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Answers

This page contains answers only. Detailed solutions are on the following pages.
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Detailed Solutions

1. Find the general solution of the following homogeneous higher-order differential equations:

(a)

2. Calculate W (y1,y2,y3) where y; = €%, 95 = €2*,y3 = ¢

y' +4y' + Ty = 0 (use x as the independent variable)
Solution. The characteristic equation is 2 +4r +7 = 0. Using the quadratic equation, we see the

roots are
—44./42 —4(1 —4 £+ 42
r= 5 (1)) = r:+ﬁ2—2ii\/§.

We have two complex roots, hence the solution to the differential equation is

y = e **(cq cos V32 + cgsin \/gx)

y®) 42" 4+ 9/ = 0 (use z as the independent variable)

Solution. The characteristic equation is 73 + 2r2 4+ r = 0 which factors as
rr*+2r+1)=0 = r(r+1)>2=0.

Therefore the roots are 7 = 0 multiplicity 1, 7 = —1 multiplicity 2. The solution to the differential
equation is therefore

y = c1e" + c2e!® 4+ c3ze!® or y =y + c26” + czze®.

O
d*u du
2— —5— —3u=0
a2~ ar "
Solution. The characteristic equation is 212 — 5r — 3 = 0, which factors as
2r+1)(r—3)=0.
The roots are r = —%, r = 3 each with multiplicity 1. The solution to the differential equation is
therefore )
U= clefft + 0263t.
O
d*r
@t =0

Solution. The characteristic equation is m*—1 = 0 (we cannot use r as our characteristic equation
variable since it is being used in the differential equation). This factors as

(m?>=D)(m*+1)=0 = (m—1)(m+1)(m—i)(m+i)=0.
The roots are m = 1, —1, i. The solution to the differential equation is

r=cie® +coe* +e%(c3coss +eysins) = r=cre +coe” + c3c0s5 + ¢ysins.

3z



Solution.

eT 621‘ €3m eT €2r 63&7
W(ez’62x7e3x) — (ez)/ (62:5)/ (631)/ — |e® 262x 3631
(eaz)// (6290)// (6330)// e 4629: 963m

_ em 262m 3631 e eQr eSr n em eQm e3m

4e?®  9e3® 4e?®  9e3® 2e%*  3e3%

= e%(18e”" — 12e°7) — €™ (95 — 4e°7) + e (3e® — 2¢37)
= €”(6e7 — 5e7 + €°7)
= 2¢%7
O
3. (a) The function y; = 2 is a solution of 2%y” — 32y’ + 4y = 0. Use the method of reduction of order
to find a second solution ys to the differential equation on the interval (0, c0).

Proof. We need to write the differential equation in standard form by dividing through by z2:

3 4
2 /
— 2+ —y=0 1
Yy (1)
Let yo = vy; where v is a function of . Since y1 = x2, then y, = 2%v. We wish to plug this into
the equation above, so we need to find ), y5 using the product rule:
Yo = x2v

2)

yh = (22)'v + 220" = 220 + 2%’
vy = (2zv) + (220) = (22) v + 220" + (2%)'v" + 220" = 20 + 220" + 220" + 20" = 2v + dav’ + %"

Substitute these into the standard form equation (5) above:

3 4
20 4 dav’ + 20" — = (200 + 2%0') + — (z%0) = 0
T T

= 204 4av’ + 2% — 6xv — 320 +4v =0
= 22"+’ =0 (2)
Now let w = v, then w = v” and (6) becomes

o dw

2w +rw=0 = 2’—=—zw.
dz
This is a separable equation. Separate the variables:
dw
— =——dzx
w x

Integrate both sides:

1 1
d—w:—/fdas = hw=-lnz = lnwzln(>
T T

w

Solve for w:

But, w = v, and so we have

1 1
V== = vz/fdlenz
x x

Yo =20 = yp=2Inz.

Therefore



(b) Show that y; and y» form a fundamental set of solutions to the differential equation.

Solution. We need to show that W (y1,y2) # 0 in the interval (0, c0).

W ( )= a’ z2Inzx B z? 2?Inz
Y1,Y2) = (2) (2®lnz)| |22 22lnz+a
=2°(2zInz + 2) — 22(z” Inx)

:Jjg

W = 3 which is nonzero since we are in the interval (0, 00).
(c) Write the general solution of the differential equation using y; and ys.

