) : Lz = h, for some z € C?}
D(L) = {z € C}(R) : (0) = 0}.

Theorem 10.2. The linear operator L is bounded from Cl% (R) o Cg (R). The null
space and range of L are characterized by

K(L) = span{p} = {cp:c e R}, (10.20)

and

R(L) = {h e C)R) :/p(t)h(t)dt —0}. (10.21)
R

Finally, L : D(L) — R(L) is an isomorphism.

Proof. The boundedness of L again follows from g o p € Cg (R).

First note that p is in C*°(R, R). Moreover, since L p = 0, the bounds (10.7) and
(10.8) imply that span{p} C K(L).

Conversely, if z € C,f (R) and Lz = 0 then by Lemma 10.2 we have z(0) = 0.
Thus,

2(t) = X12(1)Z'(0) = —[2'(0)/8(50)1p (1) € span{p},
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so that K (L) C span{p}. This proves (10.20).
If h € R(L), then there exists z € Cg(R) such that Lz = h. By Lemma 10.2,
there holds

g(%o)

Ry

1 1
z(0) = ——/P(S)h(S)dS = —/P(S)h(S)ds,
g(Co)R

and thus,
/ p($)h(s)ds = 0. (10.22)
R

Conversely, assume that & € Cg(R) satisfies (10.22). Applying Theorem 10.1,

we can find unique functions z4+ € D1 (L) C C%(Ri) such that Lzy+ = h on Ry,
and

z+(0) = — p(s)h(s)ds and z4(0) =0.

g(%o)
R

+

Our assumption (10.22) implies that z_(0) = z4(0). Therefore, the function

_ Z—l—(t)’ tZO
w) = {z_(t), t<0

liesin Cg (R) and solves Lz = hinRR\{0}.Itfollows thatz” = —g'(p)z+h € CS(R),
and so z a solutionof Lz = hin D(L) C Cg (R). This proves the statement (10.21).

The argument in the preceding paragraph also shows that the map L : D(L) —
R(L) is surjective. Thus, since D(L)N K (L) = @, by (10.20), this map is a bijection.
By the Open Mapping Theorem 5.1, L~! : R(L) — D(L) is bounded. U

10.3 Periodic Perturbations of Newton’s Equation

Suppose that g € C*°(R, R) is T-periodic. For the remainder of the chapter we will
be interested in Newton’s equation with a periodic perturbation

¢+ glp) =eq(1), (10.23)

or its first order equivalent

xX(t)=f(x)+eQ@) =Ax +h(x)+eQ(1), (10.24)

where
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x2

S = [—8()61)

0
], A = Df(0), h(0) =0, Dh(0) =0, and Q(1) = [q([)]

Lemma 10.3. Solutions of (10.24) are globally defined, for all initial data.

There exist positive constants Co, €9, and a neighborhood of the origin Uy C R?
such that for all |e| < &, the system (10.24) has a T -periodic solution x°(t) with
|x8(t)| < Coe, for all t € R. It is the unique T -periodic solution with initial data
in Uy.

The Floquet multipliers of x°(t) satisfy

0<uf<l<upus, wpipus=1, ,u(l) = exp(—aT). (10.25)
Remark 10.1. The corresponding periodic solution of (10.23) shall be written as
@° (1) = x7 ().

Proof. From the properties (N3) and (N5) the antiderivative G (¢) is an even function

and G(¢) — o0, as ¢ — o0. Therefore, G (¢) has an absolute minimum value —m,

which is negative by (N2). Note that —m is also the absolute minimum for E(x1, x2).
For any solution x(¢) of (10.24), we have

d
E[E(xl (1), x2(1)) +m]| = [eq(1)x2(1)]

1 1
Exz(t)z + Eezqmz
E

1
(x1(1), x2(1)) — G(x1 (1)) + Eezqa)z

1 2 2
< E(x1(1), x2(8)) + m + ¢ q(1)
< E(x1(t), x2(t)) +m + C.

This implies that
E(x1(2), x2(t)) +m < [E(x1(0), x2(0)) + m]e" 4+ C[el'l — 1], 1 eR,

which prevents E (x1(t), x2(¢)) from going to +o00 in finite time. It follows that x (¢)
is a global solution.

