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Solutions to the practice problems posted on November 30.

Find the surface area obtained by rotating the curve about the specified axis.

1. x = 1 + 2y2, 1 ≤ y ≤ 2, about the x-axis

Solution: We are rotating about the x-axis so we want to use the formula S =
∫

2πyds. Since

1 ≤ y ≤ 2, then we want to use ds =
√

1 + (dx
dy )2dy.

Find dx
dy : dx

dy = 4y

Find ds: ds =
√

1 + (dx
dy )2dy =

√
1 + (4y)2dy =

√
1 + 16y2dy

Find S: S =
∫

2πyds =
∫ 2

1
2πy

√
1 + 16y2dy

Let u = 1 + 16y2, then du = 32y. When y = 1, u = 17; when y = 2, u = 65:

S =

∫ 2

1

2πy
√

1 + 16y2dy =
2π

32

∫ 65

17

√
u du =

π

16
· 2

3
u3/2

∣∣∣65
17

=
π

24
(65
√

65− 17
√

17)

�

2. y = 1− x2, 0 ≤ x ≤ 1, about the y-axis

Solution: We are rotating about the y-axis so we want to use the formula S =
∫

2πxds. Since

0 ≤ x ≤ 1, then we want to use ds =
√

1 + ( dy
dx )2dx.

Find dy
dx : dy

dx = −2x

Find ds: ds =
√

1 + ( dy
dx )2dx =

√
1 + 4x2dx

Find S: S =
∫

2πxds =
∫ 1

0
2πx
√

1 + 4x2dx

Let u = 1 + 4x2, then du = 8xdx. When x = 0, u = 1; when x = 1, u = 5:

S =

∫ 1

0

2πx
√

1 + 4x2dx =
2π

8

∫ 5

1

√
u du =

π

4
· 2

3
u3/2

∣∣∣5
1

=
π

6
(5
√

5− 1)

�

3. 9x = y2 + 18, 2 ≤ x ≤ 6, about the x-axis

Solution: We are rotating about the x-axis so we want to use the formula S =
∫

2πyds. Since

2 ≤ x ≤ 6, then we want to use ds =
√

1 + ( dy
dx )2dx.
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First, solve for y in the above equation (there will be a ± solution, just pick the positive one):
y =
√

9x− 18 = 3
√
x− 2

Find dy
dx :

dy

dx
=

3

2
√
x− 2

Find ds:

ds =

√
1 +

(
dy

dx

)2

dx =

√
1 +

9

4(x− 2)
dx =

√
4(x− 2) + 9

4(x− 2)
dx =

√
4x+ 1

4(x− 2)
dx =

1

2

√
4x+ 1

x− 2
dx

Find S:

S =

∫
2πyds =

∫ 6

2

2π · 3
√
x− 2 · 1

2

√
4x+ 1

x− 2
dx = 3π

∫ 6

2

√
4x+ 1 dx

Let u = 4x+ 1, then du = 4dx. When x = 2, u = 9; when x = 6, u = 25:

=
3π

4

∫ 25

9

√
u du =

3π

4
· 2

3
u3/2

∣∣∣25
9

= 49π

�

4. x =
√
a2 − y2, 0 ≤ y ≤ a/2, about the y-axis

Solution: We are rotating about the y-axis so we want to use the formula S =
∫

2πxds. Since

0 ≤ y ≤ a/2, then we want to use ds =
√

1 + (dx
dy )2dy.

Find dx
dy :

dx

dy
=

1

2
√
a2 − y2

· (−2y) =
−y√
a2 − y2

Find ds:

ds =

√
1 + (

dx

dy
)2dy =

√
1 +

y2

a2 − y2
dy =

√
a2 − y2 + y2

a2 − y2
dy =

√
a2

a2 − y2
dy =

a√
a2 − y2

dy

Find S:

S =

∫
2πxds =

∫ a/2

0

2π
√
a2 − y2 a√

a2 − y2
dy = 2πa

∫ a/2

0

dy = 2πay
∣∣∣a/2
0

= πa2
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5. y =
√

1 + ex, 0 ≤ x ≤ 1, about the x-axis

Solution: We are rotating about the x-axis so we want to use the formula S =
∫

2πyds. Since

0 ≤ x ≤ 1, then we want to use ds =
√

1 + ( dy
dx )2dx.

Find dy
dx :

dy

dx
=

ex

2
√

1 + ex

Find ds:

ds =

√
1 +

(
dy

dx

)2

dx =

√
1 +

e2x

4(1 + ex)
dx =

√
4 + 4ex + e2x

4(1 + ex)
dx =

√
(2 + ex)2

4(1 + ex)
dx =

2 + ex

2
√

1 + ex
dx

Find S:

S =

∫
2πyds =

∫ 1

0

2π
√

1 + ex
2 + ex

2
√

1 + ex
dx = π

∫ 1

0

(2 + ex)dx = π(2x+ ex)
∣∣∣1
0

= (e+ 1)π

�

3