Solution. The general solution to the differential equation is y = c1y1 + c2y2, which is

y= 172 + cox’ Inz.

. Use reduction of order to find a second solution ys to the differential equation
4t2y// +y= 0

given that y; = ¢t'/2Int is a solution.

Solution. Let y = vy; = v(t'/?Int). We need to find v, yy:
1
yh =0 (Y2 Int) + v(t/2Int)) =o' (t"/?Int) + v <2t1/2 Int + t1/2>
1
=o' (Y% 1nt) + v (t—1/2 (2 Int+ 1))
1 1 '
yy = v" (Y2 Int) + o' (t/2 Int)’ + o (t—1/2 (2 Int+ 1)) + (t—1/2 (2 Int+ 1))
=" (tY%1nt) + 20" (712 Tte1)) 4o (L2 (Lnppr) 42 L
2 2 2 2t
1 1
=" (t"?1nt) + 20 <t1/2 (2 Int + 1>> +v <4t3/2 1nt>

Now plug these into the original equation:
4%y +y = 4t? (v”(tl/2 Int) + 20 (t_1/2 (; Int + 1)) +v (—let_?’/2 In t)) +u(tY/?1nt)
= 40"t5/2 Int + 8% <t1/2 @ Int + 1>> — 1% (t*3/2 In t) +v(t?Int)
= 40"t°/? Int + 8%’ (t1/2 <; Int+1 >

Now set this equal to 0:

Let w = v/, then w’ = v":

1
4"52 Int + 820 <t_1/2 (2 Int + 1)) =0

1
4w't5? Int + 82w (t‘1/2 51nt+ 1)) =0



This is a separable equation. We can rewrite w’ as % and get w’s on one side, t’s on the other:

d 1
4£t5/2 Int = —8%w (t1/2 (2 Int+ 1))

dw =22 (712 ($Int + 1))

w 5/21nt
Simplify the right hand side:
—t32Imt—2632 1 2

5/21nt Tt tnt

/dw / 1 2
— = —— — ——|dt
w t tint

On the right hand side you will need to use the substitution a = Int, da = %dt:

Integrate both sides:

In|w|=—=1Int| —2In|Ilnt|

Now solve for w. But first we need to combine the log terms on the right hand side:

1
1 =In|-|+1
n|w| =In t’Jr n ()2
1
1 =1
nlwl =\
Take the exponential of both sides:
1
YT Hnt)?
But, w = v/, so
1
Y _/t(lnt)2
and using the substitution a = Int,da = %dt,
1 1 1
B L .
v az? a Int

Therefore

O

. Suppose you are solving the equation y” + P(t)y’ + Q(t)y = g(t), where P(t) and Q(t) are constants,
using the method of undetermined coefficients. Complete the table below. Assume g(t) has no function

in common with the homogeneous solution yy,. List your solutions for (a) — (i).

g(t) Form of y, q(t) Form of y,
3t -2 (a) 11—t (f)
(b) Aedt 3 cos 2t (g)
6t2 +2 — 122 (c) (h) At+ B
e3® sin 4z (d) 4t(1 4 3sint) (i)
(e) (At + B)e= 3t

Solution. (a) g(t) is a second degree polynomial, so we must guess a second degree polynomial:

yp = At> + Bt + C



(b) v, is an exponential function, so g must have also been an exponential function: g = 100e°
(answers will vary)

(c) g(t) is a second degree polynomial added to an exponential function, so we must guess a second
degree polynomial added to an exponential function: y, = At? + Bt + C + Ee™ 2.

(d) g(t) is an exponential function multiplied by a sine function, so we must also guess an exponential
function multiplied by a sine function (we will also have to include a cosine function since sine
and cosine come in pairs): y, = Ae® sin4t + Be3 cos 4t

(e) yp is a first degree polynomial multiplied by an exponential function, so g must have been a first
degree polynomial multiplied by an exponential function: g = 18te~3! (answers will vary)

(f) g(t) is a constant term added to a second degree polynomial multiplied by an exponential function,
so we guess the same thing: y, = A + (Bt* + Ct + E)e™*

(g) g(t) is a cosine function, so we must also guess a cosine function (we will also have to include a
sine function since sine and cosine come in pairs): y, = Acos 2t + Bsin2t

(h) yp is a first degree polynomial, so g must have also been a first degree polynomial: g = —t + 3
(answers will vary)

(i) Distribute first:
g =4t + 12tsint

g is a first degree polynomial added to a first degree polynomial multiplied by a sine function, so
we must also guess the same thing (we will also have to include a cosine function since sine and
cosine come in pairs): y, = At + B+ (Ct + E)sint + (Ft + G) cost

O

6. Solve the given differential equation using the method of undetermined coefficients.

Yy’ 4+ 2y’ = 3 + 4sin 2t.