The existence of a unique periodic solution for small ¢ follows from Theorem 8.1
as already discussed in Example 8.1. The estimate for its size is a consequence of its
C! dependence on the parameter ¢ and the fact that x° = 0.

To find the Floquet multipliers of x*, we examine the linearized equation

y(t) = Df(x*@)y(1) = A*(1)y ().

Let Y4(¢) be the fundamental matrix for A®(¢). Since tr Df (x) = 0, we have by
Theorem 4.2 that det A®(z) = 1. Recall that the Floquet multipliers of x(¢) are the
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eigenvalues uf, u5 of Y*(T). Thus, we have uju5 = 1. Since A%@1) = A, we have
by continuous dependence that Y*(7") ~ exp AT. The eigenvalues of exp AT are
u1 = exp(—aT) and pur = exp(aT) which satisfy

O<pur <1< .

This rules out a pair of complex conjugate eigenvalues for Y?(7T'), and so the Floquet
multipliers must be real and satisfy the inequalities (10.25). 0

Having established the existence of a unique hyperbolic periodic solution of the
periodically perturbed Newton equation near the origin, we shall discuss the proper-
ties of its stable and unstable manifolds which were introduced in Sect. 8.3. Let &7 ;
denote the globally defined flow of (10.24). Define

W ={(r,y) e Rx R*: tlim &7 . (y) —x* ()|l = 0},
—00 ’

We={(r,y) e Rx RZ t lim [|®; (y) —x°(@)| = 0}.
——00 ’

These are smooth manifolds which are invariant under the flow and T -periodic, by
Theorem 8.4.

Lemma 10.4. There exist small constants ey, ng > 0 and a constant Co > 0 such
that
lel < eo and || @7 (y) —x" (@) <no, t>7

imply that
1P/ . (y) = x* ()l < Comoexp(—at/4), t=r1,

where, as above, a = /—g'(0).

It follows that, for |e| < &g, the stable and unstable manifolds can be characterized
as

WE={(r,y) e R x R : limsup | ®f . (y) — x* ()| < no},

—00

WE ={(r,y) e R x R* : limsup | ®f . (y) — x*(0)|| < 10}

t——00

Proof. This is a consequence Theorem 8.4. The uniformity in ¢ follows from the
smooth dependence of the fundamental matrix Y (z) upon & and periodicity. U

Next, we define the time slices

WE (1) = [y e R? : (1, y) € WF),
WE () ={y e R?: (1,y) € WE).
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For each 7 € R, these are smooth one-dimensional manifolds. The 7 -periodicity of
the stable and unstable manifolds gives

Wit +T)=Wi(r).

Since the stable and unstable manifolds are invariant under the flow, we have
;WL (D) = Wi(0).

In particular, if we define the associated Poincaré map

Hf = ¢§+T,r )
then
IT; W5 (1)) = Wi(1).

Of course, we have that
ITE (xf (1)) = x°(7)

and
xf(1) € Wi(r) N WE (1),

for all T € RR. In the next section, we will construct another solution with this last
property by perturbing from the homoclinic orbit x (¢).

10.4 Existence of a Transverse Homoclinic Point

Definition 10.2. A homoclinic point for the Poincaré map I1% is a point with the
property that
IT; (y) e WL(t) N WE(T), and II;(y) # .

A homoclinic point y for IT is transverse if W (v) and W¢ (t) intersect transversely
at y.

If y is a homoclinic point, then (I7¢ Y¥(v), k € Z, is a doubly infinite sequence of
distinct points in W () N W? (t) converging to x®(z) as k tends to d-00.
We are going to construct solutions of the periodically perturbed Newton equation

¢+ g(p) =¢eq(1), ¢(t) =23 +z0, @) =2, (10.26)

close to the homoclinic solution p(z), whose behavior has been detailed in
Lemma 10.1. We remind the reader that the nonlinear function g satisfies the assump-
tions (N1)—(N5) and that ¢g(¢) is C* and T -periodic, for some 7' > 0. Solutions ¢
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will have the perturbative form
o) =pt — 1) +Ault — 1) +2(t — 1), (10.27)

where

We have that
p©0) =¢, p0O) =u©) =0, u0)=1, and Lu=0.
Therefore, ¢ in (10.27) solves the IVP (10.26) if and only if z solves the IVP
Lz=N(z,A,t,¢8), z(0)=1z09, 2z(0)=0, (10.28)

in which
N(z, A, t,e)(t) = R(t, z(t) + Au(t)) + eq(t + 1) (10.29)
with

R(t,w) =—g(p®) +w) + g(p) + &' (pt)w
1

= — WZ/(I —0)g"(p(t) + ow)do
= — w?R(t,w). (10.30)

Lemma 10.5. The mapping (z, A, t,&) — N(z,A, T, ¢) defined in (10.29) and
(10.30) satisfies

(i) N € CHCL(R) x R*; C)(R)),
(ii) N(0,0,7,0) =0, and
(iii) D.N(0,0, 7, 0) = 0.
Remark 10.2. We also have N € C?(C2(Ry) x R3; CQ(R4)).

Lemma 10.6. Foreachty € [0, T), there exist aneighborhood U of (0, 19, 0) € R3,
a neighborhood V4 of 0 € Cg(Ri), and a C' mapping

A, T,8) > z2+(, A, T,8)

from U into Vi such that 74+ (-, 0, t,0) = 0and z4 (¢, X, T, €) is the unique solution
of (10.28) in V.

Proof. Consider that mapping

(z, A, T,8) > F(z, A, 1,8) =Lz— N(z, A, T, ¢8).
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Then F isa C! map from Dy (L) x R3 into Cg(Ri), where
Di(L) = {z € C}(Ry) : z(0) = 0}.
And moreover, for each 7 € [0, T'), we have
F(0,0,7,0)=0, D,F(0,0,1,0)=L.

By Theorem 10.1, L : D+ (L) — C,?(Ri) is an isomorphism. The result follows by
the Implicit Function Theorem.

Lemma 10.7. There exist Ao > 0, g9 > 0, such that for all |e| < o, the curves
A= y1(A, 1, 8) = (Lo +2+(0, A, T,8), L), |A] < Ao, (10.31)

are local parameterizations of W (t) near (o, 0).

Proof. Since the map (t,A,¢€) +— z4(-, A, T,¢8) is C! from U into C,f(]Ri) and
z+(-, 0, 7,0) =0, we have that ||z+(-, A, 7, ¢)|l2 < C(|A| 4 |¢]). Through the defin-
ition (10.26), the solution z+(t, A, T, €) gives rise to a solution ¢§T(yi (A, T,8)) of
(10.24) which, since p decays exponentially in C? by Lemma 10.1, satisfies

limsup | P/, (y+ (A, T, &)l < C(IA] + |e]).

t—+o00

The periodic solution x* also satisfies || x®(¢)|| < Ce. Thus, if A¢ and &g are suffi-
ciently small, we have that

limsup |/ (y+ (A, 7, &) —x* ()| < C(IA] + le]) < no.

t—+o00

This shows that y+ (A, 7, ) belongs to W4 (7), for |A| < Ao, by Lemma 10.4. [
Definition 10.3. The Melnikov function is defined as

u(r,e) =24(0,0,7,6) —2-(0,0, 7, ¢).

The points &g + z+(0, 0, 7, ¢) are the locations where the stable and unstable
manifolds cross the horizontal axis near ({p, 0) in the phase plane. The Melnikov
function will be used to measure the separation of these manifolds near a homoclinic
point.

Lemma 10.8. The Melnikov function u(z,¢) is C' in a neighborhood of (0, 0),
and if

o0

h(t) = / u(t)q(t + v)dt, (10.32)

—0o0



10.4 Existence of a Transverse Homoclinic Point 213

then
lp(z, &) — eh(D)|| + | Do [1e(, &) — eh(D)]|| < Ce?.