Solution. We first find the homogeneous solution:
y// _|_ 2y/ — 0
has the characteristic equation

?4+2r=0 = 7r(r+2)=0 r=0r=-2

therefore the homogeneous solution is v, = ¢; + cae 2.

Now we guess a particular solution. g(¢) = 3 + 4sin 2¢, which is a constant term added to a sine term.
We must also guess the same thing, but we will need to include a cosine term as well since sine and
cosine come in pairs:

yp = A+ Bsin2t + C cos 2t.

Now we compare with yj, to check if there are any solutions in common. Notice that y, has a constant
term in common with yy (c¢1), so we must multiply our constant A by ¢ (“bump it up”) so there is no
more overlap:

yp = At + Bsin2t + C cos 2t.

We compare again with y,, and we see there are no more solutions in common, so this is our final
guess.

Find y,,, v,

y, = A+ 2B cos 2t — 2C'sin 2t
y, = —4Bsin2t — 4C cos 2t



Substitute these values into our equation above:

y" + 2y = —4Bsin 2t — 4C cos 2t + 2(A + 2B cos 2t — 2C'sin 2t)
= —4Bsin 2t — 4C cos 2t + 2A + 4B cos 2t — 4C'sin 2t

Set this equal to g(¢):
—4Bsin 2t — 4C cos 2t + 2A + 4B cos 2t — 4C'sin 2t = 3 + 4sin 2t

Set like terms equal to each other:

2A =3
—4B—-4C =14
—4C+4B =0
The solution to this system is A = %,B = —%,C = —%, therefore the particular solution is vy, =

%t — % sin 2t — % cos 2t. The general solution is y = yn + yp:

3 1 1
y=-ci+ cqe 2t 4 it — §sin2t —3 cos 2t.

. Solve the given initial-value problem.
Y+ 4y Hy =B +t)e, y(0)=2,4'(0)=5
Solution. We first find the homogeneous solution:
y' + 4y +4y =0
has the characteristic equation
P rdr+4=0 = (r+2?=0 = r=-2mult.2

therefore the homogeneous solution is y;, = c1e™ 2 + cote 2.

We can use either the method of undetermined coefficients or variation of parameters to solve this
equation. We will do both.

Undetermined coefficients: We need to guess our particular solution. g(t) = (3+t)e™2! is a first degree
polynomial multiplied by an exponential term. We must also guess the same thing:

yp = (At + B)e_%

Now we compare with yp, to check if there are any solutions in common. Notice that y, has both e=2
and te~2" in common with yj, so we must multiply y, by ¢ (“bump it up”):

yp = t(At + B)e >

We compare again with yj,, and we see that y, has te=?! in common with ys, so we must multiply y,
again by ¢t (“ bump it up”):
yp = t*(At + B)e™

We compare again with y,, and we see there are no more solutions in common, so this is our final
guess.

Find y,, v,
yp = (At® + Bt?)e
y, = (3At* + 2Bt)e % — 2(At® + Bt*)e
yy = (6At +2B)e " — 2(3At> + 2Bt)e>" — 2(3At> + 2Bt)e™*" 4 4(At® + Bt*)e



Substitute these values into our equation above:
Y’ + 4y + 4y = (6At +2B)e * — 4(3At% + 2Bt)e " + 4(At® + Bt?)e
+ 4 ((3At* + 2Bt)e " — 2(At® + Bt?)e ") + 4(At® + Bt*)e
= (6At + 2B)e %" — 4(3At? + 2Bt)e™ " + 4(At® + Bt?)e ' + 4(3At* + 2Bt)e !
— 8(At® + Bt?)e " + 4(At? + Bt*)e !
= (6At +2B)e 2!
Set this equal to g(¢):
(6At +2B)e ™ = (3 +t)e 2!
Set like terms equal to each other:
6A=1
2B=3

The solution to this system is A = %, B = %, therefore the particular solution is y, = (%t?’ + %tQ) e 2,
The general solution is y = yp, + yp:

1 3
Y= cle’2t + czte*% + <6t3 + 2t2> e 2.