Proof. The map which takes (A, 7,¢) t0 z4(, A, 7, €) in CZ(Ry) is C!. So the
Melnikov function is C' by its definition. Since z is a bounded solution of (10.28),
we have by Lemma 10.2 that

+o0
740, A, 1,8) = / u(t)[R(, z+(t, A, t,8) +eq(t + 7)ldt.
0
Therefore,
u(t,e) —eh(r) = /u(t)R(t, 74+(t,0, 7, €))dt — / u(t)R(t,z_(t,0, 1, ¢))dt.
0 0

Since ||z+(-, 0,7, &)|l2 + | D:z2+(-, 0, 7, &) |2 < Cle|, we see from (10.30) that the
desired estimate holds. [

Lemma 10.9. Suppose that for |e| < go, there exists a small number T (¢) such that
v =y,(0,t(e),e) = y_(0, T(¢), €) is a homoclinic point. Then

D:u(t(e),e) #0, 0 < |e| < gp (10.33)

implies that W4 (t(g)) and W¥ (T (¢)) are transverse at y®.

Proof. By Lemma 10.7, the tangents to W4 (t(¢)) at the homoclinic point y® are
D;.y+(0, 7(¢), €) = (D5.2+(0,0, 7(e), ), 1).
Thus, transversality is equivalent to
D3 z4(0,0,7(e), &) — Dyz—(0,0, t(¢),¢) # 0. (10.34)
Consider the points y+ (0, 7, &) = ({0 +2+(0, 0, 7, &), 0) where W (7) cross the

horizontal axis in the phase plane. Since @ _ (¢) Maps W4 (z(¢)) diffeomorphically
to W4 (t), we can find values A (t) such that

y:l:(07 ‘Ea 8) == ¢§’t(8)(y:t()\‘:l:(r)’ ‘E(S)’ 8))

For T = t(¢), we have A+ (t(¢)) = 0 and

Yyt (t(e)), (), 8) = ¥°.
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y-(A,7(¢),€) y-(A,7,€)

(DS

7,7(€)

Y1

A=0

A=0
A=1(1) A=4.(7) _/ \ i
Y+

y+(4,1(€)€)

(A,7,€)

Fig. 10.2 Slices of the invariant manifolds at time 7 (¢) and their images under the flow @?¢ for

; 7,7(8)
atime v ~ 7(€)

See Fig. 10.2. Using the chain rule and the fact that D, @7 (y) = I, we have

Dr[y4+(0,7,8) = y—(0, 7, &)llr=z(e)
= D[@] () 0+ (A1(7), T(8), 8)) — PF L (o) v+ (A (D), T(&), N]lr=1(e)
= BF (o) (0 (A (D). T(E), )l e=r(e)
— B (== (D), T(). ] le=r(e)
+ Dy @7 (o) (74 (A4 (1), T(), €)) Dyt (Aq(7), T(€), €)) DrAg(T)|r=r(e)
— Dy®; (o) (y-(h— (1), T(), €)) Dry—(A—(1), T(£), &) Drh_(T)lr=r(e)
= Dy y+(0,t(¢), €)) DAy (t(e)) — D3 y—(0,7(8), 8)) Dea_(T(¢)).

Given the definition (10.31) of the curves y., expressing the above calculation in
coordinates yields the system

[Dfu(g(e), 8)] _ [DAZ+(O’ (1) w(®), 8)] D)y (z(e))
_ |:D)LZ—(O, ?7 T(E), 8)] D-[)\,—(T(S))
Thus, (10.33) implies (10.34). =

Theorem 10.3. Suppose that the function h(t) definied in (10.32) satisfies
h(0) =0 and h'(0)#£O0. (10.35)
Then there is a function t (&) defined for |e| < eg such that |t(e)| < Ale|, for some

A > 0, and y°* = y+(0, t(¢), €) is a transverse homoclinic point for Hf(s), for
0 < |e| < ep.
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Proof. We shall construct a solution of (10.28) in C%(R), using the Liapunov—
Schmidt method, see Sect. 5.5. Since we seek a homoclinic point on the axis, we can
take A =0.If z(t, 7,¢) € Cg(R) solves (10.28) with A = 0, then by Theorem 10.2,
we must have N(z,0, 7,e) € R(L).

Define the projection P : CS(]R) — R(L) by

Jg u(s)v(s)ds

Pv(t) =v(@®) — f 5 )2ds
R

u(t).

Consider the problem of solving
Lz=PN(z,0,t,¢8), ze€ D(L).

To this end, define
F(z,71,6)=Lz— PN(z,0,1,¢).

Then F € C*(D(L), R(L)), F(0,7,0) = 0, and D,F(0,t,0) = L is an isomor-
phism from D(L) to R(L), by Theorem 10.2. By the Implicit Function Theorem,
there exists a C> map

(t,e) = z(-, 1, ¢8)

defined for (z, €) in a neighborhood of the origin in R? into a neighborhood of the
origin in D (L) such that

z(-,7,0) =0, and F(z(-,1,¢),7,8) =0.

Next, following the Liapunov—Schmidt method, we show that for each |e¢| < &g
we can find t(¢) such that

PN(Z('9 T, 8)9 T, g)l‘L’:‘L’(S) = N(Z(" T, 8)9 T, 8)|T:T(8)‘

Thus, the bifurcation equation is

b(z, e):ciz/Ru(t)[R(z,z(t,r, £)) +eq(t + 1))dt = 0, c(%:/Ru(t)zdr.
0

Now (7,¢&) — z(-, T,8) € Cg(R) is C? and z(-, 7, 0) = 0. Thus, we may write

1
z(-,T,8) = 8/ D.z(-,t,0¢)do = ez(-, 1, ¢€),
0

where (t,¢) — z(-, 7,€)is a C! map into Cg(R).
By (10.30), we have that
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R(,z2(,1,8) = 22(, 1,8)*R(-, 2(, T, 8)),

is a C! map of (t, ¢) into C,% (R). And so, it follows that

/ R(t,z(t, T, e)ut)dt = €2 p(t, &),
R

where p is a C! function.
We can obtain solutions of the bifurcation equation by solving

B(t,e) =h(t) +ep(t,e) =0.
Since B(0,0) = 0 and D, B(0, 0) # 0, the Implicit Function Theorem yields a C 1
curve 7(¢g) such that

7(0) =0 and B(t(g),e) =0.

We conclude that z(-, 7(g), &) solves (10.28) with A = 0 in Ci(R). Since
lz(-, T, &)l < C|e|, for small ||, we may assert that

Z('a T(8)9 8)|Ri = Z:l:(" 07 T(S)’ 8)9

by the uniqueness portion of Lemma 10.6. Therefore,
¥* = (o +2(0,7(e), ¢),0) = ({0 + z+(0, 0, T(e), &), 0) = y+(0, T (), &)

is a homoclinic point for Hf(g). By (10.35) and Lemma 10.8, we have that the
Melnikov function satisfies

D pu(t, 8)"[:‘[(8) #0, 0< el < égp.

By Lemma 10.9, the homoclinic point y® is transverse. U

10.5 Chaotic Dynamics

In this final section, we summarize the connection between the existence of a trans-
verse homoclinic point and chaotic dynamics.

Fix 0 < |e| < &9, and let y = y® be a transverse homoclinic point for IT = I1 f( &)’
as constructed in the previous section. Then the sequence {IT¥(y) : k € Z} belongs
to Wi (t(e)) N WE (z(e)), and limy ;100 IT*(y) = x = x%(z(¢)). Thus, there are
an infinite number of transverse crossings of the stable and unstable manifolds near
the fixed point x, and the two manifolds create a so-called homoclinic tangle.
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For any positive integer £ and any neighborhood S of x, the set Ay = Nz (ITHX(S)
is nonempty, and IT¢ : A, — Ay is a bijection.

Let ¥ = {a : Z — {0, 1}}, the set of doubly infinite sequences in 0 and 1. The
set ¥ becomes a metric space with the distance function

d(a,b) =>"2"Vla; —b].
JEZ

We define the shifto : ¥ — X by

o(a@)j=aj_1, jE€L.

Theorem 10.4. (Birkhoff-Smale) There exist a neighborhood S of x, an £ sufficently
large, and a homeomorphism h : Ay — % such that h o IT* = ¢ o h.

We say that IT%| A, is topologically conjugate to a shift on two symbols.

We shall not attempt to prove this result. The crux of the matter is that I7¢|s can
be modeled by the Smale horseshoe map, which in turn can be linked to the shift
on two symbols. This is discussed in many places, see for example the books by
Guckenheimer and Holmes [1], Moser [2], or Perko [3].

Corollary 10.1. The map IT" : Ay — Ay is bijective.

e Ay contains a countable set of periodic orbits of arbitrarily long period.
e Ay contains an uncountable set of aperiodic orbits.
e Ay contains a dense orbit.