Variation of Parameters: Let y; = e =2, yo = te~2! (these come from y; above). Then

Wl ] e | = e e - (2 e = e
W= 2 ZZ - ‘(3 + ?)e*% e*2tt5722;672t =—(B+t)e (te )= -3+ t)te™ ™
Find wuq, us:
u = % - _(3:—721567“ =-3t—t* = 2/(—3t—t2)dt: _%ﬁ_%tiﬂ
up = % - (3%257“ =3+t = U2:/(3+t)dt:3t+%t2

The particular solution is y, = w1y + u2ya:

3 1 _ 1 _
Yp = (—2t2 — 3t3> e 2t 4 (3t + 2t2> e

_ 3pea L + 3te™ % + %t?’e—%

2 3
3 1
_ 57526—2t n étBe_Qt
The general solution is y = yp, + yp:
92t —2t 1 3 3 2 —2t
Y =cie + cote + ét +§t e “".

We aren’t finished! We need to find ¢;, ¢z given y(0) = 2,4'(0) = 5. Find y':

1 3
y= cle_Qt + 02t€_2t + <6t3 + 2t2> e 2t

1 1, 3
Y = —2cie” % 4+ co(e7? — 2te™?) + (2162 + 3t) e 2t -2 <t3 + t2> e 2



When t =0,y = 2,y = 5:

=
5=—-2c1 +co

The solution to this system is ¢; = 2, co = 9, therefore the general solution is

1 3
y:2@4t+9w—”4—<6ﬁ—%2#>e—%.

. Find the general solution of the given differential equation using variation of parameters.

vy’ +y =tant

Solution. We first find the homogeneous solution:
y'+y=0

has the characteristic equation
P+l1=0 = r=4=4i
therefore the homogeneous solution is y = ¢1 cost + co sint.

Let 41 = cost,ys = sint. Then

W = y/l y/2 _ cqsi sint — cos? {4 sin2t — 1
Y1 Yo —sint cost
. .2
3 sin“ ¢
Wi = 0 y,2 = 0 sint = —sinttant = —
g Ys tant cost cost
Wy = y} 0 = CO.St 0 = costtant =sint
Y1 g —sint tant
Find u; and wa:
, W sin? ¢
’ul:i:—
w cost
2 2
sin” ¢ 1 —cos*t
= u1:—/ dt:—/7dt:—/(sect—cost)dt:—ln|sect—|—tant|+sint
cost cost
Wy
/ .
Uy = —— =sInt
W

= uQ:/sintdt:fcost

The particular solution is y, = w1y1 + u2ya:
yp = (—In|sect + tant| 4 sint) cost + sint cost = —costln|sect + tant|
The general solution is y = yp, + yp:

y = cicost + casint — costln |sect + tant|.



9. y1 = cos(Int),y2 = sin(Int) are independent solutions of the equation t?y” + ty’ +y = 0. Find the
general solution of the equation
t2y" +ty +y =sec(Int).

Solution. Use variation of parameters to solve. Write the equation in standard form:

1 1 sec(Int)
" Lo o, Y
VYT EYT T
We are given that the homogeneous solution is

yn = ¢ cos(lnt) + cosin(Int).

Let y; = cos(Int),yo = sin(Int). Then

W we| cos(Int) sin(Int)|  cos?(Int) N sin®(lnt) 1
- y/1 yé - _sm(;nt) costlnt) - n - n
W — 0 wof | O sin(Int) sin(Int)sec(Int)  tan(Int)
1= g y/2 - secilznt) Cos(tlnt) 12 - 12
yi O cos(Int) 0 1
Wy = = sin(In sec(ln = 5
= o= S s
Find u; and wus:
o Wi —tang# _tan(Int)
S T
tan(Int i 1
= u = —/Mdt = —/tanada = —/ P09 o = /fdb: In|b| = In|cos(Int)|
t cosa b
oW1
two Lo
1
= U :/gdt:1n|t|
For u; we used the substitutions a = Int,da = %dt, and b = cosa,db = —sinada. The particular

solution is ¥, = u1y1 + u2ya:
y = In|cos(Int)|(cos(Int)) + In |¢|(sin(Int)).
The general solution is y = yp, + yp:

y = c1cos(lnt) 4+ cosin(Int) + In| cos(lnt)|(cos(Int)) + In |¢|(sin(ln t)).
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