10.6 Exercises

Exercise 10.1.

(a) Verify that p(t) = V2 secht solves o — @+ (p3 =0.
(b) Show that x = (p, p) is a homoclinic orbit for the system

/ / 3
xl = X2, x2 = X1 —xl.
(c) Show that the Poincaré map for perturbed system

X{ =x2, xb=2x1 —xj+ecost

has a transverse homoclinic point for & small.



Appendix A
Results from Real Analysis

In this brief appendix we collect a few standard facts from analysis that will be used
repeatedly. A good reference is the book by Rudin [10]. These results are generalized
in Chap. 5.

Definition A.1 Let (X, d) be a metric space. Amap T : X — X is called a con-
traction if there exists a constant « > 0 such that

d(Tx,Ty) <ad(x,y), forall x,ye X.

Definition A.2 Let 7 : X — X. A point x € X is called a fixed point of T if
Tx =x.

Theorem A.1 (Contraction Mapping Principle). A contraction mapping on a com-
plete metric space (X, d) has a unique fixed point.

Proof Choose an arbitrary point xo € X, and define an iterative sequence
xp=Txp—1, k=1,2,....
Then we have
d(Txps1, Txi) = d(T*x1, Thxo) < o*d(x1, x0),
and so, for any m > n we obtain by the triangle inequality

an

1 —

m—1 m—1
. xn) < D dxrr,xx) < D afd(x),xo) <

. d(x1, xp).
k=n k=n

It follows that the sequence {xi}p2, is Cauchy. Its limit x € X is a fixed point of
T since T is continuous and
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x = lilgnxk = lilgn Tx,=Tx.

To prove uniqueness, notice that if x, x’ € X are fixed points of T, then
dx,x)=d(Tx,Tx") <ad(x,x)

implies that d(x, x") = 0.

Theorem A.2 (Implicit Function Theorem in Finite Dimensions). Let F : O — R"
be a C' mapping on an open set O C R™ x R™. If (xo, yo) € O is a point such
that F(xo, yo) = 0 and Dy F(xq, yo) is invertible, then there exist a neighborhood
U xV COof(xg, y0) and a C' map g : U — V such that

yo = g(xg) and F(x,g(x)) =0, forall x eU.

If x,y) e U xVand F(x,y) =0, then y = g(x).
A more general version of this result is proven in Chap. 5, see Theorem 5.7.

Theorem A.3 (Inverse Function Theorem). Let f : © — R" be a C' mapping
on an open set O C R". If Df (xo) is invertible for some xo € O, then there exist
neighborhoods xg € U C O and f(xg) € V C R" such that f : U — V isa
bijection. The mapping f~' : V — U is C!, and

D(f H(f(x) = (Df)"'(x), forall x e U.

Proof Apply the Implicit Function Theorem to the mapping F (v, w) = v — f(w)
near the point (vo, wg) = (f(x0), xo) in the open set R” x . There exist neigh-
borhoods vop € V € R*, wy € W C O and a C' mapping g : V — W such
that

v= f(g()), forall veV.

Set U = g(V). Then f : U — V is a bijection, so U = f~!(V) is open, and
—1
g=f"". ]

Definition A.3 A C! bijection whose inverse is also C! is called a diffeomorphism.
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A Covering lemma, 23

Adjoint system, 68 Critical point, see Equilibrium point
Alpha limit set, 150

Asymptotic phase, 136

Attractor, 163 D
Autonomous system, 2, 34 Diffeomorphic conjugacy, 95
Averaged vector field, 142 near hyperbolic equilibria, 100

near regular points, 95
diffeomorphism, 220

B Direction field, 3

Banach space, 73 Direct sum, 11

Bifurcation, 169 Domain of definition, 29, 93
co-dimension one, 169 Duffing’s equation, 121, 147

pitchfork, 175
saddle-node, 172

transcritical, 173 E

co-dimension two, 187 Equilibrium point, 3, 40

Hopf, 187 asymptotically stable, 41
Bifurcation equation, 86 hyperbolic, 96

stable, 40
unstable, 41

C Exponential matrix, 6
Cauchy-Peano existence theorem, 21 asymptotic behavior of, 13—17
Cayley-Hamilton Theorem, 18 computation of, 8—11
Center manifold, 155 properties of, 6

approximation of, 163

as an attractor, 164

existence of, 156 F

local, 161 Floquet exponent, 58

local, existence of, 161 of a periodic solution, 122

nonuniqueness of, 161 Floquet multiplier, 58
Center subspace, 13 of a periodic solution, 122
Chain rule, 77 Floquet theory, 57-58
Contraction mapping principle Flow box, 96

Banach space, 79 Flow of a vector field, 33

uniform, 80 Fréchet derivative, 75
Convex hull, 183 Fredholm alternative, 69
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Fredholm operator, 85
Frequency response function, 149
Fundamental matrix, 53

G

Generalized eignespace, 11

Generalized eigenvector, 11

Generalized Mobius band, 130

Global solution, 21

Gronwall’s lemma, 26
application of, 25, 39, 43, 110

H

Hamiltonian system, 46
Hartman-Grobman Theorem, 97
Homoclinic orbit, 201
Homoclinic point, 210

Hopf bifurcation, 187-197
Hyperbolic equilibrium, 96
Hyperbolic periodic solution, 130

I
Implicit function theorem, 83
Initial value problem, 2, 21
continuous dependence on initial condi-
tions, 29
continuous dependence on parameters, 93
global existence, 38—40
linear homogeneous systems, 8
linear inhomogeneous systems, 54
local existence, 23
smooth dependence on initial conditions,
89
uniqueness, 25
Integral curves, 37
Integrating factor, 8, 55
Invariant set, 104
Isomorphism, 74

J

Jordan curve, 150

Jordan curve theorem, 150
Jordan normal form, 9

L

Lagrange standard form, 141
Liapunov function, 44
Liapunov-Schmidt method, 85
Lie bracket, 181

Lienard’s equation, 47
Linearized system, 3, 44
Linear system, §
constant coefficients, 5
homogeneous, 5
inhomogeneous, 54
inhomogeneous, periodic, 68
periodic, 57
stability of, 41, 63
Linear variational equation, 89
Lipschitz continuous, 22
Locally Lipschitz continuous, 22
Local solution, 21
Lorenz equation, 166, 177
Lower semi-continuous, 28

M
Manifold, 114
Mathieu equation, 66
Maximal existence interval, 27
Melnikov function, 212
Method of averaging, 142
Multi-index, 182

resonant, 183

N

Newton’s equation, 46, 121, 130, 199
Nilpotent matrix, 10

Normal form, 180

(0]
Omega limit set, 150
Open mapping theorem, 74
Operator norm, 6, 74
Orbit, 36
negative semi-, 36
positive semi-, 36, 150

P

Parametric resonance, 66

Periodic solution
asymptotically orbitally stable, 136
asymptotically stable, 123, 143
existence of, 143
existence of, for linear systems, 68
existence of, noncritical case, 119
hyperbolic, 130, 143, 149
orbitally stable, 136
planar autonomous flow, 150
stable, 123

Index
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Phase diagram, 3

Phase space, 37

Picard existence theorem, 23
Picard iterates, 25

Pitchfork bifurcation, 175
Poincaré-Bendixson theorem, 150
Poincaré map, 120, 210

Poincaré normal form, 184
Poisson bracket, 181

R
Regular point, 95
Resonant multi-index, 183

S
Saddle-node bifurcation, 172
Stability
of equilibria, asymptotic, 42
Liapunov, 44
of linear constant coefficient systems, 41
of linear periodic systems, 64
of periodic solutions
asymptotic, 123
asymptotic orbital, 136
Stable manifold
of hyperbolic equilibrium, 105
approximation of, 115
existence of, 105, 114
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of periodic solution, 129
existence of, 130
periodicity of, 130
Stable subspace, 13
State transition matrix, 53
determinant of, 56, 92
Stationary point, see Equilibrium point
Sternberg’s theorem, 100, 186
Suspended system, 93, 169

T
Topological conjugacy, 95

linear flow, 100

near hyperbolic equilibria, 97, 103
Transcritical bifurcation, 173
Transversal, 151

U

Uniqueness theorem, 25
Unstable subspace, 12
Upper semi-continuous, 28

A%
Variation of parameters, 54-56
Vector field, 3, 21



